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Abstract
Several models for artificial neural networks are found in the literature to im-

plement associative memories. We provide a uniform and comparative overview
of some of them concerning their operation and performance, as well as biolog-
ical aspects they follow for inspiration.

We focus particularly on the Hierarchical Memories’ model of Sacramento
and Wichert (2011), a multi-layered hierarchy of matrices based on Lernmatrix,
whose matrices act as selective filters for the retrieval path (the information con-
tent of each layer of matrices is a successive approximation of one another), and
propose an optimized model that thanks to reorganizing the information stored,
becomes more efficient (in terms of number of computations needed) in the re-
trieval, while remaining as effective as the mentioned model (in terms of errors).

Collected experimental evidence backing our intuition is presented, together
with comments on eventual applications.

Keywords: associative memories neural networks, Lernmatrix, Learn-
ing matrix, hierarchical associative memories, reordered hierarchical
associative memories, sparse code
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Chapter 1

Introduction

1.1 Motivation

1.1.1 Natural and artificial neural networks

The field of the neural networks is one active field in modern biology: in the
last century approximately ten percent of the Nobel Prizes for Physiology and
Medicine were awarded to scientists who contributed to the understanding of
the brain (Rojas, 1996c).

In common sense, artificial neural networks may be associated as an imita-
tion of those. This objective may be inspiring, but pretend to be able to do
it would be easily contestable since neurobiology and cognitive sciences have
way too much question marks about the operation of natural neural networks:
because the observation and experiments may be difficult to do (they require a
delicate technology), most of the aspects of information treatment is a mystery
unobserved or unseen, placed as hypothesis but not yet proven, etc..

The focus is on modelling neural networks. Models are representations of
certain aspects of the systems that are being studied (those that are understood,
or those that are being discovered and need testing and/or proofs to be set as
understood).

These models are objects of study as well as bricks for the construction of
new applications. As such this effort can be presented as an Artificial Intelli-
gence (AI) problem, adopting the statement of Post and Sage (1990) for AI, as
the development of paradigms or algorithms that require machines to perform
cognitive tasks, at which humans are currently better. An AI system should be
capable of doing three things:

• store knowledge

• apply the knowledge to solve problems

• acquire new knowledge through experience.

For this, it must have three components:

• representation
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• learning

• reasoning experience.

For a deeper discussion on those, please refer to Haykin (1998a).
Also then, more than an unidirectional interest (the copy of natural net-

works), there is a bidirectional one: the research and new findings (structural
and/or behavioral) in models of formal neural networks interest both biologists
(neurobiologists, cognitive science experts) and experts from other areas, like
engineers (from computer science, physics, etc.). In fact:

• Biologists may benefit from the modelling of artificial networks for the
comprehension of living beings.

• Engineers may get inspiration in biological systems for building new ma-
chines, or appending more functionality and/or effectiveness in existing
machines regarding the treatment of information (as in extraction, stor-
age, processing). The idea of getting inspiration from nervous systems
to build information systems is not new: the first burst of interest is de-
tected around 1960, where this kind of pluridisciplinary approach was first
experimented. (Groupe Réseaux de neurones, 1991a)

For the purpose of this work, and although neural takes its origin from the
biological neurons, the term neural networks will be used to refer indiscrimi-
nately to models in one side or another, biological ones being rather referred
to as natural or biological neural networks, and the other ones as artificial, or
formal, neural networks.

1.1.2 Associative memories

In tasks as common as memorizing and recalling information, our brains
still surprise us with their ability for approximative matching or content-based
retrieval. Difficulties arise in computers to reach the same effectiveness in asso-
ciative memories (regarding, for instance, the capacity of storage and flexibili-
ty/capacity of generalization) while restricted by limited amounts of resources
(such as processing units (neurons) and energy (sugar, electricity)).

1.2 Topic Overview

The observation of biological neurons and/or the guess about how they work
motivated the creation of simple architectures such as the brain-inspired compu-
tational models (McCulloch and Pitts, 1943), followed by compositions of that
one and others. Mathematical realizations of artificial neural networks have
found widespread adoption as function prediction or general statistical tools,
but since their inception they have also been used to model associative or map-
ping memories. Associative memories links pieces of information by pairs. Both
can be served as a key to fetch one another, and both convey useful information
for storage and retrieval. A matricial representation of these associations con-
fers them interesting properties such as some degree of noise and incompleteness
tolerance.
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More on associative memories will be developed in the following chapters,
and we will focus particularly in Steinbuch (1963) or Willshaw et al. (1969)
types of associative memories, as they served as a basis for many variants that
outperform them while focusing in improvements regarding both storage and
processing (infrastructure, codification, strategies for retrieval, etc). One of
them (Hierarchical Memories'model of Sacramento and Wichert (2011)) is a
multi-layered hierarchy of matrices based on Steinbuch'model, whose matrices
act as selective filters for the retrieval path, and we found that this idea can
still be improved.

1.3 Objectives

In this thesis we implement two existing models of neural networks for asso-
ciative memories, and we check the performance of one (Hierarchical Associative
Memory) relatively to the other (Lernmatrix).

We also create algorithms for improved versions of the Hierarchical Associa-
tive Memory that reorganize the matrices, that are the support of the stored in-
formation (learned patterns), achieving the same effectiveness in retrieval while
increasing its efficiency (less computations needed).

1.4 Thesis outline

After this introduction:

• In Chapter 2 we provide some background in the area of knowledge of
neural networks and associative memories, namely:

– introducing some features of biological neurons and networks that
artificial neural networks try to reproduce or abstract for application

– presenting some famous neural networks models (or useful for our
work) built for associative memory's accomplishments.

• In Chapter 3 we describe our solution for the improvement of the Hi-
erarchical Associative Memory model (an reordered-indexes model, with
discard of useless columns) algorithmically, and we collect, display and
discuss its results, while observing its effects on aspects influencing the
performance of the retrieval in terms of number of computations and er-
rors produced in the outputs.

• In Chapter 4, we conclude: we wrap the achievements and the conditions
in which benefits occur, and comment on some future work that shall be
done.
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Chapter 2

Background

2.1 Neuronal Aspects for modelling

As just mentioned in the previous chapter, models are partial representations
of objects of study. They may be thought of as simplifications, covering one or
more aspects observed.

These aspects concern every type of feature that may influence the oper-
ation of a network: behavioral as well as structural aspects, and individual
(neuron/unit) as well as collective (networks) aspects.

Both kinds will be addressed in this section. In the next section (2.2), one
can see these concepts applied in artificial models for neural networks.

2.1.1 Neuron structure

Neurons are cells that are electrically excitable. They process and transmit
information through electrical and chemical signals.

Figure 2.1: Representation of a biological neuron.
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For short, every neuron has always (Figure 2.1):

• a cell body (soma), usually compact;

• extensions of the cell body (neurites) that extrude from the cell body, of
two kinds:

– dendrites (several)

– axon (only one)

2.1.2 Networks

Individually, neurons are meaningless, considering that they modify their
state activations with external input and with feedback from one another. Their
structure is the interface for that interaction.

Electrical and chemical signals between neurons occur via synapses, special-
ized connections with other cells. Connected neurons form neural networks.

Synaptic signals from other neurons are received by the soma (through the
dendrites), and signals to other neurons are transmitted by the axon (emitted
through the synaptic terminals, at the limits of the axon - The axon leaves the
soma and can extend for great distances, giving rise to hundreds of branches.)

Electrophysiologic techniques were employed first (Groupe Réseaux de neu-
rones, 1991b), to measure the electric potentials arriving at the dendrites and
soma (introducing a microelectrode in the soma), as well as the potential pro-
duced at the beginning of the axon. For practical reasons it was impossible
by that time to make more thorough observation (contribution of the different
ramifications) – this technique did not allow an understanding of the role of the
dendrites in the transmission and maybe processing of the dendritic synapses
signals, and is hence an example of unknown or unseen aspects mentioned above,
that may be omitted in some models presented in later sections. But with this
“black-box” experiment it was understood that a neuron has a critical threshold
of excitability (of -10mV) upon which it creates a brief pulse (an action poten-
tial) originated at the soma which propagates rapidly along the axon, activating
synapses onto other neurons as it goes.

2.1.3 Diversity and specificity of the neurons

There is a huge diversity of neurons - structurally, configurationally, and
parameterizationally speaking.

Structure: Most of them can be modelled as above, but there are also ex-
ceptions to most parts of it. (There are no neurons that lack a soma, but there
are neurons that lack dendrites, and others that lack an axon. Furthermore, in
addition to the typical axodendritic and axosomatic synapses, there are axoax-
onic (axon-to-axon) and dendrodendritic (dendrite-to-dendrite) synapses.)

The length of axons vary a lot (from a few millimeters to a meter).

Configuration: The axon’s targets may be other neurons, muscles, or
glands. The number of dendrites is variable. The architecture of the brain of
different species is determined also by the number and size of the neurons.
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Their shape (as it could be observed with modern techniques (microscopes,
coloring molecules since 1965)), also influence the transmission and/or treat-
ment of the signals. Dendrites belong to different orders of branches (primary,
secondary, higher order, increasingly remote from the cell body and thiner), that
present different effectivenesses of transmission (they change in a 1-100 basis)
(Groupe Réseaux de neurones, 1991b). This ramifications, or tree-structure,
processes so the synaptic inputs, and hence characterizes the neuron: Each den-
drite geometry results in a specific channel of transfer of information, performing
its own non-linear calculus.

The shape of the axons also varies (in diameter, and in the number of bifur-
cations), which makes the frequency of the action potentials vary. This means
that the same axon may transmit different messages in the different extremities.

Parameters: Synapses can be electrical or chemical. But both produce
an electric current.

Neurons have not all the same fixed delay between the moment when some
impulse arrives from the dendrites and the moment where another impulse gets
out through the axon (t and t+1).

2.1.4 Layers or levels of neurons

Techniques of functional neuromorphology contributed to the understanding
of the nature, role and the disposition/configuration of neural networks that
allow to extract a recognizable or meaningful message from, for example, inputs
that are chemical substances, like odors.

Two layers of neurons were detected:

• First, one layer of sensitive neurons acts as a filter: the neurons from
this layer are individual and independent channels of transmission ( based
on chemical compatibility between the input stimulus and the accepting
membranes) of information to the second layer;

• Second, one layer of central neurons, that can be of two kinds: local inter-
neurons, that inhibit or enhance the information transmitted by the previ-
ous layer of sensitive neurons; or shift-neurons, that act as intermediaries
between the layer of sensitive neurons and cognitive centers.

In any case, there is a relation of convergence (of about 1000:1) between the
first layer and the second one, which causes layers to be a way of filtering, or
specifying, categories for information.

2.1.5 Stable networks vs adaptive networks

The same techniques allowed to distinguish two kinds of sensitive neurons:

• Specialized sensitive neurons, which have a discrete chemical spectrum,
that is, code specifically only one chemical substance;

• General sensitive neurons, which have large spectrums and more or less
overlap each other.
Specialized neurons have a high sensibility, but lack abstraction capabili-
ties; while general neurons are more polyvalent.
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The spatial disposition of the sensitive neurons goes along the central neurons
they converge to (these groups of sensitive neurons are called glomerulus). It can
also be said that the central layer extracts a spatial shape, or pattern, from the
sensitive layer, to build a recognized message/meaning (the abstraction provided
by that general neuron), or that it is associated to a group of stimulus from the
first layer (associative memory).

This recognition can be adaptive in the sense that these networks can change
their behavior over time: Facing a new odor, the convergent links between
the sensitive layer and the central layer may change, in order to approach or
integrate the new and noisy pattern as a less noisy, and eventually recognizable
one.

More radical changes in the network (like increase or decrease the number of
neurons in each layer, or number of layers), also happens but more rarely (often
during certain specific phases of the being’s growth, or other specific contexts).

2.1.6 Combinational logic or sequential logic

Some networks are acyclic. Those are also called strictly layered networks
(one layer can only and strictly communicate with the layer above it). Their
digital logic is a combinational logic: the network acts as a boolean circuit, in
which each unit is an algebraic processing unit, depending only on the input
combination of the unit(s) preceding it.

Some other networks present many directional feedback loops. Those are also
sometimes called recursive or recurrent networks, and here the output signals
of the neurons are connected to those same neurons as inputs. Here, there is
a sequential logic, where there is an history of the input, or, in other words, a
memory of previous states of the unit itself.

2.1.7 Local and Parallel computations

Each neuron can be seen as having its own “bubble” of local knowledge.
This knowledge seems to exist:

• in the dendritic potential depending on the strength of the connection
(input-neuron, output-neuron-dendrite) - which function we will see that
is modelled by weights;

• and also in the soma, which processes the weighed information received
from the dendrites in order to create the brief pulse or action potential
mentioned previously - according to both a threshold of excitability and
a function for the generation of the output signal, which we will see also
later in the formal models.

In some way, neural networks can be seen as a distributed system: they
contain a number of components or processors (which are the neurons) each
of which with its own local knowledge and access to data, and which may be
performed in parallel, which allows computations to be made at high speeds by
means of simple components. Also, there is some extra robustness when a small
amount of these components fail, as well as some insensibility to the differences
or variations obtained by the different neurons. Another characteristic from
distributed systems is the lack of a global clock.
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2.1.8 Synchronization in updates

In living things’ biology, there seems to be no “global clock” implementing
a global synchronization, where all neurons would be updated simultaneously
at each time step. It is more natural to consider asynchronous updates, where
each unit is updated one at a time.

This can be implemented, for simulation/software, selecting randomly one
unit of the layer to update.

(Furthermore, if we want to follow closely the biological behavior, we may
want to provide an update after a variable amount of time (with some constant
probability per unit time), instead of at each time step. These are stochastic
updates, and is appropriate for hardware units.)

2.1.9 Content addressing, instead of location addressing

Neural networks can provide associations between memories: for example,
associate a piece of information (a binary vector, for instance), with himself
(auto-associative memory), even when the input version is degraded or incom-
plete comparing to the stored one. Computation dynamics described in the
following chapter allow to do an iterative research by the neurons in parallel
with each other that gradually stabilizes when it starts to retrieve the more
similar content.

This is interesting because a traditional memory system, that is, a location
addressed system, presents performance limitations in part due to the treatment
of information made sequentially, and also because part of the space and time
resources is consumed by the computation of the address.

In contrast, content-addressable memories like those in the brains are more
effective as all the possibilities are explored in parallel, and the information
is stored and retrieved based on itself, and not in arbitrary and meaningless
addresses.

These aspects and/or other aspects about neural networks influenced the
creation of different models – some created as prototypes that comprehend many
of those aspects in order to try to explain the operation of natural systems, that
is, models created to support hypothesis of its dynamics; others created as
prototypes that suggest dispositions and dynamics for new applications, that is,
models that are inventions of new kinds of neural networks.

2.2 Modeling Neural Networks and associative
memories

2.2.1 Formal neural networks

States and operation
An artificial neural network represents states and operations in and between

the essential parts of the neurons mentioned previously (dendrites and axon
terminals, and soma or body cell).

Creating an artificial neural network is creating a digital system (Teuscher,
2002): it uses a building block approach, where many processing units (oper-
ating logical functions (gates) like conjunction (AND), disjunction (OR), and

14



xi yj

wji

Figure 2.2: Weighted connection between neuron (input) component xi and neuron
(output) component yj.

negation (NOT)) are interconnected to form the overall system.
The units may be of two types:

• input units, which represent typical features or attributes of the instances,

• or processing units, which process the inputs, according to a function f .

and their state often reflect the degree of interconnection it exists between
them.

Those units are often represented, respectively, by x and y. (more precisely
xµ and yµ, for a given pattern pair (x, y)µ), and their interconnections can be
represented as links between their components. (Figures 2.2 and 2.3)

Structurally, it is a directed graph where each node (or vertex) represents an
unit and each arc (or edge, or arrow) wji is the weight associated with the input
i entering in the unit j. These weights represent so the strength of biological
synaptic connections.

As we will soon see when we approach concrete models of neural networks,
the weights are an important aspect of the network because of their influence in
the calculus made by the processing units, contributing both to making memo-
rization of associations possible, and others aspects of the way it is done (capac-
ity of storage, flexibility/capacity of generalization). As such, and also because
its processing units do not differ much from algebraic objects, the state of the
network is frequently represented as a weights adjacency matrix or correlation
matrix W ∈ Rn ×Rm, which serves as an interface between an input layer of n
neurons and a processing or output layer of m neurons.

Wm,n =


w1,1 w1,2 · · · w1,n

w2,1 w2,2 · · · w2,n

...
...

...
...

wm,1 wm,2 · · · wm,n


Which, for easier understanding, can be seen as a cluster of processing units

directly related to a network of neurons (each column is one neuron or processing
unit. See Figure 2.4)
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Figure 2.3: Weighted connections between neuron input x’s components and neuron
output y’s components: every component of the input has a connection to every com-
ponent of the output (because every component of the input is potentially correlated
with every component of the output) and vice-versa.

By default, in this work we consider that weight matrices are initialized with
all synapses in the inactive state (wij = 0). This may as well mean that such
synapses don’t exist.

2.2.2 Associative memories

Goal: storing and retrieving
An associative memory is, first of all, a memory : a platform of storage

upon which information, previously encoded and stored, can be retrieved, being
maintained over periods of time.

The goal of associative memories is to store a finite set of P associations or
pairs, linking a stimulus or piece of information (seen as an input) to another
piece of information (seen as an output):

S
.
= (xµ → yµ) : µ = 1, . . . , P (2.2.1)

But unlike conventional memories, who are content-addressed, these associ-
ations are based on the similarity of their content or their proximity in space
or time – inspiration from the human's brain, about which memory Aristo-
tles'principles (Sorabji, 1972) regarded as the Classical Laws of Association
seem to be wise:

• The law of similarity: Similar things tend to trigger the recall of one
another.

• The law of contiguity: Things or events occurring close to each other in
space or time, for instance musical chords that use to be sequencial in
some kind of music, tend to get linked together (spatial contact).

• The law of frequency: The more frequently two things or events are linked,
the stronger that association will be (temporal contact).
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Figure 2.4: The associative memory as a cluster of units. Each ”column” is a neuron.
Adapted from (Sacramento, 2009)

• The law of contrast: Opposite mental items also tend to trigger the
thought of one another.

The retrieval (the obtention of the ouput) follows the presentation of an
input cue x̃ to the network. This ouput y is obtained one element at a time (yj)
as a thresholded function (a transfer function) of the dendritic potencial dj :

yj = f(dj − θj), (2.2.2)

where the dendritic potencial is the weighted sum:

dj =

N∑
i=1

wjixi(t),∀j. (2.2.3)

The threshold can have a value local to every neuron (θj), or just a global
threshold (Θ). (Graham and Willshaw, 1995) More on thresholds will be un-
derstood in the following chapters.1

See figure 2.5 for a diagram of these computations concerning the retrieval
of each component of the output.

Units, connections, and codification

In our case, memories comprehend binary codifications, usually with x ∈
{0, 1}N , y ∈ {0, 1}M .

In other cases, x and y take bipolar values ({−1, 1}).

1These and other symbols are used many times throughout our text. As such, a nomencla-
ture list was created for easier recall of what they mean. It can be found in the Nomenclature,
in the end of this document.
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Figure 2.5: Neuron component yi as a binary automaton, whose states belong to {-1,1}.
The neuron’s soma calculates the dendritic potencial (weighted sum), and makes a deci-
sion comparing its value with a certain threshold θ. Adapted from (Groupe Réseaux de
neurones, 1991b)

Different memory tasks

Neural networks are used for many distinct tasks, including:

• simple mapping task: pairs (x, y), where:

x 7→ y, with x ∈ {0, 1}N , y ∈ {0, 1}M (2.2.4)

(the most general, and probably the most common one), returning an
output pattern for each arbitrary input cue pattern, usually different from
the output (hetero-associative memory).

x ∈ {0, 1}N , y ∈ {0, 1}M and x 6= y. (2.2.5)

This should be fault-tolerant in some measure (when x̃ ≈ x, that is, when
the input cue x̃ differs from some xµ by a tolerated error smaller than a
pre-defined quantity ε (with respect to a metric like the Hamming distance
or other)):

||x̃− xµ||2 < ε =⇒ x̃ 7→ yµ (2.2.6)

• pattern recognition networks - that is, classification of inputs in categories.

x 7→ y, with x ∈ {0, 1}N , with y constant (2.2.7)
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• familiarity discrimination - that is, classification of inputs as ”known” or
”unknown” patterns.

x 7→ y, with x ∈ {0, 1}N , with y ∈ a, b (2.2.8)

where a and b can be true/false, 0/1, or whichever binary values.

• pattern correction or completion - as in auto-associative memories, defined
in Kohonen (1972); Anderson (1972); Nakano (1972); Wigström (1973)
where they were extensively studied, in which inputs should be associated
with ”themselves” (inputs equal to memorized patterns should be asso-
ciated with themselves as outputs, and somewhat distorted input cues
benefit of the pattern correction or completion provided in the output
version provided by the network) 2:

x 7→ y, with x, y ∈ {0, 1}N , and x = y (2.2.9)

Learning

The associations between inputs and outputs are not computed: they are
retrieved, through the use of the network’s memory. Usually, theories of memory
and mental association involve distributed neural representations and synaptic
plasticity.

In order to achieve this memorization, the network goes through a training
phase in which learning occurs 3. Using the definition of Haykin (1998c), the
following sequence of events is implied:

• The neural network is stimulated by an environment,

• The neural network undergoes changes or adjustments in its free param-
eters (the weights between the components of the inputs and outputs).
This is made through a learning algorithm, or learning rules, which in-
dicate how the weights are updated. Many kinds of learning rules exist
(for example, it may consider the weight’s previous value, an algebraic
relation between the components, etc). We will confront learning rules in
each model.

• The neural network responds in a new way to the environment because of
the changes that have occured in its internal structure.

This biological inspiration resulted in the creation of models to propose ways
to encode, store, and retrieve information, that we present in this chapter. And

2The fault-tolerance (with respect to variation of the input pattern) is usually seen as an
advantage of associative memories (over other pattern storage algorithms like lookup tables
of hash codes, for example).

3The training we consider here, in Artificial Intelligence and Machine Learning, differs
from other forms of extraction and storage of information (like Data Mining), in that the
methods developed for learning are trained on chosen data sets in order to show only certain
characteristics previously known by a supervisor. This approach is called supervised learning
in pattern recognition: We have a set of known associations, some or all of which form
the training set. The network learns the training set using some rule for setting connection
strengths. This requires information about the correct answers from an omniscient supervisor.
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as we are considering formal models, neurons should be called from now on
processing units or simply units. 4

2.2.3 A processing unit: the McCulloch-–Pitts neuron

This work (McCulloch and Pitts, 1943) concerns one single neuron and is
considered the pioneering work for the modern era of neural networks. (Haykin,
1998b)

The McCulloch-Pitt’s neuron computes a linear threshold mathematical
function, as a binary (or two-state) automaton: it emits a binary state as an
output (with arbitrary values or intervals for active and inactive states), making
that decision upon the result obtained for the potential, which corresponds to
the weighted sum (the dendritic potencial) of the values of its entries (which
are the values coming from the dendrites): if that potential is above a certain
threshold Θ, the state is active; otherwise, it is inactive.

Transfer function Decisions in neural networks processing units often
turn to a transfer or threshold function. For two-state decisions, that is usually
a step function, or a softer variation of it (derivable functions, like sigmoid or
logarithmic functions).

In this McCulloch-Pitts neuron the transfer function is a slightly adapted Heav-
iside Function: it substitutes, in the decision result, 0 by −1 (negative answer),
becoming:

f(x) =

{
1 if x ≥ 0
−1 if x < 0

(2.2.10)

Where:

x =

N∑
j=1

wijxj(t)−Θ (2.2.11)

in which Θ is the threshold for the neuron’s somatic decision.
Note that:

• The model presents a simple way to enhance/inhibit potentials (with,
respectively, positive or negative terms, in the sum that materializes the
potential).

• In this model all the processing by the dendrites appears to be linear
(while we know that within dendritic trees, it also happens significant log-
ical processing (OR, AND, NOT)). However, it was proved by McCulloch
and Pitts that employing many binary automatons in a synchronous net-
work, it is possible to perform one natural neuron. In fact, they proved
that such an assembly of McCulloch-Pitt neurons could perform universal
computations provided that the weights wij were suitably chosen, and as
such, these networks are able to do any computation an ordinary digital
computer can (though not necessarily so rapidly or conveniently).

4Many parameters or expressions will be reused in different chapters. Both to eliminate the
need to redefine them each time and keep the notations familiar, we reuse the same symbols.
These are summarized under the Nomenclature of this work.
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• Although biological neurons output a graded response (they respond to
the input in a continuous way), a working hypothesis can be that it is its
nonlinearity aspect that is an essential and universal feature, and not its
specific form (continuous, regular or not).

• This model is an example of a system of parallel calculus. Each neuron
acts individually according to its entries and characteristics (in parallel
with the others, if considered within a network).

2.2.4 The Lernmatrix

Although there were models built directly upon the McCulloch–Pitts’s and
getting increasingly more complex, those models needed to be redesigned each
time they had to comprehend a new behavior: they were incapable of adapting
or learning, which is one of the interesting aspects of the natural neural networks
that we wanted to reproduce in artificial ones.

Karl Steinbuch’s model (1958), the Lernmatrix, is capable of learning.

2.2.4.1 Lernmatrix for learning: introduction of free parameters

Learning was what the Lernmatrix – from the german for Learn Matrix –
was capable of doing, in a supervised fashion, that is, using as a training set
pairs of vectors (xµ, yµ)), µ = 1, . . . , p, (being p the total number of vectors
stores), being xµ the input and yµ the corresponding known output.

The Lernmatrix is a correlation matrix which stores, as its entries wij ,
“links” between each bit xµi of an input xµ to each bit yµj of an output yµ.
This may be done iteratively for many learned or to-be learned associated pairs
(xµ, yµ)), allowing learning or adapting to different pairs (xµ, yµ) as a form of
memorization of those associations in the same matrix.

This associative learning capacity is done in such a fashion that it was bi-
ologically inspired by the coincidence learning detected by Hebb (1949), whose
so-called Hebb's Rule or Hebb's postulate refers that simultaneous activation of
neurons leads to pronounced increases in synaptic strength (electric currents)
between those neurons.

The coincidence between one stimulus in a bit xi and the firing in an output
bit yj was translated as a positive update (1-valued) of the entry of the matrix
linking those observed bits of the input/output pair. This update works hence
as a reinforcement of these links (which are also called weights ), performing a
memory that stores the relation detected between the vectors pairs presented
(that are then said to be learned vectors).

This weight update can be written as an additive learning rule:

wnewij = woldij + (yixj) (2.2.12)

The equivalent binary expression for the Hebb's rule would be the clipped
expression: 

1 if woldji = 1
1 if xiyj = 1
0 otherwise

or
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Figure 2.6: Learning of two patterns (pairs (x1, y1) and (x2, y2)), in the Lernmatrix.
The weights (the entries of the matrix) are reinforced to codify each correlation between
components, according to the Hebb’s learning rule.

wnewij = min(1, woldij + xiyj)

which is equivalent to a kind of boolean sum (OR) – notation maybe pre-
ferred for hardware implementations:

wnewij = woldij ∨ (yi ∧ xj)

It was this introduction of the synaptic weights as free parameters (param-
eters that can be adjusted to make the model fit the data) that implemented
the learning capacity.

One matrix is used for storing many patterns. The weights are updated
accordingly. (See figure 2.6 for the application of formula 2.2.12, that is, an
unclipped or not normalized version of the Hebb’s rule. In normalized or clipped
versions of it, whenever a correlation occurs between two components i and j
of the input and output of a given pattern-pair, there would be an update of
the value of the corresponding entry wij if its value was 0. In case it was 1, it
would remain 1.)

2.2.4.2 Prediction

One can use the Lernmatrix to check or predict the output y for an x given
as input cue. That will appear to be the associated yµ if x is equal to xµ

from a learned vector pair (xµ, yµ); otherwise, it will be predicted or estimated
according to a given threshold. The binary components of yµ (the bits yµi ), are
expressed as threshold functions of the currents allowed, or weights 5

yi =

 1 if
N∑
j=1

wijxj ≥ Ti

0 otherwise

(2.2.13)

5This corresponds to the same operation illustrated previously, in figure 2.5. Note that it
also corresponds, mathematically, to the algebraic multiplication of matrices: x×W , followed
by a normalization conditioned by the threshold Ti for each component of the result (vector)
of the multiplication.
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2.2.4.3 Lossless learning and Add-Errors

We may proceed with the learning or storage of many vector couples in the
same Lernmatrix, iteratively. This also means that each wij is used at each
iteration. As its update is sum-based, or OR-based (or, in other words, is never
set to 0, once it has been set to 1), this means that only considering the sum
of the products of the xi and the wij corresponding to the wanted-output yj
would bring that positive result to yj . This could not be the accurate result if
that sum is positive due to a positive wij referring to a training xµ that was
not the nearest xµ to the x-cue. The 1 achieved is indeed an Add-Error (or a
False-Positive): we are predicting a 1 instead of a 0. The good side of the coin
is that this also shows that this update rule is lossless in the absence of noise.

2.2.4.4 Threshold

It is to try to minimize the Add-Errors, or 1-instead-of-0 attributions to the
output components, that the threshold is employed. And good retrieval results
will depend greatly on how that threshold is determined.

”Good retrievals” depend on our objective. For instance, in the case where
we are sure there are no extra 1s in the input cue but there might be missing
ones, we might focus on pattern completion, and the optimal solution for the
threshold in that case is T = |x̃|, which corresponds to the number of ones. In
the other hand, if we may have noisy inputs (including extra 1s), this is not a
solution anymore.

2.2.4.5 Lernmatrix capacity
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0,3%
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𝑝1 = 1 − (1 −
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)𝑝

𝒑𝟏 = 𝟏 − (𝟏 −
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𝑵𝟐
)𝒑

1

Figure 2.7: Memory load p1 in function of p: Probability that a synapse is active after
storing p patterns (We use K = L and M = N)

Intuitively, we can say that the add-errors mistakes on recall increase, the
more populated with 1s the matrix is. (see Figures 2.7 and 2.8) What is the
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(Total) Number of Add Errors for each test, and in each model - in layer R=3

Figure 2.8: The number of add errors obtained in the outputs increases, the more the
memories are loaded.

capacity of the matrix, or in other words, the number of vector pairs (x,y) that
can be stored in the network before it begins to make mistakes on recall?

Many researchers demonstrated (Palm, 1992; Hecht-Nielsen, 1989; Sommer,
1993; Willshaw et al., 1969) that for an optimal number of ones per pattern,
the capacity of the matrix, as in terms of the number of vector pairs L, is:

L ≈ (ln2)(N2/K2) (2.2.14)

This is valid for sets of equally sized (with dimension N) learned patterns,
with the same number K of ones each (These can be distributed over any co-
ordinate of each vector), and with the optimal value for K (Palm, 1992; Hecht-
Nielsen, 1989):

K ≈ log2N–2 = log2(n/4) (2.2.15)

which corresponds to aprox. 69,31 bits per sinapse.
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2.2.4.6 About the achievement of that capacity

The number of vectors stored L is much greater than linear.
Regarding the logarithmic value for M:

• It seems interesting to do the derivations for the case of a more severe error
rate. For example, having 1 Add-Error for 100 recalls (instead of allowing
1 Add-Error per recall) makes a 68% information capacity (instead of
69,31%): a considerable decrease in the error rate is accompanied by a
small decrease in storage capacity.

• The logarithm highlights the sparseness of the optimal overall vectors to
store regarding values of 1. Besides the mathematical proof, this was
observed by many researchers, that built representations for the sparsifi-
cation of information.

However, it is very difficult to find coding schemas that represent the infor-
mation by logarithmic sparse codes.

To sum up: The Lernmatrix represents the weights for the edges connect-
ing the nodes of a single-layer, feed-forward neural network. These are free
parameters, which allow learning.

This learning is made through updates that implement a binary version of
Hebb’s learning rule based on OR-sums that allow the memory to be lossless (no
Miss-Errors; only Add-Errors), with a thresholded decision regarding the value
of each bit of the output. All this is made in one-step learning and retrieval
process, with a high capacity (comparing with other memories that we will
present afterwards), specially in the case of sparse vectors (i.e, activity level
sub-logarithmic relatively to the total length).

2.2.5 The Hopfield model

This belongs to another thread of development that reformulated the McCulloch-
Pitts network as a spin (magnetic) system, as it had been discovered also in
Physics.

2.2.5.1 Structure of the network

It concerns an auto-associative memory (we use xi to refer to a pre-synaptic
(input) component of x, and xj to refer to a pos-synaptic (output) component).
The links or weights between units are hence represented inside a square (NxN)
and symmetric (wij = wji) correlation matrix, in which N is the size of the
input (and output).

This is another single layer network with fully connected nodes or neurons.
Basically, the output of each neuron is fed back to each of the other neurons
(except for itself: there is no self-feedback in the network, wij = 0 for i = j),
which is called a recurrent network (it has loops). Besides this, wij = wji
(symmetric correlation matrix, for reasons that will be mentioned later in this
chapter).

There are local stochastic, or random asynchronous state changes.
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Figure 2.9: Hopfield network learning rule. Adapted from (da Silva, 2011)

2.2.5.2 Learning

The correlation matrix W is updated using associative learning, through a
variant we prefer to call simply the agreement rule:

wij
.
=

p∑
µ=1

xµi x
µ
j (2.2.16)

, where p is the number of patterns we memorize.

Weights will increase if pre and post-synaptic states agree, and decrease
otherwise.

We may use Diogo's (da Silva, 2011) notation for expressing the rule in terms
of pre and post-synaptic combinations, in a binary clipped version (see Figure

This formula is often called also ”Hebb rule” or ”generalized Hebb rule”,
even if technically, however, it may be an incorrect designation, since it surpasses
Hebb's original hypothesis, particularly when neither of the units is firing (xi =
xj = −1, which reinforces wij positively).

2.2.5.3 Recall

In this neural network, the updates continue to follow the McCullogh-Pitt’s
discrete firing formula according to the dendritic sum:

dj =

N∑
i=1

wjixi(t),∀j. (2.2.3)

where di is the dendritic potential, sgn is the sign function, and for mathe-
matical practical reasons, the convention for the activation values of the units is
+1 for firing, and −1 for firing (instead of 0), and the updates may be updated
in a random order.

2.2.5.4 A global state analogue to an energy function that converges
to a stable state

Recurrent networks of non-linear units are generally hard to analyze. Indeed,
they may behave in many different ways: oscillate, follow chaotic trajectories
that cannot be predicted far into the future, or settle to a stable state.
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One can try to prove the stability of a system in at least two fashions (Kosko,
1992): The direct approach may be ”simply resolving” differential or difference
equations found for its modelization. However, sometimes it is possible to em-
ploy another strategy that works as a ”shortcut” to prove stability of a dynam-
ical system: to find that the state can be modelled by a function of a certain
kind of functions (a Lyapunov kind) implies that stability holds (monocity of a
Lyapunov function provides a sufficient not necessary condition for stability).

The Lyapunov function (after the name of the Russian mathematician and
engineer Lyapunov) belongs to a general class of models in physics (Ising mod-
els), consisting in discrete variables that represent magnetic dipole moments of
atomic spins that can be in one of two states (binary values) and interact with
their neighbors-spins.

That allows to identify phase transitions, which are quite analogous in our
case of neural networks to the state changes due to the updates (which we also
represent as binary values).

Besides that, these Ising models in turn are a special case of Markov net-
works, because the associated probability measure, the Gibbs measure, has what
is called the Markov property. The Markov property pretends to be a memory-
less property of a stochastic process, which goes along the stochastic aspect of
the updates of the states that the neuronal networks may follow.

Hopfield (1982) and other groups realized that if the weights were symmet-
ric (which is also represented by a symmetric matrix W), there was a property
of stability detected in this type of networks, whose state could be quantifyed
with a Lyapunov function. Kosko (1992) refers that Amary was the first neu-
ral theorist to apply the Lyapunov technique in (Amari, 1977), in the case of
symmetric associative networks of McCulloch-Pitts neurons. Hopfield (1982)
extended Amari's proof technique to the case of simple asynchronous bivalent
neurons).

Hopfield contribution added a new insight in neurodynamics (the subject
of neural networks viewed as nonlinear dynamical systems (Hirsch, 1989)) with
the introduction of this Lyapunov function as an energy function to represent
the global state of the network.

Using the analogy of the state modelled through an energy function: Skapura
(1995) compares the state of the network (the correlation matrix W) to an energy
landscape: each state is a point in the energy landscape. In particular and for
example, the state where we start when we introduce the output corresponds
to a minimum point if it matches to a learned pattern. On the other hand, if it
differs from all patterns, it corresponds to a point with higher potential on the
energy landscape.

The energy function stands for quantifying that potential or energy. In
each step of the retrieval phase, each binary configuration of the network has
a particular value that is seen as its energy. A stable state is a minimum in
that function. In other words, in this energy model, the stored memories are
perceived as stable attractors.

Lyaponov’s functions serve as proofs that the equation they represent will
stabilize or equilibrate. According to Lyapunov's theorems, the Lyapunov en-
ergy function of a Hopfield network is a monotonically decreasing function of
time (a dynamical system is stable (Elbert, 1984) if some Lyapunov function L
decreases along trajectories, that is the derivative L′ <= 0) As such, the energy
in the Hopfield model either decreases or remains the same (it never increases).
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If it decreases it can never return to a previous state.
Furthermore, a stable system, or an asymptotically stable system (L′ < 0)

reaches the equilibrium in general exponentially fast (Anderson, 1983).
Many applications can be done with auto-associative tasks using this at-

traction or stability property, like searching or reconstructing from a given
(damaged) input image an intact stored one, or retrieve bibliographic refer-
ences from partial ones (incomplete title for books, for instance). Moreover, a
content-addressable memory like this one is error-correcting in the sense that it
can override inconsistent information in the cues presented to it.

The content of the matrix W is what drives the convergence of the state
of the network. In fact, positive coefficients (wij = 1) will make the updated
neuron’s state agree or converge, while a negative one (wij = −1) will make
them disagree or diverge:

Consider the connection weight wij between two neurons i and j. If wij > 0
, the updating rule implies that:

• when dj = 1, the contribution of j in the weighted sum is positive. Thus,
dj is pulled by j towards its value dj = 1.

• when dj = −1 , the contribution of j in the weighted sum is negative.
Then again, dj is pulled by j towards its value dj = −1.

Thus, the values of neurons i and j will converge if the weight between them
is positive. Similarly, they will diverge if the weight is negative.

The state updating from one iteration to the next is deterministic, but the
selection of a neuron to perform the updating is done randomly (which is the way
usually adopted to try to mimic stochastic behaviors, like it has been thought
of biological neurons’ updates). The asynchronous (serial) updating procedure
described here is continued until there are no further changes to report. That is,
starting with the probe vector x, the network finally produces a time invariant
state vector y whose individual elements satisfy the condition for stability that
is equivalent to the update rule.

Spurious states

This physical approach was enlightening, but does not always guarantee ac-
curateness: Hopfield networks are guaranteed to converge to a local minimum,
but convergence to a false pattern (wrong local minimum) rather than the stored
pattern (expected local minimum) can occur. Those stable but unwanted pat-
terns are called spurious states. They correspond to undesired patterns, which
were not learned.

An important feature of the stability (or instability) of a nonlinear dynamical
system is that it is a property of the whole system. As a corollary, the presence
of stability always implies some form of coordination between the individual
parts of the system. Which of the possible energy wells will be reached after
training depends on the initial system state and also on the order of firing of
the neurons.

And the more we train the network, the more the spurious states can over-
whelm the trained patterns.

To sum up: the Hopfield model is an auto-associative memory, which is
based on a single-layer recurrent network. As the Lernmatrix presented before,
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it learns in a self-organized maner using Hebb’s postulate. However, its weight
matrix must be a zero-diagonal and symmetric matrix to respect the dynamics of
an energy Lyapunov function representing the overall energetic state. As such,
the underlying computation follows attractors’ dynamics, which try to minimize
the energy, towards an attractive or stable state. This can be nevertheless a
spurious state, and the capacity is 0,18% for a 1%-tolerance for errors.

Figure 2.10: Values of p/N required to obtain various values of Perror. For example
if we choose the criterion Perror < 0.001, we arrive at pmax = 0.15N . Adapted from
(Hertz et al., 1991)

2.2.6 Bidirectional Associative Memories (BAM)

There are other models whose operation can be conceptualized as an analogy
with the process of minimizing an energy (or Lyapunov) function in a dynamical
system. One of them is the BAM (Bidirectional Associative Memory), designed
by Kosko (Kosko, 1988).

Unidirectional content addressed memories are autoassociative. (Kohonen,
1979; Kohonen and Lehtio, 1981; Kohonen, 1989): as we have seen, they store
pairs of patterns (x, y) with x = y or x ≈ y, being x a subvector of y or a noised
version of y - in any case, they store redundancy.

In BAMs, bidirectionality (forward and backward information flow) is
introduced in the network to produce two-way associative search for pairs (x, y).
This allows the memory to be heteroassociative - x and y are different and belong
possibly to different vector spaces:

x ∈ {0, 1}N , y ∈ {0, 1}M and x 6= y. (2.2.5)

2.2.6.1 Structure

A BAM is a two-layered network of neurons:

• corresponding to a N -dimensional input vector-space;

• and to a M -dimensional output vector-space.

The correlation matrix W is then N ×M -dimensional, and preferably with
bipolar (-1,1) values - as those have shown better results on average rather than
binary (0,1) values (Kosko, 1988) connected with bidirectional and symmetric
edges (wij = wij), with integer values.
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2.2.6.2 Learning

The weights of the correlation matrix W are set using a superposition of
Hebb's learning rule in the same matrix, for all pairs (xµ, yµ) - the rule is the
same additive learning rule as the Lernmatrix’s, actually:

wnewij = woldij + (yixj) (2.2.12)

2.2.6.3 Retrieval process and stable state

The operation of the network for the retrieval of the associated output-
pattern is, as in the Hopfield model, a set of S cyclic-iterations or steps. In this
BAM case, after a first step where the first layer of neurons receives the original
input cue, there is information sent recursively between the two layers in the
following way:

• The units of the first layer process their input. The respective result is
sent to the second layer through the bidirectional edges:

ys = f(dj − θj)
with the usual dendritic potential dj

dj =

N∑
i=1

wjixi(t),∀j (2.2.3)

, with the function sign as the transfer function f :

ys = sgn(xsW − θj) (2.2.17)

and with the number of iterations or steps s = 1 . . . S until the pair be-
comes stable (s = S when xs = xs−1 ∧ ys = ys−1).
6

Nevertheless, we will consider the homogeneous version, for the sake of
simplicity of the mathematical notations and of the explanation. Fun-
damentally the difference affects the expression of the energy function
presented later and the storage capacity, but the procedure could be the
same as in here. As pointed in Rojas (1996b), the equivalence to the
heterogeneous model (the one including the non-zero threshold) can be
achieved by editing the input in order to have an extra, and constant,
component: x = (x1, x2, . . . , xN , 1) and the output y as well (the matrix
W would therefore be (N+1)×(M+1)-dimensional, with an extra column
and an extra row).

Considering that simplification:

ys = sgn(xsW )

.
6The original version of the former equations used a zero threshold θ = 0 (homogeneous

version). The equations above use non-zero thresholds - this is a non-homogenous BAM net
as proposed and named by Haines and Hecht-Nielsen (1988) - because this is the version of
the model that maximizes storage capacity.
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• The second layer processes this received input and sends its result back to
the first layer using the bidirectional edges.

xs+1 = sgn([ys]T [W ]T )

, where the T in exponent represents the transpose of the matrix.

As such, the retrieval goes through a recollection: 7

x0
W−→sign−→ y0

x1
sign←−W

T

←− [y0]T

x1
W−→sign−→ y1

. . .

xs
W−→sign−→ ys

xs+1 sign←−W
T

←− [ys]T

. . .

xS−1
W−→sign−→ yS−1

xS
sign←−W

T

←− [yS−1]T

xS
W−→sign−→ yS

xS+1 sign←−W
T

←− [yS ]T

, being that in this last step, xS+1 = xS .

Energy function

Rojas (1996a) offers a explanation in what he calls a ”natural” or ”simple
setting” way.

Let's assume (x, y) is in a stable state. After computing the excitation of
the second layer y from the right (y0 = sgn(x0W )), the excitation of the first
layer x can as well be represented as an excitator vector:

eT = Wy0 (2.2.18)

The vector pair (x0, y0) is in stable state if and only if:

sign(e) = x0 (2.2.19)

This condition is met for all vectors e ”close” to x0: the smaller the angle θ
between those vectors and the e vector is, the greater is the product |e||x0|cos(θ)
(which is the euclidian version of the dot product ex0):

θ −→ 0 =⇒ cos(θ) −→ 1

7In the case where the input vector space has the same dimension as the output vector
space (n = k), W is a symmetric matrix (that is, a square matrix (n- dimensional)), and only
then we have: W = WT .
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.
Thus, the quantity defined as:

E = −x0e = −x0WT [y0]T (2.2.20)

is smaller, the closer the vector WT [y0]T is to x0.
This expression shows then a convergence in the approximation of stable

states.
This can be compared with an energy function. In fact, both Hopfield (1982)

and Kosko (1988) found similar expressions:

E = −(1/2)XWY T − (1/2)YWTXT (2.2.21)

, equivalent to
E = −XWY T

or
N∑
i=1

M∑
j=1

xiwijyj

for what Kosko (1988) calls the potential function of the BAM system of state
(x,y) (because YWTXT = Y (XW )T = (XWY T )T = AMBT ).

And Hopfield found (Hopfield, 1982, 1984):

−(1/2)XWXT

, which is the same, considering that the memory is autoassociative, with zero-
diagonal symmetric matrices in asynchronous operation.

2.2.7 Hierarchical associative memories

2.2.7.1 Approaching through hierarchies

The motivation to solve that matter was not to do the threshold cut step
for the neurons where it is unnecessary: the cheapest computation, is the com-
putation that is not done. How to discard those calculations more prematurely
in the retrieval's search?

By inspection of the Hierarchical Subspace Tree due to Wichert (2009),
Sacramento and Wichert (2011) thought of applying properties of a tree-like
structure to the Learnmatrix’s retrieval, namely the possibility to prune branches
in processing queries in order to address that matter of cut, and create, hence,
a more performant model based on that one.

Subspace trees have been used for indexing large multimedia databases
(Wichert et al., 2010; Wichert and Verissimo, 2012).

2.2.7.2 Hierarchical structure

Instead of a single layer of neurons (2 populations of neurons: input and
output ones), J. Sacramento and A. Wichert’s model extends the Lernmatrix
with R layers (R+ 1 populations of neurons).

These layers share the same input and address neuron input m- dimensional
population, but have distinct hierarchically reordered and dimensionally sized
content space dimensions:
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n1 < n2 < · · · < nr−1 < nr < · · · < nR−1 < nR (2.2.22)

with r = 1, . . . , R as the levels of the hierarchy.
The state of the network is hence represented by an ordered set of R weight-

matrixes W r:

W = (W (1),W (2), . . . ,W (r−1),W (r), . . . ,W (R), ) (2.2.23)

in which the dimension of each Wr is m× nr.
The hierarchical layers comprehend states for the network at different reso-

lutions, depending on their output dimension (nr):

• The upper layer, the R-th layer, contains the state of the original Lern-
matrix (W (R) = W , and nR = n), which is materialized by the highest-
resolution matrix.

• All the remaining layers below learn patterns of increasingly lower resolu-
tion (from the higher-resolution level R − 1, to the lower-resolution level
1).

2.2.7.3 Different resolutions

The procedure for learning in this extended structure includes Steinbuch’s
learning, and an extra operation of aggregation between hierarchies:

• The R-th layer and its W (R) = W matrix proceeds to the original Learn-
matrix learning based on Hebb’s rule of all the (xµ, yµ) pairs of input-
output patterns:

wij = min(1,

m∑
µ=1

xµi y
µ
j ) (2.2.24)

• Successively (from r = R−1 to r = 1), each r-th layer’s matrix W r applies
the same rule but based on an output yr,µ adapted to the resolution of
that layer:

wrij = min(1,

m∑
µ=1

xµi y
r,µ
j ) (2.2.25)

This output of the r-th layer, yr,µ, is defined as an aggregated reduced
version of the output yr+1,µ (belonging to the layer of immediately higher
resolution r + 1) , adapted to the resolution of its layer:

yr,µ = ζr(y
r+1,µ) (2.2.26)

where the aggregation is made by the ζr function defined as:

ζr :


ζr : yr+1,µ → yr,µ, with yr+1,µ ∈

{
0, 1
}nr+1

, yr,µ ∈
{

0, 1
}nr

yr,µj ≡ ζr(y
r+1,µ)j =

jar∨
l=jar−(ar−1)

[yr+1,µ]j , with ar ∈ N

(2.2.27)
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The integer ar is constant for each layer, and this aggregation formula
means that each component with index j of the input yr, yrj , is an aggre-
gation of ar components from the input of the layer r + 1 above.

In other words, ar represents the size of the aggregation window used by
ζr in layer r to create yr from yr+1 of the layer above r + 1. ar relates
every consecutive layers’ dimensions nr and nr+1:

nr = nr+1/ar (2.2.28)

being that when r = R (highest resolution), ar = 1, which is equivalent
to nr = N (the respective matrix W is the Lernmatrix).
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Figure 2.11: Learning, in the Hierarchical Associative Memory model. We have an
hierarchy of two layers (R = 2). The upper layer (r = R) corresponds to Lernmatrix,
and has 16 columns. We proceeded to the learning already presented before, based on
Hebb’s learning rule applied to the (blue) pattern of the pair of input x and output y
(yr=2 = y). An intermediate output yr=1 is created for us to proceed with the learning
in the layer below (r = 1). With the aggregation factor of 4 (a1), that vector will
have then 4 times less columns than what we had in the upper layer (we have now 4
components). Each of those components is an aggregation based on the logic operator
OR of the corresponding 4 components of the layer above. After obtaining this vector,
we fill the correlation matrix of layer r = 1 (which has also only 4 columns) learning
based on Hebb’s rule applied to the pattern (x, yr=1)

See the illustrated example in Figure 2.11. 8

8One can also proceed to the learning of many (all) of the pair patterns in the Lernmatrix
(matrix of the upper level) and ”propagate” these correlations all at once for the layer below
(r − 1) by simple aggregation of the entries of each window of ar−1 entries of the matrix,
for each line. These two methods (that is: On one hand, learning pattern by pattern, and
using a different ouput (aggregation of the one of the upper layer) for each layer), and on the
other hand, learn all the patterns at once in the upper layer and then fill the lower layers by
aggregation of the columns, without using intermediate output vectors) result the same.
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2.2.7.4 Retrieval short-cuts

The retrieval procedure is the same as with the Lernmatrix, but benefiting
from the cut of the sub-ensembles of neurons that are necessarily unrelated to
our input pattern, which shortens the search.

It begins at level r = 1, the lowest-resolution layer. There, as for the Lernma-
trix, an input cue x̃ is presented to the matrix (W 1), and the dendritic potencial
dj is calculated, followed as well by the non-linear activation function for each

component y
(1)
j .
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Figure 2.12: Retrieval, in the Hierarchical Associative Memory model. An input cue
x̃ is presented to the network, and the dendritic potencial dj is calculated, by matricial
multiplication. Having a zero-component (in a given column indexed by j) means that,
in the corresponding window of columns of the matrix of the level above in the hierarchy
(columns indexed in jar − (ar − 1), . . . , jar), there are no correlations or not enough
correlations with the input cue. As such, there is no need to search in those columns:
we can proceed to the pruning of those.

At this layer 1 (as well as any following upper layer r), and because of the

OR-based ζr function just presented, a non-firing component y
(1)
j = 0 (or yrj = 0)

means that in the corresponding extended output-set in the layer immediately
above,

{
jar − (ar − 1), . . . , jar

}
has only 0s.

yrj = 0 ⇐⇒ yr+1
j = 0,∀j ∈

{
jar − (ar − 1), . . . , jar

}
(2.2.29)

i.e, those output-population neurons of layer r + 1 have no information (firing
1s) to retrieve. Hence, the search does not pursue through those columns: they
are ignored in the next layers. (See figure 2.12 )

Conversely, regarding firing components of the input yr:

∀yrj = 1,∃yr+1
j = 1 ∈

{
yr+1
jar−(ar−1), . . . , y

r+1jar
}

(2.2.30)

which means that there is at least one possibility amongst the possible out-
puts to generate at layer r + 1 of fire. Contrarily to the case where there were
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0s in the output of the previous layers, this makes it worth to proceed with the
dendritic sum:

hr+1
j =


m∑
i=1

wjix̃i if yrj = 0

0 otherwise
(2.2.31)

and proceed with the thresholded decision:

ỹr+1
j =

{
Θ[hr+1

j ]− θ if yrj = 0

0 otherwise
(2.2.32)
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Figure 2.13: Retrieval, in the Hierarchical Associative Memory model. We present an
input cue x̃ to the network, and the dendritic potencial dj is calculated, by matricial
multiplication. Having a 1-component (in a given column indexed by j) means that,
in the window of columns of the matrix of the level above in the hierarchy (columns
indexed from jar − (ar − 1) to jar), there is at least one columns that correlates with
out input. As such, we must proceed to the search in these columns.

See figure 2.13 for an illustration on this.

2.3 Synopsis

For each of the models, the following table resumes their characteristics
concerning networks’ definition criteria:
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Model: Lernmatrix Hopfield BAM Hierarchical

Function: mapping (hetero.
mem.)

completion /
correction
(auto. mem.)

mapping (het-
ero. mem.)

mapping (het-
ero. mem.)

Coding: binary (0,1) bipolar (-1,1) bipolar (-1,1) binary (0,1)
Layers: single-layered,

feedforward
single-layer,
recurrent

two-layered multi-layered,
feedforward

Conn.
topologies:

assymetric,
acyclic

symmetric,
recurrent

symmetric,
recurrent

assymetric,
acyclic

Capacity: optimal
O(n2/log2(n)),
in sparse coding
regime

O(n/log(n)),
in sparse cod-
ing regime

O(n2/log(n))
in sparse cod-
ing regime

O(n2/log(n)),
in sparse cod-
ing regime

Other characteristic regarding performance that it would be interesting to
know besides the storage capacity would be the cost of operating them. In
the following chapter we proceed to the implementation of many of the models
presented in this chapter, and collect that information for them, as well as for
a model we suggest based on those, and to obtain an improved performance.
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Chapter 3

An improved performance:
Reordered indexes
hierarchical associative
memory

3.1 Principle

3.1.1 Remarks about aggregation

The model we presented ultimately (in 2.2.7) provides, in the lower layers of
the hierarchy, aggregated matrices that work as filters for the positioning of the
information across the columns of the matrices of the layers above. This allows
to discard groups of a certain number of columns in each layer r (a multiple of
the aggregation factor for that layer: ar×z, in which z is the number of columns
with an insufficient number of correlations to pass the threshold condition in
layer r − 1). The aggregated layers provide so a resume of the layers above.

However, the only criteria for making this seems to be grouping together
ar columns altogether based on the function OR. Now, this is a preformated
resume, equally repeated along the columns. In other words, obtaining perfor-
mant aggregations is a matter of luck. In some cases, as in figure 3.1, where
the information in the matrix is quite uniformly distributed, one can spot few
differences between the columns of the aggregated matrix regarding the content
of their lines (specially in the case of the columns 2, 3 and 4).

This means they codify similar correlation patterns, and hence, they may
present similar results (fire shooting or not) regarding the threshold decision.

What could be done to attenuate this effect?
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0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 1 0 0 0 1 0

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

0 1 0 0

1 0 1 1

0 1 0 0

0 1 1 1

0 0 0 0

0 1 0 0

1 0 0 0

0 1 0 0

𝑟 = R = 2

𝑟 = 1

𝑎1 = 4

Figure 3.1: Representation of a 2-layers hierarchy of matrices, with an aggregation
factor of 4, and in the case of the Hierarchical Associative Memory Model.

3.1.2 Towards the idea: criteria for filtering

3.1.2.1 Aggregate similar patterns

One manner to attenuate the effect of aggregating columns (in the example of
the figures, this concerns layer r = 1) codifying similar correlations with inputs
seems to be avoiding to have groups of similar columns (in this case, avoid having
similar columns (of layer r = 2, in the images) in different aggregating groups
of 4 columns. Or, in other words: grouping columns of an upper layer that
are different in different groups may generate more differentiated aggregated
columns in the lower layer. Or, in another word: group together similar columns.

See Figure 3.2 in which the columns of upper layer r = 1 are the same as
in Figure 3.1 but were considered in another sequence: a sequence that tried
to group, in on hand (in the left-hand side of the matrix) all the columns that
have information (some 1s) and, in the other hand (in the right-hand side of
the matrix), all the columns that have no information (that is, they only have
0s). After this reorganization of the columns, we proceed to the OR-based
aggregation as in the Hierarchical Associative Memory model presented in the
previous section.
One can see, comparing the model of the normal Hierachical Associative Memory
Model (Figure 3.1) and the beta-version of that model with reordered columns
(Figure 3.2) that:

• The unordered columns version presents a memory load of 11/32 (it has
11 1s), while the ordered version presents a memory load of 9/32
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0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0

1 1 0 0

1 0 0 0

1 1 0 0

0 0 0 0

1 0 0 0

1 0 0 0

1 0 0 0

information               zeros

𝑟 = R = 2

𝑟 = 1

𝑎1 = 4

Figure 3.2: Representation of a 2-layers hierarchy of matrices, with an aggregation
factor of 4, and in the case of an altered Hierarchical Associative Memory Model, in
which the columns were presented in another sequence. The columns obtained by OR-
aggregation are, this time, more differentiated. There seems to be, also, less 1s in the
aggregated matrix, and there are now two null-columns while there were none before
(in the unordered example of Figure 3.1)

• The ordered columns version presents two null columns, while the previous
version presents none.

• We now have 4 columns much more different between each other

These facts seem to be potentially interesting to allow to do more pruning:

• The fewer windows, or grouped columns there are with (at least) one 1 in
each line, the more chances there are for the threshold-decision to fail in
the column that aggregated it in the lower level and hence, to have some
pruning done in the next layer level.

• the more differentiated the grouped or aggregated columns are from each
other, the more probable it seems to be that for a given input, a lower
number of columns are selected after the comparison with the threshold.

The intuitive idea is that the benefits of the use of the hierarchical model
seem to be, hence, potentiated by an organization of 1s in the matrix that allows
windows to group more 0s (or more 1s) together. What if it is possible to, after
the learning phase of the hierarchical model, rearrange the 1s in the matrix
closer together, as well as the 0s?
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3.1.2.2 . . . but preserving the integrity of the neurons

Intuitively, reorganizations of the matrix might have no obvious way to work:
in the retrieval of information of output patterns, the one and only information
that matters to be retrieved is the presence and position of 1s in the output
vector, that is: the results of the multiplication of the input vector per each
column of the matrix (which represents a neuron, which is be responsible for
the result of a particular component of the output). This outcomes directly
from what the matrix contains in each line, or, in other words, from what each
column has in each column (or the correlations with inputs learned it codifies).
Isn’t the reorganization of the 1s in the matrix spoiling the information codified?
An uncareful reorganization would be destrutive of the codification of the infor-
mation stored, for the simple reason that each column is a neuron and codifies
a pattern of correlations with the inputs learned (Hebb’s rule’s correlations are
codified thanks to the position (line, column) in which the 1s are written).

This concern could be right: How can one then reorganize a matrix without
losing information? One would lose information . . . unless one keeps track of the
changes made.

3.1.3 Idea: reordering the columns of the matrix

3.1.3.1 Formulation

To sum up the idea more formally: considering, in the previous sections,
both the idea and the concern with the codification of the correlations, one is
motivated to create a new model that:

• reorganizes the matrix grouping similar columns together

• with the condition, or restriction, of preserving the integrity of the columns

• managing to obtain the expected output

In other words, a solution seems to be reordering the columns of the matrix
(the correlations, codified as the entries of each line, are preserved), while being
able to remember their original order to be able to establish the correct output
again, later. How to respect this last concern? Keeping note of the original
sequence of the numbers of the columns, and keeping that saved until the end
of the algorithm, when it will be useful. One could then reconstruct, in the end
and in an equivalent way, the correct sequence of 1s and 0s.

3.1.3.2 One possible method for aggregating

Let’s go through the matrix line per line, and sort its entries in order to form
a cluster of 1s on one side, and a cluster of 0s on the other side. The entries are
labelled with the number of the respective columns.

In each iteration, that is, in the effort of clustering of a particular line, we
should not lose the effort of clustering done in the previous iteration. As such,
the clustering will be done inside each group of grouped columns .

In the next section we proceed to a more precise description of the algorithm.
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3.2 Learning phase

3.2.1 Learning of patterns

The procedure of learned based on Hebb’s rule is repeated for learning every
pair of patterns is exactly the same as for the Lernmatrix.

After this step, we obtain a matrix for level r = 3, upon which we will apply
our idea.

3.2.2 Reordering the matrix

After the learning, there is a “polishing step” that accomplishes the idea and
consists in the reorganization of the columns of the matrix, in order to keep the
1s closer to each other, and the 0s as well and as apart as possible to the 1s,
while respecting, in the same time, the integrity of the columns.

The proposed algorithm for this reordering would be, in simplified pseu-
docode1:

For each Line L o f the Lernmatrix
For each Sub−Sequence SS in L

I f ( OnesAndZerosUnclustered ?( SS ) )
SplitAndOrder (SS ) ;

end i f
end f o r

end f o r

Before explaining the algorithm, one has to mention the methods used to
keep track of the sequence of columns and the related existence of auxiliary
structures, as well as initialization details:

Essential auxiliary structures:

• All the columns are labelled with the numbers of their position (1,. . . ,N -
with N as the number of columns) in the original matrix (Lernmatrix) as
their identifiers

• These identifiers are kept reordered in arrays, inside nodes (that are some-
times called ”Sub-Sequence” for simplification, as they contain a sub-
sequence) of a double linked list

• There is another list, a double linked and unique list called allSequenceList,
that forms a sequence of nodes (that is, a sequence of sequences).

Essential functions:

• In OnesandZerosunclustered?(Sub − Sequence), it should be verified if
there are different values (1s and 0s) within a node, mixed altogether. If
so, in SplitAndOrder(Sub−Sequence), the node should be split in 2 nodes
that will take its place in the allSequenceList. The indexes (numbers of
the columns) migrate (in sequencial order) to the left node if their content
is ‘1’, and to the right node if there is 0s.

1The Lernmatrix corresponds to the matrix of the upper layer, r = R, of the hierarchy.
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Notes:

• Initially, allSequenceList contains only one Sub-Sequence as a node (ac-
tually the original sequence,1, . . .N) representing the original order of the
columns after the traditional learning of the Lernmatrix.

• The maximum (worst-case) number of partitions in a step/iteration/line
l ( l = 1, . . .M) is 2l (reached if there is the case where all the partitions
have 1s and 0s mixed, that is, they are required to be split).

• We use stable sorting: In each iteration l of the algorithm, we do not
reorder or destroy the reordering of the previous iteration, l−1 : we do the
split over indexes inside each Sub-Interval, keeping indexes from different
Sub-Sequences apart from the ones of other Sub-Sequences. Stable sorting
allows our algorithm to be conservative (not destroy the ordering work of
the previous iteration) and to be deterministic: if one runs it through the
same matrices, one can reproduce the same ordering of the partitions and
columns.

• One can create many variants of this algorithm regarding the order of
the lines selected for iterating (for example in section 3.4 we implemented
variants that select lines with more ones first).

3.2.3 Illustrative example:

In each step or iteration of the algorithm (for each line), we are going to
present the state of the matrix through the auxiliary structures (allSequenceList
and its subcomponents)

Let’s consider the matrix of the upper layer (a Lernmatrix) of the hierarchical
moder, after a normal learning phase, like in Figure 3.3.

Indexes 1 2 3 4 5 6 7 8 9 10 11 12

1 1 0 0 1 0 0 0 0 1 1 1 0

2 1 0 0 1 1 0 0 0 1 1 0 0

3 1 1 1 0 0 0 1 0 0 0 1 0

4 0 0 1 0 0 0 0 1 0 0 0 0

5 0 0 0 0 1 0 0 1 0 0 0 1

Figure 3.3: State of the matrix of layer r = 3 after learning
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We initialize the auxiliary structure, the AllSequenceList, as in Figure 3.4:
it contains a unique node, containing the sequence of the indexes of the columns
in their normal order.

Figure 3.4: Initially, AllSequenceList is a single node. This contains the sequence of
all indexes, in their initial (ascending) order.

Iteration 1: line 1 Here we show the content and the indexes of the 1st
line of the matrix (See Figure 3.5):

Figure 3.5: First line of the matrix (in the original, unordered, matrix)

Let's reorder it in order to have all the 1s on the left and the 0s on the right
(as seen in See Figure 3.6). Note that we keep the indexes of each entry saved.
Their relative order is also maintained.

Figure 3.6: First line of the matrix, after the respective iteration over it for ordering.
As we detect two kinds of values (’1’ (in indexes 1, 4, 9, 10 and 11) and ’0’ (in
indexes 2, 3, 5, 6, 7, 8 and 12) as components of the sequence of this node, it will be
partitioned into two sequences. Each of these sequences maintains the order that there
was previously of each index relatively to the others.

So, in our representation, AllSequenceList becomes a 2 nodes’ list (See
Figure 3.7):

Figure 3.7: AllSequenceList after the first iteration of the ordering algorithm, with
two nodes.

Iteration 2: line 2 We will consider this line 2 (See Figure 3.8):
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Figure 3.8: Content of the second line of the (original, unordered) matrix.

In the context of that content of line 2, and in the context of the previous
partition (obtained after iteration 1), the content of this line in AllSequenceList
is (See Figure 3.9):

Figure 3.9: Content of the second line of the (original, unordered) matrix, in the
context of the auxiliary structures of our algorithm (and before the ordering of the
iteration proceeding over that line).

In both cases (in the case of the left partition, as well as in the case of the
right partition), we observe that there are 1s and 0s in its content. So, both
Sub-Sequences will be split: the columns with 1s will be placed on the left
partition, and the columns with 0s will be placed on the right.

After reordering and splitting, our representation of AllSequenceList be-
comes (See Figure 3.10):

Figure 3.10: Content of the second line of the matrix, after splitting and reordering
(second iteration of the algorithm).

Iteration 3: line 3 Considering the contents of line 3:

Figure 3.11: 3rd line of the matrix (in the original, unordered, matrix)
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and the previous partition, AllSequenceList becomes:

Figure 3.12: 3rd line of the matrix, after splitting

Iteration 4: line 4 Considering the contents of line 4 (See Figure 3.13),

Figure 3.13: 4th line of the matrix (in the original, unordered, matrix).

AllSequenceList becomes (See Figure 3.14):

Figure 3.14: 4th line of the matrix, after splitting and reordering.

Iteration 5: line 5 Considering the contents of line 5 (See Figure 3.15),

Figure 3.15: 5th line of the matrix (in the original, unordered, matrix).

we observe that the contents of the columns are already sorted, except
in the last sub-sequence (indexes 6 and 12). All the rest remains the same.
AllSequenceList becomes, then (See Figure 3.16) 2 3:

2It will be essential (for the retrieval phase) that we keep the information of the indexes
(the one in shaded lines) associated to each column.

3Amongst the columns of each Sub-Sequence: we conserve the relative order of the columns.
(for example and in this case: In the left Sub-Sequence (the one containing the 1s), we have:
1 < 4 < 9 < 10 < 11.)
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Figure 3.16: 5th line of the matrix after splitting and reordering.

In the end of learning, the sequence of indexes of columns is then: 4, 9, 10,
1, 5, 3, 2, 7, 8, 12, 6.

The matrix of the upper level, r = R (r = 3) in this case, becomes so (See
Figure 3.17):

Figure 3.17: Final matrix, after the learning phase of splitting and ordering.

After this, one proceeds to the creation of the matrices of the lower levels
by the aggregation technique described for the hierarchical model:

With an aggregation factor of 3, the matrix for r = 2 becomes (See Figure
3.18):

Figure 3.18: Final matrix for layer r = 2, after the learning phase of splitting and
ordering.

With an aggregation factor of 2, r = 1 (See Figure 3.19):
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Figure 3.19: Final matrix for layer r = 1, after the learning phase of splitting and
ordering.

Notes:

With the previous (not reordered) Hierarchical model, the hierarchy of ma-
trices becomes: Upper level (r = 3) (See Figure 3.20):

Figure 3.20: Final matrix for layer r = 3 (in non-ordered model).

Level r = 2 (See Figure 3.21):

Figure 3.21: Final matrix for layer r = 2 (in non-ordered model).

Level r = 1 (See Figure 3.22):
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Figure 3.22: Final matrix for layer r = 1 (in non-ordered model).

Indexes 1 2 3 4 5 6 7 8 9 10 11 12

1 1 0 0 1 0 0 0 0 1 1 1 0

2 1 0 0 1 1 0 0 0 1 1 0 0

3 1 1 1 0 0 0 1 0 0 0 1 0

4 0 0 1 0 0 0 0 1 0 0 0 0

5 0 0 0 0 1 0 0 1 0 0 0 1

Indexes 1 9 10 11 4 5 3 2 7 8 12 6

1 1 1 1 1 1 0 0 0 0 0 0 0

2 1 1 1 0 1 1 0 0 0 0 0 0

3 1 0 0 1 0 0 1 1 1 0 0 0

4 0 0 0 0 0 0 1 0 0 1 0 0

5 0 0 0 0 0 1 0 0 0 1 1 0

1 1 1 0 0

2 1 1 0 0

3 1 1 1 0

4 0 0 1 1

5 0 1 0 1

1 1 0

2 1 0

3 1 1

4 0 1

5 0 1

𝒓 = 3

𝒓 = 2

𝒓 = 1

1 1 1 1 1

2 1 1 1 1

3 1 0 1 1

4 1 0 1 0

5 0 1 1 1

1 1 1

2 1 1

3 1 1

4 1 1

5 1 1

𝐍𝐨𝐫𝐦𝐚𝐥 𝐢𝐧𝐝𝐞𝐱𝐞𝐬 𝐧𝐚𝐢𝐯𝐞𝐥𝐲 𝐑𝐞𝐨𝐫𝐝𝐞𝐫𝐞𝐝 𝐢𝐧𝐝𝐞𝐱𝐞𝐬

𝑎1 = 2

𝑎2 = 3

Figure 3.23: Hierarchy of matrices obtained after learning a common data set, in the
case of the (normal, not reordered) Hierarchical Associative Memory model (on the
left), and in the one upon which an algorithm of a (naive) reordering of the indexes
has been applied (on the right). The columns of the aggregated matrices are more
differentiated from each other. They present also more null-entries.

Note: There are less 1s (more 0s) in the reordered model (look at figure
3.23). We will see the effects of this in the results.

3.3 Retrieval phase

We proceed exactly as in the (non-ordered) Hierarchical model to retrieve
an output through the layers of matrices. The only difference is that in the end,
one has to construct the final output putting the values in the original position
of the indexes.

For example: Let's consider the final order of the indexes after reordering of
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the matrix, of the previous example: indexesSequence = 4, 9, 10, 1, 5, 3, 2, 7,
8, 12, 6.

Let's suppose we use the reordered Hierachical Model hierarchy of matri-
ces and obtain [1,0,0,0,1,0,0,0,0,0, 0,0,0,0,0] as a (temporary) output. There,
we have yi = 1 for i = 1 and i = 5. The corresponding original indexes j
are indexesSequence[i], that is: 4, and 5. So, the output retrieved has 1s in
positions 4 and 5: yretrieved = [0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0].

3.4 Execution and Results

In order to show the results obtained, we first explain how the experiments
were made. Each experiment includes a set of tests.

3.4.1 Setups and settings

3.4.1.1 Structure of the test

Every test is characterized by parameters that define the structure of the
data sets (in length, in quantity of information, and in the distribution of that
information), and the network (number of processing units, density and distri-
bution of information stored). These will be listed 3.4.1.3. Different tests have
different parameters.

Every test corresponds to the execution of the retrieval of the outputs by all
the models implemented with neural networks of the associative memory task
for a data set of input cues. This set of input cues may be for instance a subset
of the data set of inputs learned by the network, or a distorted version of it,
where some errors (add-errors, miss-errors) exist, because as mentioned before
(in 2.2.2) associative memories have corrective properties.

All models (except Lernmatrix, that is a single-layered model) use an hier-
archy with 3 layers.

There were 5 models implemented:

• The Lernmatrix

• The Hierarchical Associative Memory

• The Hierarchical Associative Memory with (naively) reordered columns

• The Hierarchical Associative Memory with reordered columns (choosing
lines with more zeros first)

• The Hierarchical Associative Memory with reordered columns (choosing
lines with more zeros first) and pruning of null columns

Regarding the reordered column-indexes models: Iterating over the lines
with more ones first pretended to check if there would be benefits in trying to
group better ones in columns/windows of columns: the hope is that, with a
better alignment of those, zones with more ones would be more grouped in the
reordered matrix, and contribute a little bit more to the contrast of the zones
of the matrix (populated with ones vs populated with zeros).
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3.4.1.2 Indicators

Along the execution of all the models, some metrics are collected, stored and
displayed, as indicators for the state of the matrices, quality, and performance
of the execution of the associative memory task:

• Performance: Number of different types of computational steps for each
retrieval

• Quality: Hamming distance, Add Errors, Miss Errors between the re-
trieved output and the output associated to the learned input that is the
most resembling to the input cue introduced.

• State of the matrices: evolution of the memory load after each pattern is
learned, memory distribution (display of information bits (1s) in matrices,
number of 1s per column, accumulation of 1s. . . ) The observations made
in the results were based on some of these indicators or combinations of
them (one in function of the other) programmed in Julia.

3.4.1.3 Phases and parameters (structure of the network and data)

Every test comprehends the following phases, for every model:

• Setups

• Learning

• Retrieval

3.4.1.3.1 Setups

• Independently of the models, a data base of patterns is set only once, and
according to:

– Parameters pre-established:

∗ a specified number of patterns (number of pairs of inputs and
outputs)

∗ K: number of 1s per vector (the number of 1s used is the same
for inputs and for outputs, in all patterns)

∗ N : number of components of the inputs and outputs (which are
equally sized. N is also called numberofneurons, numberofcolumns
or width, or, as the vectors have the same length and as such
the matrices are square, height or numberoflines)

– The distribution chosen for the 1s in the components of the vectors.
(It may be an uniform distribution or other)

• This data set is the one used by all the models and all the tests. The
experiences are as conservative from the point of view of the data used
as possible: When p (the number of patterns learned) varies along the
experience, that is, when two tests (let's say test1 and test2) use a different
p (p1 < p2, for instance), the set of the p1 patterns patterns is included
in the one of the p2 patterns: there are just some extra p2 − p1 patterns
learned (the ones of indexes p1 . . . p2, in the database) in test2.
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• The setup of the structure of the network (matrices and their initialization
of all entries to 0) is made for each test (overriding the previous test) and
according to:

– Parameters pre-established:

∗ N (already mentioned. As the inputs and outputs have the same
length, the matrices are square and their size is N ×N)

∗ Number of layers R The Lernmatrix is the only single-layered
model, with r = 1. Every other model uses arbitrary R. The
layer of level r = R is the biggest one (size N × N). and cor-
responds to the original Lernmatrix. All the remaining R − 1
layers are smaller matrices that work as filters for the retrieval
in upper layers.

∗ Aggregation factors ar An array of integers defines the relation
between the widths of the matrices of the different layers of the
hierarchy. In general, the number of columns is set as:

Nr = roundup(div(Nr+1, ar))

where div is the truncated division, and roundup does nothing
when Nr+1 is a perfect multiple of ar, and increases the value to
the next integer otherwise.

The parameters used in our default experience, which consisted in 120 tests
and on top of which most of the plots that are drawn and shown in this work
are built, are listed in the table 3.1.

3.4.1.3.2 Learning phase 4

Before the execution of each model the matrices are initialized again.(cf.
setups of the network mentioned in the previous point) The patterns to learn
are reused as much as possible (cf. previous point)

After the learning phase we generate files for inspection of the memory load
and information distribution (1s) in the matrices. (Some of them will be used
in the results section)

3.4.1.3.3 Retrieval phase 5

In order to be able to establish accurate comparisons more easily between
tests, the set of patterns we tried to retrieve in each experience has an arbitrarily
fixed size, and includes the same patterns.

Along the retrieval procedures we collect many performance and quality
factors that we keep in memory and present in files generated in the end. (Some
of them will be shown in the results section)

4The algorithmic aspects of learning are not concerns belonging to this section. They were
developed in the previous sections (2.2 and 3).

5The algorithmic aspects of learning are not concerns belonging to this section. They were
developed in the previous sections (2.2 and 3).
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3.4.2 Collecting results: Steps (Performance) and add-
Errors (Quality)

3.4.2.1 Method

As mentioned previously, most of the cost of the operation of the network (in
biological systems, mostly from the chemical reactions in and between neurons
and, in artificial systems, it is at least related to the number of the computations
made) is associated to the following kinds of operations, or calculations:

• Multiplications

• Additions (both intervening in the dendritic sum in the soma body of the
neuron)

• Comparisons (corresponding to the thresholded decision)

• Fire shots (activation of one component of the neuron, or of one position
of the output)

Throughout our retrieval procedures, we proceeded to the count of all these
four kinds of types of operations.

Total number of steps in layer r = 3 Because we guessed that the
total number of steps for the retrievals might depend on how much loaded the
memories were, we measured it for tests classifiable by memory load.

We will obtain our results, observations and interpretations based on an ex-
perience defined by the parameters presented immediately (and described longer
hereinafter). Similar experiences with minor modifications were also made and
are justified and referred along the way.

Experience 1 Number of total steps in function of memory load for all
models:

• For the retrieval of 20 patterns

• 60 tests

• Constant size of the network (N constant and set to 512)

• Constant number of 1s per input and per output (K = 1), uniformly
distributed (Normal, or Gauss, distribution) over the length of the vectors

• Variable number of patterns learned (P )

• Constant ticks of memory load (of 0.0005)

In the following plot:

• Each point belongs to a curve representing the behavior of some model:

– blue curve = Lernmatrix

– red curve = Hierarchical model

– green curve = Hierarchical with (naively) reordered columns
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– black curve = Hierarchical with reordered columns (choosing the ones
with more 1s first)

– yellow curve = the same as the previously but discarding null columns,
in the right of the matrix.

• Each point corresponds to a test. That is: to the retrieval of an arbitrarily
set number of outputs (20, in this experience) based on (the same, and
20) input-cues selected from the battery of inputs patterns.

• These tests (points) are numbered, for identification. Each identifier
matches the test with the parameters used in that test.

• In the y-axis is represented the total number of steps, which is the sum
of the total number of steps necessary for retrieving all the set of input
patterns.

• The memory load, in the x-axis, refers to the ratio between the number
of 1s in the matrix (as a numerator) and the total number of entries (in
the denominator) in the last (r = 3) layer of the hierarchy. The setting
of the memory load depends indirectly on the parameters chosen for the
network (N) and patterns (K, P ). ). In the case of this experiment: The
number of 1s per vector (K) ) is arbitrarily set to 1, as well as the number
of neurons (N) is set to 512. (Numberofcolumns = width of matrix of
layer r = 3, = length of input and output vectors). Hence, the tests were
parameterized by p , and in order each test has a memory load increment
of approximately 0.00005, compared with the memory load of the previous
test. The constancy of the step was made for practical reasons:

– One intention was for the points for each test in each model to be
aligned, that is: the points with the same identifier but of different
curves to be vertically aligned with each other (this way, it would
be easier for us to visualize, with some imaginary vertical line (or
guided by the x-axis vertical ticks) where the performance of each
model stands comparing to the other models (higher points mean
more retrieval steps, that is, less performance));

– Also, with regular ticks, it might be easier to describe the evolution
of y in function of x.

The combinations of parameters used for the tests identified by Test ID are
presented in the Table 3.1, as well as the memory load:
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Test ID p (number
of learned
patterns,
satisfying
N2×p1/k2)

p used
(integer,
down
rounded)

p1ideal -
Mem-
ory load
(desired)

memory
load
(used)
p1 =
1−[(1−K×
L/M×N)]p

1 26,2144 26 0,0100% 0,0099%
2 39,3216 39 0,0150% 0,0149%
3 52,4288 52 0,0200% 0,0198%
4 65,536 65 0,0250% 0,0248%
5 78,6432 78 0,0300% 0,0298%
6 91,7504 91 0,0350% 0,0347%
7 104,8576 104 0,0400% 0,0397%
8 117,9648 117 0,0450% 0,0446%
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Table 3.1: Combinations of parameters used for the tests of our experience-default.
Each test is identified by their ID and characteristic parameters for the network and
patterns stored (columns in bold): those are p (the number of patterns learned by the
network), N (number of neurons, or number of columns of the matrix of the higher-
layer r = 3,which was set constant to 512), K (activity level, which was set constant
to 1). N and K are kept constant, and p varies, being chosen in order to originate
tests with a constant pace in the difference of the memory loads relatively to the other
tests.

3.4.2.2 Results

The results for all the models for the total number of steps are shown in the
following plot (See Figure 3.24):
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(Total) Number of computing steps for each test, and in each model - in layer R=3

Figure 3.24: Number of total steps in function of the memory load of matrix of layer
r = 3, for all models, and for 120 tests.
Each colored curve belongs to one of each model implemented: From top to bottom:

• blue curve: Lernmatrix

• red curve: Hierarchical model

• green curve: Hierarchical with (naively) reordered column

• black curve: Hierarchical with reordered columns (choosing the ones with more
1s first)

• yellow/orange curve: the same as the previously but discarding null columns, in
the right of the matrix.

3.4.2.2.1 Observations The most striking observations about this experi-
ment (and its variants) are:

1. The (blue) curve of the Lernmatrix stands always much higher than all
the remaining curves: The total number of steps of the Lernmatrix (≈
10, 5× 106) is much bigger than the others’ (< 2, 0× 106)

2. The curves of the hierarchical models without the discard of the null-

58



columns in the right of the matrix (that is: curves red, green, black) seem
to stand all close to each other. The drawing of the same plot but without
the curve of the lernmatrix (see Figure 3.25) allows to see easily that we

Memory load of R3 in this test
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(Total) Number of computing steps for each test, and in each model - in layer R=3

Figure 3.25: Number of total steps in function of the memory load of matrix of layer
r = 3, for all models (except the Lernmatrix, for scale and visualization motives), and
for 120 tests (one point in each curve, for each test). Each colored curve belongs to
one of each model implemented: From top to bottom:

• red curve: Hierarchical model

• green curve: Hierarchical with (naively) reordered columns

• black curve: Hierarchical with reordered columns (choosing the ones with more
1s first)

• yellow/orange curve: the same as the previous but discarding null columns, in
the right of the matrix.

have, regarding the cost of the retrieval:

Hierarchical model >
Hierarchical with (naively) reordered columns >
idem but choosing the ones with more 1s first >
the same as the previous but discarding null columns, in the right of the
matrix.

So it seems that just by reordering columns, it is possible to obtain ad-
vantage in performance: Taking for instance the test no. 60:

59



• WithN = 512, test n°60 (memory load of 0,3%): 1–1948643(Hierarchical, Columns reordered, Selected line More 1s)/1996838(Hierarchical) ≈
2, 4% of advantage (savings of 2,4% in the number of steps).

Similar experiments were made, but with a different size of matrices (N =
256, and N = 128) – the memory load increased naturally, but the trends
for the curves remained the same as described above.

• Experiment with N=256, test n°60 (memory load of: 1,2%): 1 −
601963/667679 = 9, 84% (of the steps cut off)

• Experiment with N = 128, test n°60 (memory load of: 4,8%): 1 −
257614/273060 = 5, 66%

3. The model with ordering and discard of null columns has by far the best
performance in lower memory loads.

However, as the memory load increases, it seems that its advantage dis-
appears, as its performance gets closer to the one of the other models
hierarchical models.

3.4.2.2.2 Discussion Here follow interpretations corresponding to the ob-
servations made in the previous point, and further insights/discussion:

1. Benefits of the hierarchie
Applying hierachies as filters brings a considerable performance advan-
tage: The filtering associated with the hierarchies brought by hierarchical
models allows to prune a considerable number of branches in the retrieval
(≈ 80%, since2/10, 5 ≈ 1/5 = 20%) The pruning brought by hierarchies
was already referred in Sacramento and Wichert (2011)

2. Performance of reordered models
Another factor allowing more pruning seems to be the release of memory:
one interesting point is that ordering the columns frees memory, or, in
other words, makes the matrices have more 1s – while they still obtain the
same outputs.

We did not figure this out clearly at first. To observe and try to illustrate
what the ordering does that brings benefits, we first plotted the state of the
memory occupation for the different models for instance for testId = 10
(p = 144N = 64k = 1, see Figure: 3.26). From the left to right, we go
down in the hierarchy levels (first: r = 3; in the middle: r = 2; image on
the right: r = 1).6

Memory distribution in Lernmatrix: (there are no r = 2 and r = 3 layers)

In Hierarchical model (See Figure 3.27):

6A small N was chosen for display motives (A much bigger N makes it difficult to illustrate
points for 1s in printable resolutions)
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Figure 3.27: State of the Hierarchical model's matrices in each layer (from r = 3 on
the left to r = 1 on the right) after learning (testID = 10, p = 144, N = 64,K = 1)

In Hierarchical (naively) reordered model (See Figure 3.28):
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Figure 3.28: State of the (naively) reordered Hierarchical model's matrices in each
layer (from r = 3 on the left to r = 1 on the right) after learning (testID = 10, p =
144, N = 64,K = 1)

Hierarchical with reordered columns (more 0s first):
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In Hierarchical reordered (lines with more zeros iterated first) model (See
Figure 3.29):
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Figure 3.29: State of the reordered (lines with more zeros iterated first) Hierarchical
model's matrices in each layer (from r = 3 on the left to r = 1 on the right) after
learning (testID = 10, p = 144, N = 64,K = 1)

Hierarchical with reordered columns (more 0s first + null-columns dis-
carded, on the right of the matrix) : Unworthy to depict here, as the
memories are the same as in the previous model (what changes is the
algorithm for the retrieval, only).

With these images we might already spot some “freed” zones in the mem-
ory, that is, zones we managed to keep less occupied. This may be related
to more columns failing the thresholded condition and as such, columns
that will prune groups of columns associated to them in the lower levels
of the hierarchy. This pruning explains the increase of the performance in
these models relatively to the simple hierarhcical model, and reflects the
ordering made.

But this releasing of memory was better observed for instance with the
following plots, where the same values (total number of computational
steps) are depicted, but this time in function of the memory loads of the
aggregated layers (layer r1 and layer r2. See Figure: 3.30 and Figure:
3.31):

(the total number of steps for r=3 was already presented in Figure 3.24)

If we consider the markers of the points, which are the Ids for the tests,
we remark a shift towards the left (in the reordered models, relatively to
the un-ordered) (see Figure: 3.32 for a zoomed-in snippet):

This means that: for the same test, we present, in the aggregations re-
sulting from the reordered matrices, matrices with lower memory loads,
relatively to the aggregations resulting from un-ordered matrices.

As long as we do have empty space in the matrices (low-density matrices),
we can benefit from reorganizing it - we have “operating space”.

3. As a result of the ordering, we observed in the end that most of the 0s
were not only together, but also much more in the right of the matrix
than in the left. This is natural, as our reorganization of the columns
is based on partitioning each line of the matrix (“1s to the left, 0s to
the right”). Therefore, probably because of this organization, some null
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columns happen to be placed in the right columns of the matrix. And
as we use sparse coding it happens that there is a certain number of null
columns.

This is easy to check if we look for example to plots of figures 3.33, 3.34,
3.35, and 3.36, that simply serve to see in an easier way the distribution
of 1s horizontally (through the columns). The numbers of the columns
is in the x-axis. In the y-axis, we count the number of ones per column,
printing y as the accumulated number of ones counted until the column
represented by x. As we consider an accumulative sum, the curves are
then necessarily monotonic, and increasing: when they are not increasing,
they stagnate, and that means that there are no more 1s in the matrix
from that column on. In other words, the columns from that index on
are null. And as null columns will always be under any threshold (as any
threshold is > 0, because otherwise (if the threshold was 0) we were not to
detect any matching of information), they can be discarded in the retrieval
procedure.

In the x axis are the numbers of the columns. In the y-axis: We count the
number of ones per column, printing as y the accumulated number of ones
until the column represented by x. Each vertical line belongs to one layer
in particular (as described in the caption), and stand where the matrix of
that layer ends, i.e, they indicate the number of columns of that layer.

For the Hierarchical model (Figure 3.34), we make analogous observations
for each of the layers – the aggregation brought by this model applied to
an upper-level matrix filled with uniformely distributed patterns creates
also matrices uniformely (linearly over the columns) filled with 1s.

With the Hierarchical model with reordered columns however (Figure
3.35), the accumulated number of ones is now not just linear:

In Figure 3.35 we see that it for instance in r = 3 it stagnates around
c = 405 (80% of 512), in r = 2 around 130 and in r = 1 around 65. These
horizontal portions of the curves reflect the null-columns. So from c = 65
in r = 1 on, we discard all the columns for the retrieval.

(The difference distribution of 1-entries across the matrices is impercepti-
ble in the model reordered first by 0s, and the model of discarded columns
uses the same matrices as that one)

Note: The lower the memory load is, more null columns it tends to exist
in the right of the matrix.

We have for instance, from left to right (In Figure 3.36), matrices with
lower memory load (testId = 40, p = 537, N = 512, k = 1; testId =
20, p = 275, N = 512, k = 1; testId = 1, p = 26, N = 512, k = 1)

We understand then that the emptier the memory load is, more columns
are discarded – which allows the model to be more performing. The inverse
seems to be also right: the more loaded the memories are, the less benefits
there can be in this model, and as such, its performance tends to be the
same as the others'(as it was observed in Figure 3.24)

Still, there is not much interest in using higher loaded matrices, as the
number of Add Errors increases with memory load: see Figure 2.8 (All
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the 5 curves(5 models) are overlapping because the outputs obtained are
equal in all models).

3.4.3 Different kinds of steps

3.4.3.1 Similar trends

The number for each of the different kinds of computations is not always
equal for all models.

For this group of algorithms, the number of additions and multiplications
are exactly the same, as these operations are performed altogether in these
modelisations of the dendritic sum: In the models of this chapter, this is always
modeled as the multiplication of one line-vector (input) by a column-vector
(neuron). Whenever we do that operation, there are N multiplications (length
of the input, as well as length of the column) relating each component (index)
of the input with each component of the output, and N additions, between the
N multiplications already made.

The evolution of these kinds of steps is proportional to the one showed, of
the total number of steps. (see Figure 3.37)

Although the number of comparisons if different (much lower) than those of
additions or multiplications, the evolution is the same (we observe easily that
the curves have exactly the same small peeks or fluctuations for instance). This
is also normal, as we expect these kinds of steps to be proportional: for each
dendritic sum considered, we do a comparison (with a threshold). Hence, and as
each dendritic sum evolves N multiplications and N additions, we should expect
the plot of the number of comparison steps to be analogue to the previous one
by a proportionality factor of 2N . (figure 3.38)

3.4.3.2 Different trends

On the other hand, the evolution of the number of fireshots is the most
contrasting one, as it doesn't present the same evolution of the other operations.

First, we note that contrarily to all the other plots, here the order of models
relatively to each other and concerning the number of steps are not the same as
in previous types of computations.

1. The Lernmatrix is the one with less fire shot steps. We can attribute that
to the fact of the Lernmatrix being single-layered: therefore there are no
temporary or intermediary outputs, the number of fire shots corresponds
exactly to the number of 1s in the final output.

Note: One can question about why the evolution of the fire shots steps in
function of the memory load is not perfectly linear. As in this experiment
we always retrieve 20 patterns, and we have K = 1 patterns, one should
have 20 fire shots in the case of the Lernmatrix (corresponding to the firing
of the 1-components of the output). This is explained by the apparition
of add-errors: taking for example a value easy to read: in test no. 38, we
have 40 fireshots (instead of 20). If we refer to the previous graph, we can
check that for test no. 38, we have 20 add-errors, and if we sum those to
the 20 1-components, we have the 40 fireshots we see in this plot.
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2. The hierarchical models present a bigger number of fire shots. This is
also understandable: as there are extra layers (relatively to Lernmatrix),
there are intermediate fire shots in the temporary outputs that serve as
interfaces between the different matrices of the layers, in the retrieval.

3. The reordered columns'models present less fire shots (than the unordered
hierarchical model) because they managed to prune some extra columns in
the retrieval search (This diminution of the number of fire shots concerns,
of course, only intermediate fire shots. The fire shots at the exit of the
last layer are always I the same number (in all models), as the outputs
obtained should be, and are, the same).

4. discarded columns'model has the same number of fire shots as the other
because in every case, null columns will not bring extra fire shots, as they
will never fire.

Note about applications: The counting of the different kinds of steps associated
to the energy cost of these operations in biology or other may be useful to
apply in energy budgets. In fact, these different kinds of computations require
different energy costs – in biology and in hardware. Considering this can be
useful in all deliberations for energy budgets.
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Memory load of R2 in this test
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(Total) Number of computing steps for each test, and in each model - in layer R=2

Figure 3.30: Number of total computing steps in function of the memory load of matrix
of layer r = 2 (N = 512,K = 1)
Each colored curve belongs to one of each model implemented: From top to bottom:

• blue curve: Lernmatrix

• red curve: Hierarchical model

• green curve: Hierarchical with (naively) reordered columns

• black curve: Hierarchical with reordered columns (choosing the ones with more
1s first)

• yellow/orange curve: the same as the previous but discarding null columns, in
the right of the matrix.
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(Total) Number of computing steps for each test, and in each model- in layer R=1

Figure 3.31: Number of total computing steps in function of the memory load of the
matrix of layer r = 1 (N = 512,K = 1)
Each colored curve belongs to one of each model implemented: From top to bottom:

• red curve: Hierarchical model

• green curve: Hierarchical with (naively) reordered columns

• black curve: Hierarchical with reordered columns (choosing the ones with more
1s first)

• yellow/orange curve: the same as the previous but discarding null columns, in
the right of the matrix.
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Figure 3.32: Number of total computing steps in function of the memory load of the
matrix of the layer r = 1 (N = 512,K = 1) - Zoomed in snippet
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(Total) Number of computing steps for each test, and in each model - in layer R=3

Figure 3.39: Number of fire shot steps per memory load test, in the same experiment
(65 tests. N=32. Growing p, function of memory load)
Each colored curve belongs to one of each model implemented: From top to bottom:

• blue curve: Lernmatrix

• red curve: Hierarchical model

• green curve: Hierarchical with (naively) reordered columns

• black curve: Hierarchical with reordered columns (choosing the ones with more
1s first)

• yellow/orange curve: the same as the previous but discarding null columns, in
the right of the matrix. (It is not visible in this plot, since the number of fireshots
is exactly the same with the discard of the right null-columns or not)
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Chapter 4

Conclusion

4.1 Achievements

4.1.1 Considerable savings

The number of computational steps saved is considerable: considering for
example the total number of steps (steps of all kinds), we may have:

• Relatively to the Lernmatrix: savings from 98% (in the sparsest regime
tested, in test 1(memory load of 9.92e−5)) to 81% (in the test with ID 60
(memory load of 3.05e−3)) (see Table 4.1)

• Relatively to the Hierarchical model: savings from 88% (in test 1) to 20%
(in test 60) (see Table 4.2)

And this is the main measure of success. This can be used in associative mem-
ories 'applications, perhaps even biological, thanks to the energy savings that
we achieve by not doing unnecessary operations (chemical reactions in the case
of cells. More precise energy budgets can be made if the different kinds of steps
are considered, and confronted with the updated values for the different kinds
of cells found in the Biology literature).

4.1.2 Compatibility with sparse coding regimes

This can be considered as a successful implementation, since the regimes in
which associative memories operate - sparse coding regimes - are prone to the
the reorganization of the useful information (1s).

This placement of the 1s in a reorganized way allowed the retrieval to be
more result-oriented than in the previous models, rather than extensive scrolling
throughout the network at every retrieval. 1

1This does not preclude the use of the same strategies that would already be used in
previous models (Lernmatrix, Hierarchical model) - such as the parallelization of calculus
operations and comparisons of each column (neuron) of the matrix. This only restricts the
universe in which we need to operate, which always is an advantage.
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4.1.3 Worthy trade-offs

The reordered column-indexes associative memory models definitely introduce
a greater effort in the phases of setup and learning. This is evident at the
infrastructure level (hierarchies bring smaller, but extra, matrices; and reordered
models use an extra list (AllSequenceList)) and at the computational level
(aggregation for filling of the matrices of the lower levels, in the case of the
hierarchical matrices that serve as filters; and reordering, in the case of the
reordered models) which undeniably spends more resources (both memory and
processing).

However, it is worth spending resources (memory and processing) in a sce-
nario where the neural networks are used more for retrieving than for setups and
learning. This is a mostly common scenario for neural networks 'application,
and in those cases, it is worth to consider that there will be no additional costs
beyond these at the beginning. And the more retrievals are requested, the more
steps we will be saving and the more the initial investment will pay off.

Figure 4.1: Memory load p1 (number of 1-entries in the matrix) in function of the
number of stored patterns (p), in each level of a 2-level hierarchical memory (R = 2)
in which: the activity level is K = 7, the vector dimensions are M = N = 2000, and
the aggregation factor is a1 = 25. Dashed lines stand for analytical measured values,
while full lines correspond to experimental ones. Adapted from (Sacramento, 2009, p.
37)

Another way to consider the Reordered models’ approach worthy may be
to consider the memory load associated with the number of patterns learned
(Figure 4.1).

Specially for the learning of the lower number of patterns, in the x-axis
(namely in sparse coding regimes) we see that the memory load in function of
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the number of patterns learned increases at a high rate in aggregated layers
(higher than in the higher layer of the hierarchy). As an arbitrary number
of computing steps is associable with a certain memory load and our reordered
columns'models manage to obtain lower memory loads (in the aggregated layers)
than the other model ((unordered) Hierarchical Associative Memory) for the
same number of patterns learned and that (a lower memory load) goes along a
lower number of computations, we may infer that for an arbitrary number of
computations, we can learn a greater number of patterns.

4.2 Future work

4.2.1 Adapt aggregation factor to memory distribution

As seen previously, our Reordered Hierarchical Models reorganize the ma-
trices, and pretend or at least try to form clusters of 1s and 0s. This changes
the density of 1s in different zones of the matrices. As such, one could think of
using variable aggregation factors: maybe narrower windows should be used on
the left-side of the matrix, but then, with the ”dilution” of 1s in the right-side
of the matrix, larger ones could be used, allowing, maybe, a lower number of
threshold decisions to be made.

4.2.2 Data with correlations

In this hierarchical memories’ model (as well as in most of the neural net-
works’ models), the patterns are considered to have an average activity level K,
and to be uncorrelated.

However, the latter might seem biologically unplausible, as most data comes
along with other data close to it in time and/or space.

Hence, it could be interesting to see how naturally correlated data affects
performance capacities, as well as what could be updated to adapt the model
to those possibly adverse effects.

Also, with correlated data probably some zones of the matrix will be ”over-
populated” while others can be quite empty. In that case, would the use of
different aggregation factors depending in the zones/columns of the matrix be
useful?

4.2.3 High-fidelity sparsification

Another open question concerns how to transform natural and correlated
patterns in sparse data, conserving the similarity with the original data.

78



Table 4.1: Total number of computing steps: Comparison (in %) of models 'perfor-
mance relatively to the Lernmatrix

Test ID Hierarchical
Hierarchical,
Columns reord.

Hierarchical,
Columns
reord.,
Select More
1s

Hierarchical,
Columns
reord.,
Select More
1s first,
null-columns
disc.

1 17,774% 17,774% 17,774% 2,149%
5 17,774% 17,774% 17,774% 3,516%
10 17,872% 17,852% 17,774% 5,274%
15 17,969% 17,823% 17,803% 6,866%
20 18,116% 17,901% 17,803% 8,233%
25 18,438% 18,145% 17,930% 9,337%
30 18,536% 18,214% 18,204% 10,782%
35 18,683% 18,272% 18,077% 11,046%
40 18,829% 18,536% 18,175% 11,925%
45 18,927% 18,487% 18,341% 12,872%
50 18,976% 18,468% 18,380% 13,692%
55 19,025% 18,673% 18,409% 14,308%
60 19,025% 18,712% 18,565% 15,245%
65 19,288% 18,751% 18,409% 15,284%
70 19,435% 18,966% 18,653% 15,919%
75 19,581% 19,063% 18,770% 16,231%
80 19,728% 19,151% 19,083% 16,934%
85 19,923% 19,356% 19,063% 17,110%
90 20,216% 19,571% 19,142% 17,579%
95 20,412% 19,767% 19,327% 17,765%
100 20,509% 19,786% 19,601% 18,429%
105 20,509% 19,718% 19,728% 18,751%
110 20,509% 19,777% 19,777% 18,995%
115 20,607% 19,845% 19,874% 19,093%
120 20,851% 20,050% 19,943% 19,357%
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Table 4.2: Total number of computing steps: Comparison (in %) of the Reordered
and null-columns discarded model'performance relatively to the Hierarchical associative
memory model.

Test ID

Hierarchical,
Columns reordered,
Selected line More 0s,
zero-columns discarded

1 12,091%
5 19,783%
10 29,510%
15 38,209%
20 45,446%
25 50,637%
30 58,168%
35 59,123%
40 63,331%
45 68,009%
50 72,157%
55 75,206%
60 80,134%
65 79,240%
70 81,909%
75 82,892%
80 85,841%
85 85,881%
90 86,955%
95 87,032%
100 89,856%
105 91,427%
110 92,618%
115 92,653%
120 92,832%
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Nomenclature

Θ global threshold

θj local threshold (for the component yj of output-unit y)

θj local threshold (in neuron’s component j)

ar aggregation factor (from layer r+1 to layer r of an hierarchical memory)

Cinf information capacity

Cnet (normalized) network capacity

Cstor pattern capacity, or storage capacity

Csyn synaptic capacity

dj dendritic potential (for component yj of output y)

f transfer or decision function (for output processing)

K activity level (number of 1s per vector)

L capacity of the correlation matrix (number of stored pairs of vectors
before begins making mistakes)

M dimension of the input x (and number of lines of matrix)

N dimension of the output y (and number of neurons, or columns, of top-
layer matrix)

p number of patterns stored in memory

p1 memory load (fraction of 1-entries on the correlation matrix)

S number of steps/iterations

Trans transinformation (maximal mutual information between stored output
pattern and retrieved output cue)

W correlation matrix (or weight matrix, containing the weights wij

wij network edge from node i to node j

x input unit

xi component i of unit x
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y ouput unit

yj component j of unit y
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