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Abstract

This thesis investigates numerical approximations of neural field systems, employing both one and two-
dimensional models to study large-scale brain dynamics. Building upon previous work on single-field
models, we extend the framework to a more biologically realistic two-field model, incorporating two cou-
pled integro-differential equations to represent interacting neuronal populations. This two-field approach
allows for a more nuanced investigation of neural dynamics, capturing the interplay of local excitation
and long-range inhibition, as well as the impact of various parameters such as connectivity strength and
threshold behavior.

Analytical solutions for these equations are generally not feasible, so we employ numerical meth-
ods, combining forward difference approximations for the time derivative and the trapezoidal rule (one
dimension) and Fast Fourier Transforms (FFTs) (two dimensions) for the spatial integral to efficiently
approximate solutions. We validate these methods and investigate their impact on the system dynamics
through simulations with diverse parameter values and various initial conditions.

Our results demonstrate that the two-field model provides a more accurate representation of neural
activity, improving the capability to reproduce the temporal and spatial characteristics of external stimuli.
Compared to single-field models, the two-field model more accurately captures the effects of multiple,
sequentially applied signals and preserves crucial features of complex interactions. The limitations of
the model and avenues for future research are also discussed. The findings offer valuable insights into
the mechanisms underlying large-scale brain dynamics and provide a foundation for future research in

neuroscience and artificial intelligence.
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1 Introduction

The human brain is a remarkable biological information processor, consisting of billions of interconnected
neurons. These intricate neuronal interactions give rise to a wide array of cognitive functions, making
the understanding of their orchestration of complex behaviors a central challenge in neuroscience. Tra-
ditional approaches have often concentrated on detailed models of individual neurons and their synaptic
connections, but they can provide limited insights into the large-scale dynamics of neural populations
across cortical areas. To address this complexity, there is a need to adopt more macroscopic descrip-
tions that capture the essential features of large-scale neural activity.

Neural field theory [1, 2] serves as a powerful framework for investigating large-scale brain dynamics
by transitioning from a discrete representation of individual neurons to a continuous field representation.
This approach simplifies mathematical analysis while still accounting for key features of large-scale neu-
ral behavior. A core component of neural field theory is the single-field model, typically expressed by the

integro-differential equation:

z
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where:
* u(x;t) denotes the membrane potential of a neuron at position x and time t,
* 1(x;t) represents the external input to the neuron,

* w(jx yj) isthe connectivity kernel capturing the interaction strength between neurons at positions

X and y, and
» T(u(y; 1)) signifies the firing rate function.

This equation is defined fort 2 [0; T] and x 2 R", along with the initial condition u(x; 0) = ug(X),
capturing the dynamic interplay of local excitation and long-range inhibition frequently observed in corti-
cal networks. The Amari-type neural field equation (Equation 1) has garnered extensive attention. For
instance, Faye and Faugeras [3] examined a variation that includes time delays, establishing results
regarding existence, uniqueness, and asymptotic stability using Lyapunov functionals and numerical
analysis. In another study, Potthast and beim Graben [4] explored the solvability of the equation under
broad conditions for the activation function (f) and kernel (w), demonstrating global existence for smooth
functions via Banach fixed-point theorems and extending the analysis to Heaviside functions with addi-
tional kernel regularity. Coombes [5] offered a comprehensive overview of the analytical and numerical
techniques used to study the solutions of this equation, shedding light on the dynamics of waves, bumps,
and patterns. These investigations highlight the rich dynamics inherent to the Amari-type equation and
emphasize the significance of evaluating both the properties of the activation function and the connec-
tivity kernel in predicting solution behavior.

Recent studies, including those by Avitabile [6], have introduced robust numerical methods for these

integral equations, enhancing comprehension of their stability and convergence. Faye and Faugeras [3]



made significant advancements in our understanding of neural field equations, providing both theoretical
insights and numerical findings. Lima and Buckwar [7] concentrated on numerical solutions in two dimen-
sions, tackling computational challenges, while Hutt and Rougier’s work [8, 9] expanded understanding
by examining the influence of delays in neural interactions, enriching the field’s knowledge of nonlocal
equations in biological systems.

Although the deterministic neural field equation is instrumental in unpacking neural dynamics, it often
falls short in representing the inherent stochasticity found in biological neural systems. The inclusion of
stochastic elements leads to the stochastic neural field equation, which accommodates random fluctua-
tions in neuronal activity:

z
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where dW (x; t) corresponds to a spatially and temporally correlated Wiener process, and  signifies
the intensity of the noise. Several studies have delved into the implications of this stochastic nature.
Killpatrick and Ermentrout [10] examined how noise influences the formation and dynamics of spatially
localized activity patterns (bumps) within neural fields. Kuehn and Riedler [11] provided a rigorous math-
ematical framework for analyzing the large deviation principles associated with stochastic neural fields,
yielding insights into the probabilities of rare events. Additionally, Sequeira’s thesis [12] built upon this
research by incorporating noise into a model with finite transmission speed, exploring its impact on re-
sulting spatiotemporal dynamics. Collectively, these works underscore the vital role that stochasticity
plays in shaping the behaviors of neural systems.

The integro-differential equation (Equation 1) finds wide-ranging applications across various fields,
especially in medicine and robotics. In the medical field, this model assists in studying different aspects
of brain activity, such as the mechanisms underlying epileptic seizures and cognitive processes like
working memory. Coombes’ work [13] provides a thorough overview of how these models have been
utilized to characterize spatiotemporal patterns of brain activity, emphasizing their role in predicting and
understanding epileptic seizures. Similarly, in robotics, this equation provides a foundation for devis-
ing controllers that emulate aspects of biological neural systems, resulting in more sophisticated and
adaptable robotic behaviors. Erlhagen and Bicho [14] demonstrated how the model can be employed to
create biologically-inspired controllers that equip robots to handle complex tasks involving spatial working
memory, highlighting the potential of these models to enhance robotic capabilities.

A defining characteristic of neural field equations (NFE) is their ability to exhibit stationary solutions
characterized by localized regions of elevated activity, often referred to as "bumps.” Understanding the
existence and stability of these bump solutions is essential for comprehending how the model represents
persistent activity, a critical component of various cognitive functions, including working memory. Early
work by Amari [1] provided foundational insights into the conditions necessary for the existence of these
bump solutions, establishing the relationship between the connectivity kernel, the firing rate function,
and external input. Subsequent studies, such as those by Laing et al. [15], explored the formation and

stability of multiple bumps, illustrating how interactions between different bumps can influence working



memory capacity. These investigations highlight the importance of bump solutions as a mechanism for
sustaining persistent neural activity that correlates with information storage, providing a robust theoretical
framework for understanding working memory.

While the simplest single-field model of neural activity offers valuable insights into persistent neural
dynamics through stationary bump solutions, it is not without its limitations. A significant concern is its
inability to adequately represent the complexity of external stimuli.

In response to the shortcomings of single-field models in faithfully capturing the nuances of neural
responses, more sophisticated architectures have emerged. One notable enhancement is the two-field

model, described by the coupled system of integro-differential equations:
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defined fort 2 [0; T] and x 2 R", along with the initial conditions u(x;0) + v(x;0) = K(x) and
periodic boundary conditions. This model introduces a secondary variable, v(x; t), that represents a slow
adaptation process interacting with the primary activity variable u(x;t). The incorporation of this adap-
tation mechanism, with a time constant ,, enables a more nuanced representation of neural dynamics,
allowing the model to capture a broader range of behaviors than its single-field counterpart. Wojtak’s
thesis [16] offers an in-depth analysis of this two-field model, assessing its ability to generate continuous
ranges of bump amplitudes. Further exploration by Woijtak et al. [17, 18] has demonstrated the model’s
effectiveness in realistically simulating various aspects of neural processing, such as continuous input
integration and robust working memory, showcasing its capacity to address the limitations of simpler
models.

Specifically, [17] presents a novel two-field neural field model that overcomes the limitations of tra-
ditional models in representing continuous input integration. This key innovation relies on introducing a
second, slower-adapting field v(x; t) that interacts with the primary activity variable u(x; t). This adap-
tation field enhances the model’s ability to accurately capture sustained responses in neural systems
subjected to continuous stimuli. The authors illustrate that this two-field architecture can generate a
wider array of activity patterns (bumps) compared to single-field models, particularly regarding bump
amplitude. A comprehensive analysis of the model’s behavior across various parameter regimes is pro-
vided, including a thorough investigation of its stability and response characteristics. The mathematical
framework is presented in detail, laying a robust groundwork for future numerical simulations and theo-
retical explorations.

Building upon their previous work, [18] investigates the two-field neural field model’s ability to exhibit
robust working memory behavior in a two-dimensional setting. The authors demonstrate that the model
can produce stable, persistent activity patterns (bumps) that maintain their spatial location and amplitude
even amidst noise. Such robustness is crucial for a realistic working memory model, as the brain must
retain information despite internal fluctuations and external distractions. This analysis emphasizes the
influence of model parameters, particularly those related to connectivity and adaptation, on the stability

and resilience of working memory. The paper further explores the relationship between model parame-



ters and the attainable range of working memory capacity, offering valuable insights into the framework’s
potential to enhance our understanding of biological working memory.

As analytical solutions to these integro-differential equations are generally infeasible, this thesis em-
ploys numerical methods to approximate the solutions, focusing on a combination of forward difference
approximations for the time derivatives and the trapezoidal rule for spatial integrals (in one dimension),
as well as employing spectral methods based on Fast Fourier Transforms (FFTs) in two dimensions for
greater computational efficiency.

The goals of this thesis are as follows:

1. Develop and validate robust numerical methods for solving the two-field model.
2. Investigate the impact of various model parameters on system dynamics.

3. Analyze the model’'s capacity to reproduce the temporal and spatial characteristics of diverse ex-

ternal stimuli.

The results of this study contribute to our understanding of large-scale neural dynamics and hold
potential for informing the development of more realistic models of neural processes. The findings will
provide insights into the behaviors of complex neural systems, potentially benefitting applications in both

neuroscience and artificial intelligence.

1.1 Thesis Outline

The subsequent sections of this thesis are structured as follows:

Section 2 focuses on the development and implementation of numerical methods for approximat-
ing solutions to the neural field equations in one dimension. This section introduces the discretization
of time and space domains, applying forward difference approximations for temporal derivatives and
the trapezoidal rule for spatial integrals. It also details various scenarios for numerical experiments, in-
cluding different initial conditions modeled by Gaussian functions to study working memory dynamics.
Simulation results illustrate the system’s responses under these configurations, thereby enhancing the
understanding of how the one-dimensional model captures neural dynamics.

In Section 3, the thesis examines the two-field model, incorporating piecewise linear feedback mech-
anisms into the neural field equations. This section articulates how this extended model diverges from
the traditional single-field approach and analyzes the effects of modifying feedback on the dynamics of
neural interactions. By utilizing numerical methods to solve this new model, this section evaluates its
potential to yield more realistic outcomes compared to prior models, offering insights into the essential
features of neural activity and feedback loops.

Section 4 extends the approximation techniques discussed in one dimension to two dimensions, with
a focus on employing Fast Fourier Transforms (FFTs) for efficiently computing the convolution terms in
the equations. This part describes the discretization of the 2D spatial domain and the transformation

of integral equations into the frequency domain. Various simulations are conducted to investigate how



different spatial characteristics and external stimuli affect the dynamics of neural populations, yielding
insights into the complexities of neural interactions within a two-dimensional framework.

The discussion in Section 5 synthesizes findings from the previous sections, reflecting on the impli-
cations of the results for understanding neural dynamics. It emphasizes the advancements achieved
through the application of the two-field model and piecewise linear feedback, contrasting these findings
with those derived from traditional single-field models. The section discusses the importance of param-
eters such as amplitude, duration, and threshold in shaping neural responses while acknowledging the
limitations of the current models and methodologies. Recommendations for future research directions
are also provided, highlighting potential enhancements to the models and techniques employed.

The conclusion in Section 6 summarizes the main contributions of this thesis, reiterating the signif-
icance of accurate numerical approximations in capturing the dynamics of large-scale neural systems.
It underscores how the outcomes from both one-dimensional and two-dimensional models enrich our
understanding of the mechanisms underlying neural interactions and cognitive processes. The section
concludes with reflections on the broader implications of the research in the fields of neuroscience and
artificial intelligence, emphasizing the potential applications of the developed models for future investi-

gations.



2 Approximation in 1 Dimension

As it’s oftenly done in other works, first we’ll get an approximation to the solution of the scheme assuming
that R'and =[-L,L].
In order to discretize the time and space domains, we divide the time interval into small steps of size
t and the spatial domain into small steps of size  x.
Then we approximate the time derivatives using a forward difference approximation, getting

8
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By applying the Trapezoidal rule we approximate the Integral in our discretized domain for each time
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to simplify we’ll call I ntegral(x; t;) to the right-hand side of the equation.
Now we can just update the values of u and v at each time step
8

Eu(x;tiﬂ) =(1 Dux; ) +  t(l(x;t) + v(x; tj)) + tz X I ntegral (x; ti)

(6)
V(X tiag) = ( Svixt) + Lut)  —S—=Integral(x; t;)
To simplify we’ll always use = 1, but notice this inputs
u(X; ti+1) + v(X; ti+1) = u(x; ti) +  tI(x; t) + v(x; ti) (7)

8i 0

so when there are no external inputs acting on the system (1 (x; tj) = 0) we have u(x; t;) +v(X; tj) = K(X)



2.1 Scenarios for numerical approximations

Gaussian functions are often used to approximate connectivity when studying working memory because
in many neural systems, connectivity tends to be strongest between neurons that are close to each
other and decreases with distance. This is often referred to as local connectivity. A Gaussian function,
with its bell-shaped curve, is a good approximation of this type of connectivity because it assigns the
highest weights to nearby neurons and lower weights to neurons further away, still being smooth and
differentiable, which makes them convenient to work with mathematically. They also have a simple
Fourier transform, which is advantageous when analyzing the system in the frequency domain.

We then assume that the weight function w(jx yj) is represented by the difference of two Gaussian

functions:

X2 X2
W(X) = Aexe( K) Aine< ﬁ> !inh; Aex = Ain = 0; in =~ ex ~ 0 (8)

This function demonstrates excitatory behavior over short distances and inhibitory behavior for points
further away, which is characteristic of neuronal activity in the cortex.

Gaussian functions can also be used to model external inputs or inputs to the system. For instance,
in the context of working memory, a Gaussian function could represent a localized stimulus that activates
a specific region of the neural field.

The time-dependent external input 1(x; t) to the u-population is then modeled as one or more Gaus-
sians centered at positions X;

]
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where Hy, (t) represents the Heaviside step function with threshold t, controlling the start and the end
of the input at times tp and te, respectively. A;; and ; denote the intensity and width of the jt" external
input.

And finally the firing rate just beeing the Heaviside step function with threshold

8
21; u
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In order to get comparable results to what has been achieved using the first model we used 3 possible

scenarios for the numerical experiments, where all of them keep the property u(x; 0) + v(x; 0) = K(x):

1. KX) = K; u(x;0)=Auel X720; y(x;0)=K u(x0) I1(xt)=0
With Ay; 4w > 0and K 0 constant. Here we have the initial values for u given by a Gaussian

function

2. K() = Ael X720 u(x;0) = K(x); Vv(x;0)=0; 1(x;t)=0

With Ax; k > 0. Now the initial values of v are all 0 and u is the same



3. K(X) =u(x;0) =v(x;0) =0; 1(x;t) defined by 9

This will be the only scenario where there will be external inputs.

2.2 Results

The following images are the graphs for u (solid lines) and v (dotted lines) with  t = 0:05; x =0:05;L =
10 and using for the kernel Aex = 2; ox = 1:25; Ain = 1; in = 2:5; 'inph = 0:1

In Figure 1, 1(a) corresponds to scenario 1 and 1(b) and 1(c) correspond to scenario 2.

((@)) Using scenario 1 with Ay = ((b)) Using scenario 2 with Ax = ((c)) Using scenario 2 with Ax =
1.K=1;, =1 1, k=1 2, k=2

Figure 1: Results for model in 1 Dimension at t = T = 2 with different initial conditions and = 0:5

((@)) ((0)) ((c)

Figure 2: Maximum absolute values of u (solid lines) and v (dotted lines) along time with the same
scenarios as in Figure 1

From Figure 2 we can conclude after 2 seconds u and v have both reached their stationary values.

Note that in scenarios 1 and 2, since 1(x;t) = 0, we have 7, but in scenario 1 K is constant so we
have u(x; tg) + v(X; tf) = K and we have then that u and v are symmetrical along y = 0:5. In scenario
2 u(x; tg) + v(X; tg) = K(x) Gaussian function and as expected the bump in 1(c) is bigger than in 1(b)
since they have the same threshold and the initial values in 1(c) of both u and v have bigger absolute

values.
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Figure 3: Results obtained with model in 1 Dimension att = T = 2 with scenario 2 and different values

of Ax; k and

Figure 4. Maximum absolute values of u (solid lines) and v (dotted lines) along time with the same

scenarios as in Figure 3
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,Q)LIXBH XVHVFHQDULR WRVHHKRZ YDU\LQJWKHDPSOLWXGH

DQG ZLGWK RI WKH VLJQDO RUWKH WKUHVKROG FKDQJHV WKH VROXWLRQ
1RWLFH WKDWMWKHQVKUHVKROG LV ELJJHU WKDQ WKH PD[LPXP

YD Oupti0) FDQ REW Dritegral\(Rt;) =0 JLYLQJ WKH WULYLDO

VROXWLRQ ZH FD@RBGHEVKRZ XV WKDW LI ZH XVH VFH

QDULR DV ORQJDV WKH RPH[FKP & B OWKHRVKUH VK

ROG ZH JHW WKH VDPH VWDWLRQDU\ VRGXWLRQ &RPSDULQJWKHP WR

ZHFDQ FRQFOXGH WKDW KDYLQJ D ELJJHU W KUWHMIK R G)GDIMODIEXQLE]W ¥ RGKRITV
WHP ZLWK JUHDWHU Y DO X Hiegral RIKIE LR B B Py VWD QRIDBREWZHHQ

DVPDOOHUDFWLYLW\ GRPDLQVXLDRWWY W KD WLIKIK U H

YDOXHV QRW EHLQJ WDNHQ LQW RVEKF RjX Q WH QRIP DWi HiBkDsFRVYVEBIW L R Q

DFWXDOO\EHFRPHV ODUJHU
1RZWRVHHKRZWKHH[WHUQDOLQSXWVLQWHUDFW ZLWK WKH V\VWHP ZH

DA =1; {=1;tg=0;te =2 EA =2; i=1;tp=0;te =2

FA =1; i=6;to0=0;te =2 GA =1, i=1;t0=0;te =4

JLIXUH B5HVXOWV REWDLQHG XVLQJWKAPRIHYKYFHOBEHQVRRRIW. QJ GLI
H[WHUQDO LQSXW.V Fig DWWUEB G L@QWKH VIVWHP=-DGGHSHQGHQWO\

,Q J)LIXUBH DUH XVLQJ VFHQDWWHRS UBEBQWY D VWDQGDUG H[WHUQDO LQ
VI\VWHP VR ZH FDQ XQGHUVWDQG KRZ HDFK SDUDPHWHU DIIHEBW§GVKH VRO
G LIWKHH[WHUQDO LQSXW KDV DELJJHUDPSOLWXWHRULVDSSOLHG IRL
DFWLYH QHXUDO ILHOG 2Q WKH RWKHU KDQG LILW KDV D ENVKRIZVWWSUHDG



F G

JLIXUH OD[LPXP DEVR @XWROYLBEOXIMYERR VOWQIEG OLQHY DORQJWLPH ZLWK W
LQJFRQGLWLRQV IURP )LIXUH

D

JLIXUH ,Q WKH ILHOG PRGHO DOO WKH VHEHGXEHRW RGWKFHOWVDRE V§ DWW
VROXWLRQ IRU

2QHRIWKHEHVW XSJUDGHV EURXJWK E\ WKHIWZRR UW O GLRPARHEH{ICEFR B I DY

VLQFH WKH ILUVW PRGHO FRXOG RQO\ SUHGLFW ZKHQ DQ HIWHUQDO LQ¢
DEOHWRSUHVHUYH WKH FKDUDFWHULVWLFV RILWZKLOHQRZLWFDQGRL
LQURERWLFYV VSHFLDOO\LQ WKHVWXG\RIZRUNLQJPHPRU\ VLQFH ZH DU
WKHVWLPXOXV FKDUDFWHULVWLFV



‘HZLOO QRZGR DQ DQDO\WLV RQ KRZHDFK SDUDPHWHU RI WKH HIWHUQL
GLDPHWHWKBIWKH PD[LPXP YDOXH RI LW LQ WKH VWDWLRQDU\ VWDWH %\
RIDIXQFWLRQFRQVLGHU GLIIHUHQFH EHW-ZRHIQDFKH QW N BXIDOGZ & B VW
‘HTOO XV 7KHILUVW FROXPQ RQHDFK WDEOH FRUUHVSRQGYV WR WKH FD
HIWHUQDO LQSXW DFWLQJ RQ WKH VA\VWHP GHVFULBHGfEH IiRUMg WKDW PHI
to=0;te =2 x. = f0Og

A =flg| A =flbg | A =f29 | A, = f2:59
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$'' RIu(x;t)
OD[LPXP YDOXH RI

7TDEOH 6FHQDULR XVLQJWKHPRGHOL®,'ZLWK GLIITHUHQW YL

JURP 7TDEDHHFDQ FRQFOXGH WKDW D JUHDWHU DPSOLWXGH RI WKH VLJQD
WKHWKUHVKROGLQ PRUH SRLQWYV @HIGEVARR BDHKTLX KB WD P %®LDAVGH R ID F W
RU

 =flg| =139 ,=1f6g| | =f10g

$'" RII(x;t)
$'' RIu(x;t)
OD[LPXP YDOXH RI

7TDEOH 6FHQDULR XVLQJWKHPRGHOLQ,'ZLWK GLITHUHQW YI

JURP TDEDH FDQ DVVXPH WKDW D ZLGHU HIWHUQDO LQSXW ZuOO OHDG
ZLWKRXW DOPRVW FKDQJLQJ LWV PD[LPXP YDOXH

te =2 te =3 te=4 te=5

$' RII(X;t)
$'" RIu(x;t)
OD[LPXP YDOXH R

7TDEOH 6FHQDULR XVLQJWKHPRGHO LQ: 'ZLWK GLITHUHQW Y

$VZHFDQ VHHLQTEZEHHHIWHQG WKH VLIJIQDO IRUD ORQJHU SHULRG RI WLP!
HITHFW DV ZKHQ ZH FKDQJH WKH DPSOLWXGH RI WKH VLIJQDO uWKIBN LV ZH J
DVDFRQVHTXHQFH WKHDFWLYLW\GRPDLQ EHFRPHV ZLGHU



)RU ODVW ZH WHVWHG WKH VIVWHP WR VHH LI LW FRXOG SUHVHUYH GLII
WLPHVY FHQWHUHG LQ GLIIHUHQW ORFDWLRQV 7R GR VR ZH XVHG / WR
tf =21 WRDGG WKHLQSXWVLQGHSHQGHQWO\ EHFDX¥H:RDEDRBWKWWKHVH ZH D

D VFUHHQVKRWDWWE VFUHHQVKRW DW W

F VFUHHQVKRWDWWG VFUHHQVKRW DW W
JLIXUH BHVXOWY REWDLQHG XVLQJ WKH 'PRGHO IURP DSSO\LQJ GLI
GXUDWLRQty; BWtWHPH VY18 A =f1;1;1g, | =fL 1 1gx.=f 160,169, =0:4

:KLOH WKH ROG PRGHO ZDV RQO\FDSDEOHRIVDYLQJLQIRURDM{LRQ IURF
WHUQDO LQSXWV WKHQHZRQHFRXOGDOVRLGHQWLI\WKHRWKHU H[WHUC(
PRUHDFFXUDWHO\ WKHLU FKDUDFWHULVWLFVY VHH)LJXUH

D VFUHHQVKRWDWWE VFUHHQVKRW DW W

F VFUHHQVKRWDWWG VFUHHQVKRWDW W

JLIXUH 5HVXOWY REWDLQHG IURP DSSO\LQJ WKH VDPHVFHQDULR DV LQ



/ZR ILHOG PRGHO ZLWK SLFHZLVH OLQHDU IHHGE

,2WLVNQRZQ WKDWLQ QHXUDOLQWHUDFWLRQVIHHGEDFN LV XVXDOO\QRW
LWLVH[SHFWHGWRJURZ ZKHQ WKH SRWHQWLDO RIWKHVRXUFHILHOG LV
FRQVWDQW ZKHQ LW LV RXW RI WKLV LQWHUYDO 7KXV ZKHQ FRQVLGHU
UHSODFH LQ WKH ILUVW HMKKHD WVHIHREE R IBMMWEBDRR G LQ WKH VDPH ZD\ WR UHS(
E9(u;k) LQ WKH VHFRQG HIgXDMDLRRQWHIPH RXV IXQFWLRQ WKDW WDNHV WKLV
DQIGLY D SRVLWLYH QXPEHU WKDW FRQWUROV WKH VL]H RI WKH LQWHUYI
FKDQJHV +DYLQJWKLVLQPLQG LQ WKLV VHFWLRQ ZHLOYW WKGXRHP PRGI|

8 R

@L< 1 (5t)  u(st)+ gvOGt)ik)+ o wiix  YiF (uly;t); )dy

T8 = guxt)k) vixt) R wiix vt (u(yit); dy

ZKHUH

g(u; k) =

k2R*

, QWKLY VHFWLRQ ZH DLP DW FKHFNLQJ KR Z |IDADW IGH. BEHK D Y RR UWRKIH/ YRR X\
Rl :LWKWKLVSXUSRVH ZHUHSURGXFHVRPHRIWKHQXPHULFDO H[SHULP
RIHTXDWIHRMSSUR[LPDWHARGH®LITHUHKQW YDOXHV RI



1HZ PRGHO ZLWKRXW HIWHUQDO LQSXW VFHQDULRV DQG
&KDQJLQJ WKHKYDOXH RI

7KH JUDSKLFV LQ WKH ILUVW FROXB@RG) MIXHWSIURGXFH )LOXWEHD QG
F UHVSHFWLYHO\ ZKHAHWVERIQVL\OMHIWMG 7KHFRUUHVSRQGLQJVROXWLRC
LV FRQVLGHUHG DUH GLVSOD\HG LRQ=W KB /Gl ER WKFHRWDKIPBG-BBWKPQ ZLWK

D 8VLQJVFHQDWIER EZLWKZPRGHOZLWKWRH QBEWRBHO ZLWK WKH VDPH VFH
LK=1; ,=1 QDULR DV kD DQG QDULRDV kb DQG

G 8VLQJVFHQDWIER HLWKZPRGHO ZLWK WKHYWZPPARGHO ZLWK WKH VDPH VFH
LK =0; = QDULR DV kG DQG QDULRDV kG DQG

J 8VLQJVFHQDAALR RELWKZPRGHOZLWKWKH QBHEHRBHMO ZLWK WKH VDPH VFF
1 =1 QDULR DV kI DQG QDULR DV kI DQG

M 8VLQJ VFHQBUER NZL@QHZ PRGHO ZLWK W&H QBIRHPREHO ZLWK WKH VDPH VF|
2 =2 QDULR DV kM DQG QDULRDV kM DQG

JLIXUH S5HVXOWVREWDLQHG XVLQJWKHWZR ILHOGTPFSGIIRO BILWK DB G WL\
LQLWLDO FRQEQL®WLRQV DQG



2EVHUYLQJ WKH WKLUG FREXMD®RIHHMEBWRIR VPDOO WKH SURNM 08 VRR
PRUHWKDQ EXPS ZKLFKPDNHV LW GLIIHUHQW IURP WKH SURILOH RI WKH |
VFHQDULR =DLWIKs H | ZLWK WKHROG PRGHO DV D UHVXOW Rl IHHGEDF
DQGRI WKH VROXWLRQ FDQF K © HDIFK\R WH HQL WILOPHFRQGLWLRQ $V D UHVX
LV WKH WULYLDO VROXWLRQ ,Q WKH FDVH RI WKH QHZ PR@MD=WKLYV GRHV
VLQFEHY QHIDWLYH DQG LW@J) ! IHKHODIWRURPLQ WKH FDWKHRS PRIGEO! R
WKH VWHDG\ VWDWH UHWDLQV WKH LQIRUPDWLRQ DERXW WKH LQLWLDO FI
‘H FRQFOXGH WKDW LQ WKH DEVHQFH RI H[WH U Q ¥Q W®& SS{U\WM F W K IHV\HRMLXW-
IHHGEDFN PD\GLIIHU VLJQLILFDQWO\ | URPVW KHKHRCDAMLRMUDIPHWW HP |, Q
Rk=1 WKHVH GLIIHUHQFHV DIIHFW WKH KHLJKW RI WKH EXPSV EXW QRW
PD[LPXP ,Q WKHK=EM5/HWKIH QXPEHU RI PLQLPXP DQG PD[LPXP LV DOVR DIIHF!
WKH JUDSKLFV VKRZ WKDW WK H u LDUNG G WKIHYQMZ R RE HRO IKBIO-SVRPH GLVFR
6XFK GLVFRQWLQXLWLHV DUHD FRQVHTXHQFH RI WKH SLHFHZLVH OLQHD

&KDQJLQJ WKH YLIOWHHRID ULR

‘HQRZ FKHFN KRZ WKH SLHFHZLVH OLQHDU IHHGEDFN FKDQJHV WKH EHYDk
VFHQDULR ZLWK GLITHUHQW YD XWX R I MUKWHVWFIRIWDEK\PRIXHE) QIXKHHD O O W K H
UHVXOWY DOUHDG\ VHKRE@WIKY )ROGUFHRGHO WKH VHFRQG FROXPQ UHSUHVE
ZLWK WKH VDWXUDKMAIIRQ PRGHO ZLWK



D 20G PRGHA =ZKBUH)HZ PRGHO SDUDPHWHUYV
1 ¢=1;, =07 DV LQD

F 20G PRGHA ZKK®WUHQHZ PRGHO SDUDPHWHUV
2 =2, =07 DV LQF

H 20G PRGHA =ZKHU®RBHZ PRGHO SDUDPHWHUYV

1 =1, =1:25 DV LQH
J 200G PRGHAAZKHKUHQHZ PRGHO SDUDPHWHUYV
2 (=2; =125 DV LQJ

JLIXUH 5HVXOWYVY REWDLQHG IURP DSSO\LQJ VFHQDULR ZLWK GLIIHUH
WKUHVKROG LQ ERWKPRGHOV ZLWKRXWRK-DIWXUDWLRQDQG ZLWK VDWXUL

JURP )LIXUZH REVHUYH WKDW ZKHQGWBEE® MWKUWHVKROHDW VLWOOWLRQV RF
OHVV WKP.@XUHN G WKH SURILOQMRH VWHDG\ VROXWLRQ LQ WKH FD\
OLQHDU IHHGEDFN GLIIHUV VOLJKWO\ I[URP WKH ROG PRGHO +RZHYHU W
GRHVY QRW FKDQJH DV D UHV X6 W28 | MDPADXNUHRUNY IRIXQ H N K DQG IRU
D VPDOO DPSOLWXGH RI WALH LQLWHKIID C FRIIDAMWVFIRRQFLGH LQ WKH VWHDG\
u(x) = v(x) = K(x)/2 LQ WKH ROG PRGHO DQG WKLV GRHV QRW FKDQJH LQ W|
)LQDOGUPADQAA =2 WKH VROXWLRQLQ WKHROGPRGHO LYV QRW/YHU\GLIIH
ZKLOHLQ WKH FDVH R IZMKH B LNQAWHHRELM LW K\OKMWH VW HD G\ VWDWH 7KLV FRXOG
VLQFHWKHHIIHFW RIVDWXUDWLRQ UHVXOWLQJIURP SLHFHZLVHOLQHDU
DVWKLVY KDSSHQV LQ WKHFDVHRIDVPDOODPSOLWXGHRIWKHLQLWLDO F



6FHQDULR
&KDQJLQIJNZLWK WKH VDPH HIWHUQDO LQSXW

6 XEVHFWLRQ ZDVDERXWKRZWKHV\WVWHP ZRUNV ZLWK GLITHUHQW LQLFL

EHLQJDSSOLHGWR WKH V\VWHP 7RVHHKRZWKHH[WHUQDO LQSXWV LQWH

KDYHFRQVLGHUHG WKUHH GLITHUHQW VFHQDULRV DQGD VWDQGDUG WHVYV

JLIXUH ZLWK WKHROG PRGHO kK DQHDBKWWGER &P U:D PH@®ED ,Q )LIXUH
DZHUHSURGXFH WKH UHDXREWDIRIQHBXUIHWWK WKH ROG PRGHO FZKLOH LQ

DQG GZH GLVSOD\ WKH VWDWLRQDU\ VROXWLRQV REWDLQHG LQ WKH VDP
ZLWK GLITHUHQW YDOXHYV RI

D XVLQJWKHROG ERGH/QQJWKH &HZ PRGHO

F XVLQJWKH®HZPRAEHOXVLQJWKH ®HZ PRGHO

JLIXUH 5HVXOWY REWDLQHG IURP DSSO\L Qg 2WKBQUED-P2H A PMHAJI QDO LQ S X
| =flg xc=f0g =05LQ ERWKPRGHOV ZLWKDQG ZLWKRXW VDWXUDWLRQ

&KDQJLQJ WKH SURILOH RI WKHH[WHUQDO LQSXW

)RU HDFK WHVW ZH YDULHG WKH FKDUDFWHULVWLFV Rl WKH HIWHUQDO L
WDEOHV 7KHVH WDEOHV SURYLGHD FRPSUHKHQVLYHYLHZRIKRZ WKH V\V
HQW FRQGLWLRQV 7KHUH LV DOZD\V D FRUUHVSRQGLQJFROXPQ IRU WKH
ZLWK= flg | = fig to= fOy D QtG= f2g

$GGLWLRQDOO\ ZH YLVXDOL]HG WKH VROXWLRQV FRUUHVSRQGLQJ WR |
SORW )LIJXUHYKHVH SORWV RIIHU D FOHDU FRPSDULVRQ RI WKH ILQDO VW
ZLWK WKH VWDQGDUG H[WHUQDIO KQSKOL IRWHQFKVKBGXHIRUHQW FKDQJH
H[WHUQDO VLJQDO FDQ FDXVH LQ WKH VA\VWHP GHSHQGLQJ RQ WKLV SDUDF

7RDQDO\WH WKH YDULDWLRQV LQ WKHVWDWLRQDU\VROXWLRQ LQWURG
WKH LPSDFW Rl WKHRBRHMNILFH HE@WGXFWHG D FRPSDUDWLYH DQDO\VLV EH
PRGHOV 7KLV LQYROYHG DGMXVWLQJWKHVLIJQDO LQWHQVLW\IURP WKUFL



YDOXMH RH FRQGXFWHG WKLV DQDO\VLV IRUWZR GLVWLQFW VLJQDO GXUD
GHWDLOHG LRKADDBDWLIQDOV ODVWLQJ VHFRQGVSBHHALSUFRNGQW W& HQH DVE
KLIKOLJKW W KHQES 'IRM ZHOO DV WKH PD[UPXP YDOXH RI
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7TDEOH &KDUDFWHULVWLFV RI WKH VWDIE£O Lt} HQA VRO KIy/ kRQNgLQ WKH FD
=05 IRUGLIAHUBE@QMWH PRGHOV ZLWK DQG ZLWKRXW VDWXUDWLRQ

JURP 7TDEQNW EHFRPHV HYLGHQW WKDW ZKHQ WKH VLIQDO LQWHQVLW\ K
ERWKPRGHOVIDLOWR SURGXFHDEXPSLQWKHVWDWLRQDU\VROXWLRQ
QHLWKHUPRGHO LV VHQVLWLYHHQRXJKWRUHVSRQG WR WKHVLIJQDO +R:
ROGPRGHODQGWKHQHZPREHODUKHQ FBIROH RIKKHQHUDWLQJD EXPSLQ W|
VLIQDOLQWHQVLW\ALVDW OHDVW LV LAKAWHIEVHGE WRLYV RRIV WKOQKEGHU ZKLFK F
EXPSLVREVHUYHGLQ WKHVROXWLRQ )XUWKHUPRUH LQLQVWDQFHV ZKH
WKH VKDSH RIWKHEXPS UHPDLQV FRQVLVWHQWLYFRRYWLE W HOA @ WIY B O W
DOWKRXJKWKHQHZPRGHO PD\RIIHUD FORVHU DSSUR[LPDWLRQ WR WKH L
VI\VWHPV LWV XWLOLW\ PLIJKW EH OLPLWHG E\ LWV LQDELOLW\ WR UHIOH
SDUWLFXODUO\VLQFHLWGRHVY QRW ADUD®XHW H @ SRRANKVHHUZZ RUKGG/L 11 8 WHKGHW
SLHFHZLVH OLQHDU IHHGEDFN KLJKHUYDOXHV RIKHLIJIKW ZLGWK RIWKH
KLIJIKHU YDOXHV RI KHLJKW ZLGWK RIWKHVWDWLRQDU\VROXWLRQ



20G PR@HO|?f0:59 f0:7g f0:99 flg f2g f3g fag
$' RI(X;t)
$'' RIu(x;t)
0D Rux;t)
1HZ PRGHOKZL®K= f 0:5g f0:7g f0:99 flg f2g f3g f4g
$'RIN(X;t)
$'" RIu(x;t)
0D Rulx;t)
1HZ PRGHOkKzZLWHK, = | f0:59 f0:89 fl:1g f 1:59 f2g f3g f4g
$' RI(X;t)
$'" RIu(x;t)
0D [ Rulx;t)
1HZ PRGHOKZLVAK= | f0:5g f0:99 f1:3g f1.7g f2g f3g fag
$' RI(X;t)
$'' Rlu(x;t)
0D Rux;t)

7TDEOH &KDUDFWHULVWLFV RI WKH VWDIE£EO LU} H@ VRO KIy/ kRQNgLQ WKH FD
=05 IRUGLIAHUBE@QMWMH PRGHOV ZLWK DQG ZLWKRXW VDWXUDWLRQ

‘HFRQGXFWHG WKH VDPH WHVWYV XVLQJ VLIQDOV RI VHFRQGVY GXUDWL
PRGHOKANIOLOV WR GHWHFW D VLIJQDO ZLWK LQWHQVLW\HTXDO WR WKH \
WKH QHZ PRGHO GRHVY GHWHFW WKH VLIQDO WKH VWDWLRQDU\ VROXWLR:
ZLWK WKH QRWDE&HH[FHBMWHRPVRMLQJIO\ LQ WKLV FDVH DV WKH VLJQDO
UHVXOWLQJEXPSLQ WKHVWDWLRQDU\VROXWLRQ EHFRPHV VPDOOHU

D XVLQJWKHROG ERGH/QQJWKH &HZ PRGHO

F XVLQIJWKH®HZ PRGHOXVLQJWKH ®HZ PRGHO

JLIXUH BHVXOWY REWDLQHG IURP DSSO\L Qg WKMHQ¥DP2H A PMEJUQD O LQ S X
| = flg xc=f0g =05LQ WKHPRGHOV ZLWK DQG ZLWKRXW VDWXUDWLRQ WK
IURP 7DEOH LQ RUGHU



JLIXUHFOHDUO\GHPRQVWUDWHY WKHLQWHQGHG RXWFRPHV RILPSOHPF
8QOLNH WKH ROG PRGHD L @ RWKIHFWDWPEKDAWHUH WKH VWHDG\ WWDBQ/GH SURIL(C
vV  HDWXUH SURQRXQFHG EXPSV DW WKH FHQWHU WKH QHZ PRGHO WKDQ
UHGXFWLRQ LQ WKHBXMASKWCGRKHLWLRQDOO\ LW LQWURGXFHV WZR GLVWL(
7KLV HITHFW EHFRPHV PRUH SURQ R XGQIFHIG DVHWKH QG OPOAWRIQJ WKDW WKH \
LOQWHQVLILHNYDWXHOWRZBFRQWK DV OUXBW RLKKIQBWZ PRGHO\LHOGV UHPDUN
VROXWLRQV UHJDUGOHVV RI WKH LOQWHQVLW\ RI HIWHUQDO LQSXWV 7K
HIWHUQDO VWLPXOL EHFRRHQ BHNYWHQ XIQGEIHYUH/B R U L Q JKWSKOHJ D@ HWKHHUU R O
LQPRGXODWLQJWKHHIITIHFWYV RIVDWXUDWLRQ ZLWKLQ WKH QHZ PRGHO
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D XVLQJWKHROG ERGHQ@QJIJWKH XHZ PRGHO

F XVLQIJWKH®HZ PRGHOXVLQJWKH ®HZ PRGHO

JLIXUH 5HVXOWY REWDLQHG IURP DSSO\L Qg WKMHQ¥P2H A RMHAJIJQD O LQ S X
| = f6g xc=f0g =05LQ WKHPRGHOV ZLWK DQG ZLWKRXW VDWXUDWLRQ VHFF
LQ 7TDEOH LQ RUGHU

,Q)LIXUBAH FDQ FRPSDUH WKH UHVXOWY FRUUHVSRQGL QUKW R/ IWKH VFHC
DV )LIJXUBD :KHQ DQDO\]LQJ LQSXWYV FKDUDFWHBEB]HBHER EVZHIGHHEX BE VW L Q
EHKDYLRU LQ WKH DEVHQFH RI VDWXUDWLRQ WKHEXPS GLYLGHV LQWR \
7KLY SKHQRPHQRQ OLNHO\ GLG QRW RFFXU SUHYLRXVO\ GXH WR LQVXIILI
QHZ PRGHO UHJDUGYMHIXHR IWKKHN VSOLWWLQJ GRHV QRWZRIEXIU 5HIHUUL
WKH VDWXUDWLRQ HIITHFW DW WKLY OHYHO HQVXUHY WKDW IRU VXIILFLHQ
UHVHPEOHVY WKH VWDQGDUG FDVH ,WT{V D9 K >XHRW MZAKRUWRKQA XWKIDRAD B W RKQ
PLUURU WKRVH RI WKHVWDQGDUG VFHQDULR LQGLFDWLQJ WKDW WKH PR
LQFUHPBVERYISLWH YDULDWLRQV LQ VLIQDO ZLGWK



&KDQJLQJ WKH GXUDWLRQ RI WKH H[WHUQDO LQSXW

20G PRGHO | t¢=2 te =3 te=4 | te=5
$'RIN(X;t)
$' RIu(x;t)
OD[LPXP YDOXH RI

1HZ PRGHOKZLWKte=2 te =3 te =4 te =5
$' RII(X;t)
$'' RIlu(x;t)
OD[LPXP YDOXH RI

1HZ PRGHOKZLWK te=2 te =3 te =4 te =5
$' RI(x;t)
$'" Rlu(x;t)
OD[LPXP YDOXH RI

1HZ PRGHOKZLWKte=2 te =3 te =4 te =5
$" RII(x;t)
$'" RIu(x;t)

OD[LPXP YDOXH RI

7TDEOH &KDUDFWHULVWLFV RI WKH VWOFELOAJHA VROXW XROMWE Q WKH FD)\
=05 IRU GL titHWHWQK¥MH PRGHOV ZLWK DQG ZLWKRXW VDWXUDWLRQ

7KHUHVXOWY REWDLQHG IURP FKDQJLQJ WKH GXUDWLRBY RRXWKMHQ/LIQD
VHH WKH\DUH TXLWH VLPLODU WR WKH RQHV LQ 7DEOH

D XVLQJWKHROG ERGHMLQJWKH ®HZ PRGHO

F XVLQJWKH®HZPRGHOXVLQJWKHRHZPRGHO

JLIXUH S5HVXOWY REWDLQHG IURP DSSO\L Qg 2WKHQUED-PAH A PMAEJI QDO LQ S >
| =flg xc=f0g =05LQ WKHPRGHOV ZLWKDQG ZLWKRXW VDWXUDWLRQ WKLU



7TKHVH WDEOHYVY OHDG XV WR FRQFOXGH WKDW HPSOR\LQJ WKH PRGHO Z
DSSUR[LPDWLRQ RI WKH G\QDPLFV ZLWKLQ WKH QHXUDO ILHOGk +RZHYHU
PD\UHVXOWLQDORVVRIVHQVLWLYLW\WR WKHFKDUDFWHULVWLFV RI HJ\
RIVROXWLRQVDFURVV YDULRXYV VLJKDIO VZ H, R RPAHUHWHNGLYWY BO W HP\RHUBH 2 IOMKH Q
UHVXOWHG LQ VWDELOL]HG VROXWLRQV ZLWK ORZHU SHDN YDOXHV D SKt
7KLV VXJIJHVWYV WKDW ZKLOH WKH PRGHO ZLWK SLHFHZLVH OLGHDU IHHGE
SOD\VD FUXFLDO UROHLQ DFFXUDWHO\FDSWXULQJWKHLQIOXHQFH RI HJ!

7KH FDVHRIDVHTXHQFH RIVLIQDOV

7R ILQLVK WKLY SDUW ZH MXVW WHVWHG ZKHWKHU WKH QHZ PRGHO FRXO
SRLQWV DQG KDSSHQLQJLQ GLITHUHQW WLPHYV

D VFUHHQVEKRWIIEW WFUHHQVKRW DW W

F VFUHHQVKRW D®W WFUHHQVKRW DW W

JLIXUH 5HVXOWY REWDLQHG IURP DSSO\LQJ GLIIHUHQW H{fWHUQDO LQ
Lt, =9;t3 =18 A = f1;1;1g;, |, = f1;1;1g;xc = f 16;0;169; = 0:5 XVLQJ WKH PRGHO ZLWKF
SLHFHZLVH OLQHDU IHHGEDFN



D VFUHHQVEKRWIIEW WFUHHQVKRW DW W

F VFUHHQVKRW D®W WFUHHQVKRW DW W

JLIXUH 5HVXOWV REWDLQHG IURP DSSO\LQJ GLIIHUHQW HEfWHUQDO LQ
Lt =9;t3=18 A =f111g |, =f1L1g,xc.=f 16,0;16g; =05 XVLQJIJ WKH PRGHO ZLWK SLHF
OLQHDU IHHGEDFN ZkWK VDWXUDWLRQ DW

JURP)LJXUZH FDQ GHGXFH WKDW WKH QHZPRGHO VXFFHVVIXOO\LGHQWL
+RZHYHU LWDOVREHFRPHVDSSDUHQW WKDW WKHPRGHO VWUXJJOHV WR
VLIJQDOV 'HVSLWH WKH H[WHUQDO LQSXWV KDYLQJLGHQWLFDO SURILOH'
DW GLIIHUHQW ORFDWLRQV H[KLELW YDULHG SURILOHV 7KLV GLVFUHSDQ
LQ SLQSRLQWLQJ VLIJQDO ORFDWLRQV LW IDOOV VKRUW LQ IDLWKIXOO\ S
ZLWKLQ WKH VWDWLRQDU\ VROXWLRQ



$SSUR[LPDWLRQV LQ

‘H QRZ DLP WR QXPHULFDOO\DSSUR[LPDWH WKH V\VWHP RI HTXDWLRQV Gt
u(x;t) DQWX;t) RYHU WKH GRPRIEQL/2]2 $V 6HTXHLUD GLG LQ@ ZW¥ WXHKDQ G OH
FRQYROXWLRQ WHUPV XVLQJWKH )DVW )RXULHU 7UDQVIRUP ))7 IRU FRPS

7KH VSDWLDOIGRPIDMFUHWL]HG LQWR D XQLkRU B DUQLG ZH W KWFSLHAW QJH W L
ZLWK D \WHBHFW FRPSXWDWLRQ LQ WKH VSDWLDO GRPDLQ LV FRPSXWDW|
GLPHQVLRQV

$VZHIYHGRQHLQWKHDSSUR[LPDWLRQVLQ GLPHQVLRQ ZHHPSOR\WK
WKH WHPSRUDO GHULYDWLYHV ZKLOH OHYHUDJLQJ WKH )DVW )RXULHU 7U
GRPDLQ 7KLV SURYLGHV FRPSXWDWLRQDO HIILFLHQF\LQ KDQGOLQJ WKH
ILHOG HTXDWLRQV

I1XPHULFDO 6ROXWLRQ YLD )RXULHU 7UDQVIRUPV

7RVROYHWKHV\VWHP RIFRXSOHG LQWHJUR G L2 HHHURHSQO/RL DO/ 1S T X W DROGPWH \(
EDVHG RQ)RXULHUWUDQVIRUPV 7KLVDSSURDFKQRW RQO\HQKDQFHV FRI
OLQHV WKH KDQGOLQJRIFRQYROXWLRQ WHUPV LQKHUHQW LQ RXU PRGHC
TXHQF\ GRPDLQ ZH FDQ H[SORLW WKH SURSHUWLHV RI)RXULHU DQDO\VL)
LQWHJUDO RSHUDWLRQV LQWR VLPSOHU DOJHEUDLF PDQLSXODWLRQYV

‘HVWDUW E\LQWURGXFLQJWKHFRQWLQXRXV)RXULHUWUDQVIRUP ZKL
WUDO PHWKRG ) DHAQEMGERQ WKH VSDRALD® G RRRMQL QXRXV )RXULHU W
Ffgg LV GHILQHG DV

Z .
Ffgg= go(De '™ Md[

,Q WKLV H[SbhHWHSUHVHQWY WKH ZDYH YHRWRUG-IQ§ LAKILOM @/ EH
LPDJLQDU\XQLW 7KLV WUDQVIRUPDWLRQ Hy/NIHRPWLIDHDVS DWLOW BRS DH QY V
IUHTXHQF\GRPDLQ HQDEOLQJDPRUHPDQDJHDEOH ZD\WR WDFNOH WKH F
HTXDWLRQYV

‘H UH S U HIY[H)QMQWG[;t) XVLQJ )RXULHU VHULHV H[SDQVLRQV VSHFLILFDOO\

xR
u([;t) = Omn (1) mn ()

m=
b3 X
v([;t) = n (1) mn ()
,Q WKHVH HTXDWLRQV WKH )RXULHU EDMIN #XQ%F W LRGWRIUN GHKIHQHG D
ZDYH YHFWRU %\ VXEVWLWXWLQJ WKHVH )RXULHU H[SDQVLRQV EDFN LQ\

HTXDWLRQV IRU WKH )R HDW&R®)ITLFLHQWV



7R REWDLQ WKHVH HTXDWLRQV ZH SURMHFW WKH VXEVWLWXWHG )RXU!
LQQHU SURGXFWV 7KHLQQHU SURGXFW EHWZHHQ WZR IXQFWLRQV LV GHI

Z
tgi= f(Dg (Dd[

ZKHYHGHQRWHY WKH FRPSOH[TKRYM XY RFMMWROHDGY XVWR WKHIROORZL

du([;t)

dt y  mn
dv([t).

dt 3 mn

h NG mnd huCht);, mni+ (LD i+ PACLE; mnld

h

L UCEY; wni b V(EO; i b ACGD; ani)

,QWKHVH HIAXDWGRQRWHV D FRQYROXWLRQ WHUP UHSUHVHQWHG DV IR

4
ALY = w(ll  DF(u\t); )d\

7KH FRQYROXWLRQ RSHUDWLRQ LQWHJUDWHY WKH LQWHUDFWLRQ EHW?:
wi[ \) DQG WKH IKQRWLR@KLFK PRGHOV WKH LQIOXHQFHWRRYKHKBHWZR!
FRQYROXWLRQ RX\USGWIDWHSHR UBWXOWLQJ H[SUHVVLRQ FDSWXUHV KRZ W
SRSXODWLRQ LQIOXHQFH DQRWKHU HPSKDVL]LQJWKHLQWHUFRQQHFWH:

8WLOL]LQJ WKH RUWKRQRUPDOLW\ RI WKH )RXULHU EDVLV IXQFWLRQV
H[SUHVV WKHP DV

dor:jr; (t) = () Omn (1) + VY (1) + An (t)

d0mn (1) _ 1
—at - —V Omn (1) ¥mn (1) Amn (t)

,Q WKHVH HTARW LRHBWHVHQWY WKH )RXULHU WUDQV PR UP RIKWKK FRQYF
FDQ EH FDOFXODWHG HIILFLHQWO\ XVLQJ)DVW )RXULHU 7UDQVIRUPV ))7V
E\))7V LV VLIQLILFDQW DV LW DOORZV XV WR WUDQVIRUP RXU FRQYROXW
WR WKH IUHTXHQF\ GRPDLQ ZKHUH WKH\FDQ EHKDQGOHG DV VLPSOH PXO

‘H KDYH DSSUR[LPDWHG BAKH YKLWK RV D VONVHRPVRILIRZ ZH DSSO\ WKH
H[SOLFLW (XOHU PHWKRG WR GLVFUHWL]H tWEH\REW WNMHP VDK | RIODKR 2 MOLIPGX
VFKHPH

h i
Omn (ti+1) = Mmn (ti) + t r\mn (ti) Omn (ti) + Nmin (ti) + Amn (ti)
h i
Crn (ti+1) = Nmn (ti) + J Omn (ti) Umn (ti) Amn (ti)

7KLV WLPH VWHSSLQJ SURFHVY OHYHUDJLQJ))7VIRUHIILFLHQW FRPSX
VR O X'k RADQWG, (1) RYHU WLPH $W WKHFRQFOXVLRQ RI WKHVHLWHUDWLRQ



RI'WKHVROXWLRQLQ SK\WVLFDO VSDFH WKURXJK WKHDSSOLFDWLRQ RIDQ

$SSUR[LPDWLRQ RIWKH &RQYROXWLRQ 7HUP XVLQJ))7V

7KHHIILFLHQW FRPSXWDWLRQ RN B R ()L FHUWLMRHFIDIOR \HEHEWH Q GV RQ WK H
DSSUR[LPDWLRQ RI WKH FLUR%ID U, QRRRROXIM R VR OUPHDU FRQYROXWL
YROXWLRQ DVVXPHV SHULRGLFLW\LQ WKH IXQFWLRQV LQYROYHG HIIHFW
GRPDLQ 7KLV LV HVSHFLDOO\VXLWDEOH LQ QXPHULFDO LPSOHPHQWDWL
RYHUD ILQLWH GRPDLQ VXFKDV ZKHQ XVLQJWKH ' 'LVFUHWH )RXULHU 7UDG
LV GHILQHG DV

4
ALY = w(l  WDF(u\t); )dy

+HUW{[ \) LVD ZHLIJKWLQJIXQFWLRQ GHSHQGHRWRRWMAHMtYHODWLYH G
YDULHW DMWX | L[HIG VKIHRHY LHZHG DV D FLUFXODU FRQYROXWLRQ WKLV RSFH
IXQFWLRQV SHULRGLFDOO\ ZUDS BYRXQEWKH GRPDLQ

7KLV SHULRGLF RU FLUFXODU FRQYROXWLRQ RSHUDWLRQ LV GHQRWHG |

ALY =(w~H)(D

ZKHYKBHQRWHVY WKHFLUFXODUFRQYROXWLRQRSHUDWLRQ ,PSRUWDQW
WKDW WKH)RXULHUWUDQVIRUPRIDFLUFXODUFRQYROXWLRQHTXDOV WK
7TKHUHIRUH ZHFDQ GHULYH

FfAQ(Mn) = Ffwg( Mn)Fffg(Mn)

+HUFfgg UHSUHVHQWY WKH FRQWLQXRXV )RXULHU WUDQVIRUP 7KLV SR
FRQYROXWLRQ RSHUDWLRQV LQ WKHVSDWLDO GRPDLQWUDQVODWH LQWR
GRPDLQ VLPSOLI\LQJFDOFXODWLRQV

JRUQXPHULFDOLPSOHPHQWDWLRQ ZH G LHFHFHWILLY H OAKH\8 §IR\MLADOVG. RB |
WLQXRXV )RXULHU WUDQVIRUPV ZLWK 'LVFUHWH )RXULHU 7UDQVIRUPV )1
PHULFDO DOJRULWKPV HVSHFLDOO\YLD WKH)DVW )RXULHU 7UDQVIRUP )]
FRPSOH[L®NIY RGN2Z OR)

&RQVHTXHQWO\ WKH DASWRIHFBWHRQ IRU

Amn (t) ) 7fwgmn ") 7ff Omn

7KLV UHODWLRQVKLS XQGHUVFRUHY WKH XWLOLW\RI))7VLQ FRQYHUWI
WLSOLFDWLRQV 7KH DSSOLFDWLRQ RI))7 IRUFRQYROXWLRQ DSSUR[LPEL
HITLFLHQF\ ZLWK DFFXUDF\ FUXFLDO IRUH[SORULQJWKH VSDWLRWHPSRU
RIFRXSOHG LQWHJUR GLIITHUHQWLDO HTXDWLRQV



,Q VXPPDU\ WKH LPSOHPHQWDWLRQ RI VSHFWUDO PHWKRGYV URRWHG |
EXVW IUDPHZRUN WR DGGUHVYVY FRPSOH[LWLHV ZLWKLQ RXU PRGHO &RQ)
IUHTXHQF\ GRPDLQ PXOWLSOLFDWLRQV WKURXJK ))7 HQKDQFHV FRPSXW
VLIKWV LOQWR WKHLQWHUDFWLRQV ZLWKLQ FRXSOHG QHXUDO SRSXODWLI

7KH FRPELQDWLRQ RI WKHRUHWLFDO LQVLIKWY DQG QXPHULFDO WHFK
WKHQHFHVVDU\WRROVWRLQYHVWLIJDWHDQG VLPXODWH WKH G\QDPLF EI
VHFWLRQV RIWKLV WKHVLY ZHZLOO H[SORUHYDULRXVFDVHVWXGLHV DQ
RIWKHVHPHWKRGV LQ SUDFWLFDODSSOLFDWLRQV VKHGGLQJOLJKW RQ I
G\QDPLFVDQG WKHLU LPSOLFDWLRQV IRUXQGHUVWDQGLQJFRJQLWLYHS



$OJRULWKP IRU 1XPHULFDO $SSUR[LPDWLRQ

8VLQJ WKH OLEUDU\ QXPS\ IIW ZH FDQ XVH WRROV OLNH QXPS\ [IW [IW DQ
GLPHQVLRQV RID IXQFWLRQ DQG LWV LQYHUVH UHVSHFWLYHO\ DQG DOV
PDNH VXUH ZH DOLJQ WKH IXQFWLRQV ZKHQ JRLQJ IURP RQH GRPDLQ WR W/|
DOJRULWKP WR JHW DQ DSSUR[LPDWLRQ RI WKH ILQDO VROXWLRQV RI PRG

RX AMBIiB HBx2 6Qm B2 +Q277B+B2Mib 66hnmUt-yV M/ 66hnpUt-yV
kX S'2+QKTmi2 66hnQK2; 7Q° QK2; U%%t@v%%V M/ 66hnA 7Q 2 +? 2ti2 VN
iQ BMi2  +i rBi? i?2 bvbi2K

6Q 2 +? iBK2 bi2T inB,

X *QKTmi2 7B"BM; " i2 7nm,
BX mnbT iB H 4 A66hU66hnmUt-inUB@RVVV
BBX 7nm 4 >2 pBbB/2UmnbT iB HV

#X *QKTmi2 66hn7 4 66hU7nmYV

+X JmHIBTHv BM 7°2[m2M+v /QK BM,
BX 66hn+QMp 4 66hnQK2; 66hn7

IX 1T/ i2 6Qm B2 +Q277B+B2Mib,
BX 66hnm 4 66hnm Y /i U66hnp @ 66hnm Y 66hnAUINnBYV Y 66hn+QMy
BBX 66hnp 4 66hnp Y /i Uu6éhnm @ 66hnp @ 66hn+QMpV

h> Mb7Q K # +F iQ bT iB H /QK BM BM i?2 2M/ iQ ;2i i?2 bQHMIBQM BM i?2
mUt-iV 4 A66hU66hnmV
pUt-iV 4 A66hU66hNpV

%\ OHYHUDJLQJ WKH ))7 IRU FRQYROXWLRQ FRPSXWDWLRQV DQG PDLQW
PDLQ WKH DOJRULWKP HQVXUHV HIILFLHQW QXPHULFDO DSSUR[LPDWLRC
WHUDFWLRQV ZKLOH RITHULQJ FRPSXWDWLRQDO DGYDQWDJHV FUXFLDO |
H[WHQGHG VSDWLDO DQG WHPSRUDO VFDOHYV

7KH LPSOHPHQWDWLRQ HIILFLHQW Qi{xt). PXOEGRW RV MUKW IGRB X LBV RMKH )L
JRXULHU 7UDQVIRUP ))7 WR KDQGOH FRQYROXWLRQ RSHUDWLRQV %\ P
GRPDLQ WKH FRPSXWDWLRQDO ZRUNORDG LV VLIJQLILFDQWO\ UHGXFHG
7KHILQDO WUDQVIRUPDWLRQ EDFNWR WKH VSDWLDO GRPDLQ SURYLGHV D
WKH GRPDUH)Y HDOLQJ LQWULFDWH VSDWLDO SDWWHUQV DQG LQWHUDFWL]

7KLV DSSURDFK GHPRQVWUDWHY WKH SUDFWLFDO SRZHU R1))7 LQ VROY
OHPV HIILFLHQWO\ VXSSRUWLQJ GHWDLOHG DQDO\VHV RI VSDWLRWHPSRI



6FHQDULRV LQ

7KH FRQQHBW LYKL WHSUHVHQWY WKH LQWHUDFW LR Q %GL QHADKIMV & FERDLIH HW
LV GHILQHG DVD GLIIHUHQFHEHWZHHQ WZR *DXVVLDQ IXQFWLRQV FDSWX
DGMXVWHG E\D FRQVWDQW WR ILQH WXQH WKH RYHUDOO HIIHFW

P(kx  yKk)= Aex H[S Ain H[S

kx  yk? kx  yk?
2 2 2 2

: Pinh s Aex >Ain >0, in > x>0
in

7KLV IRUP DOORZV IRU VSDWLDOO\ ORFDOL]J]HG FRQQHFWLRQV WKDW GH
QHXUDO QHWZRUNYV

7KHILULQJ UDMUH ) PREWOR/QVKH WKUHVKROG GHSHQGHQW DFWLYDWLRQ
LWFDQ EHGHVFULEHG E\WKH VDPH +HDYLVLGH VWHS IXQFWLRQ XVHG LQ

7KLY ELQDU\UHVSRQVH HQVXUHY WKDW QHXUDO DFWLYLW\ RQO\ RFFXL
WKUHVKRICPGFNLQJ DQ DOO RU QRQH ILULQJ EHKDYLRU

7KH HIWHU QDXQ) \MQPXWDWHY VWLPXOL DSSOLHG WR WKH VA\VWHP W RIV
IXQFWLRQ DFWLYHGXULQJVSHFLILHG WLPHLQWHUYDOV

8

P +
2T AH[S WD 1y, t g
[ ((X1;%X2);t) = S i

~0 RWKHUZLVH

7KLV UHSUHVHQWY JURXS RI ORFDOA]D® &W 5RXXONSXA O\LKH B FRSDA. WGXXGH\D J
LQW H[tYtPID'RU HDFK H{WHUQDO LQSXW

6LPLODU WR ZKDW ZH KDYH GRQH EHIRUH ZHfOO VWXG\ GLIIHUHQW VF
S UR SH{UMKR); 0) + v((X1;X2);0) = K((X1;X2))

2

K (X1;X2) = K; u((X1;%2);0) = Age C3+X22 §: y((x1:X2);0)= K u((X1;X2);0):
[((x1;%2);t)=0

"LWA; ,>0DQKG OFRQVWDQW +HUH ZH KDYH WKH YI9Q \EL DO IY)O\OWLHD\WQI R
IXQFWLRQ

2

K ((X1;X2)) = Age CEF3Y2 & ((xq;%2);0) = K ((X13X2));  V((X1;X2);0) = 0;
[ ((X1;%2);t) =0
‘LW¥; (>0 1RZ ZHKDYH WKH VDPH YDOXHV IRUX ZKLOHY LV LGHQWLFE

u((x1;%2);0) = v((x1;X2);0) = K((X1;%2)) =0; 1((X1;%2);t) GHILQHG E\
7KLV ZLOO EH WKH RQO\ VFHQDULR ZKHUH WKHUH ZLOO EH H{[WHUQDO L

2QFH DJDLQ VLQFH LQ WKIK(XLXxhNt)= 0V ZHHKDWLHRW KDW WKH VWDIELOL]HG V|
DOGUHVSHFW WKHLQLWLDO FRQGLWLRQ WKURXJKWLPH WKLV PHDQV

u((x1;X2);t) + v((X1;X2);t) = K((X1;%2)); 8t2[0;T]



6LPXODWLRQV

,Q WKH LPDJHV EHORZ \RX FDQ REVHUYH WKH MWD BEVXHBG R QWKMHLLRIQRUIFE
VHFWLRQ DORXQI WKHKB[EWUDPHWHUWXV0@; XHLPB6;L =16 DQG IRU WKH
NHUQHO AZH-YHW=1;Ain =1, in =2;!imm =0:1

JLIXUH 5HVXOWY REWDLQHG XVLQ3 MBKBNR RIGHEO X\WQL Q ZVWIKQDULR ZLW
Av=1K =1; =

,Q VFHQDULR FRQVWDQW u@®H¥XOWLQ¥xQ;T)=1 &RQVHTXHDOWDO \
DUH V\PPHWULFBP@DURXQG

JLIXUH 5HVXOWY REWDLQHG XVLQ3I WKW RIGHO XL QIZVWIHKQDULR ZLW
Ac=1; (=1

JLIXUH S5HVXOWY REWDLQHG XVLQ3 WKW RIGHO XL QFZVWIHKQDULR ZLW
Ac=2;, (=2



,Q VFHQDULR u@; %PMH v((x1;x2);T) = K((x1;X2)) ZKLFK LV GHILQHG DV D *DXV\
IXQFWLRQ $V H[SHFWHG WKHVEXP 8 JHU)WKOHW KDWWRHLYKDHH WKH VDP
WKUHVKROG DQG WKH LQLWRD GRIMRCOWW LIQY HDDWHH LQ DEVROXWH WHUPYV
WKHFURVV VHFWLRQ RI WKH VWD E LxC=10] H GW R &/ X W IURIQYX D &/R/Q U RVAK W B HLR/Q H
PRGHO ZHILQG WKHP WR EH QHDUO\LGHQWLFDO ZKLFK FRXOG EH H[SHFW

1RZ ZHZLOO IRFXVRQKRZWKHDPSOLWXGHDQG ZKGW IR | PAKHH@QQWLDC
DVWKHWKUHVKROG RIWKHILULQJUDWH DIIHFW WKH V\VWHP

JLIXUH S5HVXOWY REWDLQHG XVLQ3 WKMHANBRGHO XL QFZVWHKQDULR ZLW
Ac=1; (=1

YLIXUH 5HVXOWY REWDLQHG XVLQ3 OWKDNERIGHO XL Q ZVWIHKQDULR ZLW
Ac=2; (=2

7KHRQO\GLIIHUHQFHLQ WKH LQLWLDOFR® G LWV R Q WEKHVDRHSHQ WX & H DD
RIWKHLQLWLD® BRQEHW RRVKIRRIQILIXUDWLRQV UHDFK WKH WKUHVKROG D'
ZH REVHUYH ILQDO VWDELOL]HG VROXWLRQV YK RXLDUIPLOIDIK WD KH. Y K B LW
GXHWR WKH GLIIHUHQFHV LQ WKH LQLWLDO FRQGLWLRQV



YLIXUH 5HVXOWV REWDLQHG XVLGIRKHWREHQQ @WK EWKH RI VFHQDUL
ZLWH=1: (=1

JURP )LIXUHH FDQ FRQFOXGH WKDW LI WKFRIHYLQR\D @ AR 86 WK HRQK BHV K R
ZH REWDLQ WKH WIX,Yxa DID=VR(0, 3¢4Y; )R-QKX4X2). - v PLODU WR WKH EHKDYLRU R
LQ WKH RQH GLPHQVLRQDO FDVH

JLIXUH S5HVXOWY REWDLQHG XVLQIM2KBWRGHO® XQLOQZMWFKQDULR ZLW
Ac=2;, (=2

ORUHRYHU IURP YIHRDE REVHUYH WKDW ODUJHU WKUHVKROGY WHQG WR
DQG ZLGWK RI WKH VROXWLRQV 7KLV RFFXUV EHFDXVH WKHUHDUH IHZHU
LQ WKH ILULQJ U DIWHQWGHR/QOOHNWLIQ QUQVRZDUG HDFK RWKHU

,QDPDQQHU VLPLODU WR ZKDW ZHTYH GRQH LQ SUHYLRXV VHFWLRQV :
FKDUDFWHULVWLFV RI WKH VWLPXOL FDQ DIIHFW WKH VMEBELOL]HG VRO XW



YLIXUH 5HVXOWY REWDLQHG XVLQJ WK ®FGHIKQ/ F RG WUDLLR) H GHIDW X U L
HIWHUQDO LQS XW=FKDDW HUWEDW, =1;tg=0;te =2

JLIXUHUHSUHVHQWY WKH VWDQGDUG HIWHUQDO LQSXW DOORZLQJ XV W
GLITHUHQW H[WHUQDO LQSXWV LQ WKHVXEVHTXHQW ILIJIXUHV DQG WDEOH?

Ai=1 Ai=15] Aj=2 A =25
$FWLYLW\'RPDILQ $UHD RI
$FWLYLW\'RPDLQ $UHD RI

OD[LPXP YDOXH RI

7DEOH &KDUDFWHULVWLFV RI WKH VW DoEL0Ot, BPG VR Ol W =R @05 Q WKH FDV
=05 IRUGLIAHUBIQW

JLIXUH SHVXOWY REWDLQHG XY EQFWKHLMRGHRHIQ@UIDRV IHDWXULQJ DQ
LQSXW FHQWHI(DHYy BUWW K=2; | =1;tg=0;te =2

JURP 7TDEDQG )LIJXUHH REVHUYH WKDW LQFUHDVLQJ WKH DPSOLWXGH RI
WR D SURSRUWLRQDO LQFUHDVH LQ ERW B QNKHWW WD M LIPXP GYFORCDAHD DY (KHH DO
DPSOLWXGH UHVXOWY LQ VWDELOL]HG VROXWLRQV ZLWK KLIJKHU DEVROX"
RV LOGLFDWLQJ WKDW WKH VA\VWHP UHVSRQGV DSSURSULDWHO\WR YDULI



i=1 i=3 i=6 i:]-O
SFWLYLW\ ' 'RPDILQ SUHD RI
$FWLYLW\N'RPDULRQ $UHD RI

OD[LPXP YDOXH RI

7TDEOH &KDUDFWHULVWLFV RI WKH VW DELOtk Fr2GAY R OLY W I=RF@M)Q WKH FDV
=05 IRUGLIIHUMHQW

JLIXUH SHVXOWY REWDLQHG XVYEQFWKHLMRGHCHIQ@ UIDRV IHDWXULQJ DQ
LQSXW FHQWHI(DHYy BUWN K=1; | =6;tg=0;te =2

JURP 7DEDE@G )LIXUHW EHFRPHV HYLGHQW WKDW DV WKH ZLGWK RI WKH
WKH DFWLYLW\ GRARIO® D UKW \RIJQLILFDQW 026 +RE@ & X M W UZKMIPOMKH) L I X U H
SRLQWV IDUWKHVW IURP WKH FHQWHU RI WKH VWLPXOXVY GR QRW VWDELOL
PHPEUDQH SRWHQWLDO 7KLV LQGLFDWHV WKDW ZKLOH D ZLGHU H[WHUQ
GRPDLQ DUHD LW PD\DOVR OHDG WR LQVWDELOLW\LQ FHUWDLQ UHJLRQ)\
YDU\LQJ

te=2 | te=3 | te=4 | te =5
$FWLYLW\'RPDILQ $UHD RI
$FWLYLW\'RPDLQ $UHD RI

OD[LPXP YDOXH RI

7DEOH &KDUDFWHULVWLFV RI WKH VWDtE £ O L HGf 1R & XIMIUR V=L Q WKH FL
f(0;0)g =0:5 IRU GLItkHIQHQW



YLIXUH 5HVXOWY REWDLQHG XVYEQEWKHLRMRGHTHIQ@ UIDRV IHDWXULQJ DQ
LQSXW FHQWHIDH® BUWW K 1; | =1:tg=0;te =4

$V VHHQ LQ 7DBGHLIXUHWHQGLQJ WKH GXUDWLRQ RI WKH VWLPXOL OHD
LQ WKH PD[LPXPuYID@OOXBM@ORZV IRU D ZLGH U WD FVKLLYLWH \GRPW IGHRRQ VW U D W
FKDQJLQJ WKH GXUDWLRQ RI WKH H[WHUQDO VLJQDO UHVXOWV LQ VWDELC
ZKHQ YDH\LRQOOXVWUDWLQJ WKH PRGHOYTV HITHFWLYH UHVSRQVH WR SURO

$GGLWLRQDOO\ D FRPSD U L VIRQGE bl MAZHHH@V7WE O MVW K H\ H[KLELW YHU\ VL
UHJDUGLQJ WKH SDUDPHWHUVYT HITHFWV R QUERGWK M\KHPIDAWR X P W DG X FID [7®
REVHUYDWLRQ XQGHUVFRUHV WKH PRGHOYV DELOLW\ WR GLVWLQJXLVK
DSSURSULDWHO\UHIOHFWLQJ WKH FKDQJHV LQ WKH VWDELOL]HG VROXWL

7KHREMHFWLYHRIWKLYPRGHOLVWRHYDOXDWHKRZZHOO WKH V\VWHP
RIGLIIHUHQW VWLPXOL 2XUDQDO\VLV KLIKOLJKWY WKDW DOWKRXJK ERW
VWLPXOLVLJQLILFDQWO\DIIHFWWKHDFWLYLW\GRPDLQDUHDDQG PD[LP X
WKH HVVHQWLDO HOHPHQWYV RI HDFK VLJQDO

,Q FRQFOXVLRQ WKLV DQDO\VLV XQGHUVFRUHV WKHLPSRUWDQFH RI GL
LQ VKDSLQJ VWDELOL]HG VROXWLRQV LQ D WZR GLPHQVLRQDO FRQWHI[W
IHFWLYHO\ GLVWLQJXLVKHV EHWZHHQ YDULRXV VLIJQDOV YDOLGDWLQJ LV
LQWURGXFHG E\GLIIHUHQW VWLPXOL

W LV LPSRUWDQW WR QRWH WKDW DOO WKHVH REVHUYDWLRQV FORVH
GLPHQVLRQDO UHVXOWYV 7R YHULI\ ZKHWKHU WKH FRQFOXVLRQV GUDZC
GLPHQVLRQDO PRGHO2VSHFLILFDOO\ ZKHWKHU WKH FKDUDFWHULVWLFV
ZKHQ DSSUR[LPDWLQJWKH VROXWLRQ LQ '2ZH DSSOLHG WZR H[WHUQDO L
%RWK LQSXWV KDG D GXUDWY,RQ RQGEHFREE IZUWW LQSXW ZDYALQWURGXF
DQG FHQWHR HXp BWLOH WKH VHFR QG tZR2 VDS OH G \G(BMH G DW

,Q)LIXUHEHFDQREVHUYH WKH HYROXW L RQORMA R WWKR. O XA HR QW LIRU £\R WKKF
DMW T=8 WKHVROXWLRQV KDYHDOUHDG\VWDELOL]JHGDQG UHWDLQ WKH F
7KLV GHPRQVWUDWHY WKH HQKDQFHPHQW DFKLHYHG E\HPSOR\LQJ D PRG
RI QHXURQV
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