Analysis of End Effects in a Spherical Induction Motor with
Shell-Like stator

André Filipe Mendonca Sa Roque
andre.roque@tecnico.ulisboa.pt

Instituto Superior Técnico, Lisboa, Portugal

November 2016

Abstract

The general equation and a particular solution to the magnetic field inside the air gap of a shell-like
stator induction motor with spherical rotor is to be found. In this machine’s geometry, a discontinuity
of the stator iron core exists, creating a complex profile for the magnetic field inside the air gap, besides
the travelling wave typically found. This phenomenon is called the end effects. In order to study these
effects, previous studies of end effects in linear induction motors with Field Theory were used as a
basis, whose geometry also shares the stator iron core discontinuity. Hence, a link between the end
effects of the two geometries was sought, keeping in mind that the analysis for the spherical rotor was
made in cylindrical coordinates, while Cartesian coordinates were used for the linear motor. A model
was found for the magnetic field inside the air gap, and its parameters were tested for various motors
configurations, such as varying air gaps, secondary sheet resistivity, rotor radiuses and power supply
frequencies. Thrust curves were obtained and the impact of the end effects on motor performance
was found, making a distinction between high speed and low speed motors, whose motor performance
impact due to the end effect varies differently. It was possible to find ways to minimize the impact of
the end effect on motor’s performance from the variation of the model’s parameters with various motor

configurations.
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1. Introduction

The induction motor with spherical rotor and shell-
like stator is proposed by this work’s supervisor [1],
depicted in figure 1. The functioning of the motor is
based on the typical rotary induction motors with
cylindrical rotors. However, by creating a spherical
rotor and superposing two perpendicular primary
windings, it is possible to control the rotor’s motion
in two axis, creating an omnidirectional machine.

Figure 1: Spherical rotor visualization as per [2].

The shell-like stator serves the purpose of induc-
ing currents in the rotor’s conductive sheet, creat-
ing thrust and hence motion. A fully enclosed shell
would have the best performance, as more current
would be fed into the stator and hence to the rotor.
However, it would also inhibit the degree in each
of the two axis in which the rotor can rotate freely,
as there is a need to attach an axis to the rotor
in order to retrieve the mechanical energy related
to the motor’s movement. Therefore, fully enclosed
stators have little applications.

The end effects have been subject of study ever
since the development of linear induction motors.
Various authors have reported the effects over the
years, and experiments were first conducted in
Japan [3]. These effects are often divided in two
categories [4]: longitudinal end effects and trans-
verse end effects.

The longitudinal end effects occur due to the dis-
continuity of the primary iron core, that is to say,
the stator, in the direction of the movement of the
motor, creating a turbulent magnetic field inside
the air gap. These end effects are also divided in
two categories: static and dynamic. The static end
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Figure 2: Longitudinal and transverse end effects
representation [5].

effects occur independently of the speed of the mo-
tor, and are influenced only by the geometry of
the motor, namely, the primary windings distribu-
tion. The dynamic end effects are dependent on
the motor speed, being more prevalent as the motor
speed increases, and are generally associated with
the study of the end effects as a whole.

The connection between linear induction motors
and the novel spherical rotor motors lies in the
existence of end effects, since having a non fully-
enclosed stator in a spherical rotor motor will cre-
ate discontinuities in the primary iron core, very
similarly to the ones observed in the linear induc-
tion motor. As such, reduction of performance is
also verified in the spherical rotor motors due to
the end effects, and should be analysed in order to
better understand the influence of the motor pa-
rameters in reduced performance. Therefore, using
as a basis previous literature on the study of end
effects in linear induction motors, a model for the
end effects in the spherical rotor motor with shell-
like stator is to be found.

2. Background

The dynamic end effects occur as soon as the motor
acquires speed [6]. To understand this phenomenon,
a graphical explanation is required.

Considering a small domain in the secondary not
under the influence of the primary, that is to say,
away from the air gap, it is reasonable to say that
both the magnetic field and current in this domain
is zero. As this domain approaches the entry of
the air gap, a sudden variation of magnetic field is
verified, being provided by the primary. The sec-
ondary will respond opposing this sudden variation
of magnetic field in this domain. Therefore, as this
domain in the secondary starts to enter the air gap,
instead of instantaneously raising its magnetic field
to the one seen in the air gap, a damped increase
of the magnetic field in this domain is seen. This
damping has a time constant that is related to the
characteristics of the iron in the secondary, in order
to satisfy the continuity of the magnetic field along
every domain of the secondary [6].

At the exit end, the opposite effect occurs. If the
air gap is long enough, near the exit, there is no
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Figure 3: Dynamic end effects representation - pri-
mary current density J; and corresponding sec-
ondary current density Jo and magnetic field in the
air gap [4].

more damping of the magnetic field in the domain
considered. Therefore, up until the end of the air
gap, the magnetic field in this domain should have
stabilised. As this domain exits the air gap, there
is once again a sudden variation of the magnetic
field and induced current, because it is no longer
under the influence of the primary. This time, how-
ever, the domain will try to maintain its continuity
by having a damped decrease of the magnetic field
outside the air gap, creating a "tail" as if it were
of magnetic field. This damping’s time constant is
different from the first damping, as it is no longer
under the primary ferromagnetic core [6].

Analysis on end effects is mostly done through
Field Theory [3], [7], [8]- The magnetic circuit can
be analysed through Ampére’s Law and Electromo-
tive Force, resulting in a differential equation for
the magnetic field B inside the air gap.
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Figure 4: One-dimensional model for the linear in-
duction motor.

Many approaches may be taken. The simplest
is based on the assumption that the magnetic field
inside the air gap is constant along the y coordinate,
as per figure 4. Therefore, only a solution for B,



is to be found, which will be a function of x. This
is called the one-dimensional model, which will be
the one which this works delves into. For the one-
dimensional approach, there are still many different
considerations that can be taken into account. It is
possible to create a second, third or even fourth
order system [7].

The second order system is a simple application
of both Ampére’s Law and Electromotive Force in
a small domain, while making no extra considera-
tions, resulting in a second order differential equa-
tion. Therefore, two roots exist for the transient
term, or rather, the total solution is the superposi-
tion of two transient magnetic fields plus the steady
state solution. These two transient magnetic fields,
which will be studied in detail further ahead, are re-
lated to the necessity of continuity of magnetic flux
in the extremities of the primary iron core, both en-
try and exit ends. The amplitudes of these transient
waves can only be obtained through a set of bound-
ary conditions, defined according to the geometry
considered.

One boundary condition often used is the flux
conservation, meaning that the steady state mag-
netic field solution, that is to say, the travelling
wave created by the primary current density, and
the transient magnetic fields, along the air gap
length, must add up to zero. Another simple bound-
ary condition is to consider that, outside the air gap,
the secondary current density is zero, or in other
words, that no magnetic field exists outside the air
gap. Studies with the proposed model have shown
that this second condition might be too simplistic,
and can be corrected by considering that there is
magnetic field at a small distance outside the air

gap-

3. One Dimensional Model

In traditional cylindrical machines, the rotor is fully
enveloped by the stator, meaning that every point
on the surface of the rotor is subject at all times,
in steady state, to a magnetic field provided by the
stator. A shell-like stator introduces a discontinuity
of the magnetic field from the standpoint of view of
the rotor.

A series of physical entities will be introduced.
Firstly, it is considered that the radius of the motor
is r4 for the stator and r, for the rotor. Equivalent
conductive sheet’s widths will be considered. That
is to say, for the primary winding, a very thin con-
ductive sheet will be considered instead. The same
will be considered for the secondary sheet, and the
real width will only be considered for the actual cur-
rent densities. Therefore, the equivalent air gap is
given by g =rs —r, +ds + d,.

The primary current density is considered to be
j1, while the secondary current density is jo. Fi-
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Figure 5: System coordinates.

nally, it is considered that the angle of the shell-like
stator is 3, that is to say, the primary envelopes the
secondary in [ radians.

3.1. Second order system

Considering that the magnetic field is dependent of
only the 6 coordinate, meaning that B is constant
along the r coordinate, only a solution for B,(¢, )
is to be found. This can be a good approximation
if the air gap is small enough. Applying Ampére’s
law in the integral form in this cylindrical geometry
results in:
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The resulting application of Ampére’s law results
in

(1)
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The Maxwell-Faraday equation in cylindrical co-
ordinates is given by:
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with w, being the rotor speed.

Differentiating the electromotive force expression
in order of 6:
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3.2. General Equation for the Magnetic Field
The width of the secondary conductor sheet will

be considered, resulting in an equivalent secondary
conductor resistivity, given by:

pe =1 (6)

(5)



where p is the rotor’s resistivity and d, is the
thickness of the rotor’s surface conducting mate-
rial. Substituting the equation resulting from the
electromotive force into the equation resulting from
Ampére’s law creates the general expression of the
model, which can be seen in:
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3.3. Solution for the General Equation
In steady-state, it can be assumed that the mag-
netic field in the air gap is simply a travelling wave.
This can be obtained if it is considered that no end-
effects occur in the motor. In other words, in typical
linear induction motor terms, it is considered that
the motor length is infinite. Such notion makes no
sense considering the cylindrical coordinates, and
as such, a more appropriate analogy would be to
consider that the motor length is § = 2w, or that
the motor is a typical closed cylindrical rotary in-
duction motor.

It is assumed that the current density in the pri-
mary is given by:

j1 = Jiexp [j(wt — k0)] (8)

in which w is the angular frequency of the power
supply and k is the number of pair-poles.

The amplitude J; is a real value representing an
equivalent amplitude, in which the width of the
primary conductive sheet is taking into account.
Hence, J; = {Tf, where J); is the actual amplitude
of the current density. Therefore, the magnetic field
expression is given by:

B = B, exp [j(wt — ko)]. (9)

Substituting the travelling wave in the general
equation for the magnetic field given by equation 7,
the amplitude of the travelling wave can be found
in:

a7 _ _JJl(rg + Dkpo
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The slip of the motor s is defined as:
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3.4. Transient Solution
The transient solution can be obtained through the
homogeneous equation, meaning equalling the gen-
eral equation to zero: .
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Solving the general equation through the Fourier
Transform, the resulting characteristic equation ob-
tained is:
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The solutions for the characteristic equation can
be found in expression 14 and 15.

WrTgTrho — PsX Y 1
sy Srletebo e B L ()
2ps 2 aq
WrTagTrho + psX Y 1
sp= O P s = — ke (15)
205 2 Qs
2ps
= 16
“ psX — Wy T gTr o ( )
2ps
= ———""— 17
2 st + WrTgTr o ( )
Y
ke = — 18
5 (18)

This will result in a sum of two waves for the
transient solution, in the form of:

By exp (516) exp (jwt) + By exp (520) exp (jwt) =
B, + B..
(19)

The transient solution shows two waves, B; and
B,. The first wave will be called the entry end
effect wave, while the second wave will be called
the exit end effect wave. The reason for this will
become clear when the boundary conditions are de-
fined. The first wave B; is related to the disconti-
nuity of the iron core in the vicinity of the entry of
the air gap, in relation to the rotating direction in
0 of the motor. Similarly, the wave Bg is related to
the same discontinuity near the exit of the air gap.

The terms «; and «as will be referred to as the
penetration angles, in rad. They are related to
the length of air gap, in the 6 coordinate, which
is reached by each wave, meaning that the wave B,
will reach a greater length of the air gap, in the
coordinate, if o is greater. The same is applicable
to the By wave and as, however in different direc-
tions. Note that the wave B; travels in the negative
direction of 0, while By travels in the positive di-
rection of 6.

The term k. is related to the speed of these end
effect waves in the 6 coordinate, which can be dif-
ferent from the speed of the travelling wave By, re-
lated to the electric speed as per 2rf Therefore,

k-
the speed of the end effect waves is given by:

:27Tf

We T (20)



3.5. General Solution

The general solution for the equation 7 will be the
sum of the steady-state solution and the transient
solution:

B(t,0) =B, exp [j(wt — k)]

+B1 exp (_0?1) exp [j(wt — ke0)] (21)

+B} exp (0) exp [7(wt + k.0)].
Qg

This solution represents the magnetic field in the
air gap, which is both a function of time and space.
The first wave is the travelling wave, which travels
in the negative direction of 6. The second wave also
travels in the negative direction of # and is damped
by —a%. The last wave travels in the positive direc-
tion of # and is damped by a%

Since the wave Bs is supposed to exist only
nearby the exit of the motor, it is advantageous
for computer simulations that a new reference for
0 is considered for this wave, as using the previous
equation would result in overflow due to the positive
exponential [7]. Therefore, it is more advantageous
to consider the solution as expressed by:

B(t,0) =B; exp [s(wt — k6)]

+Bj exp (—j) exp [j(wt — k.0)]
1

VB o <a2ﬂ> exp [J(wt + ke(6 — B))]

=B, +B; + B
(22)

3.6. Boundary Conditions

In order to find the amplitudes of the end-effect
waves By and Bs, the boundary conditions must
be found. The basic approach will be to consider
that the full length of the air gap in the 6 coordi-
nate is under the influence of the primary current
density ji. Another condition can be found if it is
considered that fringing occurs at the edges of the
motor. Fringing can be described as the existence
of magnetic field outside of the air gap, in the vicin-
ity of the entry and exit ends of the motor. This
is in accordance to the model explained by Dun-
can [6]. The simplest approach for the definition of
the boundary conditions is to consider a small angle
& in which the magnetic field exists outside the air
gap, as per figure 6, and apply the magnetic flux
conservation:

B+E
/ (Bs + By + By)df = 0.
=€

(23)

If a small domain on the surface of the rotor not
under the air gap is considered, it should not be
under the influence of any current or magnetic field.
As this domain enters the zone under the air gap,
it will be subject to a big variation of the magnetic
flux. Therefore, another good approximation would
be to consider that, near the entry and exit ends of
the motor, 2 > 2.

Figure 6: Boundary conditions, considering a £ an-
gle with no primary winding.

4. Model Analysis

The terms «4, as and k. are the most relevant for
understanding the way the proposed model is af-
fected by motor parameters and how it influences
the actual end effects and motor performance.

Frequency f 50 Hz
Number of pole-pairs & 2
Primary sheet width d 1 mm
Secondary sheet width d,. 1 mm
Rotor radius r, 135 mm
Air gap length ¢ 3 mm
Stator angle m rad
Secondary sheet resistivity ps 2.6497x107° Q
Primary current density Jjs 5.5x10% A/m

Table 1: Motor parameters used for model’s param-
eters’ plots.

Using the motor parameters of table 1, variation
of term «; has been plotted in figure 7. The most
interesting phenomenon occurring is the shift in be-
haviour of oy between low and high speeds. For
high speeds, a larger air gap results in a smaller «;,
but for lower speeds, a smaller air gap results in a
smaller «v;. This behaviour has been verified in lin-
ear induction motors [3], and is used to categorize
motors by low and high speed.
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Figure 7: o for various air gaps.

The term as does not show a shift in behaviour,
and it is generally of much smaller magnitude than
a1, as was expected and proved in linear induction
motors [3], [7].
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Figure 8: ay for various air gaps.

As for the term k., some additional notes have to
be made. It is not interesting to plot k. but rather
the speed of the end effect waves, w., which depends
on k..

A new term v can be defined to identify the zone
where «; shifts its behaviour, being therefore as-
sociated with the separation between low and high
speed motors.

2
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For high speed motors, w, is very large, and hence
some simplifications of the model’s parameters can
be made for this case. These result in:

Y k
kezg_lfs (25)
and
ZQWfZM:w. (26)

We = & k

Therefore, if motor speed is high enough, for high
speed motors, the end effect waves’ speed w, be-
comes the motor speed w,. This can be verified
with the plot of w, for varying air gaps.

20 40 60 80 100 120 140 160
w, [rad/s]

Figure 9: w,. for various air gaps.

Now, it is clear that once the speed of the motor
becomes high enough, the speed of the end effect
waves becomes the same as the motor speed. This
can be observed running the previous tests for a
high speed motor, as seen in figure 10.
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Figure 10: w, for various rotor radiuses.

The parameter v = 22.6 for the last r,, = 270mm
and w, = 157rad/s, which means that the motor
can be considered to be a high speed motor, under
those specifications.

The impact of the end effects is not clear in terms
of its influence on motor performance. Hence, mo-
tor thrust has been plotted and the analytical ex-
pressions have been obtained. Two curves are plot-
ted: the first curve is considering only the magnetic
field Bg due to the primary windings, while the sec-
ond curve is considering both Bg and B;.
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Figure 11: Thrust curves for a low speed motor.

It is evident that the end effect waves reduce
thrust for most of the slips. However, some interest-
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Figure 12: Thrust curves for a high speed motor.

ing phenomenons occur. For low speed motors, it is
observed that thrust exists for s = 0. This is due to
the fact that the term Z—j is not equal to 1 for low
speeds, and hence there is a difference in speeds be-
tween the travelling wave and the end effect waves.
This means that some currents are being induced in
the secondary due to the end effect waves at s = 0,
hence creating some thrust.

For high speed motors, an ondulatory thrust can
be observed for higher slips. This is due to the po-
sition of wave’s By phasor, if a moving referential is
considered where phasors Bg and j; move at speed
ws- As the end effects speed w, is very close to the
motor speed w,, wave’s By phasor is moving very
slightly relative to j;, which can be considered a
static phasor. Hence, once wave’s By phasor enters
the left side plane, negative thrust is generated, and
when it enters the right side plane, positive thrust
is generated.

Figure 13: B; phasors representation for a high
speed motor, at s # 0.

5. Results
5.1. Finite Element Analysis Simulations

Using a Finite Element Analysis software, a model
sharing the same geometric characteristics as the
ones in table 1 was created and simulated for various
slips over time. The grid frequency was however
changed to f = 10H z in order to reduce simulation
times. The resulting magnetic field inside the air
gap was obtained, and is shown in figures 14, 15, 16
and 17.

Already, it can be seen that the magnetic field
does indeed have a complicated profile inside the
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Figure 14: Finite Element Analysis simulation for
s=1.
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Figure 15: Finite Element Analysis simulation for
5 =10.9.

air gap. For high slips, for most of the air gap, the
magnetic field seems to be close to the travelling
wave alone, except for near the extremities of the
motor. In the entry end, which is on the left side of
the figures, magnetic field seems to increase. This
however does not go against the theory regarding
the dynamic end effects, since for high slip, the mo-
tor can be considered stationary, under little effect
of the dynamic end effects and as such were not
included in that analysis. However, it can be ex-
plained as the amplitude of wave By being larger
than the amplitude of wave Bg for high slips.
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Figure 16: Finite Element Analysis simulation for
5 =0.5.
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Figure 17: Finite Element Analysis simulation for
s=0.1.

Another interesting note for analysis is the fun-
neling of magnetic field that seems to occur for any
slip, near the exit end, corresponding to the right
side of the figures. This point can be explained if
the two waves that make up the proposed model are
remembered, as one travel in one direction and the
other in the opposite direction, which different at-
tenuation constants. This funnel point is where the
exit end effect wave starts influencing the magnetic
field. Since its damping constant is very small, its
impact is reduced to a very limited arc length near
the exit, therefore creating a very sudden increase
in the magnetic field.

For low slips the magnetic field seems to corre-
spond almost exactly to what was expected in the-
ory. In the entry end, a reduced magnetic field is
obtained, while near the exit end it is increased sub-
stantially.

5.2. Proposed Model Simulations

A value for £ must be estimated, according to the
set of boundary conditions proposed. Various sim-
ulations were tested and the value that seemed to
result in a closer profile to the Finite Element Anal-
ysis software was £ = 0.0483. Note that this value
for £ should only be used as an approximation for
these motor specifications, as per table 1.
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Figure 18: Model simulation for s = 1.
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Figure 19: Model simulation for s = 0.9.

For high slips, comparing figures 18 and 19 to fig-
ures 14 and 15, it seems that the boundary condi-
tions accurately describe the magnetic field profile.
It is for lower slips, and hence higher motor speeds,
that the set of boundary conditions will be put to
test, as impact of the dynamic end effects on motor
performance increases.

Magnetic Field [T]
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Arc Length [rad]

Figure 20: Model simulation for s = 0.5.
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Figure 21: Model simulation for s = 0.1.

As observed in figures 20 and 21, compared to 16
and 17, there is a high degree of similarity. The
conditions provide a very accurate representation
of the magnetic field inside the air gap for all slips.

The set of boundary conditions can be applied to
fully describe the profile of the magnetic field inside
the air gap for any motor parameters, remaining in-
side the initial assumptions such as small air gap.
The £ parameter, however, is chosen somewhat ar-
bitrarily and should depend on the motor’s param-
eters, being based upon the results provided by the
Finite Element Analysis software.



6. Conclusions

This work proposes a one dimensional model based
on the Field Theory to describe the magnetic field
inside a spherical induction motor with shell-like
stator. The model uses the as basis the linear induc-
tion motor models for end effects, and it accurately
corresponds to simulations produced by the Finite
Element Analysis software. The motor’s properties
on the model’s parameters were studied and can
serve as a basis for design of this type of motor,
in order to reduce the effect of the end effects on
motor performance.

The one dimensional model was presented
through analysis of the electromagnetic laws. Some
approximations were made, including the non vari-
ation of the magnetic field in the 6 coordinate,
a small air gap and equivalent conductive sheets
for the primary winding and the secondary sheet.
These approximations are based on previous work
in linear induction motors’ analysis through Field
Theory, such as in references [3] and [7]. The result-
ing model produces two end effects waves, B; and
B,, which can be thought of as the entry end effect
wave and the exit end effect wave, correspondingly,
which, in conjunction with the travelling wave Bg
translate the profile of the magnetic field inside the
air gap. These end effect waves travel in opposite
directions in terms of the 6 coordinate, and have
different damping constants a; and as.

A set of boundary conditions had to be found,
where a small angle £ outside of the air gap was con-
sidered, in which magnetic field and induced cur-
rents could exist. This ¢ angle is arbitrary, and only
with the help of the Finite Element Analysis soft-
ware results was it possible to estimate a value for it.
After achieving a value that corresponded to the Fi-
nite Element Analysis software, all the simulations
made with the same & seemed to correspond to the
Finite Element Analysis software simulations.

The obtained parameters of the model were dis-
cussed and their sensitivity to the motor physical
properties was analysed. Some interesting points
were made, specifically regarding the difference be-
tween high speed and low speed motors, as the
model’s parameters seem to have a complete op-
posite behaviour from a certain undefined point in
terms of motor speed. This undefined point, or
rather undefined area, can be estimated through the
~v parameter found, which depends on the motor’s
physical properties such as radius and secondary
sheet conductivity. The biggest conclusion in this
section is the difference between the penetration
depths a; and as, which defined the damping of the
end effect waves as they travel through the 6 coordi-
nate. It was found that «; is generally much larger
than as, hence wave By should have a much larger
contribution of the distortion of the magnetic field

inside the air gap than wave Ba. This corresponds
to the previous work done on the linear induction
motor as well.

Lastly, various simulations were made in the Fi-
nite Element Analysis software in order to validate
the proposed model. Three stator angles were cho-
sen and various different slips were used. The set of
boundary conditions seem to be in total accordance
to the Finite Element Analysis software, particu-
larly in the entry and exit ends of the motor.

The model, with the specified set of boundary
conditions, explains the complicated profile of mag-
netic field found inside the air gap.
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