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Instituto Superior Técnico, Lisboa, Portugal
September 2016
Abstract
The goal of this work consists in using a simple system of equations (derived in [1]) and extending
to the nonlinear regime the linear results previously obtained.
To achieve this, a previously existent code was modified and the respective benchmark was done in
the linear phase. Analytical tools for the study of the system in the nonlinear phase were found. The
nonlinear numerical studies allowed to verify that the system in study contains zonal flows and that
they are beneficial, since they reduce transport. An effect similar to the Dimits shift was observed. A
reduction of transport by the action of an external shear flow was also observed, as well as turbulence
caused by the PVG instability.
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scale instability driven by the ion temperature gradient - the aptly baptized ion temperature gradient
(ITG) instability [3]. There is also evidence that the
turbulence created through this instability can be
suppressed by an external shear flow ([4], [5], [6],
[1]), generally created by neutral beam injection.
However, another instability, called PVG (parallel
velocity gradient), can also arise at high shear rates
of the imposed shear flow (see [4], [5], [6], [1]).
Another well known physical phenomena are the
zonal flows ([7], [8], [9]). Zonal flows are azimuthally
symmetric band-like shear flows [8]. In fusion plasmas they can arise from self-generated and amplified E × B poloidal flows, which arise by electrostatic fluctuations generated by turbulent transport. Therefore, it is important to understand the
competition between these three mechanisms: ITG,
PVG, and shear flow. In this work we will try
to study this phenomena using nonlinear numerical simulations. A simplified model of slab geometry and fluid equations [1] is used. The objective
is that from the results of the simulations we can
understand the simple physics of this model, which
will in turn help to clarify some aspects of these
effects in actual devices.

1. Introduction
1.1. Motivation
It is well known that modern technology in advanced economies requires a huge consumption of
energy, with electricity representing a major fraction of it [2]. The use of fossil fuels will likely change
the environment as it increases the greenhouse effect and acidic pollution, which, by themselves contribute to global warming and the destruction of
forests, respectively. As a consequence, it seems
obvious that future energy production should not
rely so heavily on fossil fuels.
In order to achieve fusion, one needs to confine the plasma composed by deuterium and tritium. Two primary methods can be used: magnetic confinement or inertial confinement. In this
work we are interested in the magnetic confinement
approach in which the plasma is confined via an
imposed magnetic field. However, there are technical and scientific challenges to overcome, in order
to have a good confinement of the plasma. One of
the main problems to this confinement is the radial
turbulent transport, which is the part of the total
transport which arises form turbulence driven from
micro-instabilities. Hence, a good understanding of
these micro-instabilities and of the turbulence associated with them is crucial to increase the possibilities of having a sustainable fusion reaction.

2. Theoretical Background
2.1. Theoretical Model Assumptions
The system considered [1] consists of an infinite
1.2. State of the Art
plasma slab subjected to electrostatic perturbations
In the vast majority of circumstances it is believed in the presence of a sheared background magnetic
that anomalous transport is mostly due to an ion field. The plasma is composed of two species,
1
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eˆv = V0 (eˆv · eˆy )eˆy + V0 (eˆv · eˆz )eˆz ,
Lv
Lv
Lv
(5)
where eˆv is a unit vector in the (y,z)-plane, and
ls and Lv are, respectively, the characteristic scale
lengths of the magnetic field and flow variation in
the x-direction. These fields can be seen as linear
approximations of the Taylor series expansions in
the parameters x/ls  1 and x/Lv  1 of the
general forms of the background magnetic field and
shear flow, respectively.
The sheared background magnetic field appears
in order to model the magnetic field that is present
on a tokamak. Roughly speaking we could say that
the toroidal component would correspond in this
slab case to the direction defined by the unit vector
eˆv , while the poloidal and radial components would
correspond to the y and x components, respectively.
Thus, the background magnetic field of equation
(4), tries to simulate the real magnetic field used on
tokamaks, which is composed of a toroidal component and a weaker poloidal component with a shear
in the radial direction. The background shear flow
is chosen to emulate the external shear flow imposed
on tokamaks in order to reduce transport. These
flows are, usually, toroidal flows. Therefore, they
have one component perpendicular to the magnetic
field and another one parallel to the magnetic field.
The background flow in this system is chosen in order to retain these characteristics, as one can see
in equation (5) because those components have in
general different effects on the plasma as already
stated. The perpendicular component is stabilizing while the parallel one can be destabilizing via
the PVG instability. The effect of the background
magnetic field in perturbations is shown in figure
1, while figure 2 shows the effect of the background
shear flow in perturbations. In this work, two sets
of transformations are combined. One accounts for
the effect of the shear of the magnetic field and the
another one accounts for the effect of the shear flow,
in oder to clarify the effects of the component of the
shear flow perpendicular to the magnetic field lines
and the component of the shear flow parallel to the
magnetic field lines. The first will appear as a convective velocity uf in the new z-direction, while the
second will appear as a drive term of the PVG instability. Combining the two sets of transformations,
we obtain the final set of coordinates given by
x
z 0 = z+uf t,
t0 = t,
x0 = x,
y 0 = y− z 0 ,
ls
(6)
where
ls
uf = V0 (eˆV · eˆy )
(7)
Lv
is the velocity of convection of the eddies. Transformation (6) will be used to study this system and
is called ”twisted-sheared representation” [12].

namely, electrons and (hydrogenic) ions of mass m
and charge e. Both species have an equal equilibrium density n0 . It is assumed that the electrons
have an isothermal Boltzmann response [10] and
therefore, the density perturbation δne of the electrons is given by

 eφ 
eφ 
eφ
≈ n0 1 +
⇒ δne = n0 ,
ne = n0 exp
T
T
T
(1)
where T is the equilibrium temperature of both
species and φ is the electrostatic potential. The
ion response, however, is described by collisional
fluid equations. These equations are derived from
the gyrokinetic equation ([11]). The gyrokinetic approach assumes that the plasma is strongly magnetized and, therefore, a special ordering in the spatial
and time scales can be used to reduce the total number of 6 coordinates of the Fokker-Planck equation.
Namely, in gyrokinetics the following orderings are
used:
k 
 δf 
ω
ρi
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Here,  is taken to be the expansion parameter,
q
ρi = vth /Ω is the ion gyro-radius, with vth = 2T
m
the ion thermal velocity and Ω the cyclotronic frequency, kk and k⊥ are respectively the parallel and
perpendicular wavelengths of the perturbation to
the equilibrium, and lo is the dimension of the
system in the parallel direction (along the magnetic field lines). δf is the perturbed ion distribution function and F0 is the equilibrium Maxwellian.
This is the ordering of the primary expansion which
is done on the gyrokinetic equation [1].
A second expansion is also performed, which is
motivated by the collisional limit that we wish to
consider. The orderings considered are the following
νi >> ω, ω ∗ , vth kk , uf kk , νi k 2 ρ2i ,
(3)

where νi is the ion-ion collision frequency, ω ∗ is the
typical frequency of the drift waves associated with
the background gradients of the system. Throughout these expansions the form of the Maxwellian of
equilibrium is defined by the background gradients
of the equilibrium density, the equilibrium temperature and the shear flow. A transformation of coordinates that accounts the geometry of the background
magnetic field and shear flow is also performed, in
order to clarify the effect of the shear flow.
2.2. Geometry
The system we wish to consider consists of an infinite plasma slab in the presence of a background
sheared magnetic field and shear flow, which are
given respectively by

x 
B = B0 eˆz + eˆy ,
(4)
ls
2

Figure 1: Effect of the background sheared magnetic field on the magnetic field lines, represented
by flux tubes, and on the eddies, whose cross-section
along the z-direction is represented by the red ovals.
Note that this happens at t = 0. The eddies will
twist with the shear of the magnetic field, in order
to remain in surfaces where the plasma retains its
natural response. Hence, the cross-section of the
eddies suffers a tilt as it follows the magnetic field
lines. Reproduced from [1].

Figure 2: Effects of the background perpendicular
sheared flow on the magnetic field lines and on the
eddies. Note that this happens at t = ts = ls /uf ,
with ts the characteristic time. The effect of the
perpendicular component of the sheared flow can
be seen as a convection of the eddies in the negative
z-direction at a velocity −uf . During a characteristic time ts the cross-section of the eddy which was
vertical in x = 0, at a time t = 0 moved to z = −ls ,
where ls is the characteristic length associated with
the shear of the magnetic field. Reproduced from
[1].

2.3. System Equations
Using the expansions referred and the ”twistedsheared representation” (see [1]). the fluid equations of the system for the perturbed normalized and the Poisson parenthesis can be written as
ion density n, ion parallel velocity V and ion tem∂p ∂q
∂p ∂q
−
. (14)
{p, h} = (∇p × ∇q) · b̂ =
perature T can be written as
∂x ∂y ∂y ∂x

∂
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3 ls ∂n
+M
n+
=
,
(8)
where b̂ = B/B. The ion response is driven by
∂t
∂z
∂z
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An effective Mach number M related with the convective effect of the perpendicular shear flow is also
introduced and is defined as

where the following normalizations were used
x0 = ρs x̃,

y 0 = ρs ỹ,

z 0 = ls z̃,

t0 =

(15)

ls
t̃
cs
(11)

M=

uf
.
cs

(16)

δVk ls
δT ls
δn ls
,
T̃ =
,
ñ =
(12) The normalized diffusion coefficients are defined as
cs ρ s
T ρs
n 0 ρs
 9 1 r 2 l n e4 ln Λ
and the tildes denoting the final transformation
1
s 0
(ν, χ) =
,
,
were dropped. The soundqLarmor radius is defined (ν⊥ , χ⊥ ) =
cs ρ2s /ls
40 4
3 8π 3/2 ε20 T 2
(γe +γi )T
as ρs = cs /Ω and cs =
it’s the sound
(17)
m
where
the
definition
of
the
ion
collision
ν
has
been
speed, in which, γe = 1 (electron Boltzmann rei
sponse) and γi = 5/3 (ion adiabatic response). The used:
e4 ln Λ
diffusion operator is given by
,
(18)
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8πε20 m2
 ∂
2
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∂
∂
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(13) in which Λ is the Coulomb logarithm.
∇2⊥ =
∂y 2
∂x
∂y
Ṽ =

3

2.4. Instabilities with M = 0
In the case of no perpendicular component of the
external flow (M = 0) a linear analysis of the effect of the dissipations on the perturbations can be
done [1]. Choosing χ⊥ = 0 which corresponds to
a system with an artificially large Prandtl number Pt = ν⊥ /χ⊥  1 and neglecting the nonlinear terms one can find an instability with a linear
growth rate γ given by
r
2
ω∗
aνk
a
(19)
(γ + νk ) + (2n + 1)
− v2 = 0,
b
b
4b

where Ly is the size of the box in the y-direction.
Therefore, the system equations for zonal components can be obtained by averaging the equations
(8)-(10) in the y-direction. Doing this we obtain:
∂
∂hV i
∂ 
+M
hni +
= 0,
∂t
∂z
∂z

(24)
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where a = γ − iωn∗ , b = 1 + 4γ
(−ωn∗ + 32 ωT∗ ) and
(26)
2
∗
∗
∗
νk = ν⊥ ky . ωn , ωT and ωV are the frequencies
related with the drift waves, which will generate the
universal ([13]), the ITG ([14]) and the PVG ([15]) in which V˜x = ∂∂yñ . According to these equations
instabilities. These frequencies are defined as:
the presence of zonal flows is expected and they are
generated by a term similar to the Reynolds stress.
3 ls
3 ls
3 ls
,
ωV∗ = ky
,
ωn∗ = ky
.
ωn∗ = ky
2.7. System Invariant
8 ln
8 lV
8 lT
(20) One invariant of the system of equations (8)-(10)
Equation (19) can be solved with the help of a can be obtained by multiplying each equation by
numerical package software such as Mathematica. the respective quantity and then integrate the equaThe solution of this equation for the parameters tions in a box of length Lx , Ly and Lz → ∞. Then
ls /ln = 3, ls /lV = 9 ls /lT = 6 and ν⊥ = 3 can be we obtain the conservation equation:
seen in figure 3, in section 3, where a benchmarking
dW
against the numerical solutions of the code is done.
=Γ−D
(27)
dt
2.5. Characteristics Form of the System
The system of equations can be written in char- where
ZZZ 

acteristics form. This result is important to the
9
3 2 1 2
|n| + |V | + |T |2 dxdydz (28)
W =
application of the numerical method used. To cast
8
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the system in characteristics form the following new
quantities have to be defined
is the invariant of the system of equations. The flux
Γ is given by the integration of the drive terms
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which are the entropy wave S, and two sound waves
(29)
C + and C − . C + is a sound wave which propagates and the diffusion D is given by the integration of
at speed M + 1, while C − is a wave that propagates the dissipations in the perpendicular direction
at speed M −1. The drift wave associated with each
D = Dv + DT
of these quantities have the following frequencies:
ZZZ 

(30)
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χ⊥ ∇⊥ T T dxdydz

This invariant is important as it is proportional to
the value of the transport in the system. Therefore,
from the behavior of this invariant in the turbulent phase of the system, one can take conclusions
about the turbulent transport in the system. It can
also be shown that the zonal and non-zonal components of the invariants constitute themselves a
predator-prey system where the preys are the nonzonal components and the predators are the zonal
components. In a system with this behavior Dimits
shift-like effects ([17]) are expected.

2.6. Zonal Flows
In order to investigate the presence of zonal flows in
the system, equations for the zonal components of
the perturbations can be found. In general the zonal
hf i and non-zonal f˜ components of a perturbation
f can be defined, respectively, as (see [16]):
Z
1
hf i =
f dy,
f˜ = f − hf i.
(23)
Ly
4

∂T
3 ls ∂n
3
= ρˆs
− ρˆs 2 {n, T } + ρˆs 2 χ⊥ ∇2⊥ T. (34)
∂t
8 lT ∂ ŷ
8

2.8. Stability of zonal flows
We can analyze the presence of the Dimits shift in
this system linearly with the analysis of the stability of the zonal flows generated in the nonlinear phase. We start by considering an equilibrium state composed of pure zonal flows u0 (x),
which can suffer perturbations of the type ũ =
ũ(x) exp(γt + iky y + ikk z), where γ corresponds to
the linear growth rate of potential zonal flow instabilities. Considering these equilibrium and perturbation for the quantities n, V and T , this possible
linear growth rate is given by

Here, ρˆs = ρs /L⊥ which is the sound Larmor radius normalized according to Viriato normalizations which are given by
x̂ = x0 /L⊥ ,

ŷ = y 0 /L⊥ ,

ẑ = z 0 /Lk .

(35)

The notation X̂ means that the quantity X is normalized according equation (35). The code solve
these equations in the Fourier space as in the original code of Viriato. So applying a Fourier transform
F the previous equations take the form

 3
1
γn2 (γ 0 − iωn∗ ) + kk2 (γ 0 − iωn∗ ) − kk ky V 0 0 (x) + ωV∗
4
8

3 
3 2 3 0
∗
− kk γn + i kk ky T 0 (x) + ωT = 0,
4
8
8

3 ls ˆ
∂nk
= iρˆs
ky nk ,
∂t
8 ln

(31)
where γ 0 = γ + ikk M and γn = γ 0 + iky 83 n0 0 (x). If
no linear growth is found, then the zonal flows are
stable and can effectively reduced transport.

(36)


3 ls ˆ
3 
∂Vk
= iρˆs
ky Vk − ρˆs 2 F {n, V } − Dν Vk ,
∂t
8 lV
8
(37)


3 ls ˆ
3
∂Tk
= iρˆs
ky Vk − ρˆs 2 F {n, T } − Dχ Tk ,
∂t
8 lT
8
(38)
where

3. Numerical Code Implementation
In this work, the numerical code Viriato is used
([18]). Viriato is a 3D code and pseudo-spectral
code, as it is spectral in the xy-plane and gridbased in the z-direction. The code is parallelized
with MPI in the z and y-directions in real space
and in the x and y-directions in Fourier space. This
code was modified so it could solve equations (8)(10). The equations solved by Viriato can be solved
numerically using a Godunov splitting ([18]) of the
terms with spatial derivatives. Thus, the computational cycle which consists of one time cycle is divided in two parts. First, it advances the timestep
accounting only terms affected by operators acting
in the perpendicular direction. Second, it advances
the timestep accounting only terms affected by operators acting in the parallel direction. Equations
(8)-(10) have some similarities in their form to equations solved in Viriato (see [18]). Hence, in this
work we use this fact and adapt the code of Viriato, in order to be able to solve equations (8)-(10).
Thus, time stepping algorithm can be divided in
two main steps, resulting from the Godunov split,
the perpendicular step and the parallel step.

Dν = ρˆs 2 ν⊥ (kx2 − 2zkx ky + (1 + z 2 )ky2 ),
Dχ = ρˆs 2 χ⊥ (kx2 − 2zkx ky + (1 + z 2 )ky2 ),

(39)

and for a quantity X we have
Xk = F(X).

(40)

Equations (36)-(38) are similar to those solved in
[19]. Thus, they are solved using the same numerical method used in [19], which is a semi-implicit
numerical method that treats the dissipative terms
in an implicit way. The predictor step is then given
by

 3l
s ˆ t
ky nk ,
n∗ k = ntk + ∆t iρˆs
8 ln

(41)

V ∗ k = e−Dν ∆t Vkt
 3 l

∆t 
3 
s ˆ t
+
ky nk − ρˆs 2 F {nt , V t } ,
1 + e−Dν ∆t iρˆs
2
8 lV
8
(42)
Tk∗ = e−Dχ ∆t Tkt
 3 l

∆t 
3 
s ˆ t
+
1 + e−Dχ ∆t iρˆs
ky nk − ρˆs 2 F {nt , T t } .
2
8 lT
8
(43)

3.1. Perpendicular Step
The code starts with the perpendicular step. In The corrector step gives the quantities at a time
this part, all the quantities are advanced in time t + 1 for the perpendicular step and can be written
taking into account the terms with operators acting as
in the perpendicular directions x and y. Thus, the
Vkt+1 = e−Dν ∆t Vkt
equations to be solved numerically in this step are

∆t −Dν ∆t  3 ls ˆ t
3 
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e
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+
2
8 lV
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+
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8 ln ∂ ŷ
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Tkt+1 = e−Dχ ∆t Tkt

∆t −Dχ ∆t  3 ls ˆ t
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+
e
iρˆs
ky nk − ρˆs 2 F {nt , T t }
2
8 lT
8

∆t −Dχ ∆t  3 ls ˆ t+1
3 
+
e
iρˆs
ky nk − ρˆs 2 F {nt+1 , T ∗ } .
2
8 lT
8
(46)

where p is the index of the discretization in the z
direction. The open boundary conditions are also
applied. Because Viriato is parallelized in the zdirection, the implementation of this scheme requires communication between processors to obtain
the boundary values.

In these two steps the Fourier transforms of the
Poisson brackets are calculated in the following
way (as in Viriato). First, the quantities Xk in
the Fourier space are obtained, then one multiplies
these quantities by ikx or iky and an inverse Fourier
transform is performed to obtain F −1 (ikx Xk ) =
∂X/∂x. When all the needed terms of this type are
obtained the Poisson bracket operations are performed in the real space and, finally, the Fourier
transform of the Poisson bracket is calculated in
order to obtain the needed terms in the previous
equations. This is the reason the method is called
pseudo-spectral, instead of just spectral

3.3. CFL Conditions
The last essential part of the computational cycle
used in this work is the application of the CFL condition (see, e. g, [21]) at the end of each time cycle
in order to achieve numerical stability. In this system the CFL condition is given by
dz
1
2
2
1
,
,
,
∗
M + 1 ρˆs max(ωS∗ ) ρˆs max(ω+
)
i
1
8
1
2
,
,
∗
) ρˆs 2 3max(kx ky n)
ρˆs max(ω−
(53)

h
∆t =αCF L · min

where αCF L < 1. This ends the computational cycle of the code used in this work.

3.2. Parallel Step
The parallel step solves the remaining part of the
equations. In this step all quantities are advanced
taking into account the remaining terms, which are
the terms affected by derivatives in the parallel or
z-direction. Thus, the equations to be solved numerically in this step can be written in the characteristic form and in the Fourier space as
∂Sk
∂Sk
= −M
,
∂t
∂z
∂Ck+
∂C +
= −(M + 1) k ,
∂t
∂z

3.4. Benchmark
In this section we present the results obtained to
benchmark the adapted code. As it was said in
section 2.4, the benchmark is done against an analytical solution of equation (19). Therefore, to
achieve the results needed for benchmarking, numerical runs were made for the following input parameters: M = 0, ls /ln = 3, ls /lV = 9, ls /lT = 6,
ν⊥ = 3 and χ⊥ = 0. A total of 10 runs were
(47) made with these parameters fixed, while changing
the value of ky of the initial perturbation. An initial
perturbation n is given in the Fourier space, in order
to select only the desired mode in the y-direction.
(48)
This perturbation can be written as

z2
∂Ck−
∂C −
nk (t = 0, kx , ky , z) = e− 6 , if |ky | = L2πy
= −(M − 1) k .
(49)
.
∂t
∂z
nk (t = 0, kx , ky , z) = 0, otherwise
In the beginning of the parallel step, the quanti(54)
ties Sk , Ck+ and Ck− are obtained from the quantities Using this perturbation, the runs were made for difnk , Vk and Tk obtained in the perpendicular step. ferent values of ky between ky = 0.1 and ky = 1.0
Then the parallel step is done using the second or- with intervals between the values of k of 0.1. Fits
y
der upwind scheme (see, e.g ., [20]), which is given were done to the timetraces in order to obtain the
by
linear growth γ and the oscillatory frequency ω for

all ten values of ky . The results of the benchmarkM ∆t 
t+1
t
t
t
t
Sk p = Sk p −
3Sk p − 4Sk p−1 + Sk p−2 , (50)
ing are presented in figures 3 and 4. The value
2∆z
of ky is choose by changing the value of Ly . The
t+1
t
Ck+ p =Ck+ p
other box parameters are fixed at Lx = 2πρs and

(M + 1)∆t  + t
Lz = 200π. In terms of resolution the parameters
+t
+t
−
3Ck p − 4Ck p−1 + Ck p−2 ,
2∆z
used are nlx = 8, nly = 16 and nlz = 1024. Where
(51)

nlz was chosen to guarantee convergence for all valt+1
t

Ck− p =Ck− p

ues of ky used.
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t
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t
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t
+
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2∆z
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(52)
−

4. Numerical Results
In this chapter the numerical nonlinear results are
presented. In these results the initial perturbation
is given in the real space and has a Gaussian form,
which in normalized form, can be written as
n(t = 0, x, y, z) = e−
6

x2
6

e−

y2
6

e−

z2
6

.

(55)

in order to be near the critical value of ls /lT for linear instability. In this case this value is found to be
ls /lT = 28, as for this value of ls /lT no instability
is numerically observed. This value differs from the
values found in [1] because the resolution parameters used in these runs are different. For this case
we used nlx = 64 and nly = 64 and a box of perpendicular lengths of Lx = Ly = 2π = 32ρs . Therefore,
perpendicular modes that can be captured are given
by kx = ky = n/(32ρs ) with n = 0, ..., 32. This resolution in the xy-plane was chosen due to numerical
constraints in terms of computational time. In the
parallel direction a box of size Lz = 50π is used,
with a resolution parameter of nlz = 256. Thus, the
resolution in the parallel direction is smaller than
the resolution used in [1] of ∆z = 0.1. Hence, the
critical value of ls /lT captured is bigger than in [1],
as the growth rate values captured become smaller
with a decreasing resolution in ∆z. The theoretical
value of this critical value of ls /lT can not be obtained analytically for both finite values of ν⊥ and
χ⊥ , but in the numerical linear analysis done in [1]
it was found that for ∆z = 0.1, it should lie between ls /lT = 20 and ls /lT = 25. The choose of
this reduced value of resolution in z with respect to
[1] has to due with numerical constraints in terms of
computational time. However, the nonlinear effects
captured should be similar as one expects that the
change of growth rate only changes the instant in
which the nonlinear phase starts.

Figure 3: Benchmark of the adapted code against
the linear growth rate of the analytical solution of
(19) for the input parameters M = 0, ls /ln = 3,
ls /lV = 9, ls /lT = 6, ν⊥ = 3 and χ⊥ = 0.

The timetraces of the invariant for the different
values of ls /lT can be obtained and are presented
in 5. Here we use the total invariant W as a measure of the turbulent transport, because one cannot retrieve the turbulent coefficients as in usual
gyrokinetic simulations. Runs were also made for
ls /lT / = 25 and ls /lT = 28. However, as it was
not observed any linear instability (and therefore
no turbulent transport) for these runs, they are not
shown in figure 5. As was referred in section 2.6,
this simple system should be able to capture simple aspects of the zonal flows in the form of zonal
components which are generated by a similar mechanism to the Reynolds stress. In the case of finite
ls /lT the presence of zonal flows can be observed,
for example in figure 6, in which the timetrace of the
zonal component of the invariant is showed against
the total invariant. We can see that the zonal component of the invariant hW i grows to a finite value,
which indicates the presence of zonal components
in the system. Moreover we can see that when
the zonal component of the invariant grows there
is a correspondent decrease in the value of the total
invariant. This shows the characteristic predatorprey behavior between the zonal components and
the drift waves in the system, as was predicted in
section 2.7.

Figure 4: Benchmark of the adapted code against
the oscillation frequency of the analytical solution
of (19) for the input parameters M = 0, ls /ln = 3,
ls /lV = 9, ls /lT = 6, ν⊥ = 3 and χ⊥ = 0.
This perturbation is used, so that in all directions
the most unstable mode is captured, of all the
modes allowed by the resolution parameters used.
The input parameters and resolution parameters
will change, depending on the cases of study. The
dissipations coefficients are kept at relatively large
values ν⊥ = 3 and χ⊥ = 10/3 to ensure the consistency of our orderings, as in [1].
4.1. Nonlinear finite ls /lT
Here, nonlinear results with only finite ls /lT are
presented. Using the initial perturbation given in
equation (55) nonlinear runs were made for different values of ls /lT , keeping ls /ln = 0, ls /lV = 0 and
M = 0, so that the effects of pure ITG turbulence
could be studied. In this limit the presence of zonal
flows in the system is investigated as the external
flow is set to 0. Runs were made for values of the
temperature gradient from ls /lT = 28 to ls /lT = 40
7

the cases ls /lT = 35 and ls /lT = 40. This is due
to the fact that these runs have not run for long
enough to reach a statistical steady-state.
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Figure 5: Timetraces of the total invariant for different values of ls /lT . The other input parameters
Figure 7: Mean value of the total invariant W in
are fixed at ls /ln = 0, ls /lV = 0, M = 0.
the turbulent phase as a function of ls /lT . We can
see the reduction of the mean value of W near the
critical value for linear instability ls /lT = 28, which
T otal, ls /lT = 30
108
means there is a reduction of turbulent transport.
Zonal, ls /lT = 30
106
104

4.2. ITG turbulence with finite density gradient
In this section, the result of a run for ls /lT = 30,
ls /ln = 2, ls /lV = 0 and M = 0 is presented. This
numerical run was done in order to retrieve information on the effect of a finite density gradient on the
pure ITG turbulence results of the last section. Figure 8 shows a comparison between the time traces
of the total zonal component of the invariant for
ls /ln = 0 and ls /ln = 2 for fixed ls /lT = 30. We
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Figure 6: Timetraces of the total invariant and the
zonal invariant for ls /lT = 30. The other input
parameters are fixed at ls /ln = 0, ls /lV = 0, M = 0.

ls /ln = 0
ls /ln = 2

Invariant(n20 ρ2s /ls2 )

7000

Then, a similar effect to a Dimits shift should be
observed. The Dimits shift [17] is an effect which
was first observed for a collisionless plasma. In a
collisionless plasma the primary dissipation mechanism of the zonal flows is absent. Thus, they can
increase seamlessly and for values of temperature
gradient near the critical value for linear instability
they cause a total quench of ITG turbulent transport. In this case the mean value of the total invariant in the turbulent phase should be directly proportional to the turbulent transport. In figure 7 we
obtain these values for the previous runs, in order
to clarify the reduction of turbulent transport near
the linear critical value of ls /lT . The null values
of turbulent transport for the runs with ls /lT = 25
and ls /lT = 28 are also included and correspond
to the cases where no linear instability is observed.
We see that there is a considerable uncertainty for
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Figure 8: Comparison between runs with no density gradient and finite density gradient. The other
parameters are kept fixed at ls /lT = 30, ls /lV = 0,
M = 0.
see that with finite density gradient there is also a
quench of the total invariant when the zonal flows
grow.
4.3. Nonlinear results with finite M
In this section some results are presented for runs
with finite external shear flow M . Here, the tem8

5.1. Achievements
The modified code was obtained and it was benchmarked against the analytical solution obtained for
the case M = 0, presented here in section 2.4 and
derived in [1].
Analytical results were obtained in relation to an
invariant of the system and the presence of zonal
flows in the system. The zonal and non-zonal components of the invariants were obtained. It was
shown that the system of equations composed by
the the time evolution equations of the zonal and
non-zonal components of the invariant derived for
this system should behave as a predator-prey system, in which the predators are the zonal flows and
the preys are the drift waves in the system. The
linear instability of the zonal flows was worked out
analytically.
The nonlinear simulations that we carried out revealed the presence of zonal flows in this system,
and the consequent Dimit shift-like transport behavior. This is consistent with our expectation derived from the analytical analysis. The predator800
prey nature of the system was observed, where the
700
preys are the drift waves and the predators are the
600
zonal flows. This means that simulations showed
500
that the a significant growth of zonal flows can lead
400
to a reduction of the transport due to drift waves.
300
However, in some cases the transport can grow
200
again, followed by a new growth of the zonal flows,
100
which leads to a new reduction of transport. This
0
cycle is observed until a steady state is achieved.
−100
It was seen that the introduction of a finite density
0
0.2
0.4
0.6
0.8
1
gradient did not, significantly, change the results
M
obtained for only finite temperature gradient.
It was also verified that an external shear flow
Figure 9: Wturb for different values of M at a fixed
can
reduce turbulent transport and even suppress
ls /lT = 35.
it completely. For a large value of external flow turIn this figure we see that the transport is first bulence was observed due to PVG instability, but
reduced due to the action of the external shear flow this is a preliminar result.
and is suppressed for M = 0.2. For M = 0.8 there is
5.2. Future Work
transport again, which should be due to the action
of the PVG instability. More values are needed to The nonlinear results obtained should be tested
with more resolution and bigger resolution domains.
clarify the analysis of these results.
More nonlinear results should be obtained, in or5. Conclusions
der to better map the values of the mean of the
In this work, theoretical and numerical (high- invariant in the turbulent phase for different comperformance computing) studies were performed on binations of the input parameters ls /ln , ls /lT , ls /lV
the effect of background sheared flows in the nonlin- and M , as it was done in [1] for the linear growth
ear evolution of microinstabilities in magnetic con- rate. Importantly, more results with external shear
finement fusion plasmas. The first stage of the prob- flow should be obtained to clarify the generation of
lem consisted in modifying the existent code Viri- turbulence by PVG instability and the saturation
ato, so that it could simulate the system of equa- mechanism of this turbulence. Runs for large valtions derived in [1]. In the second stage, the bench- ues of M should be done, in order to study, the
mark of the modified code was done against analyt- existence of subcritical turbulence due to PVG inical results. In the third and final stage an analyti- stability. It would also be interesting to see if there
cal analysis of the system and nonlinear simulations is a Dimits shift-like behavior for the PVG instabilwere done .
ity.
Wturb (n20 ρ2s /ls2 )

perature gradient is fixed at a value ls /lT = 35
in order to compare the results with the previous
run, where M = 0, which coresponds to the run
with ls /lT = 35 in figure 5. Runs were made for
M = 0.1, M = 0.2, M = 0.3 and M = 0.8,
with ls /lV = 30M in order to fix the relation between the perpendicular and parallel components
of the shear flow. The density gradient is set to
ls /ln = 0 in all the runs.For the runs M = 0.1,
M = 0.2 and M = 0.3 the same resolution parameters nlx = nly = 64 for the perpendicular plane are
used with Lx = Ly = 32ρs . However, a higher parallel resolution nlz = 1024 with Lz = 200π· is used
in order in order to obtain a better convergence of
the results. For M = 0.2 and M = 0.3 there is
no linear instability and therefore there is no turbulent transport. The mean values of the invariant
in the turbulent phase are calculated and compared
against the value of the previous run with M = 0
and ls /lT = 35 from figure 5. The results can be
seen in figure 9.
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