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Abstract
Superradiance is a radiation enhancement process that happens in many contexts in physics.
One of its manifestations is what we call superradiant scattering. It is, generally, believed that
fermionic fields cannot be superradiantly amplified, whereas bosonic fields can. Nevertheless, there
are several examples in nature of fermion systems with bosonic behaviour, for instance, Cooper pairs
in Bardeen-Cooper-Schrieffer (BCS) theory of superconductivity and mesons in particle physics. This
makes us ask the questions: Is it possible to have a fermion condensate which can exhibit superradiant
amplification? Or, is there a non-linear interaction between fermions which enables them to exhibit
superradiant amplification? The answer to these questions is of great importance to test the idea that
the Penrose process is the particle analogous of superradiant scattering phenomenon. In this work,
we treat the cases of scalar, Dirac and non-linear Dirac fields scattering on an electrostatic potential
barrier and on a black hole background. We give an example of a theory describing a fermion (spin-1/2)
condensate that admits superradiant solutions.
Keywords: superradiance, Klein paradox, Reissner-Nordström, bosonic condensate, fermions.

Superradiance is a phenomenon where radiation
is enhanced by some system with the capability to
dissipate energy. This phenomenon occurs in several contexts in physics, for instance, it can happen in quantum optics [1, 2], in quantum mechanics
[3, 4] and in relativity [5]. An interesting manifestation of this phenomenon occurs in the scattering of
fields by certain systems, where the scattered field
obtains a larger energy than the one the incident
field had. So, the diffuser system must have some
dissipative mechanism that allows the transference
of energy to the field. In this work we are always
interested in this kind of superradiance.

different diffuser systems, one cannot give a mathematical general proof of this idea. But one can
prove it for some particular cases. For instance,
it is known that the scattering of Dirac spin-1/2
fields on a electrostatic potential barrier and on a
Kerr-Newman (charged, rotating) black hole (BH)
cannot exhibit superradiance [3, 4, 8]. Here we refer to BHs as diffuser systems, but it only makes
sense to study superradiance in this context if BHs
have some dissipative mechanism which allows energy transfer to the surrounding fields. It turns out
that this mechanism exists.

The study of the scattering of charged fields
on strong electromagnetic backgrounds is generally
called Klein paradox. In 1929, using the Dirac equation, Klein showed that an electron beam propagating in a region with a sufficiently large potential
barrier can be transmitted without the exponential damping expected from non-relativistic quantum mechanics [9]. This phenomenon was dubbed
Klein paradox by Sauter [10] and it can be explained
by the pair production at the potential barrier usIt happens that the phenomenon of superradiance ing quantum field theory [3, 11]. Moreover, as we
in the scattering of fields depends on which family show in this thesis the Klein paradox is a simple
the field belongs to [6, 7]. In fact, it is generally be- example where a field can be superradiantly amlieved that the scattering of fermionic fields cannot plified. In fact, using quantum field theory it is
be superradiant. However, since each specific field possible to understand completely the phenomenon
has its own field equations and can be scattered by of superradiant scattering and its connection with
It is a fact of nature that all the known particles
fall into one of two big families: fermions (particles
with half-integer spin) and bosons (particles with
integer spin). Quarks and leptons are fermions,
while the force carrier particles are bosons. The
main difference between these two families is that
fermions obey the Pauli exclusion principle which
states that two identical fermions cannot be in the
same state at the same point of spacetime.
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pair creation. It is possible to show that for sufficiently large potential barriers there is a production of scalar and Dirac pairs, explaining the existence of transmitted modes instead of the exponential damping [3, 12]. Also, it is known that superradiance occurs due to pair production and the
fact that Dirac fields do not exhibit superradiant
amplification relies on the Pauli exclusion principle [6, 3, 12]. The behaviour is fundamentally the
same when the fields are scattering on a (possibly
charged) Kerr background [13, 14].

rable master equation, which contain the cases of
scalar, electromagnetic and gravitational perturbations [22]. Using this master equation, Teukolsky
and Press proved that scalar, electromagnetic and
gravitational waves scattering on a Kerr BH have
superradiant modes [23]. In 1973, Unruh separated
the massless Dirac equation on Kerr background
and showed that these spin-1/2 (neutrino) fields
do not have superradiant modes [24]. This result
was extended for massive spin-1/2 (Dirac) fields by
Chandrasekhar [25]. In 1976, Page separated the
Dirac equation on the more general Kerr-Newman
background and, one year later, Lee used his result to show that Dirac fields have no superradiant
modes on this background [8, 26]. Another interesting approach to the study of BH superradiance was
that of Bekenstein, who saw the connection between
this phenomenon and Hawking’s area theorem [27].
This argument is so simple and beautiful that we
shall outline it here. If the energy-momentum tensor of a (possibly charged) test field propagating on
a Kerr-Newman background satisfies the null energy condition [28] at the event horizon, then the
energy ∆M , angular momentum ∆J and electric
charge ∆Q absorbed by the BH satisfy [29]:

The idea of BHs as massive objects with such a
large mass that even light could not escape them
was first proposed by John Michell, in 1783, and,
after, by Pierre-Simon Laplace, in 1796 [15, 16].
However, only in 1915, with the theory of general
relativity of Albert Einstein, it was possible to understand how (massless) light interacts with gravity.
In fact, it turns out that BHs arise in a very natural way in general relativity. There are solutions
of the Einstein equations that contain closed regions with their interior causally disconnected from
their exterior, in the sense that what happens in
their interior cannot influence their exterior and, so,
everything that enters these regions cannot escape
them (even light) [17]. One hundred years ago, in
1916, Karl Schwarzschild discovered the first solution of the Einstein field equations with a region of
this kind, this is called the Schwarzschild solution
[18]. By definition, these regions are BHs and their
boundary is the so-called event horizon. Furthermore, it is exactly the event horizon which provides
a dissipative mechanism to the BH [6, 19]. This
is something very peculiar, because the necessary
dissipation for the existence of superradiant amplification is often provided by some kind of friction
or viscosity, which always involve some matter or
radiation fields. Since BHs appear in several vacuum solutions of the Einstein field equations, the
event horizon provides the vacuum with a dissipative mechanism. This is very interesting, because
the fields are allowed to extract energy from the vacuum itself by superradiant scattering. Moreover, in
principle, this is a real phenomenon since we have
strong observational indications that BHs exist. In
fact, the first direct confirmation of their existence
was the last year’s detection, by LIGO, of the gravitational wave signal GW150914, originated by the
collision and merger of a pair of BHs [20].

∆M ≥ Ω∆J + V ∆Q

,

(1)

where Ω is the angular velocity of the BH horizon
and V is the electric potential at the horizon. It is
easy to see that the ratios of the angular momentum over the energy and of the electric charge over
the energy of a wave with frequency ω, azimuthal
number m and electric charge e are, respectively,
m/ω and e/ω [27]. Then, the inequality (1) reads
∆M
(ω − mΩ − eV ) ≥ 0
ω

.

(2)

Superradiant modes must extract energy from the
BH and, so, ∆M < 0, which implies that ω must
satisfy
0 < ω < mΩ + eV .
(3)

These are, precisely, the modes which extract energy from the BH. Since the energy-momentum tensor of the Dirac field does not satisfy the null energy condition at the event horizon [30], we see that
these fields are not contemplated by this proof and,
in fact, as we said above, they do not exhibit superradiant amplification when scattering on this backThe study of BH superradiance started in 1971 ground.
In 1971, Roger Penrose theorized a phenomenon
with the independent predictions of Zel’dovich and
Misner that some waves could be amplified by ro- called the Penrose process [31]. This is a phetating (Kerr) BHs [5, 21]. Moreover, the work nomenon where rotational energy can be extracted
done by Teukolsky was crucial to the study of scat- from Kerr (rotating) BHs and it is generally betering of fields on Kerr background. Teukolsky lieved to be the particle analogue of superradiant
showed that linearised perturbations of the Kerr scattering. The Penrose process makes use of the
geometry can be compactified in one single sepa- fact that Kerr BHs have a region called ergoregion,
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where a particle can have negative energy with respect to an observer at infinity [6, 17]. The idea of
Penrose consists in considering a particle falling into
the ergoregion and decaying there in two another
particles. Obeying the energy-momentum conservation law, it is possible that one of the particles falls
into the BH with negative energy (with respect to
an observer at infinity) and the other escapes to infinity with a larger energy than that of the original
particle. In fact, it can be shown that, for ReissnerNordström (charged static) BHs, there exists a generalized ergoregion and a similar energy extraction
process is possible [32, 33].
As we said, the Penrose process is generally believed to be the particle analogue of superradiant
scattering phenomenon. However, while the two
processes are classical, superradiant amplification
seems to carry some quantum features of the field
being scattered. In particular, even though the
fields are not quantised, superradiant scattering already seems to predict pair production. Now, if
we believe that the Penrose process is a real phenomenon, which happens for ordinary matter in nature and, at the same time, we believe it to be the
particle analogue of superradiance, we have something to explain. Because we know that all the
ordinary (baryonic) matter is made of fermions at
the very fundamental level and it is believed that
fermions do not exhibit superradiant amplification.
This raises the expectation that it may exist some
non-linear interaction between the fermions, which
restores their capability to exhibit superradiance.
In other words, we expect the existence of bosonic
fermion condensates with the capability to exhibit
superradiant amplification. In fact, the existence
of fermion systems with a bosonic behaviour is not
very strange and happens in nature. For instance,
Cooper pairs in BCS theory of superconductivity
and mesons in particle physics are examples of these
bosonic fermion condensates.
The existence of these kind of condensates can
have interesting applications in astrophysics. In
fact, it is known that we can confine superradiantly amplified fields through various mechanisms,
like massive fields and anti-de Sitter boundaries
[6, 34, 35]. This confinement can originate strong
instabilities called BH bombs [36], which have applications in searches for dark matter and physics
beyond the Standard Model [6, 37, 38].
In this thesis, we review the scattering of scalar
and Dirac fields on an electrostatic potential barrier (Klein paradox) and on a Reissner-Nordström
(charged static) BH. The results obtained for these
cases are well known [4, 3, 6, 8]. Nevertheless, as
far as we know, the only proof of the absence of
superradiance for Dirac fields on RN background
is obtained as a limit of the more general Kerr-

Newman background [8], which uses the formalism
of Newman-Penrose [39] to separate the Dirac equation. Here, we use the spherical symmetry of RN
geometry to separate the Dirac equation in an easier way and we proceed to prove the absence of superradiance for Dirac fields on a RN background
in a new way. Finally, we provide a non-linear
Dirac field theory, which is inspired by the NambuJona-Lasinio model [40] and can exhibit superradiant amplification both on the Klein paradox and
RN background. Here, we are not concerned about
the generality or validity of this theory. Instead,
we want to provide a simple theory, which we believe to describe a fermion condensate and, at the
same time, allows superradiant scattering solutions.
So, we give a proof of concept that it is possible
to construct this kind of condensates. In principle, there are other theories more realistic than this
one, which allow solutions with the same kind of
behaviour.
In this work, we always consider charged test
fields, neglecting the electromagnetic field produced
by them and their back-reaction on the spacetime
geometry. So, we consider that these fields always
propagate in a fixed background geometry. This
test field approximation is correct at first order in
the fields, because their effect on the geometry and
on the electromagnetic field is only of second order
[6]. Also, we do not expect any qualitative change of
our conclusions from using this approximation. In
fact, in any viable astrophysical scenario, the first
order on the amplitude of the fields is enough.
The field theories that we use throughout this
work are always described by an action of the form:
S = SG + SEM + SM

,

(4)

with
√
R
,
d4 x −g
16π
Z
√
1
= − d4 x −g Fµν F µν
4
Z

SG =
SEM

(5)
,

(6)

where g is the determinant of the metric gµν of
spacetime, R is its scalar curvature and Fµν is the
electromagnetic field tensor
Fµν = ∂µ Aν − ∂ν Aµ

.

(7)

The action SM :
Z
SM =

√
d4 x −g LM

,

(8)

where LM is the lagrangian density of some matter
field. This action describes the matter field under
analysis. In this work, we will consider three kind
of matter fields: scalar fields, Dirac fields and nonlinear Dirac fields.
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In this thesis, we always use theories SM which
are U(1) invariant. A theory of this kind is such
that if it describes the field ξ, then its equations
are invariant under the transformation
ξ −→ eiα ξ

,

Then, we are interested in what happens to incident
quasi-monochromatic charged waves (of a specific
field) coming from z = −∞ and scattering in this
potential barrier. To interpret the waves as incident, reflected and transmitted, we use their group
velocity. As is known in wave theory, a wave-packet
Z
ϕ(t, z) = dωA(ω)e−i[ωt−k(ω)z] ,
(13)

(9)

with α a real constant. So, by Noether’s theorem
there is a conserved current associated with this
symmetry [41]. We call this current the particlenumber current and we use its flux to study the has group velocity
−1

phenomenon of superradiant scattering [7]. We say
∂k(ω)
that there is superradiant amplification if the ab,
(14)
vg =
∂ω
solute value of the flux of the reflected particlenumber current is larger than that of the incident
with the frequency ω real, A(ω) a complex-valued
one.
function and k(ω) the dispersion relation of the specific field.
1. Klein paradox
Let us define here what we mean by quasiIn this chapter, we study the phenomenon of sue . These are
perradiance when scattering scalar or Dirac charged monochromatic waves of frequency ω
fields in an electrostatic potential barrier. In partic- wave-packets with frequencies in an infinitesimal ine . These waves are
ular, we show the well known fact that Dirac fields terval around some frequency ω
cannot exhibit superradiance. On the other hand, approximately monochromatic
we prove that charged scalar fields can exhibit suω t−k(e
ω )z]
ϕ(t, z) ≈ A e−i[e
,
(15)
perradiance for modes with frequency ω obeying the
relation m < ω < qV −m with V the electric potential, q the charge and m the mass of the field. We and they have group velocity
−1

also analyse the case of non-linear Dirac fields and
∂k(ω)
prove that there is a superradiant regime. Thus,
.
(16)
vg =
∂ω
ω=e
ω
although linear Dirac fields cannot exhibit superradiance, non-linear Dirac fields can. We interpret
This is, of course, an approximation, because we
these non-linear Dirac fields as describing roughly
cannot define the concept of group velocity for
condensates of interacting Dirac particles. As a momonochromatic waves. But we can make the aptivation for this interpretation, we have the Nambuproximation as good as we want by considering the
Jona-Lasinio model [40], which is based on an action
frequency interval around ω
e as small as needed.
quite similar to ours. This model is used as an effective theory to describe mesons, which are composed
1.1. Scattering of scalar fields
by pairs of interacting quarks and anti-quarks, both
Let us start by considering the scalar theory
spin-1/2 fermionic particles, and have a bosonic beZ


haviour as a whole. Moreover, this model is motiSscalar = dx4 Dµ φ(Dµ φ)∗ − m2 |φ|2
, (17)
vated by BCS theory of superconductivity and, in
particular, by the concept of Cooper pairs, which
are pairs of interacting electrons that have also a with m the mass of the scalar field and with:
bosonic behaviour as a whole.
Dµ = ∂µ + iqAµ ,
We consider a two dimensional problem on a four
dimensional flat spacetime. So, we have the fields where q > 0 is the electric charge of the field. In
propagating along t and z, with the metric of the this theory, we are imposing the minimal coupling
Minkowski background [42]
between the charged field and the electromagnetic
ds2 = dt2 − dx2 − dy 2 − dz 2

,

and the arbitrary electromagnetic potential
Aµ = (V (z), 0, 0, 0) ,
with the asymptotic behaviour
(
0,
for z → −∞
V (z) =
e
V > 0, for z → +∞

.

(10) field.
This theory is sometimes called Klein-Gordon
theory. It was proposed, in 1926, by Oskar Klein
and Walter Gordon to describe relativistic elec(11) trons. In fact, now, we know that this theory describes scalar (spin-0) fields, which, in the framework of quantum field theory, are associated with
the Higgs boson particle. Furthermore, this theory
(12) describes also spinless relativistic composite particles, as the pion.
4

also the existence of a new kind of matter, the socalled antimatter. This antimatter turned out to
be observed experimentally, in 1932, by Carl An(18) derson.
We can show that the incident wave solution is

 
u+
i
+
ΨI = I +
k
(19)
ω+m u+
(27)


u−
−i[ωt−k(ω)z]
+I−
e
,
k
− ω+m
u−
(20)

It is possible to show that we can write the incident wave solution as
φiI = I e−i[ωt−k(ω)z]

,

and the reflected one as
φrI = R e−i[ωt+k(ω)z]

,

p

,

where
k(ω) = 

ω 2 − m2

and the reflected one is



u+
+
ΨrI = R+
k
u+
− ω+m
(21)


u−
e−i[ωt+k(ω)z]
+R−
k
u
−
ω+m

with  = sign(ω + m). The transmitted wave can
be written as
φtII = T e−i[ωt−s(ω)z]

,

with ω ∈ X and
q
s(ω) = e
 (ω − q Ve )2 − m2

,

(22) where

(28)
,

p

ω 2 − m2 ,
(29)
e
with e
 = sign(ω − q V + m).
with  = sign(ω + m). The transmitted wave is
Using the z-component of the particle-number
!
"
current associated with the scalar field φ:
u+
t
+
ΨII = T+
s
u
i ∗
e +m +
ω−eV
∗
jz = − (φ ∂z φ − φ ∂z φ ) ,
(23)
!#
(30)
2
u−
+T−
e−i[ωt+s(ω)z] ,
s
−
u
we can show that
e +m −
ω−eV
jzr
Re(s) T
=1−
jzi
k
I
jzi

k(ω) = 

2

,

(24) with

jzr

where
and
are the incident and reflected zcurrents, respectively.
By definition, we have superradiant scattering
when |jzr | > |jzi |. So, superradiance is possibly only
if q Ve > 2m and the superradiant modes are:
m < ω < q Ve − m

.

q
s(ω) = e
 (ω − eVe )2 − m2

,

(31)

where e
 = sign(ω − eVe − m).
Using the z-component of the particle-number
current associated with the Dirac field Ψ:
jz =

1 3
Ψ̄γ Ψ
2

,

(32)

(25) we can show that
(j r )z
=
(j i )z
ω+m
Re(s)
|T+ |2 + |T− |2
=1−
k ω − eVe + m |I+ |2 + |I− |2

These superradiant modes are in agreement with
the ones obtained in Ref. [3].

1.2. Scattering of Dirac fields
In this case, we are interested in the theory
Z
SDirac = dx4 (iΨ̄γ µ Dµ Ψ − mΨ̄Ψ) ,

(33)
,

where (j i )z and (j r )z are the incident and reflected
(26) z-currents, respectively.
Thus, we see that (j r )z ≤ (j i )z and, so, there are
no superradiant modes of the Dirac field. This is in
with m the mass of the Dirac field, Ψ̄ is the Dirac
agreement with the results of Refs. [3, 4].
conjugate of the spinor Ψ and, as in the scalar field
case,
1.3. Scattering of non-linear Dirac fields
Dµ = ∂µ + ieAµ ,
In this section, we want to consider the scattering
where e > 0 is the electric charge of the field.
of a fermion condensate. We use the usual Dirac
This theory was proposed, in 1928, by Paul Dirac. free field action with an additional interaction term
It describes spin-1/2 particles, like electrons and proportional to (Ψ̄Ψ)2 . This term is such that the
quarks. In fact, this theory was a great success, U(1) symmetry of Ψ is preserved. Then, we have
since it predicted the value of the gyromagnetic ra- a Noether’s conserved current associated with this
tio of the electron in a completely rigorous way and symmetry. The z-component of this current can be
5

2. Superradiance on black hole backgrounds
It is well known that static, charged BHs are described by the so-called Reissner-Nordström (RN)
geometry. In spherical coordinates, for r > r+ , the
RN geometry is represented by the squared line elwith all the quantities defined as in the last section ement
and with the coupling
ds2 = f dt2 −f −1 dr2 −r2 ( dθ2 +sin2 θ dϕ2 ) . (45)
(
for z → −∞
e e2 Aµ Aµ = 0,
λ(z) = λ
e e2 Ve 2 > 0, for z → +∞ , Here,
λ
Q2
2M
(46)
+ 2 ,
f (r) = 1 −
(35)
r
r
e > 0 is a real constant. The reason to conwhere λ
where M and Q are the mass and electric charge of
sider this kind of coupling is that we want the field
the BH, respectively. In these coordinates, there is
equation to be linear at z → −∞, in a way that
an event horizon radius at
makes it possible to write the solution as the sum
p
of incident and reflected waves.
r = r+ = M + M 2 − Q2 .
(47)
Since the non-linear coupling vanishes at z →
−∞, the incident solution is
Furthermore, the charge Q sources a spherically

 
symmetric electromagnetic field
u+
+
ΨiI = I+
k
Q
ω+m u+
Aµ = ( V (r), ~0 )
with
V (r) =
. (48)
(36)


r
u−
−i[ωt−k(ω)z]
+I−
e
,
k
u−
− ω+m
As in the case of the Klein paradox, we use the
test
field approximation. Then, we ignore the backand the reflected one is
reaction
of the fields on the geometry of the space


u+
r
time.
Although
we use charged fields, we also ignore
+
ΨI = R+
k
u+
− ω+m
the electromagnetic field produced by them. These
(37)


approximations are justified by the fact that these
u−
−i[ωt+k(ω)z]
+R−
e
,
k
effects are of second order on the charged fields and,
ω+m u−
so, for sufficiently weak (small amplitude) fields,
where
these effects can be neglected. Moreover, in astrok(ω) = ω .
(38) physical relevant setups, the electromagnetic field
Moreover, we are considering the transmitted solu- produced by this kind of charged fields have negligible effect on the geometry [43].
tion


u
+
ΨtII = T
e−iωt ,
(39)
2.1. Scattering of scalar fields
η u+
Let us consider the scalar field theory
where
Z
s

√ 
e
ω − eV
Sscalar = dx4 −g gµν Dν φ(Dµ φ)∗ − m2 |φ|2
,
<
0
,
(40)
η =− 1−
λ|T |2
(49)
shown to be equal to the one of the last section. So,
let us consider the non-linear Dirac field theory
Z
λ
(34)
S = dx4 [i Ψ̄γ µ Dµ Ψ − (Ψ̄Ψ)2 ] ,
2

with

with ω satisfying
ω < e Ve + λ|T |2

Dµ = ∇µ + iqAµ
.

(41)

,

and all the other quantities defined as in the Klein
Using the z-component of the particle-number paradox case.
current associated with this non-linear Dirac field
It is possible to show that the incident wave soΨ:
lution is
1
(42)
j z = Ψ̄γ 3 Ψ ,
XI m
2
Y l e−i[ωt+k(ω)r] ,
(50)
φi =
r l
we can show that
l,ml


(j r )z
|T |2
.
(43) and the reflected one is
=
1
−
η
(j i )z
|I+ |2 + |I− |2
XR m
φr =
Y l e−i[ωt−k(ω)r] ,
(51)
But, since η < 0, we have |(j r )z | > |(j i )z |. Thus,
r l
l,m
l
for modes
ω < e Ve + λ|T |2 ,
(44) where
p
we have superradiant solutions.
k(ω) =  ω 2 − m2 ,
(52)
6

with  = sign(ω + m). The transmitted wave can
be written as
φtII =

with
i
h 
p
1
exp −i ω t +  ω 2 − m2 r ×
r
!
(61)
χkj−1/2
q
×
,
k
− ω−m
ω+m χj+1/2
h 
i
p
1
i
(Ψ−
exp −i ω t +  ω 2 − m2 r ×
j k) =
r
!
(62)
χkj+1/2
q
×
,
k
− ω−m
ω+m χj−1/2
i
(Ψ+
j k) =

X T m

Yl l exp − iωt−
r+

l,ml

2

r+
− is(ω)
log(r − r+ ) ,
r+ − r−

(53)

where
s(ω) = e
 |ω − qV+ | = ω − qV+

,

(54)

with e
 = sign(ω − qV+ ) and V+ = V (r+ ). The I, R where  = sign(ω + m). The χkj−1/2 and χkj+1/2
and T appearing in the above solutions are complex are the so-called spinor spherical harmonics. The
functions of l and ml , but, for the sake of simplicity, reflected wave solution is given by
we do not represent this, explicitly, in our notation.
i
Xh
− r
r
−
R+ (Ψ+
)
+
R
(Ψ
, (63)
(Ψ)rI =
)
Using the particle-number current:
jk
jk
j, k

i
j = − [φ∗ Dµ φ − φ (Dµ φ)∗ ] ,
2
µ

(55) with
i
h 
p
1
exp −i ω t −  ω 2 − m2 r ×
r
!
(64)
χkj−1/2
q
×
,
ω−m k
ω+m χj+1/2
i
h

p
1
r
2 − m2 r
ω
×
(Ψ−
)
=
exp
−i
ω
t
−

jk
r
!
(65)
χk
q j+1/2
×
.
ω−m k
ω+m χj−1/2

and its flux F over a spherical surface of radius r
(denoted by Sr ), with r → +∞:
Z
dΩ r2 j r ,
(56)
F = lim
r→+∞

r
(Ψ+
j k) =

Sr

one can show that
P
2
Fr
s l,ml |T |
P
=
1
−
Fi
k l,ml |I|2

,

(57)

The transmitted wave solution is
where F i and F r are the fluxes of the incident and
i
Xh
− t
t
−
reflected currents, respectively.
(Ψ)tII =
T + (Ψ+
j k ) + T (Ψj k )
By definition, there is superradiant scattering
j, k
when |F r | > |F i |. Thus, the scalar field have the
with
superradiant modes
m < ω < qV+

.

t
(Ψ+
j k) = √

,

(66)

1

1 ×
1
r+ (r+ − r− ) 4 (r − r+ ) 4
!
 

χkj−1/2
× exp −i ω t + (ω − eV+ )r∗
−χkj+1/2

(58)

These superradiant modes are equal to the ones obtained in Refs. [6, 27].

,
(67)

2.2. Scattering of Dirac fields
Here, we consider the curved spacetime Dirac theory:
Z
√
eµ Ψ − mΨ̄Ψ ] , (59)
SDirac = dx4 −g [ i Ψ̄Gµ D

t
(Ψ−
j k) = √

1

1
1 ×
r+ (r+ − r− ) 4 (r − r+ ) 4
!
 

χkj+1/2
× exp −i ω t + (ω − eV+ )r∗
−χkj−1/2

(68)

with m the mass of the Dirac field, Gµ the Dirac
eµ = ∂µ +ieAµ −
matrices in curved spacetime and D
Γµ , where e > 0 is the electric charge of the field
and Γµ is the so-called spin connection.
The incident wave solution is given by
i
Xh
− i
i
−
(Ψ)iI =
I + (Ψ+
)
+
I
(Ψ
)
,
(60)
jk
jk

where
r∗ =

2
r+
log(r − r+ ) .
r+ − r−

(69)

The I + , I − , R+ , R− , T + and T − in the above
solutions are complex-valued function of j and k,
but to simplify the notation we do not represent
this dependence explicitly.

j, k
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,

with ω satisfying

Using the particle-number current:
Jµ =

1
Ψ̄Gµ Ψ
2

,

ω < e V+ + λ̄|T |2

(70)

.

(78)

Above we are considering the particular solutions
with j = k = + 21 . Here, the I, R and T are complex
Fr
ω + m |T + |2 + |T − |2
=1−
.
(71) constants.
Fi
ω − m |I + |2 + |I − |2
Using the particle-number current associated
with this non-linear Dirac field:
r
i
Since |F | ≤ |F |, we see that Dirac fields do not
1
have superradiant modes in this background. This
(79)
J µ = Ψ̄Gµ Ψ ,
result was know as a limit of the more general Kerr2
Newman background [8]. Nevertheless, in this thesis, we show it in a simpler way, making use of the we can show that
r
spherically symmetry of RN to separate the Dirac
Fr
ω+m
|T |2
=
1
−
η
.
(80)
equation and decoupling the field equations with an
i
+
2
F
ω − m |I | + |I − |2
appropriate change of variables.
Thus, we see that, in this non-linear case, there
2.3. Scattering of non-linear Dirac fields
exists a solution with |F r | > |F i | for
Let us consider the non-linear Dirac theory:
Z
ω < e V+ + λ̄|T |2 .
(81)
µe
4√
S = dx −g [ i Ψ̄G Dµ Ψ−
(72) So, we showed, now on a RN background, that there
λ
exist fermion condensates which can exhibit super2
− mΨ̄Ψ − (Ψ̄Ψ) ] ,
radiant amplification.
2
we obtain that

r

with all the quantities defined in the same way as
in the last section and with the coupling
e e2 Aµ Aµ = λ
e e2
λ(r) = λ

Q2
>0
r2

,

3. Conclusions
In this thesis, we showed that a charged scalar field
has superradiant modes both when scattering on
a strong electrostatic potential barrier (Klein paradox) and on a RN background. This conclusion was
already known and the superradiant modes that we
obtained are in agreement with the ones of Refs.
[3, 6]. Furthermore, we also proved that Dirac fields
do not exhibit superradiant amplification both in
the case of Klein paradox as well as in RN background. This fact is well known, but, from what we
know, there was no direct proof of the absence of superradiant amplification for Dirac fields scattering
on RN geometry [3, 4]. In fact, Lee proved the absence of superradiance for Dirac fields scattering on
the more general Kerr-Newman BH [8]. However,
since RN is spherically symmetric, we can prove this
absence directly in a easier way. In particular, we
do not need to use the Newman-Penrose formalism
to separate the Dirac equation. Instead, we follow
a procedure that explores the spherically symmetry
of the problem as in Ref. [44].
We accomplished the main objective of this work,
which was to answer the questions: Is it possible to
have a fermion condensate which can exhibit superradiant amplification? Or, is there a non-linear
interaction between fermions which enables them
to exhibit superradiant amplification? It turns out
that the answer to these two questions is yes. In
fact, in this thesis, we provided a non-linear Dirac
field theory which we believe to describe a fermion
condensate and has solutions with superradiant amplification both in the Klein paradox and in the RN

(73)

e > 0 is a real constant.
where λ
Since the non-linear coupling vanishes at r → ∞,
we have the incident wave solution
i
h 
p
I
Ψi = exp −i ω t +  ω 2 − m2 r ×
r
!
(74)
χkj−1/2
q
×
,
ω−m k
− ω+m χj+1/2
and the reflected solution given by
i
h 
p
R
Ψr = exp −i ω t −  ω 2 − m2 r ×
r
!
χkj−1/2
q
×
,
ω−m k
ω+m χj+1/2

(75)

with  = sign(ω + m). Furthermore, we are considering the transmitted solution
1
1
1 ×
r+ (r − r+ ) 4 (r+ − r− ) 4
!
χkj−1/2 (θ, ϕ)
×
,
−η χkj+1/2 (θ, ϕ)

Ψt = T e−iω t √

(76)

where
s
η=−

1−

ω − e V+
<0
λ̄|T |2

,

(77)
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background. This serves only as a proof of concept that such a fermion condensate can exist, but
this conclusion is very important. Because it gives
consistency to the usual interpretation of the Penrose process as the particle analogue of superradiant amplification phenomenon. In fact, since the
Penrose process is a classical phenomenon, we expect it to happens with ordinary (classical) matter.
But, if the Penrose process is the particle analogous
of superradiant amplification, this ordinary matter
must exhibit also superradiance. Now, since ordinary (baryonic) matter is made of fermions at the
fundamental level, we expect superradiance to be
restored by some kind of non-linear interaction between the fermions. In this work, we saw that, in
fact, this can happen.
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