Statistical Learning: Problem Set 2

Instituto Superior Técnico

Problem 1 - Linear Regression

Given the design matrix X € R™*P and the response vector y € RP such that
the variables are centered and the responses have zero mean, we wish to solve

n
2
Wis = argmvivnz (yi — WTXi) .
i=1
To consider non-linearity, one may construct a set of functions ¢ : RP — R?,
with ¢(x) = [¢1(X), ..., pa(x)]T and ¢;(x) = 1. In this case, we solve

n 2
WLs = argni‘i]nz (yi - WT¢(Xi)) :
i=1

1) Coefficient of determination R?. Conditional Variance.
a) Let k € N. Consider the functions ¢(x) = [¢1(x), ..., pa(x)]T and

¢*(x) = [$1(X), s Pa(X), ag1(X), v, Gatr(¥)]T. Let RS and R3. be the
coefficients of determination corresponding to the least squares solutions
associated with ¢ and ¢* respectively. Show that R?ﬁ < be*.

b) Consider ¢ : R? — R™ such that ¢(x) = [¢1(x), ..., dn(x)]T, with ¢;(x;) = 1
if i = j, and ¢;(x;) = 0 if ¢ # j. In this case, the resulting design matrix
#(X) is the identity matrix. Compute Wy and R2.

c) Complete the calculations of slide 39 (lecture 3) to find the mean and variance
of prediction Y(x). Conclude that, under the Bayesian Ridge regression
assumption, Var(Y|X = x) is a function of x, whereas under the Genera-
tive perspective of linear regression, Var(Y|X = x) does not change with
X.



2) Noisy observations.

Consider the model

Y= B0+ /1 Xi + €

for i =1,...,n, where
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where 05 = B2 + 02, uy = Bo + Pz and o4y = Bro2.

to give

a) Derive E(Y;|z;) and Var(Y;|z;).

Now suppose one does not observe x;,7 = 1,...,n but instead w; = x; + u;
where

X; je a2 0 0
e | ~N[]O0|,]0 o2 0
Ui 0 0 0 o2

Assume that Y; is conditionally independent of W;, that is , E(Y;|x;, u;) =
E(Yi|z;). Suppose the true model is E(Y;|x;) = Bo + B12; but the observed data
are (w;,y;),t=1,...,n.

b) Relate E(Y;|w;) to E(X;|w;).

c) What is the joint distribution of X; and W;? Compute E(X;|w;).

Suggestion. Recall the following definition: Two random variables X and
Y are said to be jointly normal if aX 4 bY is a normal random variable
for all a,b € R.

d) Using your answers to b) and c), show that E(Y;|w;) = 55 + fFw;, for some
constants G5 and B7.

e) What is the relationship between /3, 87 and Bo, 517



3) Ridge and Lasso practical example. Cross-validation.

Let

[2011 6.2  26.3] [ 10

2012 6.5  26.65 11
2013 5.48 25.03 13
2014  6.54 26.01 13.5

X — |2015 718 279 138
(2016 7.93 3047 YT | 14
2017 8.21 31.02 15
2018 892 33.93 18
2019 9.46 34.85 18.6
2020 10.51 36.01] 19.4)

Begin the exercise by centering both X and y. For the following questions,
you may use any software of your choice, and you don’t need to provide the
code you used, just the final result.

a) Show that wpg exists and is unique. Compute it. (You may do it by hand
or using any software of your choice. You don’t need to provide the code
you used, just the result.)

b) For A = 1, compute Wryiqge and Wiasso and the corresponding value of their
respective loss functions.

c) Apply 5-fold cross-validation to compute Wryigge for A € {0.5,1,1.5}, letting
the first fold contain the first two entries of X, the second fold contain
the next two entries of X - and so on - and the fifth fold contain the last
two entries of X. In the k-th iteration, train the model on all folds except
on the k-th fold, and then test the model on the k-th fold, reporting the
obtained mean squared error on the test fold. Compute the mean of the
obtained mean squared errors for each \. Which value of )\ achieves the
best performance?

Problem 2 - /; Regularized Logistic Regression

Consider minimizing

J(W) = =€ (W, Dizain) + Al[w][3
where

1
ﬁ Z log o (yixiTw)
i€D

L(w,D) =

is the average log-likelihood on the data set D, for y; € {—1,+1}. Answer
the following true/false questions and provide justification.



a) J(w) has multiple locally optimal solutions: T/F?

b) Let w = argminy, J(w) be a global optimum. W is sparse (has many zero
entries): T/F?

c) If the training data is linearly spearable, then some weights w; might become
infinite if A = 0: T/F?

d) ¢ (W, Dirain) always increases as we increase \: T/F?

€) £ (W, Diest) always increases as we increase \: T/F?

Problem 3 - Fitting a SVM by hand

Consider a dataset with 2 points in 1d: (z; = 0,1 = —1) and (z2 = V2,42 = 1).
T
Consider mapping each point to 3d using the feature vector ¢(z) = [1, V2z, x2] .

(This is equivalent to using a second order polynomial kernel.) The max margin
classifier has the form

st oy (Who(xa) +wo) >
y2 (Who(x2) +wo) >

a) Write down a vector that is parallel to the optimal vector w.

b) What is the value of the margin that is achieved by this w? Hint: recall
that the margin is the distance from each support vector to the decision
boundary. Hint 2: think about the geometry of 2 points in space, with a
line separating one from the other.

c) Solve for w, using the fact that the margin is equal to 1/||wl|.

d) Solve for wy using your value for w and the inequalities of the minimiza-
tion problem. Hint: the points will be on the decision boundary, so the
inequalities will be tight.

e) Write down the form of the discriminant function f(z) = wo + w'é(x) as
an explicit function of x.



