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ABSTRACT 

This paper describes a computational model to characterize and optimize hybrid composites reinforced with two types of long-fibers 

from distinct materials. The investigation was based on the concepts described by homogenization theory. Two cross-sectional 

microstructures were analyzed: one with random and other with geometric fiber distributions. The results show optimum microstructural 

configurations for a number of loading cases, considering three possible filling fiber pairs: carbon fiber/E glass fiber, carbon fiber/epoxy 

fiber and carbon fiber/void; where the matrix material is epoxy. Additionally, microstructural stress distributions within the microstructure 

of a selected group of case studies are displayed. 
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1. Introduction 

Nowadays, it is commonly accepted that numerical 

simulation tools are an important input in predicting more 

accurately structural responses of every sort of 

mechanical components. More particularly, with regard to 

the use of composite materials, to predict their micro-

macro structural responses. Ideally, in an attempt to 

reduce laboratory expense associated with experimental 

testing, one would like to be able to anticipate a new 

material’s behavior only by numerical simulations. The 

primary goal being to accelerate the trial and error 

laboratory development of new high performance 

materials. 

Composite materials are becoming more and more 

present in the everyday lives of the common citizen as 

industries, particularly those related to transportation, are 

increasingly introducing composites in the development 

of their products. The reason is simple: composite 

materials have a stiffness/strength to weight ratio that 

cannot be matched by regular, singular, materials. For 

example, carbon fiber reinforced composites can be five 

times stronger than 1200 grade steel while having only 

one fifth of the weight [1]. Another example is the 6061 

grade aluminum; this one is much closer in weight to 

carbon fiber composites. Still, the composite can have 

twice the modulus and up to seven times the strength [1]. 

Airbus is a current example of a company that is driving 

towards the gradual replacement of typical engineering 

materials (metallic materials above all) in favor of 

composites. Their new Airbus 380, the world’s largest 

passenger airliner, for instance, makes use of about 25% 

of modern composites in its design [2, 3]. Another, even 

more outstanding, example is their next generation: 

A350XMB. The latter consists of 53% composite 

materials spread all over from the nose section, through 

the fuselage, up to the rear fuselage [4, 3]. 



It becomes, therefore, clear that there is an overriding 

need to develop computational tools that are capable of 

producing valid and, more importantly, reliable results 

regarding the structural performance of composite 

structures. While composite materials exist in many 

different forms, their predominant usage in industry is via 

composite laminates where thin fiber reinforced 

orthotropic plies are stacked on top of each other in 

several orientations to form a shell structure. Perhaps as 

a consequence, many of the results found in literature 

today refer to the optimization of composite laminates. 

More recently hybrid composite materials began having a 

little closer attention due to their undeniable flexibility to 

reach on demand properties. A large portion of the 

research existing today pays attention to the use of hybrid 

composites filled with natural fibers, trying to understand 

their mechanics and searching for natural alternatives to 

synthetic fiber composites. Examples are presented in [5], 

[6], [7] and [8]. In particular, Majeed et al. [8] discuss the 

most recent advances and emerging new aspects of 

nanotechnology for the development of hybrid 

composites environmentally compatible as food packing 

materials. A study that is categorically up-to-date in the 

current context. 

In a more complex perspective, particularly turned 

towards the aerospace industry, Fink et al. [9] 

investigated the mechanical response and the industrial 

manufacturability of carbon fiber reinforced polymer 

(CFRP)/titanium hybrid composite laminates. Another 

study on a similar issue is the one by Lopes et al. [10], 

which presents an analysis on the fatigue behavior of 

CFRP/steel hybrid composites; a material that appears to 

be a very promising solution to increase bolt bearing 

strength in future composite aerospace structures. 

However, the aforementioned studies refer solely to the 

characterization of hybrid composite materials, none of 

them addressing any optimization aspect. With this being 

said, this paper intends to describe a tool that was 

developed as a computational mean to, not only 

characterize a two distinct fiber types hybrid composite 

material, but also perform an optimization of the 

microstructure. 

Understanding this paper presupposes previous 

knowledge on the homogenization theory and on the finite 

element method. If the reader is not familiar with any of 

those, documents [11], [12] and [13] are recommended. 

2. Problem formulation 

The problem formulation was carried out according the 

guidelines suggested in [13]. Here the problem 

formulation is divided into five different steps: problem 

statement, data and information collection, definition of 

the design variables, identification of the optimization 

criterion and identification of the constraints. 

2.1 Problem statement 

Hybrid composites result from the incorporation of more 

than one type of reinforcements in a binding matrix; or 

through the use of plies of different materials, for 

composite laminates. Due to their very heterogeneous 

nature, questions related to the optimal distribution of the 

different kinds of reinforcements within the matrix may 

naturally arise. What is the best volume fraction for each 

of the reinforcements? Which are the ideal regions to 

place them? 

The first problem lies within the computational 

characterization of the fiber reinforced hybrid composite 

itself. How to turn a structural domain where 

heterogeneities are distributed in a completely random 

way into something measurable? How to keep the 

computations within acceptable limits given the current 

state of computer technology? 

The second problem relates to the structural design 

optimization applied to hybrid composites. Which material 

shall be assigned to each of the fibers considering their 

position within the composite? Is there any difference in 

the final layout if the materials attributable to the fibers are 

changed? What is the difference between the imposition 

of a volume or an average stress constraint? 



If one were to attempt performing a numerical simulation 

directly over a macroscopic structure made from a 

composite material, a very fine mesh – e.g. that from a 

finite element mesh – would have to be applied in order 

to capture all the microscale details [14]. The resulting 

system of equations would contain an extraordinary 

number of unknowns. Moreover, it would be practically 

impossible to find and ascertain the position of all the 

heterogeneities under the surface of the material [14]. The 

solution that engineers came across was: 

homogenization. 

The idea is simple: “to compute a constitutive ‘relation 

between averages’, relating volume averaged field 

variables” [14]. This is, to compute effective, or apparent, 

properties that describe the microscopic behavior of the 

structure in macroscopic terms. The volume averaging 

occurs over a statistically representative sample of 

material, often denoted to as representative volume 

element (RVE) [14]. Fig. 1 shows the CAD model of the 

RVE used in this investigation. 

 

Fig. 1 – Bundle of randomly distributed fibers (left) and matching matrix 
(right); cross-sectional view. 

The problem can then be translated as the search for the 

optimum fiber material distribution among fibers 1,… ,16, 

from a group of two distinct materials (fiber type 1 and 

fiber type 2 materials), according to an external loading 

condition and to a set of performance requirements that 

shall be met by the structure. 

2.2 Data and information collection 

One of the most important steps in gathering information 

on the problem was the choice of the constituent 

materials. To have significant, interesting, results in an 

engineering point of view, the author chose to have two 

fiber material types with real context application. The 

material of the matrix was chosen to be compatible with 

those from the fibers. The material properties, namely the 

Young’s modulus and Poisson’s ratio, of the matrix and 

fiber types 1 and 2 are presented in Table 1. 

Table 1 – Material properties of the matrix and fiber types 1 and 2 [15, 
16, 17, 18]. 

Material 
Young’s Modulus, 

𝑬 (GPa) 
Poisson’s Ratio, 𝝂 

Matrix 
(Epoxy resin) 

3.53 0.347 

Fiber type 1 
(Carbon fiber) 

436 0.270 

Fiber type 2 
(E Glass fiber) 

72.0 0.200 

The main assumptions made in carrying out this 

investigation are summarized in the following items: 

 Matrix and fiber materials are isotropic materials; 

 There is a seamless connection between the 

matrix and the fibers, i.e., they are perfectly 

bound to each other; 

 The deformations undergone by the composite 

material are in the range of linear elastic 

deformation; 

 The composite material can be described, without 

major loss of information, as having a periodic 

microstructure. 

2.3 Definition of the design variables 

The design problem of a hybrid composite structure with 

two fiber types can be compared with that of a topology 

optimization problem. In topology optimization, one 

considers a mechanical element as a body occupying a 

domain 𝛺𝑚𝑎𝑡 which is part of a larger reference domain 𝛺 

in ℝ𝟐 or ℝ𝟑. The concern is in the determination of the 

optimal placement of a given isotropic material in 𝛺 as to 

finding the best possible value for a certain condition; 

which often is the maximization of the stiffness of the 

structure. This is, one seeks for the points in space that 

shall be material points and which shall be voids (no 

material) [12]. 

When the goal is to maximize the stiffness of the 

structure, one can state the optimal design problem as the 



particular problem of finding the optimal choice of the 

stiffness tensor 𝐸𝑖𝑗𝑘𝑙(𝑥) , which is variable over the 

reference domain 𝛺 . The set of admissible stiffness 

tensors are the ones that attain the material properties of 

a given isotropic material in 𝛺𝑚𝑎𝑡  and zero properties 

elsewhere [12]. Consequently, a discrete problem 

emerges. In computational terms this situation is far from 

ideal. The most commonly used way to solve this problem 

is by replacing the discrete variables with continuous 

variables and then introduce a penalization method to 

steer the solution back to a discrete valued problem [12]. 

Mathematically, this translates, for instance, into 

computing the stiffness tensor as described in (1): 

𝐸𝑖𝑗𝑘𝑙(𝑥) = 𝜌(𝑥)
𝑝𝐸𝑖𝑗𝑘𝑙

0 ,     𝑝 > 1 

(1) 
∫ 𝜌(𝑥)d𝛺 ≤ 𝑉,     0 ≤ 𝜌(𝑥) ≤ 1,     𝑥 ∈ 𝛺
𝛺

 

  
Where 𝜌(𝑥) is the continuous design function, frequently 

designated as “density”, 𝐸𝑖𝑗𝑘𝑙
0  represents the material 

properties of a given isotropic material and 𝑝 denotes the 

material exponent, or penalization factor, used in the 

power law. The inequality in (1) expresses a limit, 𝑉, on 

the amount of material available to build 𝛺𝑚𝑎𝑡, so that the 

maximum stiffness design is for a limited volume. The 

absence of such condition would result in 𝛺𝑚𝑎𝑡 being the 

same as 𝛺. 

Equation (1) shows a second, a little more advanced, 

stage of the formulation of the topology optimization 

problem. A more thorough description can be found in 

[12].  

Regarding the hybrid composite optimization problem, 

there is no such thing as the distinction between 𝛺 and 

𝛺𝑚𝑎𝑡  domains. Although, there is a distinction between 

what can be defined as the matrix domain, 𝛺𝑚𝑎𝑡𝑟𝑖𝑥, and 

the fibers domain, 𝛺𝑓𝑖𝑏𝑒𝑟𝑠 . If 𝛺𝑚𝑎𝑡𝑟𝑖𝑥  is discarded of the 

equation, since nothing is changed there during the 

optimization process, and the whole attention is focused 

on 𝛺𝑓𝑖𝑏𝑒𝑟𝑠, it gets clear that there is an analogy between 

the concepts used in topology optimization and the ones 

trying to be addressed in this investigation. What in 

topology optimization is a matter of searching for material 

points and voids, in the hybrid composite optimization is 

an issue of choosing between fiber type 1 and fiber type 

2 materials. Thus, also here the notion of “density” as 

design function applies. 

2.4 Identification of the optimization criterion 

The problem was investigated in terms of the pursuit for 

the maximum stiffness of the structure. More specifically, 

the optimization problem intended to maximize the elastic 

deformation energy of the composite. Its mathematical 

equation is presented in (2): 

𝑈elastic deformation = 𝜀𝑖𝑗
0𝐸𝑖𝑗𝑘𝑙

𝐻 𝜀𝑘𝑙
0 ,     𝑖, 𝑗, 𝑘, 𝑙 = 1,… ,3 (2) 

  

Where 𝜀𝑖𝑗
0  and 𝐸𝑖𝑗𝑘𝑙

𝐻  represent, respectively, the strain and 

the homogenized stiffness tensors. The problem was 

formulated so that the loading condition is applied in the 

RVE by means of an imposed displacement, which, in 

turn, is introduced by the user via the definition of the 

strain tensor 𝜀𝑖𝑗
0 . It becomes then easy to observe that with 

𝜀𝑖𝑗
0  being a constant, the maximization of the elastic 

deformation energy (𝑈elastic deformation) can only occur by 

increasing the homogenized stiffness of the composite 

material. 

Unlike what is intended in topology optimization, in the 

fiber reinforced hybrid composite optimization problem 

one is interested in the determination of the optimal 

placement of a number of isotropic materials (two in this 

specific case) in a confined area in space. The way 

𝐸𝑖𝑗𝑘𝑙(𝑥)  varies along the domain, as well as its 

dependence in terms of the design variables is, therefore, 

different. To tackle this individual sub problem, DMO 

methodology was used. This method computes the 

constitutive tensor of each fiber, 𝐸𝑖𝑗𝑘𝑙𝑓
, as a weighted sum 

of a finite number of constitutive tensors, 𝐸𝑖𝑗𝑘𝑙
𝑛 , predefined 

and fixed. Each of these different tensors correspond to a 

different candidate; in this case fiber type 1 and fiber type 



2 materials. (3) expresses the formulation for a problem 

having only two materials to choose from: 

𝐸𝑖𝑗𝑘𝑙𝑓 = 𝑤1𝑓𝐸𝑖𝑗𝑘𝑙
1 + (1 − 𝑤1𝑓)𝐸𝑖𝑗𝑘𝑙

2 ,     0 ≤ 𝑤𝑛𝑓 ≤ 1 (3) 

  
Where it was possible to remove one of the weight 

function due to the increased simplicity of such problems. 

The parametrization employed in solving the fiber 

reinforced hybrid composite optimization problem is 

finally found in (4): 

𝐸𝑖𝑗𝑘𝑙𝑓 = 𝜌𝑓
𝑝𝐸𝑖𝑗𝑘𝑙

1 + (1 − 𝜌𝑓
𝑝)𝐸𝑖𝑗𝑘𝑙

2 ,     𝑓 = 1, … ,16 (4) 

  

Where variables showing a 𝑓  subscript are individually 

computed for each of the sixteen existing fibers. 𝐸𝑖𝑗𝑘𝑙
1  and 

𝐸𝑖𝑗𝑘𝑙
2  correspond to the isotropic fiber type 1 and fiber type 

2 materials, respectively; and the weighted function was 

replaced by the penalized design variable, 𝜌
𝑓
𝑝. 

2.5 Identification of the constraints 

This problem was formulated under two main constraints: 

a fiber type volume constraint and an average stress 

constraint; independently applied to different case 

studies. The fiber type volume constraint is presented in 

(5): 

∑𝐴𝑓𝜌𝑓 ≤ 𝑉

𝑁𝑓

𝑓=1

,     0 < 𝜌𝑓 < 1 (5) 

  

Where 𝑁𝑓 is the total number of existing fiber in the RVE 

(sixteen in the investigated microstructures) and 𝐴𝑓 

denotes the transversal area of the fiber, which is a 

constant since every fiber has the same dimensions. This 

constraint intends to limit the number of fibers having a 

specific fiber type material. As observed in (4), when the 

densities are assigned with value 1 the fibers are given 

fiber type 1 material, which happens to be the stiffest 

material. Since one is trying to reach the stiffest possible 

configuration, without such constraint every fiber would be 

given fiber type 1 material. 

The mathematical expression used to introduce the 

average stress constraint is featured in (6): 

𝜎𝑖𝑗𝜎𝑖𝑗 ≤ 𝑆,     𝑖, 𝑗 = 1,… ,3 (6) 

  

Where 𝑆  expresses a limit on the maximum possible 

value of the square of the Euclidean norm of the stress 

tensor 𝜎𝑖𝑗
0 , which was considered to be a valid indicator 

about the magnitude of the stresses within the RVE. The 

stress tensor, 𝜎𝑖𝑗
0 , was computed as shown in (7): 

𝜎𝑖𝑗 = 𝐸𝑖𝑗𝑘𝑙
𝐻 𝜀𝑘𝑙

0  (7) 

  
Regardless of being a constraint mainly focused on 

controlling the stress distribution within the 

microstructure, the limitation introduced by (6) also acts 

indirectly as a fiber type volume restriction. This happens 

as a result from the very presence of two different types 

of fibers within the RVE. With one being stiffer than the 

other, they contribute differently to the overall stress state. 

Since the material with greater stiffness introduces, for a 

same strain condition, a higher stress contribution than 

the lower stiffness material, the constraint acts to control 

the number of fibers assigned with it. 

Having been gathered all the required information for the 

formulation of the problem, this could finally be 

established as presented in (8): 

Objective:     max
𝝆∈𝛺𝑓𝑖𝑏𝑒𝑟𝑠

𝑈elast.  def. = 𝜀𝑖𝑗
0𝐸𝑖𝑗𝑘𝑙

𝐻 𝜀𝑘𝑙
0       

Subject to:     0 ≤ 𝜌𝑓 ≤ 1,     𝑓 = 1, … ,16              

                      ∑ 𝐴𝑓𝜌𝑓 ≤ 𝑉

𝑁𝑓=16

𝑓=1

              (Volume)

                     𝜎𝑖𝑗
0𝜎𝑖𝑗

0 ≤ 𝑆                         (Stress)  }
 
 
 
 

 
 
 
 

 (8) 

  

3. Computer programs 

The following sections are dedicated to the description of 

the computer programs that were used/developed with 

the purpose of solving the long-fiber reinforced hybrid 

composite design optimization problem. 

3.1 Premat and Postmat 

Premat is a computer program authored by Guedes and 

Kikuchi (1990) [11], developed in Fortran, whose purpose 

is to compute the homogenized properties of linear elastic 



composite materials. Combined with Postmat, these two 

programs can be used to model the composite’s 

mechanical behavior; where Postmat is used to compute 

localized (microstructural) information such as 

displacements, stresses and strains after a finite element 

procedure has been already used to solve the general 

structure. [11] presents all the theory and mathematical 

formulations behind the homogenization method and 

underlying issues related to its implementation into 

Premat and Postmat. 

3.2 RAND_uSTRU_GEN 

RAND_uSTRU_GEN is the name of a fairly recent 

algorithm whose purpose is to generate transversal cross-

sections of long-fiber reinforced composite materials. This 

algorithm was created by Melro, Camanho and Pinho 

(2008) [19] to fulfill a common setback within the existing 

methods at that time: their incapacity to generate high 

fiber volume fraction composite models. For a more 

detailed description of the algorithm and the models 

behind its operation, the reader shall refer to [19]. 

In additon, a geometric fiber distribution module was built 

inside the original algorithm. The aim was, in first place, 

to create a tool that could help better understanding and 

validate the results. Secondly, to compare between the 

random and geometric designs and conclude on the 

advantages and disadvantages of one against the other. 

3.3 3DMeshGENAbaqus2D 

3DMeshGENAbaqus2D is a program that was specifically 

designed to act as part of this investigation. It functions as 

a bridge connecting RAND_uSTRU_GEN and 

CompositeOpt. The purpose is to generate a 

tridimensional mesh from a bi-dimensional mesh, 

originally generated in Abaqus, to be introduced in 

CompositeOpt. 

3DMeshGENAbaqus2D is divided in five different 

submodules: 

 A routine to run the python script files generated 

by RAND_uSTRU_GEN and call Abaqus; 

 A routine to read the mesh text file generated by 

Abaqus and store its information; 

 A module to add thickness to the bi-dimensional 

mesh and create new, intermediate, nodes; 

 A module to discretize the new tridimensional 

domain using tetrahedral elements; and 

 A final routine to output the information related to 

the new mesh into a text file. 

Fig. 2 schematically represents the procedure of adding 

thickness to the bi-dimensional mesh. 

 

Fig. 2 – First step in generating the tridimensional RVE mesh. 

Since the original elements are triangular, the previous 

step generates a tridimensional built with triangular 

prismatic elements. These, in addition to making a poor, 

unsatisfactory, discretization of the RVE, are not 

supported by Premat. The solution found to overcome this 

problem was dividing each triangular prism into three 

tetrahedrons. Fig. 3 illustrates this method. 

 

Fig. 3 – Triangular prism split into three tetrahedral [20]. 

3.4 CompositeOpt 

CompositeOpt is the name of the computer program 

dedicated to the optimization phase. The general idea of 

the program is to apply a fixed deformation, through a 

strain imposition, on the RVE and, based on the gradient 

of the objective function and the restrictions on the design, 

compute the layout that best responds to that loading 

condition. The explicit expressions of the objective 



function and the volume and stress constraints were 

already stated in (2), (5) and (6), respectively. The 

gradient of the objective function derives from the 

mathematical equation as follows in equation (9): 

𝜕

𝜕𝜌
𝑓

(𝜀𝑖𝑗
0𝐸𝑖𝑗𝑘𝑙

𝐻 𝜀𝑘𝑙
0 ) = 𝜀𝑖𝑗

0
𝜕𝐸𝑖𝑗𝑘𝑙

𝐻

𝜕𝜌
𝑓

𝜀𝑘𝑙
0 ,     𝑖, 𝑗, 𝑘, 𝑙 = 1, … ,3 (9) 

  

And the gradient of the volume and stress constraints can 

be expressed as stated in (10) and (11), respectively: 

𝜕

𝜕𝜌
𝑓

(∑𝐴𝑓𝜌𝑓 ≤ 𝑉

𝑁𝑓

𝑓=1

) ⇔ ∑ 𝐴𝑓 ≤ 0

𝑁𝑓=16

𝑓=1

 (10) 

  

𝜕

𝜕𝜌
𝑓

(𝜎𝑖𝑗𝜎𝑖𝑗 ≤ 𝑆) ⇔ 2
𝜕𝐸𝑖𝑗𝑘𝑙

𝐻

𝜕𝜌
𝑓

𝜀𝑘𝑙
0 𝐸𝑖𝑗𝑘𝑙

𝐻 𝜀𝑘𝑙
0 ≤ 0 (11) 

  
Collected all this information, the update of the design 

variables came down to the use of an algorithm 

specifically built for that matter. Several references can be 

found in the literature addressing this issue. Examples are 

[21] and [22]. 

Two different methods were used to carry out the update 

of the design variables. The first, used in the optimization 

of the case studies subject to a volume constraint, derived 

from a proposal described in [12]. The new set of 

densities, 𝜌𝐾+1, is computed as described in (12): 

{

max {(1 − Ϛ)𝜌𝐾 , 𝜌} if 𝜌𝐾𝐵𝐾
𝜂
≤ max {(1 − Ϛ)𝜌𝐾 , 𝜌}

min{(1 + Ϛ)𝜌𝐾 , 1}    if min{(1 + Ϛ)𝜌𝐾 , 1} ≤ 𝜌𝐾𝐵𝐾
𝜂
   

𝜌𝐾𝐵𝐾
𝜂
                           otherwise                                     

 (12) 

  
Where 𝜌𝐾  denotes the value of the design variable 

(density) at iteration step 𝐾, 𝜌 symbolizes the minimum 

attributable density value, Ϛ is a move limit and 𝜂  is a 

tuning parameter. 𝐵𝐾 is given by the expression (13): 

𝐵𝐾 =

𝜀𝑖𝑗
0 (
𝜕𝐸𝑖𝑗𝑘𝑙

𝐻

𝜕𝜌 )
𝐾

𝜀𝑘𝑙
0

𝜆𝐾
 

(13) 

  
Here 𝜆𝐾  refers to the Lagrange multiplier of the 

constraints in (5) and (6). 

This updating scheme works predominantly well with 

constraints that have a direct dependence on the design 

variables, such as the volume constraint. In contrast, the 

implementation of this scheme to a problem with a stress 

constraint as the one formulated in (6) is extremely 

inefficient. As such, alternatively to the previous scheme, 

Matlab built-in optimization tool fmincon was employed. 

4. Results and Discussion 

This section presents some examples of the results that 

were achieved with this investigation. The load loading 

conditions applied on the case studies are shown 

schematically in Fig. 4. Here, optimization results 

concerning microstructures with random and geometric 

fiber distributions, subjected to volume and stress 

constraints, are displayed. 

 
(a) 

 
(b) 

  
Fig. 4 – Case studies loading conditions. a) Imposed uniaxial 𝜀𝑥𝑥 strain 

and b) Imposed shear 𝜀𝑥𝑦 strain. 

In the following figures, a color bar labelled “Density” is 

used to match the values of the design variables to the 

color of the fibers. Where 𝜌 = 0 corresponds to the dark 

blue and 𝜌 = 1  to the dark red. The matrix always 

features the color corresponding to 𝜌 = 0.5. 

4.1 Volume constrained case studies 

The first set of case studies, Fig. 5 and Fig. 6, relate to 

the optimization of the random fiber distribution 

microstructure, subjected to a volume constraint limiting 

the number of carbon fibers to a maximum of 8. Imposed 

uniaxial 𝜀𝑥𝑥  and shear 𝜀𝑥𝑦  strains were, respectively, 

applied. 
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Fig. 5 – 𝜀𝑥𝑥 strain loaded, random distribution, case studies. a) 

Carbon/E glass fiber, b) carbon/epoxy fibers and c) carbon fibers/void. 
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Fig. 6 – 𝜀𝑥𝑦 strain loaded, random distribution, case studies. a) 

Carbon/E glass fiber, b) carbon/epoxy fibers and c) carbon fibers/void. 

The following set of case studies, Fig. 7 and Fig. 8, relate 

to the optimization of the periodic fiber distribution 

microstructure, under the exact same conditions of the 

previous. 

The large majority of the solutions showed good 

mechanical agreement with the expectations. Namely, 

preferential arrangements of the carbon fibers in the 

direction of the principal stresses are readily observed. 

Additionally, all the solutions obtained for the periodic 

fiber distributions resulted in symmetrical, or close to 

symmetrical, configurations; these being relative to the 𝑥, 

𝑦 or a 45° angled axis. 

 
(a) 

 
(b) 

  

 
(c) 

Density 

 
0.001  1 

 

  
Fig. 7 – 𝜀𝑥𝑥 strain loaded, periodic distribution, case studies. a) 

Carbon/E glass fiber, b) carbon/epoxy fibers and c) carbon fibers/void. 
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(b) 

  

 
(c) 

Density 

 
0.001  1 

 

  
Fig. 8 – 𝜀𝑥𝑦 strain loaded, periodic distribution, case studies. a) 

Carbon/E glass fiber, b) carbon/epoxy fibers and c) carbon fibers/void. 

It was noticed, however, that the optimization algorithm 

still has some flaws. In some cases, it converged to local 

optima, resulting in solutions that are not necessarily the 

stiffest. This is, for instance, the case of the configuration 

in Fig. 7 (c), whose homogenized stiffness would 

substantially be benefited if it had a design as shown in 

Fig. 7 (a) or Fig. 7 (b). 



4.2 Stress constrained case studies 

The last set of case studies, Fig. 9 and Fig. 10, relate to 

the optimization of the random fiber distribution 

microstructure, subjected to a stress constraint 

attempting to limit the number of carbon fibers to a 

maximum of 8. Imposed uniaxial 𝜀𝑥𝑥 and shear 𝜀𝑥𝑦 strains 

were, respectively, applied. 
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(b) 

  

 
(c) 

Density 

 
0-0.131  1 

 

  
Fig. 9 – 𝜀𝑥𝑥 strain loaded, random distribution, case studies. a) 

Carbon/E glass fiber, b) carbon/epoxy fibers and c) carbon fibers/void. 
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(b) 

  

 
(c) 

Density 

 
0.111-0.195  1 

 

  
Fig. 10 – 𝜀𝑥𝑦 strain loaded, random distribution, case studies. a) 

Carbon/E glass fiber, b) carbon/epoxy fibers and c) carbon fibers/void. 

A brief observation of the previous two figures makes it 

clear that the great majority of the stress constrained case 

studies did not completely converge to a 0-1 type of 

solution. This was due, in part, to the difficulty in 

translating to a volume limitation a constraint that is not 

directly related to it. There was also an inability from the 

author in getting fmincon to effectively guide the 

optimization to a discrete solution. 

Nevertheless, also these have shown patterns that are 

consistent with the mechanical envelope of the problem; 

although to a lesser extent due to the additional degree of 

demand that is introduced by the stress constraint. 

Here, results for periodic fiber distributions were not 

shown for not having achieved any sort of clear 

convergence. 

4.3 Stress distribution analysis 

The following figures, Fig. 11, Fig. 12 and Fig. 13, show 

the Von Mises and uniaxial 𝜎𝑥𝑥 stress distributions within 

the microstructures displayed in Fig. 5 (a), Fig. 7 (a) and 

Fig. 9 (a), respectively. 

  
  

1.72E3 Von Mises 2.88E4 1.92E3 𝜎11 4.68E4 

 (a)   (b)  

      
Fig. 11 – Stress distribution within the microstructure represented in 

Fig. 6 (a). a) Von Mises stress and b) uniaxial 𝜎𝑥𝑥 stress. 

  
  

1.75E3 Von Mises 1.67E4 2.86E3 𝜎11 2.26E4 

 (a)   (b)  

      
Fig. 12 – Stress distribution within the microstructure represented in 

Fig. 8 (a). a) Von Mises stress and b) uniaxial 𝜎𝑥𝑥 stress. 



  
  

1.69E3 Von Mises 2.83E4 1.78E3 𝜎11 4.67E4 

 (a)   (b)  

      
Fig. 13 – Stress distribution within the microstructure represented in 

Fig. 10 (a). a) Von Mises stress and b) uniaxial 𝜎𝑥𝑥 stress. 

4.1 Microstructural configuration vs. performance 

Fig. 14 displays a comparison in terms of the elastic 

deformation energy for all the case studies investigated in 

this work – random and periodic/geometric fiber 

distributions under uniaxial 𝜀𝑥𝑥 , 𝜀𝑥𝑦 , 𝜀𝑧𝑧  and hydrostatic 

𝜀𝑥𝑥 + 𝜀𝑦𝑦 , −𝜀𝑥𝑥 + 𝜀𝑦𝑦  (rotated shear) strain loadings, 

subjected to volume and stress constraints, with three 

types of filling fibers. 

 

Fig. 14 – Performance of the configurations in terms of the elastic 
deformation energy of the microstructure. 

Where, despite being quite tiptoed with each other, it is 

possible to notice a trend that, overall, indicates that 

periodic fiber distributions may lead to stiffer composite 

structures. These results are in accordance with a 

previous study by Pryz [23, 24] where it was observed that 

the transverse constitutive behavior of polymeric matrix 

composites is a function of the spatial arrangement of the 

reinforcements. 

Similarly, Fig. 15 displays a comparison in terms of the 

maximum tensile stress observed within the 

microstructures, for a couple of examples including the 

ones portrayed in Fig. 11, Fig. 12 and Fig. 13. 

 

Fig. 15 – Performance of the configurations in terms of the stress 
distribution within the microstructure. 

Here, it is possible to see a strong trend indicating that the 

optimized periodic fiber distributions are able to disperse 

more uniformly the stress across the matrix and fibers; 

leading to considerably lower tensile stress peaks in the 

elements. Another interesting result can also be 

observed: it is possible to lower the tensile stress peaks 

within the random fiber distributions, with minimal loss of 

structural stiffness (as seen in Fig. 14), if a stress 

constraint is applied to the optimization problem. 

5. Conclusions 

The objective of this work was to develop a finite element 

based model to computationally characterize and 

optimize hybrid composites reinforced with two types of 

long-fibers from distinct materials. The platforms of 

implementation have been computer aided finite element 

analysis tool Abaqus and software programming 

environment Matlab. A number of other, non-commercial, 

computer programs were used and modified according 

the needs of the investigation. As a result, two new 

computer programs were created to meet the proposed 

target. 
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