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Abstract 

Optimization models are nowadays one of the most important tools used in engineering product design to 

achieve high performance, quality and economic savings.  

In this project the aim is to optimize the material configuration of various composite plates and shells, 

subjected to different loading conditions, to maximize the structural stiffness with the possibility of having 

a weight constraint.  The plate/shell material configuration design problem is a discrete problem where for 

each structural region one has to choose a specific material from a given set of possibilities. Here this 

difficulty is overcome using an optimization model based on a Discrete Material Optimization (DMO) 

approximation that allows the use of gradient based optimization algorithms. 

 An important aspect of this work is the use of a Finite Element commercial code (Abaqus) and a general 

optimization algorithm (FAIPA) that are integrated through a code developed in Matlab to obtain a 

computational  tool for  composite plates and shells optimal material design 

 

Keywords: Discrete Material Optimization, Finite Elements, Composite Material, Stiffness, Compliance. 
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Resumo 

Os modelos de optimização são hoje em dia uma das ferramentas mais importantes usadas na 

engenharia. Permitem-nos chegar a soluções económicas, de alta performance e boa qualidade. 

O objectivo neste projecto é optimizar a configuração dos diferentes materiais em várias estruturas do 

tipo placa e casca, sujeitas a diferentes cargas de modo a se atingir a máxima rigidez com a 

possibilidade de se incluir um constrangimento de redução do peso. Este problema é discreto pois para 

cada região da nossa estrutura pretende-se definir um material dentro de uma série de candidatos. Isto 

pode ser ultrapassado usando um modelo de Discrete Material Optimization (DMO) para torná-lo num 

problema contínuo de modo a se puder usar um algoritmo de optimização baseado em gradientes. 

Um aspecto importante deste trabalho é o uso de um programa comercial de elementos finitos (Abaqus) 

e um algoritmo de optimização genérico (FAIPA) que estão integrados através dum código desenvolvido 

em Matlab para se obter uma ferramenta computacional para optimização de placas e cascas de 

materiais compósitos. 

 

Palavras-Chave: Discrete Material Optimization, Elementos Finitos, Material Compósito, Rigidez, 

Compliance. 
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1. Introduction 
 

1.1.  Summary 

 

This Master Thesis presents and discusses the development of a computational mechanics model to 

maximize the stiffness of a structural component that is divided in a series of design regions and/or 

laminas that can be made of a predefined set of different candidate materials. The design objective is to 

select from the candidate materials the one to be used in each design region and/or lamina.  The 

computational model is tested in different structural situations, namely assuming different applied loads 

and boundary conditions. 

In the applications we will assume that our structural component may be divided in design regions as 

defined by the designer, and may be a single or multilayer structure. In each specific region or layer the 

material may vary and we have 5 possible materials, a composite material with four different fiber 

orientations (0º, 90º, 45º and -45º) and a foam material with very weak mechanical properties. In some 

cases it was imposed a constraint prescribing a minimum amount of foam material in our component. This 

simple constraint, together with very weak mechanical properties for the foam material, will extend the 

design model, combining material optimal selection with structural topology optimization. 

A Discrete Material Optimization (DMO) model was used to transform our discrete problem into a 

continuous one. The Adjoint Method is used to calculate the gradient information with respect to (w.r.t.) 

the design variables. 

To solve this problem computationally, the respective elastostatic problem is approximated using a Finite 

Element model, based on Abaqus software, which communicates with the Matlab optimization algorithm, 

FAIPA to obtain the optimal solution.  

Several test cases were solved varying the geometry, mesh, boundaries, loads and constraints. 
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1.2. Objectives 

 

The main objective of this master thesis work is to develop a computational mechanics code to maximize 

the stiffness (or equivalently to minimize the structural compliance) of a structural component subjected to 

prescribed applied loads, and composed by a series of regions and/or laminas that can be made of 

different materials selected from a set of (available) candidate materials. Within the context of stiffness 

maximization, the goal is to select for each region/lamina the material to use. The structural components 

tested are plates and shells of various forms, and the set of candidate materials are long fiber composites 

with four different orientations (0º, 90º, 45º and -45º) and a foam material with weaker mechanical 

properties. The model will be tested in a variety of cases, plates and shells, with different applied loads 

and boundary conditions, showing the feasibility and practical interest of the methodology developed. 
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2. State of the art 

2.1. Composite materials and composite structures 

 

One of the material groups that are now gaining much importance are the composite materials, that are 

basically made by combining two or more different materials at a macroscale, so that, they remain distinct 

and distinguishable to the naked eye [1]. This combination of materials allows us to get the best of each 

one, even to get new properties that weren’t present in the original materials, and furthermore tailor its 

properties depending on the application. As more traditional examples of composite materials we have 

carbon fiber/epoxy composites and concrete (figure 1). 

 

Figure 1 – a) Component made of carbon fiber b) Concrete. It is distinguishable the different 

materials in each composite (picture found in http://en.wikipedia.org/wiki/Composite_material). 

There are many types of composite materials, and they can be categorized in many different ways (see 

figure 2), but in our case we will focus on long fiber composite materials. This set belongs to the category 

of the fibrous materials where we can identify a matrix material involving the fibers. The fibrous material is 

composed of thin fibers, with very good mechanical properties, that are inserted into the matrix material 

whose principal role is to join the fibers and thus giving mechanical consistency and unity to the set of 

fibers.  

The matrix present in the long fiber composite materials is generally made of resins namely, polyester 

resin, vinylester resin, epoxies resin, among other kind of polymers. The fibers inside the matrix besides 

adding rigidity also prevent crack propagation. The most used fibers are: carbon fibers, glass fibers or 

cellulose. In figure 3 a generic long fiber composite material is shown with the fibers and the matrix 

represented. 
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A high stiffness/weight ratio is the main strong point of the long fiber composite materials, making them 

much used and now essential in structural applications where weight is a strong limitation. However this 

is not their only advantage, they show good corrosion and wear resistance, electromagnetic 

transparency, enhanced fatigue life and good thermal and acoustic insulation [1-2]. 

 

Figure 3 - General long fiber composite material with fibers orientated with direction 1 and matrix 

(picture found in http://www.intechopen.com/books/composites-and-their-properties). 

Composite 
Materials

Reinforcement

Long fibers

Discontinues 
fibers

Particles

Laminate configuration Hybrid structure

Sandwich 
structure

Figure 2 - Classification of composite materials [2] 
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This explains the initial strong interest from the aeronautic and aerospace industries [3] (see figure 4), but 

now extended to other industries namely the more traditional ones: automotive, naval, and construction 

[4]. 

 

 

Figure 4 - Boeing 777. Many components of this airplane are made of composite materials due to 

its high stiffness and low weight (picture found in http://pt.wikipedia.org/wiki/Boeing_777). 

 

In long fiber composite the material is stiffer along the direction of its fibers, as it is seen in figure 5, so the 

fibers orientation is a central design variable that can be properly selected throughout the mechanical 

component different sections depending on the loading and application.  
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Figure 4 - Graph showing the variation of the tensile strength with the orientation of the fiber for 

fixed traction load (picture found in http://www.intechopen.com/books/polyester). 

 

2.2. Laminated Plate and Shell Structures 

 

This thesis will focus on plate and shell structures. Plates and shells are some of the most important 

mechanical elements in structural applications and have strongly benefited from the use of composite 

materials.  

Plates are 2D plane elements with a thickness much smaller than the other dimensions, used to support 

transverse applied loads by internal bending moments and shear loads.  Shells are also very thin 

structures, but unlike plates, not plane since they have curvature. These geometric characteristics, 

curvature and low thickness, permit the development of membrane internal loads to support the applied 

transversal loads (e.g. pressure loads).  

So besides single layer plane structures this work will focus also on laminated fiber-reinforced and 

sandwich plate and shell structures, where we can find multiple layers of materials with different 

properties (long fiber composite materials, foam, etc) that are bonded together. 
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A laminated composite structure is like the one showed in figure 5, where the structure is composed by a 

series of bonded layers that can be made of a material, or materials, with different orientations. 

Categorizations may differ regarding the scale at which we are working, but here a laminate will not be 

considered a material but instead as a structural element where the materials will be identified only at the 

lamina level. 

 

Figure 5 - Different layers bonded together to create a laminate composite structure. Image from 

[1], pp. 187). 

The sandwich structures are a particular case of laminates where the top and bottom layers (faces) have 

higher stiffness and resistance, while the core layers are usually composed of a lightweight weaker 

material, used for example to increase the thickness of the global structure and so increasing the bending 

stiffness [1, 5]. In figure 6 a general sandwich structure is shown with its main components. Figure 7 

shows schematically the sandwich structures main advantages, in terms of bending characteristics. 

 

Figure 6 - Classical sandwich structure and its components (image from [6]). 
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Figure 7 - Sandwich effect (image from [6]). 

 

2.3. Stiffness and Compliance 

 

Stiffness (or rigidity) is a measure of the resistance offered by an elastic body to deformation. It tells us 

how and how much a material or a structure deforms when subjected to an applied load or set of loads. 

The stiffer a structure the less it will deform due to the applied loads, and thus relating this measure with a 

specific applied load.  Mathematically the stiffness is the ratio between a load applied and the 

displacement of the structure.  

In structural optimization a simple way to measure the stiffness of a component is to use the concept of 

structural Compliance (C), which is defined as the work of the external applied loads. Minimizing the 

Compliance is equivalent to maximize its stiffness. Mathematically and considering a finite element 

model, the Compliance is the nodal applied force vector (F), times the respective node displacements 

vector (u), as described by equation (2.3.1).  

𝐶 = �⃗�𝑇 �⃗⃗�            (2.3.1) 

When optimizing a mechanical component for maximum stiffness (or minimum compliance), we are 

considering a definite applied load and boundary conditions (BC), thus we get the best structural 

configuration for those, very particular conditions. In general these optimal solutions are very sensitive to 

loads and BCs perturbation originating a dangerous structural performance loss if different loads or 

different boundary conditions are applied.  This drawback may be reduced using multi-objective or multi-

loads formulations for the optimal design problem [7]. 
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Stiffness is the most general mechanical measure to characterize structural performance and very often 

used as the main criterion in structural optimization. However due to its generality it might miscalculate 

other mechanical aspects important in structural design namely, buckling, fracture, yielding and vibration. 

Buckling analyses would be very important for plates and shells, namely when we have compressive and 

bending loads [8-9], as in some of the cases analyzed here. The fracture mechanics analysis is also, 

especially significant for laminate structures, mainly due to delamination effects [9]. Although recognizing 

the importance of these aspects, the present model will focus only on stiffness optimization.   

 

Figure 8 - Figure showing common failure modes for fiber composite structures due to 

compressive loads. a) Elastic micro buckling; b) Fiber kinking; c) Fiber crushing; d) Shear band 

deformation; e) Matrix cracking; f) Buckle delamination. Image taken from [9]. 

 

2.4. Topology Optimization 

 

The main objective of topology optimization is to obtain an optimum layout of a structure, within an 

admissible domain, for given loads and boundary conditions. The idea is to define a design region to be 

occupied by the structural component, subdivide it in many elements, and for a given objective function 

(for example compliance) identify which of the elements should have material and which should be void.  

In Figure 9 some examples are shown, with the left column figures displaying the design region, applied 

loads and BCs and in the left column the respective optimal topologies/layouts.  

This problem is discrete since it selects between void and material. However there are ways to transform 

it into a continuous one by assigning continuous design variable. One possibility is using the concept of 

material density, where a value 0 identifies a void, and 1 full material defined. Intermediate density values 

are avoided through penalty terms as in the so-called SIMP and RAMP methodologies. For more details 

about this subject, see e.g. [10-11]. 
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Figure 9 – Image showing several cases of topology optimization. Image from [10]. 

 

2.5. Discrete Material Optimization (DMO) 

 

The design optimization problem addressed here is described as a discrete problem, where we want to 

find one distinct material for each design region, and/or lamina composing the structure, from the set of 

pre-defined candidate materials. DMO is a methodology that allows us to transform this discrete 

optimization problem into a continuous one, making it possible to use deterministic gradient based 

algorithms to solve the optimization problem. DMO extends the basic idea of SIMP in topology 

optimization [11] but instead of choosing between solid material and void it chooses between the several 

candidate materials. 

The method establishes that the constitutive matrix of the material in some region and lamina of our 

mechanical structure is a weighted sum of the constitutive matrices of all the candidate (available) 

materials. If we consider “nm” candidate materials the constitutive matrix of each specific region “j” and 

lamina “k” will be given as: 
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[𝐶𝑗,𝑘] = ∑𝑤𝑖
𝑗,𝑘

[𝐶𝑖]

𝑛𝑚

𝑖=1

   ;    𝑗 = 1…𝑛𝑟   ;   𝑘 = 1…𝑛𝑙  ;   𝑖 = 1…𝑛𝑚   ;    0 ≤ 𝑤𝑖
𝑗,𝑘

≤ 1      (2.5.1) 

In our specific case we consider 5 different materials (a fiber composite with four different orientations (0º, 

90º, 45º, -45º) and a foam material) so the constitutive matrix for all elements in region “j” and lamina “k” 

will become: 

[𝐶𝑗,𝑘] = 𝑤1
𝑗,𝑘

[𝐶1] + 𝑤2
𝑗,𝑘

[𝐶2] + 𝑤3
𝑗,𝑘

[𝐶3] + 𝑤4
𝑗,𝑘

[𝐶4] + 𝑤5
𝑗,𝑘

[𝐶5]          (2.5.2) 

The goal in the optimization procedure is to identify the optimal solution where each region and lamina 

has only one material associated to it, i.e. with the respective weight 𝑤𝑖
𝑗,𝑘

is equal to one and all the others 

are zero. There are several suggestions how to define these weighting functions, being the so-called   

DMO family of approximations (DMO 1 to DMO 7) one of the most common (see e.g. reference [12] 

chapter 5.3. where these alternatives are fully discussed). In this work we focused on the DMO 4 

approximation because it showed very good results in similar problems reported in several previous 

works [12-16]. To force the weight function to the limit values, one and zero, and thus avoid intermediate 

solutions, the DMO approximations introduces design variables, “x”, and a “penalty exponent, “p”.  

The function for the weights established by DMO 4 is: 

𝑤𝑖
𝑗,𝑘

= (𝑥𝑖
𝑗,𝑘

)𝑝 ∏ [1 − (𝑥𝑙
𝑗,𝑘

)𝑝]

𝑛𝑚

𝑙=1;𝑙≠𝑖

  ,         0 ≤ 𝑥𝑙
𝑗,𝑘

, 𝑥𝑖
𝑗,𝑘

≤ 1          (2.5.3) 

For example considering region number “1”, lamina number “2", and the weight correspondent to the 

material number “4”, we have: 

𝑤4
1,2 = [(𝑥4

1,2)𝑝] × [1 − (𝑥1
1,2)𝑝] × [1 − (𝑥2

1,2)𝑝] × [1 − (𝑥3
1,2)𝑝] × [1 − (𝑥5

1,2)𝑝]          (2.5.4) 

Thus for each “j” region and “k” lamina in our component there will always be a number of weights equal 

to the number of candidate materials and number of design variables (nvar) in a specific problem will 

always be the number of regions (nr), times the number of laminas (nl), times the number of candidate 

materials (nm). 

𝑛𝑣𝑎𝑟 = 𝑛𝑟 × 𝑛𝑙 × 𝑛𝑚           (2.5.5) 

In the DMO methodology it is very important that the values of the weights and the design variables never 

go below 0 and above 1 since no constitutive matrix can contribute more than its material properties and 

there can’t be negative properties. Also at the optimal solution it’s very important that the weights and the 

design variables are at the limit values (0 or 1) since we need to identify a unique material for each 
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specific region or lamina. For example a value of 50% of material 1 (w1=0.5) and 50% of material 2 

(w2=0.5) for one region is meaningless since it doesn’t correspond to a well-defined material.  

For initializing the optimization we need to give a feasible and “impartial” values to all DMO design 

variables. The initial value should be between 0 and 1 and equal for all variables since we don’t want to 

favor a specific final configuration.  

The main characteristic of DMO4 is that all the variables of a specific region are included in the weight 

functions of that region, and thus all affect the region weights. If one variable starts rising then all the 

others will decrease helping the weights and design variables convergence to 0 or 1. The main difficulty 

with the DMO 4 is that there is no physical meaning for the initial and intermediate solutions since the 

sum of the weights may not be 1. As the optimization procedure progresses and we get closer to 

convergence the design variables get closer to 0 or 1 and this problem disappears. 

Like any penalty based method the best strategy to overcome numerical difficulties and achieve 

convergence is to begin with a smaller “penalty” exponent, e.g.  p=1, and then as we progress, increase 

gradually the “penalty” value to 4 or even 5 to get final convergence with a well defined structure. The 

bigger the “penalty” exponent the more accentuated the weight functions will be (see figure 10). For more 

details about DMO optimization consult [16] and [17]. 

 

Figure 10 - Sum of weight function, w1 and w2, for two materials, computed with DMO scheme 4, 

in function of the design variables x1 and x2. Retrieved from [12] (chapter 5.3.4.).   
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3. Basic assumptions and considerations 
 

3.1. Regions, laminas and geometry 

 

The use of the software Abaqus for structural analysis greatly enlarged the complexity of the structures 

that can be studied with this computational optimization model.  Its applicability only depends on the skill 

of the designer in modeling the structural component in Abaqus with the respective coordinate systems, 

boundary conditions and applied loads. 

The computational code allows the structure to be composed of different regions and have as many 

laminas as the designer requires. Also it is possible to work with plane structures, structures were each 

region has a different coordinate system, or even in cases where each element has a different coordinate 

system. It isn’t also a problem for the code the refinement of the mesh and its uniformity. 

The main limitation is that we only consider the Abaqus shell finite element, S4, so we can only optimize 

plate and shell type of structures. 

As an example, the code can solve cases with different plate geometries, square, rectangular, or more 

irregular shapes. Can solve cases where we have planes with different orientations, for example a box. It 

can also solve cylindrical, conical, and more complex shapes were the coordinate system changes from 

element to element, and with non-uniform meshes. 

 

3.2. Design areas 

 

We assume that in terms of design the mechanical component or structure can be divided into design 

areas, assigned with index “r”, that can be regions and/or laminas. For a structure with a number of 

regions (nr) and number of laminas (nl), multiplying both we get the number of design areas in the 

structure. The number of design areas (nda) is equal to the number of regions (nr) times the number of 

laminas (nl) 

The objective of the optimization model developed is to select the material in each individual design area 

of the component, from within a set of available materials, which maximizes the structural stiffness. As 

shown if figure 11, a region will be identified with the index “j” (an integer from 1 until nr), and a lamina is 

identified with the index “k” (an integer from 1 until nl).  

To better explain the numeration procedure, consider the following examples (figure 11): design area r=2 

corresponds to lamina k=2 from region j=1, design area 4, corresponds to lamina k=1 in region j=2. 
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Figure 11 - Example of structure with 2 regions (j=1 and 2) and 3 laminas (k=1,2 and 3), showing 

the numeration of each one. In total it has 6 design areas (r=1…6). 

 

3.3. Convergence and material definition 

 

In this project the main concern is to achieve a material configuration that minimizes our objective 

function, with full convergence of the material weights to the limit values, 0 and 1. However sometimes 

this may be very expensive in terms of computer time. In these cases this objective may be relaxed and 

the solution considered acceptable with values of 0.95 for one weight, and around 0.001 for the other 

weights of the same design region. 

Anyhow we should note that in some cases it may happen that the optimal solution has weights with very 

similar, or even equal, values representing then a mixed material, the so-called “grey solution”. This may 

happen in cases where a global or local minimum corresponds to a mix of materials.  

 

3.4. Candidate materials symbolic representation 

 

In the results chapter the best material configurations are shown schematically with figures and symbols 

that are explained here. The goal is to use the simplest possible representation of the results for each 

specific case, in a manner clear and intuitive to the reader. 

The composite material modeled in this work has 4 different fiber orientations, which are the most 

common ones found in the market. Obviously the composite material with fibers at 0º is the same has the 

one with fibers at 90º but the plate is rotated 90º. For the other two directions we have the same, since if 

we buy a plate with fibers at 45º and we rotate it 90º we have the plate with -45º. 

In cases with multiple regions (except in the case of the combined topology/orientation chapter) the five 

candidate materials will be represented by the symbolic nomenclature that is shown in figure 12.  
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Figure 12 – Candidate materials: a) Composite with fibers at Ө=0º (material 1). b) Composite with 

fibers at Ө=90º (material 2). c) Composite with fibers at Ө=45º (material 3). d) Composite with 

fibers at Ө=-45º (material 4). e) Foam (material 5). 

 

As explained before one of the objective it will be to have well defined materials for each of the design 

areas but in some cases we might have a mix of materials (grey solution). To represent this situation the 

respective symbols are overlapped (see figure 13a). 

In cases of laminas (see figure 13b), the material defined in each lamina will be defined by its name (0º, 

90º, 45º, -45º and foam).  

 

 

Figure 13 - a) Example figure of a plate with 8 regions, where 2 of them are a mix of foam and 

composite material. b) Laminate plate with 10 laminas, where the material is specified by its name.  
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4. Optimization model 

4.1. Objective function - Compliance (C) 

 

In this work we chose the stiffness of the structure, as the measure of global performance for the given 

applied loads, so the optimization problem goal is to maximize stiffness. This is a standard objective in 

structural optimization that is generally achieved by minimizing the stiffness inverse, the (structural) 

Compliance, which is much easier to manipulate mathematically. 

In the optimization problem our minimization goal is then the Compliance, C, defined as the work of the 

forces applied to our component. So C, in a FEM model is equal to the applied force vector, times the 

nodal displacement vector.  

𝑂𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛: 𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 [𝐶𝑜𝑚𝑝𝑙𝑖𝑎𝑛𝑐𝑒 (𝐶)] 

 

𝑓 = 𝐶 = 𝐹𝑇⃗⃗ ⃗⃗ ⃗�⃗⃗�            (4.1.1) 

 

To get the compliance value we can simply obtain from Abaqus the displacement and force vectors and 

perform the calculation in Matlab. But this would be time consuming for very refined meshes where the 

matrices and vectors have large dimensions. An alternative is to get from Abaqus the Total Elastic Strain 

Energy (U) of our component at equilibrium, which is just equal to ½ of the Compliance. So to minimize C 

is precisely the same as to minimize U with respect to the design variables. 

 

𝐶 = 𝐹𝑇⃗⃗ ⃗⃗ ⃗�⃗⃗� = 𝑢𝑇⃗⃗ ⃗⃗⃗[𝐾]�⃗⃗� = 2𝑈          (4.1.2) 

 

𝑂𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛: 𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 [𝑇𝑜𝑡𝑎𝑙 𝐸𝑙𝑎𝑠𝑡𝑖𝑐 𝑆𝑡𝑟𝑎𝑖𝑛 𝐸𝑛𝑒𝑟𝑔𝑦 (𝑈)] 

 

𝑓 = 𝑈            (4.1.3) 
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4.2. Design Constraints 

 

This optimization model assumes box, inequality and equality type of constraints. The box constraints 

bound all the project design variables between upper and lower limits, for example [0; 1]. This type of 

constraint appears in our optimization problem from DMO 4 formulation.  With “j” identifying the region, “k” 

the lamina and for the “i” design variable number one has, 

0 ≤ 𝑥𝑖
𝑗,𝑘

≤ 1            (4.2.1) 

The other type of constraint that might appear in our example problems is an inequality constraint stating 

that the structure must include a minimum amount of foam material. This is defined by the designer 

defining the parameter nfoam given as a data variable in the code. Using the nfoam parameter the 

designer states how many design areas he wants to be made of foam. Without this constraint the 

optimizer will never put foam in the structure since the foam is much less stiffer than the composite 

material. The inclusion of foam may be justified for example to reduce significantly the weight and the 

cost of the structure.  

With nr defining the number of regions and nl the number of layers of the problem one can set this 

constraint as: 

𝑔 = 𝑛𝑓𝑜𝑎𝑚 − ∑∑ 𝑤5
𝑗,𝑘

𝑛𝑙

𝑘=1

𝑛𝑟

𝑗=1

≤ 0            (4.2.2)  

To understand this constraint, imagine we choose nfoam=2, i.e. we want in the end at least two design 

areas (region or lamina) with foam material.  Then the summation over the nr regions and nl laminas of 

the w5 function, associated with the foam material, has to be bigger or equal to two. Since the foam is the 

weaker material and we are maximizing stiffness, the constraint will always be active.  

To help the convergence of the material “weights” to the limit values (0 or 1), equality constraints were 

introduced. These constraints penalize cases where the summation of the material “weights” in each area 

(region or lamina) is not equal to one. It is introduced in situations where it is difficult to get material 

“weights” convergence to the limit values namely when the optimizer converges to a “mix” of materials in 

a design area. 

 ℎ𝑗,𝑘 = (∑𝑤𝑖
𝑗,𝑘

𝑛𝑚

𝑖=1

) − 1 = 0            (4.2.3)  

So in our model there is only one inequality constraint and the number of equality constraints is the same 

as the number of design areas (number of regions times the number of laminas).  
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4.3. Sensitivity Analysis 

4.3.1. Introduction 

 

To calculate the derivatives (gradients) with respect to (w.r.t.) design variables there are two main 

choices. The first is to obtain the derivatives analytically using the Adjoint Method or the Direct Method 

and after substitute in these expressions the respective stress/strain fields obtained from the finite 

element solution. The second is to apply a finite difference methodology based on successive objective 

function evaluations using the finite element model.  

Finite Differences would require much more computational time because we need to individually perturb 

each design variable and perform the respective objective function evaluation for each perturbation. In 

our case, and if for example we have 40 design variables, this would require at least 40 additional finite 

element model evaluations. 

Concerning the analytical methodology, adjoint or direct methods, since the number of functions to derive 

(either objective or constraints) is much smaller than the number of design variables the best choice is the 

Adjoint Method. Furthermore in the case of compliance the problem is self-adjoint and thus a single finite 

element solution is enough to obtain the information needed. For a full discussion on sensitivity analysis, 

using finite differences, adjoint method or direct methods please see e.g. [18]. 

 

4.3.2. Objective Function Derivative - Adjoint Method 

 

Our main objective at this point is to get the total derivatives of our objective function w.r.t. the design 

variables. The parameter “ndf” refers to the number of degrees of freedom in the structure. 

𝑑𝑓

𝑑𝑥𝑡
= ∑

𝜕𝑓

𝜕𝑢𝑧

𝑛𝑑𝑓

𝑧=1

𝑑𝑢𝑧

𝑑𝑥𝑡
+

𝜕𝑓

𝜕𝑥𝑡
            (4.3.1) 

Note that if the objective function is not an explicit function of design the right-hand side last term equals 

to zero, i.e. , 

𝜕𝑓

𝜕𝑥𝑡
= 0            (4.3.2) 

Our objective function, Compliance is obtained from the product between the Force and Displacement 

vector as described in (4.1.1). So substituting the compliance in (4.3.1) one gets. 
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𝑑𝑓

𝑑𝑥𝑡
= 𝐹𝑇 ∙

𝜕�⃗⃗� 

𝜕𝑥𝑡
           (4.3.3) 

At the same time, we recall that the Equilibrium Equation (4.3.4) is always satisfied, so its derivatives 

w.r.t. design should be zero.  

[𝐾] ∙ �⃗⃗� = �⃗� →
𝜕[𝐾]

𝜕𝑥𝑡
�⃗⃗� + [𝐾]

𝜕�⃗⃗�

𝜕𝑥𝑡
= 0           (4.3.4) 

In our problem the force vector does not depend on the project variables and so its derivatives are zero. 

Introducing the adjoint displacement vector, �⃗�, as the solution of the Equilibrium Equation for a force that 

equals the derivative of the objective function w.r.t. displacement we get  the adjoint problem; 

[𝐾] ∙ �⃗� =
𝜕𝑓

𝜕�⃗⃗�
= �⃗� → �⃗� = �⃗⃗�            (4.3.5) 

It is apparent that in this case the adjoint displacement �⃗� equals the real displacement �⃗⃗�.  

Going back to the derivative of the Equilibrium Equation (4.3.4) and multiplying it by the adjoint 

displacement vector we get: 

[𝐾]
𝜕�⃗⃗�

𝜕𝑥𝑡
= −

𝜕[𝐾]

𝜕𝑥𝑡
�⃗⃗�  →  �⃗�𝑇 ∙ [𝐾]

𝜕�⃗⃗�

𝜕𝑥𝑡
= −�⃗�𝑇

𝜕[𝐾]

𝜕𝑥𝑡
�⃗⃗� ;  �⃗� ≠ 0              (4.3.6) 

From (4.3.6.) using the symmetry of [K] and the adjoint problem definition (4.3.5) we have; 

𝜕𝑓

𝜕�⃗⃗� 
∙
𝜕�⃗⃗� 

𝜕𝑥𝑡
= −𝑣𝑇⃗⃗ ⃗⃗⃗ 𝜕

[𝐾]

𝜕𝑥𝑡
�⃗⃗�                (4.3.7) 

We can now use this result and (4.3.2). in (4.3.1.) to obtain the derivative of our objective function 

(compliance), 

𝑑𝑓

𝑑𝑥𝑡
= −𝑣𝑇⃗⃗ ⃗⃗⃗ 𝜕

[𝐾]

𝜕𝑥𝑡
�⃗⃗�  = −𝑢𝑇⃗⃗ ⃗⃗⃗  

𝜕[𝐾]

𝜕𝑥𝑡
�⃗⃗�             (4.3.8) 

 

4.3.3. Stiffness Matrix derivatives  

 

The main issue now is to obtain the derivative of the [K] matrix w.r.t. the project variables, which can be 

handled using DMO.  This method, as explained before (chapter 2.5), establishes that the constitutive 
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matrix of any element is made of a weighted sum of the constitutive matrices from all candidate materials 

(equation 2.5.2).  

Recalling the expression from the finite element method, the stiffness matrix of any element comes from 

the integration of shape functions, defined in matrix [B] and the constitutive matrix of the material 

comprising the specified element, [C] [19]. When using DMO the [C] matrix depends on design variables, 

denoted by x. For the moment we will just consider that our structure is made of design areas “r”, and it is 

not important if it is laminas or regions. 

[𝐾𝑟] =  ∫ [𝐵]𝑇[𝐶𝑟(𝑥𝑟⃗⃗⃗⃗ )][𝐵]
𝑉𝑒

𝑑𝑉𝑒 = ∑∫ [𝐵]𝑇(𝑤𝑖
𝑟[𝐶𝑖]) [𝐵]

𝑉𝑒

𝑑𝑉𝑒 

𝑛𝑚

𝑖=1

        (4.3.9) 

Since in our case we only consider 5 candidate materials we can express equation (4.3.9) as: 

[𝐾𝑟] =  𝑤1
𝑟 ∫ [𝐵]𝑇[𝐶1][𝐵] 𝑑𝑉𝑒

𝑉𝑒

+ 𝑤2
𝑟 ∫ [𝐵]𝑇[𝐶2][𝐵] 𝑑𝑉𝑒

𝑉𝑒

+ 𝑤3
𝑟 ∫ [𝐵]𝑇[𝐶3][𝐵] 𝑑𝑉𝑒

𝑉𝑒

+ 𝑤4
𝑟 ∫ [𝐵]𝑇[𝐶4][𝐵] 𝑑𝑉𝑒

𝑉𝑒

+ 𝑤5
𝑟 ∫ [𝐵]𝑇[𝐶5][𝐵] 𝑑𝑉𝑒

𝑉𝑒

       (4.3.10) 

This method, establishes that our element K matrix for a design region is simply a summation of the K 

matrices associated with each material. 

[𝐾𝑟] = 𝑤1
𝑟[𝐾1

𝑟] + 𝑤2
𝑟[𝐾2

𝑟] + 𝑤3
𝑟[𝐾3

𝑟] + 𝑤4
𝑟[𝐾4

𝑟] + 𝑤5
𝑟[𝐾5

𝑟]             (4.3.11) 

In this last equation the only parameters that depend on the design variables are the weights, so we get: 

𝜕[𝐾𝑟]

𝜕𝑥𝑖
𝑟

=
𝜕𝑤1

𝑟

𝜕𝑥𝑖
𝑟
[𝐾1

𝑟] +
𝜕𝑤2

𝑟

𝜕𝑥𝑖
𝑟
[𝐾2

𝑟] +
𝜕𝑤3

𝑟

𝜕𝑥𝑖
𝑟
[𝐾3

𝑟] +
𝜕𝑤4

𝑟

𝜕𝑥𝑖
𝑟
[𝐾4

𝑟] +
𝜕𝑤5

𝑟

𝜕𝑥𝑖
𝑟
[𝐾5

𝑟]             (4.3.12) 

The derivative of the weights is easily obtained from DMO 4 expressions by explicitly derivation (nm 

corresponds to the number of candidate materials, that in this work is 5).  

𝜕𝑤𝑞
𝑟

𝜕𝑥𝑖
𝑟 =

{
  
 

  
 (𝑝(𝑥𝑖

𝑟)𝑝−1 ∏ [1 − (𝑥𝑠
𝑟)𝑝]

𝑛𝑚

𝑠=1;𝑠≠𝑖

)    ;   𝑖 = 𝑞

((𝑥𝑞
𝑟)𝑝[−𝑝(𝑥𝑖

𝑟)𝑝−1] ∏ [1 − (𝑥𝑠
𝑟)𝑝]

𝑛𝑚

𝑠=1;𝑠≠𝑖;𝑠≠𝑞

)   ;   𝑖 ≠ 𝑞

 𝑖, 𝑞 = 1, 2…𝑛𝑚 (4.3.13) 
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In the general case where we have regions “j” and laminas “k”, equation (4.3.12) can be easily extended 

to obtain: 

 

𝜕[𝐾𝑗,𝑘]

𝜕𝑥𝑖
𝑗,𝑘

=
𝜕𝑤1

𝑗,𝑘

𝜕𝑥𝑖
𝑗,𝑘

[𝐾1
𝑗,𝑘

] +
𝜕𝑤2

𝑗,𝑘

𝜕𝑥𝑖
𝑗,𝑘

[𝐾2
𝑗,𝑘

] +
𝜕𝑤3

𝑗,𝑘

𝜕𝑥𝑖
𝑗,𝑘

[𝐾3
𝑗,𝑘

] +
𝜕𝑤4

𝑗,𝑘

𝜕𝑥𝑖
𝑗,𝑘

[𝐾4
𝑗,𝑘

] +
𝜕𝑤5

𝑗,𝑘

𝜕𝑥𝑖
𝑗,𝑘

[𝐾5
𝑗,𝑘

]     (4.3.13) 

 

To obtain from Abaqus the [K] Element Matrix for a specific lamina “k” one defines that lamina with the 

candidate material, and define all the other laminas with a very weak material, almost non-existent, so-

called “material 0” used only to obtain these matrices. “Material 0” is obtained by multiplying the foam 

material by a very small foam weight (w5). This procedure is implemented as described in detail in 

Ferreira, A.L., (2013), Master thesis [15] (chapter 3). 
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4.3.4. Design Constraints Derivatives  

 

For the optimization process we also need to define the derivatives of our constraints w.r.t. the design 

variables. 

The box constraints do not need any derivative information since the optimizer, FAIPA, deals with them 

directly. 

From the DMO expressions the derivatives of our constraints can be explicit obtained. So recalling our 

inequality constraint expressed in (4.2.2) and the weight function in (2.5.3) for i=5 (material 5, foam) we 

will get: 

 

𝜕𝑔

𝜕𝑥𝑖
𝑗,𝑘

= −
𝜕𝑤5

𝑗,𝑘

𝜕𝑥𝑖
𝑗,𝑘

=

{
 
 

 
 −𝑝(𝑥5

𝑗,𝑘
)𝑝−1 ∏ [1 − (𝑥𝑟

𝑗,𝑘
)𝑝]   ;    𝑖 = 5

𝑛𝑚

𝑟=1;𝑟≠5

(𝑥5
𝑗,𝑘

)𝑝[𝑝(𝑥𝑖
𝑗,𝑘

)𝑝−1] ∏ [1 − (𝑥𝑟
𝑗,𝑘

)𝑝]

𝑛𝑚

𝑟=1;𝑟≠𝑖;𝑟≠5

   ;  𝑖 ≠ 5

             (4.3.14) 

 

For the derivatives of the equality constraints the procedure is very similar, and so recalling the constraint 

expressed in (4.2.3) we will have: 

 

𝜕ℎ𝑗,𝑘

𝜕𝑥𝑖
𝑗,𝑘

= ∑
𝜕𝑤𝑙

𝑗,𝑘

𝜕𝑥𝑖
𝑗,𝑘

𝑛𝑚

𝑙=1

=

{
 
 

 
 ∑(𝑝(𝑥𝑖

𝑗,𝑘
)𝑝−1 ∏ [1 − (𝑥𝑟

𝑗,𝑘
)𝑝]

𝑛𝑚

𝑟=1;𝑟≠𝑖

)

𝑛𝑚

𝑙=1

    ;   𝑖 = 𝑙

∑((𝑥𝑖
𝑗,𝑘

)𝑝[𝑝(𝑥𝑖
𝑗,𝑘

)𝑝−1] ∏ [1 − (𝑥𝑟
𝑗,𝑘

)𝑝]

𝑛𝑚

𝑟=1;𝑟≠𝑖;𝑟≠𝑙

)  ;   𝑖 ≠ 𝑙

𝑛𝑚

𝑙=1

       (4.3.15) 
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5. Design Candidate Materials 

5.1. Composite materials 

 

The composite material in our problem can be laid in four different fiber orientations, 0º, 90º, 45º and -45º, 

which are the most commonly found in the market. 

This composite material has orthotropic symmetry and so using a coordinate system aligned with the 

directions of orthotropy (linked with the fiber directions) the material [C] matrix has only 9 independent 

constants, and using the respective Young’s Moduli (E), Poisson Coefficients (ν) and Shear Moduli (G), is 

given as;  

[𝐶]−1 = [𝑆]           (5.1.1) 

[𝑆𝑖𝑗] =

[
 
 
 
 
 
 
 
 
 
 
 
 
 

1

𝐸1
−

𝜈21

𝐸2

−
𝜈12

𝐸1

1

𝐸2

−
𝜈31

𝐸3
0

−
𝜈32

𝐸3
0

0 0
0 0

−
𝜈13

𝐸1
−

𝜈23

𝐸2

0 0

1

𝐸3
0

0
1

𝐺23

0 0
0 0

0 0
0 0

0 0
0 0

1

𝐺31
0

0
1

𝐺12]
 
 
 
 
 
 
 
 
 
 
 
 
 

           (5.1.2) 

 

Knowing the material constants we can get the compliance [S] matrix, then invert it to obtain the 

respective material stiffness matrix [C]. Applying a coordinate transformation ([T] is the transformation 

matrix) to the constitutive matrix of the composite material it is possible to get the constitutive matrix of the 

material in any other coordinate system (θ=0º, θ=45º, θ=-45º and θ=90º). For more information see 

references [1] and [2]. For simplicity purpose in writing the coordinate transformation, (5.1.3) is written 

considering C as a 4th order tensor. 

 

𝐶𝑟 𝑠 𝑝 𝑞 = 𝐶𝑖 𝑗 𝑘 𝑙𝑇𝑖 𝑟𝑇𝑗 𝑠𝑇𝑘 𝑝𝑇𝑙 𝑞          (5.1.3) 
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[𝑇] = [
cos 𝜃 − sin 𝜃 0
sin 𝜃 cos 𝜃 0
0 0 1

]           (5.1.4) 

The properties of the fibrous composite material, used in the computational code, were obtained from the 

homogenization code developed by J.M. Guedes & N. Kikuchi, explained in [20]. 

Table 1 - Table with the mechanical properties used to calculate the constitutive matrix of the 

composite material. 

E11=5.4x1010 [Pa] E22=1.8x1010 [Pa] E33=1.8x1010 [Pa] 

v= v12= v13= v23= 0.2 G12=9x109 [Pa] G13= G23=3.4x109 [Pa] 

 

The standard composite materials have a density around 2000kg/m3. The densities and prices for the 

composite materials are available in the material database software CES Edupack 2013. E11=5.4x1010 

 

5.2. Foam material 

 

For the foam material we assume isotropic behavior (isotropic [C] matrix shown below) because it has the 

same properties in all directions. Its constitutive matrix only has 2 independent constants, the Young’s 

Modulus (E) and the Poisson Coefficients (ν). We will assume a foam material around 250 times less stiff 

than the composite material as can be observed by comparing the Young’s Modulus (E) and with low 

weight due to the high porosity.  

 

[
 
 
 
 
 
𝜎1

𝜎2

𝜎3

𝜏23

𝜏31

𝜏12]
 
 
 
 
 

=

[
 
 
 
 
 
𝐶11 𝐶12

𝐶12 𝐶11

𝐶12                       0
𝐶12                        0

0                       0
0                       0

𝐶12 𝐶12

0 0

𝐶11                        0
0   (𝐶11 − 𝐶12)/2

0                       0
0                       0

0 0
0 0

0                           0
0                           0

(𝐶11 − 𝐶12)/2 0
0 (𝐶11 − 𝐶12)/2]

 
 
 
 
 

[
 
 
 
 
 
𝜀1

𝜀2

𝜀3

𝛾23

𝛾31

𝛾12]
 
 
 
 
 

         (5.2.1) 

[𝐶]−1 = [𝑆]          (5.2.2) 

𝑆11 =
1

𝐸
     ;       𝑆12 = −

𝜈

𝐸
           (5.2.3) 
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Introducing the possibility of choosing a “foam” material in this optimal design model has two main 

objectives: 

First to widen the model applicability to sandwich type structures, with big savings in terms of weight but 

minimizing the associated stiffness decrease, additionally, second, to choose foam with very low stiffness, 

will allow the possibility of combining material selection and topology optimization.  

Note that, the densities of the foams are generally around 100kg/m3, which is 20 times less dense than 

the common composites available. 

The foam parameters were obtained using CES Edupack 2013 explained in [21]. 

Table 2 - Table with the mechanical properties used to calculate the constitutive matrix of the 

foam material. 

E=0.15x109 [Pa] ν=0.3 

 

 

Figure 14 – Polyethylene foam (picture found in 

http://www.8linx.com/cnc/Polyethylene%20_foam.htm). 

 

Note: Although the candidate materials are orthotropic (and isotropic), the DMO methodology, since it 

organizes them into a single (“artificial”) material, requires that in the computational analysis model 

(Abaqus) all are treated as anisotropic (with 21 independent constants).  
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6. Computational model description 

6.1. Feasible Arc Interior Point Algorithm (FAIPA) 

 

To minimize our objective function under the set of constraints we need to introduce an optimizer in our 

computational model. For that we selected FAIPA, which is a versatile code based on mathematical 

programming algorithm, developed by Prof. Herskovits, for non-linear constrained optimization problems 

[22]. 

The problem solved by FAIPA, as in almost all optimization algorithms, is established in the canonical 

form shown in (6.1.1), where “f” is the objective function, “x” the design variables, “g” the inequality 

constrains, and “h” the equality constraints. 

{

𝑚𝑖𝑛𝑥 𝑓(�⃗�)

𝑠. 𝑡.    𝑔(�⃗�) ≤ 0

ℎ(�⃗�) = 0

               (6.1.1) 

 

The program requires an initial feasible point, and at each iteration defines a feasible path along which it 

will run its line search algorithms. At each iteration, using the derivative information provided, a “feasible 

descent arc” (FAIPA) or a “feasible direction” (FDIPA – Feasible Direction Interior Point Algorithm) is 

established, depending on the option selected by the user.  

The program permits the choice of Newton, Quasi-Newton or a First Order Method to define this direction. 

We opted for the Quasi-Newton version of the code.  The Quasi-Newton method defines the search 

direction based on an approximation of the Hessian matrix. This Hessian approximation is always positive 

definite and his iteratively constructed using the gradient information and iteration points. The method 

overcomes some of the Newton Method disadvantages namely, the effort required to calculate the 

Hessian matrix, and the difficulties associated with the possibility of having non-positive definite Hessians. 

Also the method is much more efficient than the first order methods such as Steepest Descent (see e.g. 

[23]). 

Once the feasible direction (or arc) is defined a line search algorithm is executed to reach a point with a 

lower objective function value. FAIPA allows us to select from three distinct line search algorithms: 

Wolfe’s, Armijo’s and Goldstein’s criterion.  

FAIPA considers the KKT (Karush-Kuhn-Tucker) conditions to verify optimality and ensures the 

convergence of the respective points [23].  
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Figure 15-Graphic showing FAIPA optimization procedure with "feasible arc". 

The line search algorithm finds a minimum point along a specified direction. It moves along the descent 

direction (𝑑𝑘) established and iteration by iteration checks which points satisfy the stopping conditions. It 

is a 1-D optimization problem since the only variable is the step length (𝛼𝑘). 

 

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘𝑑𝑘               (6.1.2) 

∅(𝛼) = 𝑓(𝑥𝑘 + 𝛼𝑘𝑑𝑘)         (6.1.3) 

𝑚𝑖𝑛𝛼  ∅(𝛼) 

 

Ideally the purpose of the line search is to identify the global minimum point along the given direction. 

However this is difficult to assure, and computationally may be very inefficient, so generally it is 

acceptable for the line search to get only a local minimum, as shown in figure 16. FAIPA allows us to 

choose between three different line search criteria each one with different stopping conditions.  
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Figure 16- Graphic showing the 1-D optimization made in line search. Local minimum and global 

minimum is also pointed out. 

The first one is the Armijo’s condition, which calculates the step size value  that satisfies the inequality 

for a 𝑐1 constant set by the user. 

𝑓(𝑥𝑘 + 𝛼𝑘𝑑𝑘) ≤ 𝑓(𝑥𝑘) + 𝑐1𝛼𝑘∇𝑓𝑘
𝑇𝑑𝑘    ,    𝑐1 ∈ (0,1)             (6.1.4) 

The satisfaction of this inequality by 𝛼𝑘 guarantees a sufficient decrease in the objective function value, 

however it may give very small 𝛼𝑘 values and thus very small design changes.  

The Wolfe’s criterion adds an additional inequality to be satisfied by the 𝛼𝑘 to prevent these very small 

step sizes.   

∇𝑓(𝑥𝑘 + 𝛼𝑘𝑑𝑘)
𝑇𝑑𝑘 ≥ 𝑐2∇𝑓𝑘

𝑇𝑑𝑘    ,    𝑐2 ∈ (𝑐1, 1)                 (6.1.5) 

The Wolfe’s criterion uses both inequalities (6.1.4-5) to define an acceptable step size 𝛼𝑘.  

The last line search method available is the Goldstein condition that ensures a reduction of the objective 

function and a control of the step size, with 𝛼𝑘 satisfying the following system of inequalities, 

{
𝑓(𝑥𝑘) + (1 − 𝑐)𝛼𝑘∇𝑓𝑘

𝑇𝑑𝑘 ≤ 𝑓(𝑥𝑘 + 𝛼𝑘𝑑𝑘) 

𝑓(𝑥𝑘 + 𝛼𝑘𝑑𝑘) ≤ 𝑓(𝑥𝑘) + 𝑐𝛼𝑘∇𝑓𝑘
𝑇𝑑𝑘

   ,   𝑐 ∈ (0,
1

2
)                  (6.1.6)  
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6.2. Abaqus: Finite Element Model  

 

In this project we selected Abaqus finite element code as the tool for structural analysis. Using a general 

finite element code gives the possibility of optimally design very general structures. However it is more 

difficult to extract the structural analysis data and results required to the optimization model and adds 

computational inefficiency.  The program allows the user to use a graphic interface to define the structure 

geometry, the material properties, mesh, boundary conditions, loads applied and create de finite element 

model. All this information is written in an input data file (.inp) that can easily be adjusted by the 

programmer using a text editor.  

When the input file is complete, the “job” is submitted to the solver, the input file is read, errors are 

checked and if all is “okay” the structural analysis is executed. The analysis results are then written in 

specific file called “.odb” that can be accessed to extract or to visualize the results.  

The software is friendly to the user and the graphic interface intuitive. But as almost all commercial finite 

element codes, it is like a “black box” for the regular user that, in some cases, may never fully recognized 

the model limitations and the assumptions implicitly introduced.  

As most commercial finite element codes, Abaqus has an extensive finite element library.  In this project 

we focused our applications in plate and shell type of structures for which Abaqus has several possible 

finite elements (e.g. S3, S4, S4R and SAX1). From all these possibilities we choose S4, a four-node shell 

element based on a first order shear deformation theory (FSDT) [24], without reduced integration but with 

capabilities to prevent shear and membrane locking.  

 

Figure 17 - General image of the S4 element. Image from [23]. 
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The S4 element has 24 degrees of freedom (4 nodes and 6 degrees of freedom per node) and it allows 

the user to define layers, with different materials, along its thickness. It is a general-purpose finite 

element, recommended for the analysis of thick and thin shells [25], and also to laminated shells [26] and 

reported in several studies as computationally efficient and accurate [25, 26]. For details about Abaqus 

code and its elements applied to the study laminated composites please consult the monograph by E. J. 

Barbero (2013) [26]. For general information about Abaqus consult Abaqus Manual [27]. 

 

6.3. Scale factor and Penalty function 

 

To get faster results and to better control the optimization process some scale factors of the function to 

minimize (f) have to be introduced. The FAIPA optimizer works well for objective values in a range near 

the unit, but the Compliance values are mostly very small in comparison to the unit (around 10-5 and 10-9) 

that originates numerical difficulties in the optimization process, so a proper scaling (sc) of the objective 

function is implemented to get convergence and faster results.  

𝑓 = 𝐶 × 𝑠𝑐              (6.3.1) 

The feasible solution method, used by FAIPA, proved not to be very efficient with DMO mainly in cases 

with the inequality foam constraint. This happens since the DMO optimization never starts in a point that 

does not violate the constraints (feasible point). To solve this problem a penalty method formulation was 

introduced, that uses the unconstrained version of FAIPA. The objective function submitted to FAIPA is a 

penalized function (fobj), with the function to minimize (f – Compliance) where one adds the different 

penalties terms due to the constraints (inequality, g, and equality, h, constraints). The main advantage of 

using the penalty method is that it easy to implement, and there are no problems regarding the feasibility 

of the points. For more information about penalty functions see e.g. [18, 28]. 

Equation (6.3.2) shows the penalized objective function used where the inequality constraint, g, is 

represented by equation (4.2.2) and the equality constraint, h, by equation (4.2.3). The first term of the 

first equation is the original objective function established in this chapter (see equation 6.3.1). 

𝑓𝑜𝑏𝑗 = 𝑓 +
1

2
𝑐 × [max(0, 𝑔)]2 +

1

2
 𝑐1 × ∑∑ ℎ𝑗,𝑘2

𝑛𝑙

𝑘=1

𝑛𝑟

𝑗=1

        (6.3.2) 

𝑑(𝑓𝑜𝑏𝑗)

𝑑𝑥𝑖
𝑗,𝑘

=
𝑑𝑓

𝑑𝑥𝑖
𝑗,𝑘

+ 𝑐 × max(0, 𝑔) ×
𝑑𝑔

𝑑𝑥𝑖
𝑗,𝑘

+ 𝑐1 × ∑∑ ℎ𝑗,𝑘

𝑛𝑙

𝑘=1

𝑛𝑟

𝑗=1

×
𝑑ℎ𝑗,𝑘

𝑑𝑥𝑖
𝑗,𝑘

         (6.3.3) 
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6.4. Program Description 

 

The model is implemented in a computational program using Matlab language and sub-divided into 

blocks as shown in the flow-chart of figure 18.   We now describe its main features. 

  

Figure 18 – Flow-Chart with the process preformed by the computational model. 

In the first block (Develop structural model) the designer, using Abaqus CAE, defines the structure finite 

element model (geometry, mesh, BCs and applied loads), after introduces the design information, 

namely, design regions and laminas. All this data is written in a input file that can be read by Abaqus and 

Matlab. In the second block (Define Optimization parameters) the user defines the optimization 

parameters (for example: initial design, scale factor, DMO penalty exponents, penalty coefficients).  

After all the structural and optimization data is defined the third block (Pre-Optimizer) is executed. This 

block is written in Matlab language and calls Abaqus automatically to get the element stiffness matrices 

necessary for the sensitivity analysis (see section 4.3.3 and expressions 4.3.12 -13). Note that this matrix 

information is independent of design variables, so, is computed only once. 

These first three blocks constitute what in Figure 19 is denoted as Pre-Optimization. Here all the data is 

set and all the information need for optimization but independent of the respective interaction is obtained.  

The 4th block is the real Optimization block. Here, using the data previously defined, the design iterations 

are performed using FAIPA algorithm (as described in session 6.1). FAIPA automatically calls Abaqus 

when the objective function and constraints values are required. This block is ran several times with a 

gradual increase of the DMO penalty exponent (p – defined in chapter 2.5), and penalty coefficients (c 

and c1, defined in expression (6.3.2-3)). The number of times this block is repeated with increasing 

penalty values is defined by the user on “Define Optimization Parameters” block. 

The final block (Results) is responsible for collecting the output information from Abaqus. Excel files, data 

files, and Matlab variables are written with optimization information, like: design variables values, material 

Develop 
structural 

model

Define 
optimization 
parameters

Pre-Optimizer

Optimization 
(FAIPA)

Results
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weights, objective function values, Compliance and gradient information along the optimization process. 

This makes easy for the user to consult important data, and plot graphs needed for further analysis. 

  

Figure 19 – Detailed flow chart, with important steps of the computational model. 

One of the limitations of the code is that the user needs to use the Abaqus CAE to develop the input file, 

and then to modify it, so that, it can be used by the code. Another issue is that many of the optimization 

parameters are defined by the user, which allows him to have some control in the design process, but 

also requires some experience and intuition to define these parameters and get a satisfactory solution.  

Pre-Optimization

• Develop the model

• Choose optimization parameters

• Call MATLAB

• Clean previous data files

• Initialize parameters

• Read Abaqus input file

• Obtain assembly matrix

• Call Abaqus

• Obtain necessary stiffness matrices

Optimization

• Call FAIPA

• Call Abaqus and obtain solution for actual design.

• Read Abaqus output

• Objective function calculation

• Calculation of derivatives

• Establish search direction

• Increment penalty exponent and coefficients

• Iterate until convergence

Results

• Write optimization results in Matlab, data and excel file

• Design Points

• Material Weights

• Objective function

• Gradients
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7. Results and Discussion 

7.1. Simple Square and Rectangular Plates  

7.1.1. Short Description 

 

In this section we will test the models with simple cases with one lamina plates and uniform mesh. The 

plate is divided in multiple design regions where the material is to be defined from the set of candidate 

materials, a composite with 4 alternative orientations (0º, 90º, 45º and -45 º) and the foam.   

To get a uniform mesh we will work with square and rectangular plates. The optimization model will be 

tested for various loads and BC.  

Here the following coordinate system is established. Direction 3 or z-axis is always in the direction normal 

to the plate surface, directions 1 (or x-axis) and 2 (or y-axis) are in-plane directions as shown in Figure 

20. 

 

Figure 20 - Figure establishing the coordinate system for this section. Z-axis (direction 3) 

perpendicular to the plate and the other two are in-plane directions. 

 

7.1.2. Pure shear case 

 

In this first case a pure shear load is applied to a square plate with only one lamina and subdivided in 4 

square regions (20 design variables). To prevent the plate motions, one of the corners is fixed in all 

directions, and to prevent rigid body rotation, the left side cannot move in the normal direction (axis 3) and 

cannot rotate around axis 1 and 2. The shear stress is applied along all the plate edges with a magnitude 

of 10N/m. In figure 21 one can see the square plate and the applied loads and boundary conditions. 
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Figure 21 - Figure showing the 4 regions square plate with the BC and loads applied. 

For DMO we must start from a “fair” and feasible (between 0 and 1) initial design point, so that we don’t 

favor any specific configuration. So we must give the same initial value (x0) for all the design variables, x. 

To analyze the influence of the initial design we considered four different starting points (between 0.2 and 

0.75). The different optimal configurations obtained, while varying the initial value (x0), are shown in 

figure 22. 

 

Figure 22 – Different configurations obtained while varying the initial value (x0). Final compliance 

value is: a) C=1.256656e-8 J; b) C=1.257408e-8 J; c) C=1.281444e-8 J; d) C=1.280184e-8 J; 

The configuration that has the minimum Compliance is the one shown in figure 22a that was obtained 

when starting from 4 different initial designs x0 (0.25, 0.4, 0.65 and 0.7). The graph in figures 23 shows 

the Compliance value obtained by the optimizer function of the initial value (x0). In figure 24 the same is 

done but now for the number of iterations function of x0. The colors of the bars in the graphs (figures 23, 

24 and 25) represent the different configurations obtained (figure 22) blue is for a), red for b), yellow for c) 

and green for d). Each different configuration represents a different local minimum, so the convergence 

for each minimum can also be evaluated by the difference of the Compliance obtained from the 

optimization and the Compliance considering full convergence (explained in chapter 3.3) of the material 

weights (to 0 and 1) (figure 25). 
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Figure 23 - Graph showing the Compliance value (vertical axis) in function of the initial value (x0) 

of the design variables (horizontal axis). Color of the bars are associated with configuration 

obtained in figure 22. 

 

Figure 24 - Graph showing the number of iterations in the optimization process (vertical axis) in 

function of the initial value (x0) of the design variables (horizontal axis). Color of the bars are 

associated with configuration obtained in figure 22. 
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Figure 25 - Graph showing the convergence measure to the specific minimum (vertical axis) in 

function of the initial value (x0) of the design variables (horizontal axis). Color of the bars are 

associated with configuration obtained in figure 22. 

The best value obtained was with x0=0.65, that achieved the best configuration (figure 22a) and had the 

higher convergence from the ones that obtained that same configuration (blue color in the graphs) with a 

Compliance value of C=1.256671e-8 J and it took 57 iterations. This represents a convergence (regarding 

the full convergence value C=1.256656e-8 J) of 99.999%. With these analyses one can see that with 

different initial values (x0) one may get different configurations, different convergence rates and also a 

variation in the number of optimization iterations, but no pattern is visible, and no “optimum” range of 

initial values can be defined, at least with these simple analyses. 

Using the foam constraint to introduce at least foam in one of the regions, no feasible solution was 

obtained. The solution obtained was always to mix foam with composite material, in all regions, which is 

not a good solution since we want well defined materials.  

This example structure is uniformly loaded, has very few design regions and DMO is a “penalty” 

approximation for an integer optimization problem. This complicates the convergence process to a unique 

and well-defined solution, since a small change in a design variable gives a big jump in terms of design. 

 

7.1.3. Concentrated load case 

 

In this case, two concentrated forces are applied to a rectangular plate (0.08x0.04 [m]), divided in 8 

square regions (40 design variables). The BC clamps the left side of the plate in all directions and 
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rotations. The two loads are applied in the upper corner of the right side, both with 10N magnitude but 

one in direction 1 (x-axis) and the other in direction 2 (y-axis). In figure 26 the case is shown 

schematically. 

 

Figure 26 - Figure showing the 8 regions (zones) rectangular plate (meshed) with the BC and loads 

applied. 

The global minimum was achieved with the optimizer with a convergence of 99.97%, in 30 iterations, with 

a final compliance value of C=5.885326e-5 J (with full convergence it is C=5.8836e-5 J), and the optimal 

configuration shown in figure 27. 

 

Figure 27 - Image showing the optimum configuration obtained by the optimizer. This 

corresponds to the global minimum C=5.885326e-5 J. 

In the figures below the graphs show the convergence of the variables and material weights to the limit 

values (0 and 1) and the convergence and reduction of the objective function to the final value of 

fobj=17.12149 (defined in equation (6.5.2)). The graphs with the convergence of the design variables and 

material weights are just for the regions 1, 3 and 6 (randomly chosen).  

There are instances where there may be an objective function rise or jumps in the material weights. This 

is because of the increase of the DMO penalty exponent “p”, as mentioned in the computational code 

description, and which corresponds to a change in the weights function. This increase in “p” value is done 

in iterations 13, 19 and 25. 
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Figure 28 - Graph showing the variation of the objective function (fobj) during the optimization 

process until fobj=17.12149.  

 

  
Figure 29 - Graphs for the variation of the design variables, x, and material weights, w, during the 

optimization process for region 1. In the end of the optimization material 1 (composite with fibers 

at 0º) is the one defined for region 1. 
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Figure 30 - Graphs for the variation of the design variables, x, and material weights, w, during the 

optimization process for region 3. In the end of the optimization material 4 is the one defined for 

region 3. 

 

  
Figure 31 - Graphs for the variation of the design variables, x, and material weights, w, during the 

optimization process for region 6. In the end of the optimization material 3 is the one defined for 

region 6. 
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In figures 29, 30 and 31, one can observe the fast convergence of the design variables, x, to the limit 

values, 0 and 1, and the fast response from the material weights (that are function of the variables x) that 

also converge to the limit values, so that, and in the end, one obtains well defined materials for each 

region. 

For this case, we also tried to introduce foam in our plate, first only one region, and after in two and three. 

(nfoam=1, nfoam=2 and nfoam=3). The nfoam parameter defines the minimum number of design areas 

made of foam and it is introduced in the inequality foam constraint equation (4.2.2).  

In the case of only one foam region the optimal configuration is shown in figure 32 with C= 6.62185e-5 J. 

In comparison with the case without foam (figure 27), the compliance gets 12.5% higher and the 

reduction in the weight is close to 12%. 

 

 

Figure 32 - Configuration obtained by the optimizer with nfoam=1. Compliance value with 

C=6.62185e-5 J in 37 iterations. 

 

Figure 33 - Graph showing the variation of the objective function (fobj) during the optimization 

process until fobj=19.2628 for the plate with 1 foam regions. 
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Imposing two foam regions, the configuration obtained from the optimizer is shown in figure 34 with C= 

8.189103e-5 J. In comparison with the case without foam, the compliance is 40% higher (figure 27) and 

the reduction in the weight is close to 24%. 

 

Figure 34 - Configuration obtained by the optimizer with nfoam=2. Compliance value with 

C=8.189103e-5 J and obtained in 36 iterations. 

 

Figure 35 - Graph showing the variation of the objective function (fobj) during the optimization 

process until fobj=23.8206 for the plate with 2 foam regions. 

As explained before the objective function graphs may, in some cases, show some “sudden jumps”, or 

value increase, due to the point-wise increase of the DMO “p” exponential penalty. 

Fore cases requiring high amounts of foam areas, full convergence gets more difficult to obtain since it 

proves to be a better choice to have some material mixture. Higher penalty values and more iterations are 

needed for these cases.   

For a requirement of 3 foam areas (nfoam=3) the solution obtained is shown in figure 36 but full 

convergence (weights to 0 and 1 values) was not obtained in area 6. 
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Figure 36 – Optimal configuration obtained for a requirement of 3 foam areas (nfoam=3). In area 6 

the material defined is foam but with a weight of w5=0.79, far from the limit values. 

 

7.1.4. Bending case 

 

In this case we tried a more complex load, a line pressure and a concentrated moment. The plate has 8 

design regions. Both the left and upper edges are clamped. The front edge has a uniform line pressure in 

the direction 3 (z-axis), and a concentrated moment is applied in the front right corner in direction 1 

(rotation around x-axis). In figure 37 this case is shown schematically. 

 
Figure 37 - Figure showing the 8 regions rectangular plate (in a cavalier perspective) with the BC 

and loads applied. 

In this example an analysis of the variation of the solution while giving different initial values (x0) was 

performed (just like in the chapter 7.1.2), and then the different line search algorithms were also 

evaluated.  

For different initial values tried there was no change in the configuration obtained, only in the 

convergence rate and the number of iterations. While varying the line search method, only Goldstein gave 

a different configuration, worst than the one obtained from Armijo and Wolfe. From these two last 

methods the only difference in the solution was in the convergence rate and the number of iterations, 

Wolfe’s got a higher convergence than Armijo’s but it needed more iterations, still the difference from 

using one or another showed to be residual so in the rest of the project only the Wolfe method will be 

used. 
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Figure 38 - Optimal configuration obtained with Wolfe (C=1.7791e7 J, 48 iterations and a 

convergence of 99.999%) and Armijo (C=1.7797e7 J, 43 iterations and a convergence of 99.97%). 

With a foam requirement of 1 foam area (nfoam=1) and 2 foam areas (nfoam=2) the optimal 

configurations are shown in figures 39a and 39b. With one foam the reduction in weight is 11.9% and the 

Compliance is 4.5%h higher when compared with the configuration without foam. For the configuration 

with 2 foam areas the weight is reduced by 23.8% and the compliance is 19.6% higher. 

 

Figure 39 - a) Optimal configuration for 1 foam area (C=1.8583e7 J); b) Optimal configuration for 2 

foam areas (C=2.1283e7 J).  
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7.2. Laminate Subjected to Bending and Traction 

 

In this case a square laminate with 10 layers (50 design variables) is defined and completely fixed in one 

edge and simply supported in all the others. It is submitted to a pressure applied uniformly along its upper 

surface and an in-plane traction pressure is applied in the edge opposite to the fixed one. The pressure 

applied is P=10N/m2. The traction force is varied between zero and the transversal pressure value P  

using a coefficient “a” that varies from 0 to 1 (if a=0 no traction is applied, if a=1 T=P). Varying “a” will 

display the influence of the traction in-plane load on the optimal solution. Figure 40 shows the plate 

geometry and the loads in this case. 

 

 

Figure 40 - Figure representing the geometry, loads and BC applied in the square plate. P=10N/m2 

and "a" varies from 0 to 1. 

 

The optimal solutions were obtained for four different values of “a”, namely: 0, 0.2, 0.5 and 1. In the pure 

bending case the neutral surface (in which there are no in-plane normal stresses) will coincide with the 

middle surface (geometrically) of our laminate as expected and the foam material is present in the middle 

laminas. With the increasing in-plane traction the less strained laminas are the upper ones and the foam 

material distribution follows accordingly. This can be observed in the figure below (figure 41) showing the 

final results obtained for the four different values of “a” and imposing at least 2 foam layers (nfoam=2). 

Comparing the structure made of just composite material and the one obtained with 2 foam layers we 

have a 20% reduction in weight. 
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Figure 41 - Lamination sequence obtained for different values of "a" (different values of in-plane 

traction); a) a=0; b) a=0.2; c) a=0.5; d) a=1; Foam is located near the neutral line. In image d) the 

neutral line is already out of the laminate.  
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7.3. Combined Topology Optimization 

7.3.1. Short description 

 

The objective for this examples is to perform topology optimization for a square plate (0.5x0.5 [m]) for two 

different cases with a large number of design regions (400 regions, each finite element represents a 

region), and only one lamina, which gives us 2000 design variables in each case.   

Topology design is introduced into the model using a foam material that is 10000 times less stiff than the 

composite and imposing minimum amount of foam in the final structure. This is enforced by a foam 

inequality constraint to force the optimizer to put the required amount of foam in the least structurally 

loaded plate regions. To achieve these very weak foam, considered void, we just need to lower the power 

of the already existing foam material (material 5). 

Two cases are tested: a plate with a concentrated load in one corner (figure 42a), and a supported plate 

with a uniform pressure applied in a area defined by the four central finite elements (figure 42b).  

 

Figure 42 - Figure showing the loads, BC and mesh for the concentrated load case (a) and the 

pressure on a supported plate case (b). 

7.3.2. Concentrated load case 

 

For the concentrated load case there were three different foam requirements; at least 100 regions of foam 

(nfoam=100, a quarter of the plate), at least 200 regions of foam (nfoam=200, half plate with foam) and, 

at least 300 regions with foam (nfoam=300, three quarters of foam in the plate).  
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The following figures show the optimal material distribution giving the minimum compliance value, without 

violating the foam constraint established for each case. 

 

 

Figure 45 - Optimum configuration for the concentrated load case with nfoam=300. 

To observe the convergence of the design variables and material weights, some specific regions were 

chosen, in this case the corner element 1, and the more central element 131. For each specific foam 

requirement the behavior of this variables and weights along the optimization process is different. 

 

Figure 43 - Optimum configuration for the 

concentrated load case with nfoam=100. 

 

Figure 44 - Optimum configuration for the 

concentrated load case with nfoam=200. 
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The first foam requirement to be experimented was the nfoam=100 (figure 43). In region 1 the 

convergence is very fast, and rapidly the most distinct weight becomes the one associated to material 1 

(fibers at 0º). In region 131 the convergence slower, the optimizer shows some difficulty in choosing 

between material 5 (foam) and material 4 (fibers at -45º), but in the end it converges to material 4.  

The foam constraint is not violated since the final number of elements with foam is precisely 100, the 

Compliance converges to a final value of 3.32228e-5 J, and the computational time was 62 minutes 

(computer Intel i7) for 113 iterations. The optimizer tends to introduce foam in the upper right corner 

/away from the load and the BC) and in some elements near the middle of the clamped edge. 

Figure 46- Graphs showing the convergence of the design variables (x) and material weights (w) 

for regions 1 and 131 for the case with at least 100 regions with foam (nfoam=100). 
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The second experiment was with a foam requirement of nfoam=200 (figure 44). In region 1 there is some 

initial tendency to choose foam, but rapidly the most distinct weight becomes the one associated to 

material 1 (fibers at 0º). In region 131 it starts by going to material 5 (foam) but in the middle there is 

some mixing with material 4, in the end it converges material 5, foam.  

The foam constraint is not violated since the final number of elements with foam is precisely 200, the 

Compliance converges to a final value of 4.36282e-5 J, and it took 77min (133 iterations). The structure 

now resembles to a three bar structure where some indefinition can be seen in the downright areas. With 

more 100 foam elements the Compliance value is higher 30% than the previous case. 

Figure 47 - Graphs showing the convergence of the design variables and material weights for 

regions 1 and 131 for the case with at least 200 regions with foam (nfoam=200). 
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In the third case, a foam constraint with nfoam=300 was applied in concentrated load case (figure 45). In 

region 1 there is some initial indefinition between material 1, 4 and 5, but rapidly the most distinct weight 

becomes the one associated to material 1 (fibers at 0º). In region 131 it starts choosing material 5 (foam) 

in the middle iterations it jumps between materials 4 and 5, and finalizes choosing material 5 but only with 

a weight of w5= 0.73.  

The foam constraint is satisfied since the final number of elements with foam is precisely 300 and a three 

bar structure gets fully defined. The compliance converges to a final value of 8.27999e-5 J, and the 

optimizer needed 125 iterations. With more 100 foam elements the compliance value got around 90% 

worse than the previous case (200 foams). It was observed computational time and convergence difficulty 

increases for higher values of foam constraint.  

 

Figure 48 - Graphs showing the convergence of the design variables and material weights for 

regions 1 and 131 for the case with at least 300 regions with foam (nfoam=300).  
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7.3.3. Central pressure case 

 

For the case with a simply supported plate, with a central pressure, the amount of foam required was of 

100 foams (nfoam=100, a quarter of the plate with foam). The 4 central elements have a uniform pressure 

applied, so it is expected that these elements will never have foam.  

The best configuration obtained with our computational code is shown in the figure 49. The solution 

obtained is not obvious; one would expect composite elements connecting the different composite 

regions. This solution shows the areas to be reinforced, with the foam applied in a region where the 

bending stresses are less intensive.  

Requiring less foam elements (nfoam=64, an even number to preserve the symmetry) the disconnected 

composite regions are linked (see figure 50).  

The configuration with 100 foams has a compliance value around 7% worst than the case with the less 

foam (64 foam elements) and with the composite regions connected. These optimization processes took 

around 60 minutes (84 iterations) to reach the solution. 

To better understand the optimization process in this topology case the simply support BC was slightly 

modified so that the plate would just be supported, first, in just the four middle elements of each edge, 

and then, in the three corner elements of each corner. 

 

Figure 49 – Optimum configuration with 

nfoam=100. 5 main areas made of composite 

(the 4 corners and the central area) and foam 

surrounds the central area. (C=5.8141e-7 J). 

 

 

Figure 50 - Optimum configuration with 

nfoam=64. The areas made of composite 

material are now connected (C=5.45164e-7 J). 
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In figure 51 and 52 the best configurations for an amount of 100 foam elements is shown. 

 

Figure 51 - Configuration obtained for the plate 

supported only in the middle elements of each 

edge. C=6.178278e-7 J. 

 

 

Figure 52 - Configuration obtained for the plate 

supported only in the corner elements. 

C=8.214035e-7 J. 

 

These results are in agreement with the ones reported by J. Folgado in his Master thesis [29] and the 

resultant article [30] where topology optimization methods were used to obtain the optimal reinforcement 

of plates, but assuming instead a homogenized material in the reinforcements. 
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7.4. Two plate structure 

 

In this sub-chapter the focus is to study cases where our structure has regions where we can find distinct 

coordinate systems. The computational code developed has been adapted to deal with such type of 

structures. The case studied here is for a two square laminate regions, where the two regions have a 90º 

angle between them. Both regions are composed by 5 laminas (50 design variables), each lamina is 

0,1mm, and one of the edges is completely fixed. For these geometry and BC there will be 3 types of 

loads applied. The first load is a uniform transverse edge pressure applied in plate 2, as it is shown in 

figure 53a. The second load is a concentrated force applied in one corner of plate 2, as it is shown in 

figure 53b. The third and final case has a shear load applied in an edge of plate 2, shown in figure 53c. 

The coordinate system used in each region is shown in 53b with an orange color, fibers at 0º match 

direction 1 and 90º fibers match direction 2. 

 

Figure 53 – a) Figure showing the local coordinate system for each region; b) Case with uniform 

edge load; c) Case with concentrated corner force; d) Case with shear force; 
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With the first load, both regions will be subjected to bending. The optimum configuration was obtained, 

first without any foam requirement, and then, requiring at least two design areas with foam (nfoam=2). 

Both optimum configurations are shown in figure 54. As it was seen in previous cases, the best solution 

will be to put the foam near the neutral line of the laminate. Both solutions were obtained in around 

10min, the case without foam needed 37 iterations, and the case with foam requirement needed 44 

iterations. With the introduction of the foam elements the compliance got less than 1% worst but the 

reduction of weight was around 20%. 

 

Figure 54 - Optimum configuration for the case with the uniform transverse pressure; a) without 

foam requirement (C=6.006192e-2 J); b) with foam requirement of 2 design areas (C=6.059116e-2 

J). 

The second load applied results in an unbalanced compression in region 2 and a mix of torsion and 

bending in region 1.  

For the structure without foam the optimum configuration is shown in figure 55a, the Compliance obtained 

was C=0.147884 J and the optimizer needed 41 iterations. For the case with foam (nfoam=2) the 

optimum configuration is shown in figure 55b, the Compliance obtained was C=0.149041 J and the 

optimizer needed 79 iterations, still full convergence was not achieved in all the design areas, one of the 

foam regions just reached a weight of 0.92 because there were difficulties in choosing which would be the 

layers with foam. 

Region 2 has normal stresses because of the in-plane load, so, it is very difficult to choose which of the 

layers should have foam material (if layer 3 and 4 or layers 2 and 3), since in all cases we will obtain a 

non-symmetric laminate in this region. The optimizer decided to put foam only in region 2 because this 

one is subjected only to compression, which is much easier to sustain in comparison with the bending (in 

this case we don’t consider buckling) at wihich region 1 is subjected. 
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The solution with 2 foam design areas, obtained by the optimizer, is only around 0.8% worst than the 

solution without foam and it had a reduction in weight of 20%. 

 

Figure 55 - Optimum configuration for the case with the concentrated in-plane load; a) without 

foam requirement (C=0.147884 J); b) with foam requirement of 2 design areas, foams are located 

in region 2, layers 3 and 4 (C=0.149041 J). 

Assuming full convergence of the weights to the limit values (0 and 1), for the configuration obtained in 

the optimizer, the Compliance is C=0.1490 J, which is only around 0.03% better than the value obtained 

with the optimizer (C=0.149041 J).  

To check if this is the global minimum some other viable configurations (showed in figure 56) are verified 

for their Compliance value. In figure 56a this configuration is the same has the obtained in the previous 

cases, but the Compliance value is C=0.1492 J, more than 0.1% worst than the fully converged 

configuration obtained with the optimizer. In figure 56b the configuration used only differs, from the one 

obtained with the optimizer, in the position of the second foam layer. The Compliance values obtained are 

the same (C=0.149 J) so for this case we have two global minimums. This explains the convergence 

difficulties in choosing which if the layers should have the foam material (if layer 4 or layer 2). 
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Figure 56 - Configurations proposed to check the Compliance values. a) One foam layer in each 

region (C=0.1492 J); b) Two foam layers in region 2, layer 2 and 3 (C=0.149 J). 

If the foam constraint is to put 4 design areas of the structure with foam (nfoam=4), the optimum 

configuration is the one shown in figure 57. This way we have a complete symmetric laminate in both 

regions. Comparing with the full composite structure (figure 55a) the reduction in weight is around 38% 

and the Compliance is around 6% worst. 

 

Figure 57 – Configuration obtained for the case with the in-plane load, and with a requirement of 4 

design areas made of foam (nfoam=4). The Compliance value is C=0.1518 J. 

For the third case the shear load applied results into a shear in region 2 and a shear combined with 

torsion in region 1. Without any foam requirement the configuration is shown in figure 58a, with a 

Compliance value of C=3.3236-2 J (80 iterations). With the introduction of 2 foam design regions 

(nfoam=2) the optimizer gives the configuration shown in figure 58b, with C=3.1993e-2 J (85 iterations).  
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For the case without foam requirement the solution obtained was not optimal since the configuration 

obtained with a foam requirement is better. Obviously a solution similar to the one in figure 58b but 

replacing the foam material with a composite one will give a better solution (the Compliance will be 

around C=3.11e-2 J). For the configuration with foam the optimizer choose to put foam in the middle of 

each region. 

 

Figure 58 - Optimum configuration for the case with the shear force; a) without foam requirement 

(C=3.3176e-2 J); b) with foam requirement of 2 design areas (C=3.1993e-2 J). 

These examples prove the code works for structures with various coordinate systems but it also shows it 

is more difficult to achieve a high and fast convergence for cases where we have two global minimums 

with different configurations as in the concentrated load case with 2 foam layers. 
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7.5. Laminate Cylinder  

 

In this study case a 0.2m radius and 1m long cylinder was developed in Abaqus and different BC and 

loads were applied. This case has the specificity that a series of elements have a different local 

coordinate system but the code developed is prepared for these cases. To prevent local stress 

concentration some special constraints were prepared in such a way that the cylinder wouldn’t be free in 

space and it would be free to deform with the loads applied. This will be the first study case, in this master 

thesis, for shell structures. 

For the first case the cylinder is made of 3 layers (1mm each) and a uniform pressure is applied in the 

internal face of the cylinder. 

 

Figure 59 - Figure showing the initial form of the cylinder, its dimensions (dark blue) and the 

deformed shape (lighter blue). The cylinder is free to expand along its radial direction but it is 

constrained in the z direction. 

Using the code developed the optimum configuration of the 3 layers is that all the layers are made of 

composite material with fibers at 90º (theta direction). Configuration is shown in figure 60.  
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Figure 60 - Configuration obtained for the three layers of the cylinder in the case of the uniform 

interior pressure. Red axis show the radial (r) and theta directions. 

This configuration makes much sense because the cylinder will expand in the radial direction and then 

the stresses developed will all be in theta direction. To support this, the fibers should have the same 

direction has the stresses (note that the 90º fibers match the theta direction). The Compliance value 

obtained is C=3.05712e-8 J and the optimizer needed 58 iterations. 

For the second case, torsion was applied to the free edge of the cylinder. Using the computational code 

developed two different configurations where obtained (figure 61), which corresponds to two different 

minimums that were verified no to be the global minimum but local minimums. 

 

Figure 61 – Configurations obtained with the optimizer (local minimum). Both have a Compliance 

value of C=5.48e-5 J.  

By manual experimentation, of alternative configurations, it was found that the solution obtained with the 

optimizer was not the global minimum but local. The configurations that most minimizes the Compliance 

are shown in figure 62 and they have a Compliance value of C=4.217e-5 J, which is 23% lower than the 

solution of the optimizer. In this case the optimizer didn’t achieve the optimal solution, mainly because we 

are starting from a balanced point that will favor equal fiber directions. A good solution to suppress these 

would be to begin from a random initial point with a small variation around a predefined value. 
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Figure 62 - Optimum configurations for the cylinder in torsion (global minimums). Solutions 

obtained by experimentation using Abaqus. Both configurations have a Compliance value of 

C=4.22e-5 J. 

The configuration shown in figure 62 is best because then we have fibers with the same orientation as 

both the principle directions of the elements when subjected to pure shear (as it happens when the 

cylinder is subjected to torsion).  
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7.6. Airplane wing 

 

In this last example a generic airplane wing was modeled in Abaqus to show that the 

computational model works with complex models and demonstrate a more practical case. The 

wing is 15m in length and 4m in its chord (figure 63). To simplify this model, the wing drift 

geometry angle was neglected and some regions were assumed plane. In figure 64 it is shown 

the wing airfoil. 

 

Figure 63 – Model of the wing designed in Abaqus and some dimensions. 

 

Figure 64 – Wing airfoil section and some dimensions. 

The following applied forces are assumed. The lower surface of the wing is subjected to a 

normal pressure, corresponding to the lift, but this pressure will vary with position, and will be 

higher near the central area of the plane (see figure 65). The front surface has a normal 

pressure (5 kN/m2) applied corresponding to the lift and drag forces (see figure 65). The upper 

surface of the wing has an in-plane shear force (500 N/m2) that corresponds to drag. The loads 
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applied will correspond to a mixed of bending and torsion effects applied to the wing, mainly due 

to the decentralized pressure forces applied in the bottom surface. The displacement boundary 

conditions (BC) enforce that one of the edges of the wing is clamped. 

 

 

Figure 65 – Values of the normal pressure applied to the attack front region and all the regions of 
the lower surface of the wing. One edge of the wing is clamped. 

 

The wing is composed by a series of shell regions, 3 internal longitudinal beams (designed has 

spar, that go along the wing length) and 2 transversal beam structures (designed as ribs). The 

longitudinal beams go from the clamped area to the tip of the wing, and the transversal beams 

are positioned between the longitudinal beams and can be found 5 and 10m from the clamped 

edge.  

All the regions of the wing have 10 laminas, each 1mm thick, with a total thickness of 1cm. In 

figure 66 it is visible the inside of the wing, with longitudinal and transversal beams. In total the 

wing has 28 different design regions each with 10 laminas, which gives a total of 280 design 

areas and 1400 design variables. 
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Figure 66 – Image of the wing showing the inside structures in red. In the axial/longitudinal 

direction there are beams and in the transverse direction the transverse structures. 

Without any foam requirement the optimizer obtained an optimal configuration with a Compliance value of 

C=37775 J and a maximum displacement in magnitude of 0.4167m on the tip of the wing (figure 67). The 

solution was obtained in 96 iterations and it took around 75min computational time. 

 

Figure 67 - Deformed and undeformed shape with plot contour showing the value of the 
magnitude of the displacement. 

To show the configuration obtained in all the laminas of the different regions, a series of cuts (A-A, B-B 

and C-C in figure 68) will be done.  

In figure 68 two different coordinate systems (yellow and orange) are identified. The yellow coordinate 

system corresponds to the coordinate system of the shell of the wing where direction 1 is longitudinal and 

the fibers at 0º will be parallel to this direction, direction 2 is orthogonal to direction 1 and fibers at 90º will 
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be parallel to this direction. The normal direction is always pointing from the inside to the outside of the 

wing. Note that direction 2 goes around the wing like a theta direction in a cylindrical coordinate system. 

The orange coordinate system is associated with the longitudinal beams (spars) with direction 1 

corresponding to the fibers at 0º and direction 2 to the fibers at 90º. 

 

 

Figure 68 – Image of the wing showing the cut planes and the coordinate systems. 

 

The regions in cut A-A are shown in figure 69, for the cut B-B is in figure 70 and cut C-C is in figure 71. 

The orientation of the fibers in each lamina of these regions is shown in figure 72 assuming the 

established normal direction.  

 

 

Figure 69 - Section of the wing in cut A-A with the regions. 
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Figure 70 - Section of the wing in cut B-B with the regions. 

 

 

Figure 71 - Section of the wing in cut C-C with the regions. 

 

 

Figure 72 - Fiber orientation for the regions in A-A, B-B and C-C with the normal direction 
established; a) Regions 1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 13, 14, 15, 21, 22, 24, 25, 27 and 28; b) Region 9; 

c) Region 12; d) Region 20 e) Region 23; f) Region 26; 

 

The orientations are very similar to what it would be expected for these kind of deformation. Regions 9, 

12, 20, 23 and 26 showed a more unexpected configuration and because of that the Compliance for 

these structure is around 1-2% better than the value for a case where all the regions would have 

expected orientations. This result proves the feasibility of the method that gave a final configuration 

similar to the expected design but still better.  
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8. Conclusion 
 

In this master thesis project it was developed a structural optimization computational model for composite 

laminate design. The respective computational code proved to work well, showing good and interesting 

results, with good convergence, independently of the complexity of the model tested (curved surfaces, 

and non-uniform meshes). The design model is based on a DMO - Discrete Material Optimization 

approach, and by inserting a weak material as “void” in the set of admissible materials, the computational 

model showed also to have good capabilities to perform structural topology optimization, in the context of 

composite materials. 

DMO is a very interesting optimization method that solves many difficulties in composite material 

optimization but it has the problem of creating many local minimums, thus requiring a good choice of the 

optimization parameters to get a suitable solution. It can also generate solutions with mixture of materials 

that have no physical meaning but that are local minimums of our objective function. In our study DMO 

proved not to work very well with optimization algorithms based on feasible directions, but showed good 

performance when penalty methods are used. 

The introduction of a properly defined inequality constraint allows the user to introduce foam material in 

the model. This possibility permits topology design, to get a structural weight reduction and identifies the 

design areas less subjected to stresses and deformation. For high amounts of foam (more than 70% of 

the structure) the convergence showed to be more difficult to obtain and there is a tendency to get 

“undefined” material solutions, namely mixture of materials. 

The introduction of an equality constraint setting the DMO weights sum equal to 1, showed to be useful in 

increasing the convergence rate and avoiding final solution with material mixtures,  mainly when foam 

material is introduced in the model. 

The code is prepared to work with different geometries and mesh refinements, but is limited to plate or 

shell type of structures. Since it is developed based on Abaqus and uses the S4 element, some 

limitations are due to these software capabilities. Namely for some geometries other elements would be 

interesting to use, like the three node shell element, S3. 

The use of a finite element commercial code (Abaqus) although computationally heavy, proved to interact 

well with the code developed (in Matlab) and with the optimizer (FAIPA), allowing the designer to treat 

complex models in a graphical way. 

The loads and BC used in our examples in the results chapter only are not realistic and not sufficiently 

diversified. This originates that the fibers will tend to be orientated with the principal strain directions for 

the load applied, instead of having a diversified set in the different layers and regions. A solution to 
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surpass this is to use a multi-load formulation with realistic loads or to apply other constraints namely 

forcing symmetric laminates or to a have soft change in angle of the fibers from neighbor layers and 

regions (see e.g. described in [31]). 

As future work it would be interesting to look at the following aspects: 

 Modify the code to work with different types of elements, not only the S4; 

 Consider multiple load cases in the optimization process since a structural component is not 

usually subjected to only one particular load; 

 Take in account the constraints due to fabrication, processing and assembling of layers of 

composite materials; 

 Insert the possibility of having non-design areas in our structure that are made of a fix material. 

 Introduce the new concept of combined optimization in material and thickness using the DMTO 

(Discrete Material and Thickness Optimization) introduced and described in [32].  
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