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The thin shell collapse in Einstein-Maxwell-dilaton is studied by resorting to solutions which
represent four-dimensional, spherically symmetric black holes (or naked singularities) in low energy
effective string theory, with the aim of testing the weak cosmic censorship conjecture. Through
the Darmois-Israel formalism, we obtain the junction conditions that describe the matching of two
spacetimes in this theory through timelike thin shells. The junction conditions, together with the
weak and dominant energy conditions, are used to study the allowed positions of static thin shells
whose matter content is a perfect fluid. Moreover, we study the collapse of thin shells made of
dust, whose interior and exterior spacetimes are both described by static Einstein-Maxwell-dilaton
solutions with equal dilaton charge, which is required for motion to be allowed. For this collapse, it
is shown that the weak energy condition imposes that cosmic censorship is always satisfied and the
shell either bounces or collapses into a black hole. Finally, we investigate the collapse of thin shells
joining a time-dependent Einstein-Maxwell-dilaton exterior, that is radiating in the form of a null
fluid, with a static interior. In this case, it is shown that if the energy conditions for the null fluid
stress-energy tensor are satisfied, then the thin shell either collapses into a future event horizon,
bounces back to infinity or otherwise the weak energy condition of the thin shell is violated before
collapsing into a naked singularity, once more upholding the cosmic censorship conjecture.

I.

INTRODUCTION

Cosmic censorship was conjectured by Penrose [1] almost half a century ago but it is still a subject of current debate and is considered one of the most important
open problems in general relativity (GR). It posits, in
its weak version, that any curvature singularities that
might form during the evolution of generic regular initial
data, with physically reasonable matter, always appear
hidden behind event horizons, and thus are inside black
holes. The cosmic censorship conjecture (CCC) is a cornerstone of classical general relativity. GR is expected to
breakdown near curvature singularities (where quantum
physics kicks in). In the absence of horizons - which essentially act as one way membranes, allowing signals to
propagate inside but not outside - enclosing such regions,
a distant observer would be able to see the quantum nature of the high curvature region. This would configure a
breakdown of predictability within GR. Hence, CCC provides a safeguard to GR, guaranteeing its self-consistency
as a classical theory.
Since its genesis, the CCC has been continually tested.
Some of such tests consist of very simple models such
as the gravitational collapse of fluids and destruction of
horizons through the use of test particles. One interesting setting to use these tests is the spherical gravitational collapse of electrically charged thin shells, that
while not as realistic as rotating models which are known
to be non-spherical, it provides relatively simple exact
solutions of the field equations. If the collapse were to
proceed until formation of a curvature singularity and
the charge of the shell were sufficiently large (compared
to its mass), the end state would feature a naked sin-

gularity, that is, a singularity that isn’t covered by an
event horizon. This would constitute a violation of cosmic censorship, but it is well known in the literature (e.g.
Refs [2–4]) that such collapses never generate naked singularities when one considers the Einstein-Maxwell theory which describes electromagnetism coupled to gravity.
In that theory, shells with sufficiently large charges to
produce an overcharged configuration either violate basic (physically motivated) energy conditions or simply do
not collapse. Instead, they bounce back at some finite radius. Similar studies for modified theories of gravity are
mostly unexplored, although some examples do exist, for
example Refs. [5–12].
In this work we will be interested in testing the possibility of formation of naked singularities in a fourdimensional, low energy string theory for which spherically symmetric black hole solutions are known (e.g. [13–
16]). The theory is based on the addition of a scalar field
(the dilaton), that appears frequently in string theory,
to the metric and Maxwell field. This field may reduce
the critical value for the electric charge necessary for the
appearance of a naked singularity, due to the disappearance of the event horizon of the black hole, when compared to the value obtained for Maxwell-Einstein theory.
The comparison between these two theories will allow
us to understand what are the aspects that low-energy
string theory adds to the already known description of
charged black holes. Moreover, the weak cosmic censorship conjecture and, by implication, the viability of
such string-inspired models, will then be investigated in
this Einstein-Maxwell-dilaton theory by studying the solutions describing the spherical collapse of charged thin
shells. While this is a very simple model, its usefulness
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lies in the fact that it allows us to obtain exact analytical
solutions. This provides us the means to infer, without
the need of a perturbative approach, what are the dynamics and end results of this type of collapse.
The rest of the paper is organised as follows. In the
next section we briefly summarize the GMGHS solution [13–15] and its time-dependent counterpart obtained
in Ref. [16]. In section III we apply the Darmois-Israel
formalism to the solutions we are interested in studying
and we also obtain new junction conditions that are
specific for the Einstein-Maxwell-dilaton theory. In
section IV we present the allowed regions where static
shells of a perfect fluid satisfy the weak and dominant
energy condition. The end result of the collapse of thin
shells made of dust and implications towards the Cosmic
Censorship Conjecture are studied in section V. We
close in section VI with a discussion of the results, their
interpretation and a brief outlook.

field strength. In the action above we have also included
the minimal coupling of the Maxwell field to a current
J µ and an extra matter Lagrangian which will account
for the radiation in the time-dependent case fluid. The
field equations arising from Eq. (1) read

∇µ e−2φ F µν = −4πJ ν ,
(2a)
1
∇2 φ + e−2φ Fµν F µν = 0 ,
(2b)
2


(dil)
(EM)
(fluid)
,(2c)
Gµν = 8πTµν ≡ 8π Tµν
+ Tµν
+ Tµν

where Gµν := Rµν − 21 Rgµν is the Einstein tensor.
We split the total stress energy tensor Tµν into three
pieces according to their different origins: a contribu(dil)
tion from the dilaton, 8πTµν := 2∇µ φ∇ν φ − gµν (∇φ)2 ,
(EM)
a contribution from the
:=
 electric field, 8πTµν
1
2
−2φ
α
e
2Fµα Fν − 2 gµν F , and the charged fluid energymomentum tensor,
(fluid)
m
Tµν
= Tµν
+ gµν Aσ J σ − 2A(µ Jν) ,

II.

EINSTEIN-MAXWELL-DILATON BLACK
HOLE SOLUTIONS

In String Theory the existence of the dilaton, which
couples to the electromagnetic field, implies that when we
consider String Theory models then Einstein-Maxwell solutions are not good approximations for the description of
charged black holes. A necessity therefore arises to study
new solutions that take into account this scalar field. One
such solution, that is of high interest due to representing
the String Theory analog of the Reissner-Nordström solution when the scalar field is considered, was first derived
by Gibbons [14] in 1982 and Gibbons and Maeda (GM)
[15] in 1987. Later, Garfinkle, Horowitz and Strominger
(GHS) in 1990 [13] independently obtained a new solution that was the same as the one of Gibbons and Maeda
only with a rescaling of the metric by a conformal factor.
Overall, these solutions enabled us to understand how
static, charged black holes behave in four-dimensional
low energy string theory.
In this paper we are interested not only in the GMGHS
solution but also in its time-dependent extension. This
extension was recently obtained in Ref. [16], where the
Vaidya [17, 18] and Bonner-Vaidya [19] solutions were
extended to their Einstein-Maxwell-dilaton counterparts.
Due to the fact that this time-dependent solution becomes the GMGHS solution when taking the static limit,
we will present them jointly and point out the relevant
distinctions between them where necessary.
We consider the following Lagrangian for EinsteinMaxwell-dilaton theory (henceforth we set G = c = 1),
√

−g 
L=
R − 2(∇φ)2 − e−2φ F 2 + 16πAµ J µ + Lm ,
16π
(1)
where g is the determinant of the metric gµν , Aµ is a
Maxwell field with field strength Fµν = ∂µ Aν −∂ν Aµ , and
φ is a scalar field (the dilaton), which is coupled to the

(3)

∂Lm
m
where Tµν
:= − √2−g ∂g
We recover the Einsteinµν .
Maxwell theory by consistently setting the dilaton and
coupling constant both to zero, φ = a = 0.
Static solutions of the field equations (2) in the absence
m
were found in Refs. [13–
of the source terms J µ and Tµν
15]. The electrically charged solution, which we will
henceforth refer to as the GMGHS solution, reads [13]

dr2
r+  2
dt +
+ r(r − r− )dΩ2 (, 4)
ds2 = − 1 −
r
1 − rr+
Q
(5)
F = − 2 dt ∧ dr ,
r
e2φ(r) = e2φ0 (1 − r− /r) ,
(6)

where φ0 is the asymptotic value of the dilaton field, the
physical mass M , the electric charge Q, and the dilatonic
charge D are related to r± by
r+
r+ r−
r−
M=
,
Q2 = e2φ0
,
D=
.
(7)
2
2
2
Note that the surface r = r− is singular, since its area
goes to zero and r+ corresponds to the event horizon.
The absence of a naked singularity for this solution imposes r+ > r− .
While the above solution (4-6) refers to electrically
charged black holes, it is easy to obtain magnetically
charged solutions via electric-magnetic duality [13]. It
turns out that the metric remains unaltered while the
dilaton field flips sign.
The generalization to the time-dependent radiating solution was found in [16], and reads

r+  2
ds2 = − 1 −
du − 2dudr + r (r − r− ) dΩ2 , (8)
r
Q(u)
F = − 2 du ∧ dr ,
(9)
r
e2φ = e2φ0 (1 − r− /r) ,
(10)
−2φ
e
Jν = −
Q0 (u)δrν ,
(11)
4πr2

3
where the prime denotes a derivative with respect to u
(the outgoing Eddington-Finkelstein null coordinate) and
now r± = r± (u) and φ = φ(u, r). From Eq. (11) we conclude that as long as the electric charge Q is not constant
we have a radial current, which is nevertheless divergence
free, i.e. ∇µ J µ = 0. Furthermore, it is also shown that
the null fluid is pressureless and its stress-energy tensor
is given by
µ`µ `ν + ρ(`µ wν + `ν wµ )
,
8π 

0
00
(r+ r− )0 − 2rr+
+ 2r2 r−
µ =
,
2
2r [r − r− ]
0
r−
ρ = −
,
r(r − r− )

(fluid)
Tµν
=

(12)
(13)
(14)

where we have defined the future pointing null-vectors
`µ = −∂µ u = −δµu and wµ = 21 guu δµu − δµr . The quantity
ρ is a generalization of the energy density of a perfect
fluid to the null fluid case and µ is an energy density that
receives contributions from both the matter Lagrangian,
Lm , and from the current terms, A(µ Jν) , in Eq. (3). For
these solutions, the term Aσ J σ in Eq. (3) vanishes as Aµ
only has a uu-component while from Eq. (11), J µ only
has an rr-component. Moreover, we also note that the
term A(µ Jν) only has a uu-component, which contributes
to the energy density µ but not to ρ.
As shown in [16] the weak and dominant energy conditions of the fluid stress-energy tensor, for the case
0
2 00
we
 are 0studying,
 reduce to r− (u) ≤ 0 and 2r r− +
0
(r+ r− ) − 2rr+ ≥ 0. Additionally, in that paper it is
also shown that these conditions are sufficient for the
total stress-energy tensor Tµν to satisfy the energy conditions too. Consequently, we will restrict our study to
the cases in which these conditions always hold true.
As we will see in the next section, we are interested
in the case r− (u) = 2D(u) = const. Recall that
r+ (u) = 2M (u) and Q2 (u)/M (u) = 2e2φ0 D = const.
Hence, the previous impositions coming from the
energy conditions further reduce to D = const and
M 0 ≤ 0 which implies that the apparent horizon is
non-increasing.

III.

JUNCTION CONDITIONS

Having reviewed the solutions that will be considered
we are now interested in gluing two such spacetimes
along a hypersurface by applying the junction conditions
obtained by Darmois [20] and further developed by Israel [21]. Through this procedure we intend to determine
the potential that governs the radial dynamics of a thin
shell located at a timelike hypersurface separating the
two different spacetimes.
We start by considering a four dimensional spacetime
which is partitioned in two regions V + and V − by a
timelike hypersurface. Each region, is defined by their

±
coordinate patch xα
± and metric gαβ where the suffix +
+
corresponds to the region V whereas − corresponds to
V − . With this setup defined we now wish to determine
the conditions that allow for a smooth junction of both
regions at Σ. We further parametrize the hypersurface
through the coordinate system y a1 on both sides of the
hypersurface. Moreover we also consider a system of local
coordinates xα on the neighborhood of Σ which evidently
±
overlaps with both xα
± on an open region of V .
∂xα
The vectors tangent to Σ are defined by eα
a = ∂y a .
Note that these vectors can be used to project quantities
onto Σ. Additionally, we define the normal to Σ as nα
with n · n = 1 and we use the notation [A] ≡ A(V + )|Σ −
A(V − )|Σ to represent the jump of the quantity A across
Σ. Note that by definition [eα
a ] = 0.
Using these definitions, the conditions that the
Darmois-Israel formalism provides in the presence of a
thin shell of matter are

[hab ] = 0 ,

(15)


S
[Kab ] = −8π Sab −
hab
d−2


,

(16)

β
where hab = gαβ eα
a eb is the induced metric on the hypersurface, Sab is the stress-energy tensor of the thin shell,
β
S = Sab hab is its trace and Kab = ∇β nα eα
a eb is the extrinsic curvature of the shell.
Due to the presence of the Maxwell field and the scalar
field, on top of the junction conditions we just presented
we also need to determine the junction conditions that
are imposed by both these fields so that they are properly defined as distributions on both spacetimes joined
by the thin shell. Following the procedure to obtain the
Darmois-Israel junction conditions detailed for example
in [22] we conclude that

[φ] = 0 ,
[φ,⊥ ] = −4πρ(dil)

(17)
(18)

where we used the notation Aα nα ≡ A⊥ and ρ(dil) corresponds to a scalar charge density on the shell. This
source term in fact would correspond to having in Eq. (1)
a 16πρ(dil) φδ(l), where l defines the position of the shell,
and would consequently modify Eq. (2b) to also have
on its right-hand side the −4πρ(dil) δ(l) term. Recalling
Eqs. (6) and (10) we reach the conclusion that we can
only have a non-static shell if D has the same value in
both the interior and exterior spacetimes.
The Maxwell field on the other hand imposes the following conditions
e

1

−2φ

[Fab ] = 0 ,
[Fa⊥ ] = −4πsa ,

(19)
(20)

Henceforth we shall use greek indices when considering the d
dimensional spacetime whereas latin indices will refer to the d−1
dimensional hypersurface.
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where we have defined the surface charge current as sα =
σe uα |Σ , σe is the surface density of electric charge on the
shell and uα is the 4-velocity of the current. Note also
that Eq. (20) reduces to the classical result obtained in
Ref. [23] when φ = 0.
There is one final result related to the junction conditions of the shell and which will be used throughout this
paper which relates the non-conservation of the shell’s
stress-energy tensor with the energy flow across the shell
and reads (Ref. [22])

Ṫ ∂t + Ṙ∂% , with u · u = −1. With these definitions
we can determine
the %-component of nα and obtain
p
%
n = ± AC + Ṙ2 . Additionally, we define the shell
to be made of a perfect fluid, thus Sab = σua ub +
p (hab + ua ub ), where σ is the shell’s suface energy density and p is a transverse pressure which we will consider
to be null for dynamical shells.
Equipped with these definitions and Eqs. (15) and (21)
we obtain respectively
3

b
S ba|b + [Tα⊥ eα
a ] = S a|b + [ja ] = 0 ,

(21)

where ja is the stress-energy density current of the shell.
To study static shells with an empty interior and
a GMGHS exterior and also to study dynamical thin
shells that have GMGHS solutions as their interior and
exterior, it is preferable to use a new coordinate system such that r(r − 2D) = %2 . In this new coordinate system we define the the shell as the hypersurface
Σ = {xµ : t = T (τ ), % = R(τ )} which is parametrized by
the coordinates y a = {τ, θ, ϕ}, with τ corresponding to
the proper time of the shell. In this coordinate system
the GMGHS solution becomes
ds2 = −A dt2 + (AC)−1 d%2 + %2 dΩ2 ,

(22)

ds2 = −dτ 2 + R2 dΩ2 ,

(24)
%

2 (σ + p) Ṙ + Rσ̇ = −Ṙ [∂R Cn /(8πC)] .

(25)

where 3 ds2 is the induced metric on the hypersurface.
Additionally, Eq. (16) yields
√

%

Kθθ = Rn ,

Kτ τ

[Kθθ ] = −4πR2 σ ,



Kθθ
C d
√
,
=−
Ṙ dτ R C
[Kτ τ ] = −4π (σ + 2p) .

(26)
(27)

Eqs. (24-27), together with Eqs (17-20) provide us all
that we need to proceed with the study of static and
dynamical thin shells.
IV.

SELF-GRAVITATING STATIC SHELLS

where we defined the metric functions
2M
p
A(%) ≡ 1 −
,
D + D 2 + %2



D
C(%) ≡ 1 +
%

2
. (23)

We conclude that the coordinate % is precisely the areal
radius. Note that in this p
coordinate system, the event
horizon is located at % = 2 M (M − D).
Denoting the overdot as the derivative with respect
to τ we have that the shell’s 3-velocity is u = ∂∂τ =

1
σ =
4πR
p = −

s
1−

In this section we analyse the allowed regions for static
thin shells whose matter content is a perfect fluid and
which have an empty interior and GMGHS exterior. In
this case, for Eq. (17) to be satisfied, R has to be constant
and is given by R = D/ sinh(φ0 ), where both D and φ0
correspond to the dilaton charge and asymptotic value
of the dilaton field of the GMGHS exterior. Applying
Ṙ = 0 in Eqs. (26) and (27) and solving for σ and p
yields

2M
√
1−
D + R2 + D2


!
D2
,
1+ 2
R

M
σ
+
√
√
 23 q
.
2
2
2
D − 2M + R2 + D2
8π D + R + D

Interestingly, if we were to consider a shell made of dust,
i.e. p = 0, then Eqs. (28) and (29) would impose D = M .
This means that a static shell made of dust that joins a
Minkowski interior with a GMGHS exterior would necessarily have to be extremal. Moreover, it is important
to state that no impositions on R appear. This is physically sensible because for extremal black holes the gravitational and scalar attractive forces are exactly cancelled
by the electric repulsion, for example enabling the exis-

(28)
(29)

tence of static configurations of multiple black holes [13].
These static solutions are an extension of studies such
as the one present in Ref. [24] applied to the MajumdarPapatetrou solutions [25, 26] when one adds the dilaton
scalar field.
We wish to know what are the physically allowed radii
where these shells can be positioned. This may be determined by the energy conditions. In our case, we will
focus on verifying in which regions the weak and domi-

5

ϱ
�

approach followed, the junction conditions forbid any
kind of motion whatsoever. Note that we have restricted
our study to Ṙ = 0 from the beginning and so we did not
extract the radial potential. Therefore, we do not have
information about (the signs of) its derivatives and are
unable to retrieve through them a physical description
of the stability of these static shells.

3
2

V.

1
0

0.5

1

1.5

�
�

FIG. 1: The values of R for which the DEC is satisfied correspond to the blue region and the ones where the WEC is
satisfied correspond to the union between the blue
p and orange
region. The white region below the curve R = 2 M (M − D)
corresponds to the interior of the event horizon. The orange
region above it corresponds to another region, this time outside the horizon, which is forbidden by the DEC.

nant energy conditions (WEC and DEC respectively) are
satisfied. Recall, that for a perfect fluid the WEC states
σ ≥ 0 and σ + p ≥ 0 while the DEC further imposes
σ ≥ p [22, 27]. The conditions that are imposed by the
WEC and DEC can be seen in Fig. 1.
There are several points worth of notice in Fig. 1.
When D → 0, for the DEC to be
pfulfilled we have a lower
value of % that is higher than 2 M (M − D). While this
may appear strange, it is agreement with previous works
on this subject concerning the Schwarzschild case such
as Refs. [28, 29] where they show that the DEC is only
satisfied if 1−2M/% ≥ 1/5. This last one being the result
we also obtain for D = 0. For a subextremal shell, we
may never have a timelike static shell inside of the BH
horizon, which is in accordance with the fact that inside
of this horizon the coordinates t and % change their character. Moreover, we notice that the value of % = 0 is only
allowed for an extremal shell as it had been previously
mentioned. Finally, for an overcharged shell, a minimum
% in which it can be placed, always exists.
Regrettably, with this analysis we are not able to
study the stability of these static solutions. Such a
study relies on the dynamic properties of these shells,
specifically on the sign of the second derivative of the
potential that governs their motion. However, in the

dσ
σ
σ̇
σ
1 ∂R C
+2 =
+2 =
dR
R
R
8πR
C
Ṙ

It is possible to convert this equation into an ordinary differential equation. Using Eq. (27), defining M ≡ 4πR2 σ

DYNAMICAL SHELLS AND COSMIC
CENSORSHIP

In this section we will analyse the behavior of the potential for thin shells of dust (p = 0) in two situations.
First we will consider thin shells that join two GMGHS
solutions of equal dilaton charge. Afterwards, we will
consider thin shells that have a GMGHS interior with a
radiating exterior. In both cases, we shall adopt as notation the subscripts i and o to denote the quantities of
the inner and outer spacetimes respectively.
The analysis of the potential will be used to determine
the behavior of the shells in both cases. It will be centered
on determining which are the regions where the potential
is greater or equal to zero and through it infer what are
the radii at which movement of the shell is allowed. The
potential that governs the dynamics of a shell is given by
Ṙ2 = V (R).

(30)

This equation shows that if V (R) were to be smaller than
zero then it’s kinetic energy would be negative. As this is
not physically realistic we conclude that the points where
the potential vanishes portray boundaries that represent
turning points of a moving shell on which it will bounce
back.

A.

Collapse with static spacetimes

p
Recalling that n% = ± AC + Ṙ2 it is straightforward
to see that Eq. (27), specifically the θθ-component of
the second junction condition, may be used to obtain
the potential we wish to study. Nonetheless, to fully
describe the potential, we first need to solve Eq. (25)
and determine σ(τ ). As in this case we are interested in
non-static shells, Eq. (17) imposes Di = Do and, consequently, Ci = Co ≡ C. Thus, Eq. (25) reads

q

q
Ai C + Ṙ2 − Ao C + Ṙ2 .

and multiplying both sides by 2M we obtain

d M2
∂R C 2
=
M ,
dR
C

(31)

(32)
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and a simple
solution can be given in closed form, yielding
√
M = Cm, where m is an integration constant. Note
that, when D = 0 we just get M = m. It is worth
stressing that m, the value that we are imposing to be
the constant of the general solution of these differential
equations, comes directly from Israel’s study in which he
considered a Schwarzschild exterior and an empty interior
(Ref. [21]). There, it is proven that M ≥ m ≥ 0 for the

R2 + D2





(m2 +2(

√

shell to collapse from infinity.
From Eqs. (26) and (27) we can now obtain the potential of these shells which reads

2
R2
M2
, (33)
V (R) = −Ao C +
A
C
−
A
C
−
i
o
4M2
R2
which, when applied to our solutions yields

2

R2 +D 2 −D )(Mo −Mi ))
m2

V (R) =

Our interest relies on the collapse of shells initially formed
at infinity, which is equivalent to imposing V (R → ∞) ≥
0. Expanding V (R) at infinity yields
 
2
1
(Mo − Mi )
R→+∞
+O
V (R) −−−−−→ −1 +
.
(35)
m2
R
We conclude that the condition for these thin shells to be
formed at infinity is Mo −Mi ≥ m which is what we would
expect as it states that the energy of the shell corresponds
to the difference between the energy of both spacetimes.
Consequently, the case Mo − Mi = m corresponds to
having the shell initially at rest. Note that if Mi − Mo ≥
m this would imply, from Eq. (27) that m ≤ 0 which
would obviously violate the weak energy condition.
To understand the end result of the gravitational collapse of thin shells described by the potential in Eq. (33)
we need to understand at which points it becomes negative. Normalizing all the variables in terms of Mo we
end up with three independent parameters, m, Mi and
D. From Eq. (33) it is clear that the relevant term that
describes the behavior of these shells is the second term
of the numerator. Depending on its sign and value we
may have shells bouncing (if it becomes null) or collapsing either into a black hole or a naked singularity
in case it remains positive throughout the entirity of the
collapse. To study this problematic term we will once
again change the radial coordinate to the one used in the
GMGHS solution by using the following transformation
R2 = R(R−2D). In these new coordinates the only term
that might be problematic when it is negative, which we
name V̄ = V̄ (R), reads

2
Mo − M i
V̄ = m + 2(R − 2D)
−4(R−2D) (R − 2Mi ) .
m
(36)
We will start by focusing on the overcharged exterior
case, i.e. D ≥ Mo . If the shell is at rest at infinity, i.e. Mo − Mi = m, we obtain V̄ ≤ 0 for R ≥
2D + m2 /(8D − 8Mi − 4m), which would actually imply
that the shell cannot be formed at infinity and bounces

4R4

− 4 R2 − 2

√

 
R 2 + D 2 − D Mi


.

(34)

at a maximum radius. If on the other hand we have an
extremal exterior but have no further impositions on m
we obtain V̄ ≤ 0 for 2D + m2 /(2D − 2Mi + 2m) < R <
2D +m2 /(2D −2Mi −2m). The general overcharged case
may be deduced from the expansion of Eq. (36) in powers
of R − 2D. Doing that, it is straightforward that, when
both spacetimes are overcharged, V̄ always has two separate roots, one of which is always higher than R = 2D.
Hence, for the overcharged case we will also always find
regions of the potential where V̄ is negative. Therefore,
when considering an overcharged thin shell of dust collapsing from infinity, this shell will always bounce and
consequently will never collapse into a naked singularity.
Finally, for the subextremal case, i.e. Mo > Mi ≥ D,
the possibly negative terms of V̄ are (R − 2D)(Mo −
Mi )2 /m2 − (R − Mo − Mi ). As in this case we have that
Mo + Mi ≥ 2D it is straightforward to see that V̄ is
positive for all values of R. We are led to the conclusion
that when both the interior and exterior are subextremal,
these thin shells always collapse into a black hole.
We end this section by presenting a few of the different types of collapse we just studied in Fig. 2. Note
that while the purple curve seems to hint that in that
situation the shell may collapse into a naked singularity, it would violate energy conditions since it assumes
Mi > Mo which from Eq. (27) would mean that the surface energy density σ is negative.
One of the main issues that was borne out of this study
is that it is not possible to tackle the interesting case of a
subextremal solution that is being overcharged simply by
matching two GMGHS spacetimes. This would imply in
this context Do > Mo ≥ Mi > Di . However, this last expression is not possible in a dynamical framework due to
the impositions brought by the junction conditions of the
scalar field. Therefore, we are here restricted to studying collapses from shells that have at most an extremal
interior if we are to obey the energy conditions. Nonetheless, one can test CC in this framework. Since Do = Di
one can get an overextremal exterior (Mo < Do ) from an
underextremal interior only if Mo < Mi . However, this
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�(ℛ )
∞

m/Mo = 0.4, Mi /Mo = 0.6, D/Mo = 0.5
m/Mo = 0.45, Mi /Mo = 0.35, D/Mo = 0.2
m/Mo = 0.2, Mi /Mo = 0.4, D/Mo = 1.3

�

ℛ
∞

m/Mo = 0.6, Mi /Mo = 0.4, D/Mo = 0
m/Mo = 0.2, Mi /Mo = 1.4, D/Mo = 1.1
m/Mo = 0.4, Mi /Mo = 0.7, D/Mo = 1.0

FIG. 2: In blue we have an example of the potential when Mo > D > Mi and Mo − Mi = m, in this case the shell is formed at
infinity and collapses into a black hole. The orange curve represents a situation in which collapse occurs from infinity, although
the shell initially is not at rest and both spacetimes are subextremal. The potential represented by the green curve corresponds
to a collapse with an overcharged interior and exterior, note that the shell bounces before it reaches the singularity. The red
curve represents collapse with an interior and exterior Schwarzschild solution and with the shell initially at rest at infinity. The
purple curve represents complete collapse into the singularity when Mi > D > Mo , i.e. the interior spacetime is subextremal
and the exterior is overcharged. Finally, the brown curve represents the collapse of a shell with an overcharged interior and an
extremal exterior.

would imply that the shell had negative energy and consequently violate the energy conditions. Therefore, CC
is satisfied in this context.
A possible alternative to violating CC comes about by
using the radiating solutions obtained in Ref. [16] and
which were described in section II. In this manner we
may end up having the energy of the spacetimes Mo or
Mi varying with time. By using these time-dependent
radiating solutions we may start with both an interior
and exterior that are subextremal and that, as time advances, become overcharged due to having the energies
that describe the spacetimes decreasing. This study of
collapsing thin shells in this time dependent context will
be tackled in the next subsection.

B.

Collapse with an exterior radiating solution
with time independent scalar charge

We will now focus on thin shells whose interior metric, ds2i is given by Eq. (4) and the exterior metric by
Eq. (8). It will prove useful to
p henceforth, start using
again the coordinate r = D + %2 + D2 to describe the
radial coordinate instead of % which was the one that we
used until now.
The shell corresponds to the hypersurface that is defined through the usage of its interior metric by Σi =
{xµ : t = T (τ ), r = R(τ )} which is parametrized by the
coordinates y a = {τ, θi , ϕi }, where τ corresponds to
the proper time of the shell. For the exterior spacetime, we define the shell as the hypersurface Σo =
{xµ : u = U(τ ), r = R(τ )} which is parametrized by the
coordinates y a = {τ, θ0 , ϕo }. In this situation, Eq. (15)
tells us that θi = θo , ϕi = ϕo and Ri = Ro (we
are assuming that the scalar charge D is the same on
both sides of the shell) and the induced metric becomes

3

ds2 = −dτ 2 + R(R − 2D)dΩ2 .
Recalling that the extrinsic curvature
is a 3-tensor, i.e.
0
it is invariant under a xα → xα 0 transformation and it
behaves like a tensor for y a → y a , we conclude that it is
invariant under the radial coordinate change. Thus, for
the interior spacetime the extrinsic curvature reads
q
i
i
Kθθ
= Kϕϕ
/ sin2 θ = (R − D) Ai + Ṙ2 , (37)


Mi
1 d
Kθθ
i
R2 + R̈
p
Kτ τ = −
=−
, (38)
Ṙ dτ R − D
Ai + Ṙ2
√

where we have used A ≡ 1 − 2M/ D + R2 + D2 =
1 − 2M/R and Ṙ2 = R(R − 2D)Ṙ2 /(R − D)2 . This
last equation shows us that there are no qualitative differences between V (R) = Ṙ2 and V (R) as R ≥ 2D. As
such, we will henceforth study the potential V (R) instead
of V (R).
For the spacetime exterior to the shell it is not so
straightforward to obtain its extrinsic curvature. To do
so, we start by looking at the first junction condition
which in this case imposes (1 − 2Mo /R) U̇ 2 + 2U̇ Ṙ = 1
where Mo = Mo (u), and it is being evaluated at u =
U(τ ). Solving this for U̇, for a shell with decreasing R,
i.e. Ṙ ≤ 0, yields
1
Bo − Ṙ
=
,
(39)
o
1 − 2M
Ṙ + Bo
R
p
where we have defined B = A + Ṙ2 . With this equation we are able to determine the extrinsic curvature.
The θθ-component of the extrinsic curvature yields the
same as Eq. (37) and the τ τ -component reads
U̇ =

Kτoτ = −

Mo
Ṁo U̇
R̈
+
−
.
2
R Bo
RBo
Bo

(40)
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Let us define M = 4πσR(R − 2D), where σ is once again
the surface energy density of the thin shells of dust we
are studying. Using this definition, Eqs. (16) and (21)
and the fact that Sab = σua ub we obtain
[Kτ τ ] = −4πσ ,

[Kθθ ] = −M ,

with a Schwarzschild interior and a Vaidya exterior so
we expect our equations to reduce to the ones obtained
therein when we take D → 0. To do so, we define the
m̂
quantity α = M
. Inserting the quantites α and m̂ into
Eq. (42) yields

(41)

2

dM
D Ṙ(Bo − Bi ) + (R − 2D)(R − D)U̇ Ṁo
=
. (42)
dτ
R(R − 2D)
U̇ =
The second junction condition allows us to express Bo
and Bi without depending on Ṙ, specifically Eq. (41)
implies
Bo − Bi = −

M
,
R−D

Bo + Bi
m̂
=
(R − D) , (43)
2
M

where we have defined m̂ = Mo − Mi .
We are interested in following the procedure presented
in for example Refs. [30–32]. These studies were done

h

D2 m̂Ṙ
RṀ
+
.
˙
˙
m̂(R
− D) α(R − D)2 (R − 2D)m̂

By plugging this result in Eq. (39) and substituting Bo
with the value obtained by solving (43) we can obtain a
˙ without any dependence on U̇.
differential equation for m̂
Additionally, we can also determine the potential V (R)
directly from Eq. (43). Both of these results can be seen
below

ih
i
2αR(R − D)Ṙ + 2α2 (R − D)2 − m̂R
˙
m̂α
h
i
=
.
m̂
R2 (R − D)(R − 2D) 2α(R − D)Ṙ − m̂

2
m̂2
R−D
M o + Mi
2
2
− 2
=α
− 1.
Ṙ −
R
4α (R − D)2
R
α̇R(R − D)(R − 2D) − D2 αṘ

When we take D to be zero in Eqs. (45) and (46) we
obtain the same as what was obtained in Refs. [30–32].
The problem we intend to study depends (assuming
we are normalizing all quantities in regards to D) on the
three unkowns Mo (τ ), M(τ ) and R(τ ). To completely
determine it, we need three different equations, however
we currently have only obtained two of them (Eqs. (45)
and 46), which means we need to impose a third one.
We solve this by pursuing a simple assumption which is
setting Ṁ = 0, i.e. imposing M to be constant. Looking
at Eq. (42) we reach the conclusion that this assumption corresponds to considering that all the energy that
is being radiated by the exterior spacetime (leaves the
shell) is counterbalanced by the energy received due to
the scalar field radiation originated by the dilaton field2 .
Consequently, we obtain a simple expression for U̇ which
can be inserted into Eq. (39), yielding
Ṁo
dMo
D2 M
=
=
(Bo + Ṙ) ,
dR
(R − D)2 (R − 2D)
Ṙ

(47)

where both Ṙ and Ṁo should be negative (assuming that

2

(44)

This assumption only holds for D 6= 0, otherwise the counterbalancing term vanishes.

(45)

(46)

U̇ ≥ 0) for collapsing shells from infinity. Note that
Eq. (45) reduces to Eq. (47) when M is taken to be constant. As such, they represent the same restriction to the
system we wish to solve. Thus, we arrive at a system of
two equations (Eqs. (46) and (47)) with two unknowns
(Mo and Ṙ).
Our interest lies in the attempt of overcharging an extremal or near extremal black hole. For motion to be
allowed it is necessary for Ṙ2 to be positive so we will
start by determining the asymptotic behavior of Ṙ2 . To
do so, we will change our notation and will henceforth define M = M (R(τ )). As we will be interested in describing
the motion of a shell collapsing from infinity we will consider R(τi ) → ∞, where τi corresponds to the instant of
the proper time of the shell at which it starts its collapse.
Moreover, assuming the shell reaches the singularity, we
have R(τf ) = 2D, where in this case τf is the instant of
the proper time of the shell at which the shell reaches
the endpoint of its collapse. Expanding
Eq. (46) for

2
2
large values of R reads Ṙ ≈ −1 + α + O R1 , where
m̂ = Mo (∞) − Mi . Meanwhile, for small radii (near the
singularity R = 2D), now considering m̂ = Mo (2D)−Mi ,
Ṙ2 reads


2 (Mo + Mi )
1 M2
m̂2
Ṙ2 ≈
+
+
− 1 + O(R − 2D) .
4 D2
D
M2
(48)
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From the expansion at infinity we conclude
that for the shell’s collapse to be allowed then
2
(Mo (∞) − Mi ) ≥ M2 . Moreover, in the extremal
case, the first term of Eq. (48) can be simplified to
2
D (Mo (2D) − D) + M2 /(DM)2 which will also
always be greater or equal to zero.
As the shell is collapsing from infinity we know that,
at least initially3 , Ṙ corresponds to the negative root of
Ṙ2 in Eq. (46). Therefore, the sign of Eq. (47) depends
only on the sign of Bo + Ṙ. If we are to consider that the
exterior spacetime is always radiating, i.e., dMo /dR ≥ 0
this imposes Bo ≥ −Ṙ ⇔ 1 − 2Mo /R ≥ 0 ⇔ R ≥ 2Mo .
Recall that in this coordinate system 2Mo represents the
apparent horizon of the exterior spacetime. The imposition R ≥ 2Mo leads to the conclusion that for CC to
be tested it is necessary for Mo (2D) ≤ D, otherwise, by
continuity, there exists an RH > 2D (the apparent horizon of the exterior spacetime) which the shell must cross.
Note that for this to happen it is not needed for Ṙ to be
zero, i.e., the shell does not need to bounce at (or before)
RH . Moreover, recall that the apparent horizon corresponds to a non-timelike hypersurface, that is covered,
for a shell collapsing from infinity, by a future null-like
event horizon. This future event horizon would then need
to be crossed for the shell to reach the apparent horizon.
The issue of reaching a future event horizon is problematic since, this metric, like the Vaidya metric, is not
geodesically complete and is not defined beyond this future event horizon. Several studies on the Vaidya’s metric
maximal extension exist, e.g. Refs. [33, 34], where extensions into the black hole region are obtained. Nonetheless, as this extension is outside of the scope of this paper,
we will not tackle the CCC for cases in which the shell
crosses the future event horizon of the exterior spacetime.
Taking this information into account, in the following
situations which will be analysed in regards of CC violation, we will always consider that the shell never crosses
the future event horizon i.e. 2Mo (R) ≤ R.
An analysis of the collapse with a non overcharged interior follows. In this case we have Mi ≥ D and from
Eq. (43), assuming that the shell is near the singularity,
we have
r
r
Mo
Mi
M
2
1−
+ Ṙ − 1 −
+ Ṙ2 = −
. (49)
D
D
R−D
For
the right-hand side becomes
q the extremal case,
p
2
2
1 − Mo /D + Ṙ − Ṙ , which, unless M is zero, the
collapse always violates the energy conditions of the shell.
Otherwise, if Ṙ2 is positive, then the right-hand side of
the equation is also positive, which would mean M would
need to be negative. The only other possibility would
then be for Mo = D in which case M could be zero,
however this in turn would mean, from Eq. (43) that

3

If there is a bounce then Ṙ will change its sign.

Mo = Mi . Consequently, the exterior spacetime would
not be radiating and the interior and exterior would be
exactly the same static spacetime, impossibilitating the
study of collapse.
In the subextremal case, both Mi and Mo need to be
initially larger than D. Additionally, for CC to be violated it is necessary for Mo (2D) ≤ D. On account of
1 − Mo /D ≥ 0 and 1 − Mi /D < 0 we conclude that once
again we violate the energy conditions in this framework
as M would have to be lower than zero.
Thus, the CCC is also upheld in collapses with extremal and subextremal interiors in this framework. Note
that our argument is quite general as it does not rely on
the fact that M is constant.
We have shown in this chapter that even when considering shells with exterior radiating solutions with time
independent scalar charge and a GMGHS interior we cannot violate the CCC if we are to impose the proper mass
of the shell M to be constant. Moreover, we note that
the treatment that was used to conclude this fact can
also be generalized for shells with variable proper mass
as Eq. (49) still imposes the CCC to be upheld for the
energy conditions related to M to be satisfied.

VI.

CONCLUSIONS

In this paper, we have shown that when applying
the thin shell formalism in Einstein-Maxwell-dilaton, the
presence of the dilaton field requires both the exterior
and interior spacetime, that are joined by the thin shell,
to have the same dilaton charge for motion to be allowed.
Supported by these results we determined static shell solutions, with a Minkowski interior. We showed that static
shells with a GMGHS exterior arise as a natural extension of the known results when considering an exterior
Schwarzschild solution. We also concluded that the stability of these solutions cannot be studied due to the
different scalar charge between the two spacetimes being
joined.
Additionally, we studied the dynamics of thin shells,
when we demand all of the junction conditions to be satisfied by assuming the geometries inside and outside of
the shell to be static. In this context we determined that
they always collapse into black holes for the subextremal
interior and exterior cases and that collapse into a naked
singularity is not possible as the shell either bounces beforehand or violates the weak and dominant energy conditions (which are the same on account of only having
studied shells of dust). Due to the restriction imposed
by the junction conditions related to the dilaton field on
the possible methods of overcharging these solutions we
found the need to explore a new class of time-dependent
solutions that are detailed in Ref. [16]. For them, we
have shown that, when considering a non-radiating thin
shell which never crosses the future horizon of the exterior spacetime, we are not able to violate the CCC.
Although we did not explore the radiating thin shell case
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in this context, the equations we resorted to for our proof
appear to hold and suggest that, as long as the energy
conditions are satisfied, cosmic censorship is upheld. We
note that, to have a complete overview of the CCC in
this setting, we would need to extend the spacetime beyond the future horizon. This would allow us to study
collapse in the cases where the shell crosses the future
event horizon of the exterior spacetime. Other possible
futher work on these results that constitutes an interesting problem is related to considering thin shells that also
have pressure, i.e. their matter is a perfect fluid instead
of simply dust.
The results we have obtained throughout this paper
hint that string theory models that give rise to the studied solutions seem to be consistent with the CCC being
valid, and therefore, may be viable descriptions of string
theory in this context. We note however that further

exploration on this topic is necessary as our focus was
only on spherically symmetric spacetimes and these represent idealized models, as we expect black holes in our
universe to not be spherically symmetric due to having
rotation. That said, a further analysis of GMGHS for
rotating solutions is also required to solidify the conclusions that we have obtained in our work. Moreover, we
note that while this work only tackled classical aspects,
one would expect, when studying gravitational collapse,
that for small radii and high curvature regions of the collapse, stringy and quantum corrections should be taken
into account that here were disregarded. The conclusion
is, even if in our tests the CCC is shown to be valid,
these corrections might end up influencing the outcome
of gravitational collapse and the validity of the CCC in
string theory.
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