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Abstract

This thesis investigates numerical approximations of neural field systems, employing both one and two-

dimensional models to study large-scale brain dynamics. Building upon previous work on single-field

models, we extend the framework to a more biologically realistic two-field model, incorporating two cou-

pled integro-differential equations to represent interacting neuronal populations. This two-field approach

allows for a more nuanced investigation of neural dynamics, capturing the interplay of local excitation

and long-range inhibition, as well as the impact of various parameters such as connectivity strength and

threshold behavior.

Analytical solutions for these equations are generally not feasible, so we employ numerical meth-

ods, combining forward difference approximations for the time derivative and the trapezoidal rule (one

dimension) and Fast Fourier Transforms (FFTs) (two dimensions) for the spatial integral to efficiently

approximate solutions. We validate these methods and investigate their impact on the system dynamics

through simulations with diverse parameter values and various initial conditions.

Our results demonstrate that the two-field model provides a more accurate representation of neural

activity, improving the capability to reproduce the temporal and spatial characteristics of external stimuli.

Compared to single-field models, the two-field model more accurately captures the effects of multiple,

sequentially applied signals and preserves crucial features of complex interactions. The limitations of

the model and avenues for future research are also discussed. The findings offer valuable insights into

the mechanisms underlying large-scale brain dynamics and provide a foundation for future research in

neuroscience and artificial intelligence.
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1 Introduction

The human brain is a remarkable biological information processor, consisting of billions of interconnected

neurons. These intricate neuronal interactions give rise to a wide array of cognitive functions, making

the understanding of their orchestration of complex behaviors a central challenge in neuroscience. Tra-

ditional approaches have often concentrated on detailed models of individual neurons and their synaptic

connections, but they can provide limited insights into the large-scale dynamics of neural populations

across cortical areas. To address this complexity, there is a need to adopt more macroscopic descrip-

tions that capture the essential features of large-scale neural activity.

Neural field theory [1, 2] serves as a powerful framework for investigating large-scale brain dynamics

by transitioning from a discrete representation of individual neurons to a continuous field representation.

This approach simplifies mathematical analysis while still accounting for key features of large-scale neu-

ral behavior. A core component of neural field theory is the single-field model, typically expressed by the

integro-differential equation:

@u(x; t)

@t
= I(x; t) � u(x; t) +

Z



w(jx � yj)f(u(y; t))dy (1)

where:

• u(x; t) denotes the membrane potential of a neuron at position x and time t,

• I(x; t) represents the external input to the neuron,

• w(jx�yj) is the connectivity kernel capturing the interaction strength between neurons at positions

x and y, and

• f(u(y; t)) signifies the firing rate function.

This equation is defined for t 2 [0; T ] and x 2 
 � Rn, along with the initial condition u(x; 0) = u0(x),

capturing the dynamic interplay of local excitation and long-range inhibition frequently observed in corti-

cal networks. The Amari-type neural field equation (Equation 1) has garnered extensive attention. For

instance, Faye and Faugeras [3] examined a variation that includes time delays, establishing results

regarding existence, uniqueness, and asymptotic stability using Lyapunov functionals and numerical

analysis. In another study, Potthast and beim Graben [4] explored the solvability of the equation under

broad conditions for the activation function (f ) and kernel (w), demonstrating global existence for smooth

functions via Banach fixed-point theorems and extending the analysis to Heaviside functions with addi-

tional kernel regularity. Coombes [5] offered a comprehensive overview of the analytical and numerical

techniques used to study the solutions of this equation, shedding light on the dynamics of waves, bumps,

and patterns. These investigations highlight the rich dynamics inherent to the Amari-type equation and

emphasize the significance of evaluating both the properties of the activation function and the connec-

tivity kernel in predicting solution behavior.

Recent studies, including those by Avitabile [6], have introduced robust numerical methods for these

integral equations, enhancing comprehension of their stability and convergence. Faye and Faugeras [3]
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made significant advancements in our understanding of neural field equations, providing both theoretical

insights and numerical findings. Lima and Buckwar [7] concentrated on numerical solutions in two dimen-

sions, tackling computational challenges, while Hutt and Rougier’s work [8, 9] expanded understanding

by examining the influence of delays in neural interactions, enriching the field’s knowledge of nonlocal

equations in biological systems.

Although the deterministic neural field equation is instrumental in unpacking neural dynamics, it often

falls short in representing the inherent stochasticity found in biological neural systems. The inclusion of

stochastic elements leads to the stochastic neural field equation, which accommodates random fluctua-

tions in neuronal activity:

du(x; t) =

�
I(x; t) � u(x; t) +

Z



w(jx � yj)f(u(y; t))dy

�
dt + �dW (x; t) (2)

where dW (x; t) corresponds to a spatially and temporally correlated Wiener process, and � signifies

the intensity of the noise. Several studies have delved into the implications of this stochastic nature.

Killpatrick and Ermentrout [10] examined how noise influences the formation and dynamics of spatially

localized activity patterns (bumps) within neural fields. Kuehn and Riedler [11] provided a rigorous math-

ematical framework for analyzing the large deviation principles associated with stochastic neural fields,

yielding insights into the probabilities of rare events. Additionally, Sequeira’s thesis [12] built upon this

research by incorporating noise into a model with finite transmission speed, exploring its impact on re-

sulting spatiotemporal dynamics. Collectively, these works underscore the vital role that stochasticity

plays in shaping the behaviors of neural systems.

The integro-differential equation (Equation 1) finds wide-ranging applications across various fields,

especially in medicine and robotics. In the medical field, this model assists in studying different aspects

of brain activity, such as the mechanisms underlying epileptic seizures and cognitive processes like

working memory. Coombes’ work [13] provides a thorough overview of how these models have been

utilized to characterize spatiotemporal patterns of brain activity, emphasizing their role in predicting and

understanding epileptic seizures. Similarly, in robotics, this equation provides a foundation for devis-

ing controllers that emulate aspects of biological neural systems, resulting in more sophisticated and

adaptable robotic behaviors. Erlhagen and Bicho [14] demonstrated how the model can be employed to

create biologically-inspired controllers that equip robots to handle complex tasks involving spatial working

memory, highlighting the potential of these models to enhance robotic capabilities.

A defining characteristic of neural field equations (NFE) is their ability to exhibit stationary solutions

characterized by localized regions of elevated activity, often referred to as ”bumps.” Understanding the

existence and stability of these bump solutions is essential for comprehending how the model represents

persistent activity, a critical component of various cognitive functions, including working memory. Early

work by Amari [1] provided foundational insights into the conditions necessary for the existence of these

bump solutions, establishing the relationship between the connectivity kernel, the firing rate function,

and external input. Subsequent studies, such as those by Laing et al. [15], explored the formation and

stability of multiple bumps, illustrating how interactions between different bumps can influence working

2



memory capacity. These investigations highlight the importance of bump solutions as a mechanism for

sustaining persistent neural activity that correlates with information storage, providing a robust theoretical

framework for understanding working memory.

While the simplest single-field model of neural activity offers valuable insights into persistent neural

dynamics through stationary bump solutions, it is not without its limitations. A significant concern is its

inability to adequately represent the complexity of external stimuli.

In response to the shortcomings of single-field models in faithfully capturing the nuances of neural

responses, more sophisticated architectures have emerged. One notable enhancement is the two-field

model, described by the coupled system of integro-differential equations:

8><>:
@u(x;t)

@t = I(x; t) � u(x; t) + v(x; t) +
R



w(jx � yj)f(u(y; t); �)dy

�v
@v(x;t)

@t = u(x; t) � v(x; t) �
R



w(jx � yj)f(u(y; t); �)dy

(3)

defined for t 2 [0; T ] and x 2 
 � Rn, along with the initial conditions u(x; 0) + v(x; 0) = K(x) and

periodic boundary conditions. This model introduces a secondary variable, v(x; t), that represents a slow

adaptation process interacting with the primary activity variable u(x; t). The incorporation of this adap-

tation mechanism, with a time constant �v, enables a more nuanced representation of neural dynamics,

allowing the model to capture a broader range of behaviors than its single-field counterpart. Wojtak’s

thesis [16] offers an in-depth analysis of this two-field model, assessing its ability to generate continuous

ranges of bump amplitudes. Further exploration by Wojtak et al. [17, 18] has demonstrated the model’s

effectiveness in realistically simulating various aspects of neural processing, such as continuous input

integration and robust working memory, showcasing its capacity to address the limitations of simpler

models.

Specifically, [17] presents a novel two-field neural field model that overcomes the limitations of tra-

ditional models in representing continuous input integration. This key innovation relies on introducing a

second, slower-adapting field v(x; t) that interacts with the primary activity variable u(x; t). This adap-

tation field enhances the model’s ability to accurately capture sustained responses in neural systems

subjected to continuous stimuli. The authors illustrate that this two-field architecture can generate a

wider array of activity patterns (bumps) compared to single-field models, particularly regarding bump

amplitude. A comprehensive analysis of the model’s behavior across various parameter regimes is pro-

vided, including a thorough investigation of its stability and response characteristics. The mathematical

framework is presented in detail, laying a robust groundwork for future numerical simulations and theo-

retical explorations.

Building upon their previous work, [18] investigates the two-field neural field model’s ability to exhibit

robust working memory behavior in a two-dimensional setting. The authors demonstrate that the model

can produce stable, persistent activity patterns (bumps) that maintain their spatial location and amplitude

even amidst noise. Such robustness is crucial for a realistic working memory model, as the brain must

retain information despite internal fluctuations and external distractions. This analysis emphasizes the

influence of model parameters, particularly those related to connectivity and adaptation, on the stability

and resilience of working memory. The paper further explores the relationship between model parame-
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ters and the attainable range of working memory capacity, offering valuable insights into the framework’s

potential to enhance our understanding of biological working memory.

As analytical solutions to these integro-differential equations are generally infeasible, this thesis em-

ploys numerical methods to approximate the solutions, focusing on a combination of forward difference

approximations for the time derivatives and the trapezoidal rule for spatial integrals (in one dimension),

as well as employing spectral methods based on Fast Fourier Transforms (FFTs) in two dimensions for

greater computational efficiency.

The goals of this thesis are as follows:

1. Develop and validate robust numerical methods for solving the two-field model.

2. Investigate the impact of various model parameters on system dynamics.

3. Analyze the model’s capacity to reproduce the temporal and spatial characteristics of diverse ex-

ternal stimuli.

The results of this study contribute to our understanding of large-scale neural dynamics and hold

potential for informing the development of more realistic models of neural processes. The findings will

provide insights into the behaviors of complex neural systems, potentially benefitting applications in both

neuroscience and artificial intelligence.

1.1 Thesis Outline

The subsequent sections of this thesis are structured as follows:

Section 2 focuses on the development and implementation of numerical methods for approximat-

ing solutions to the neural field equations in one dimension. This section introduces the discretization

of time and space domains, applying forward difference approximations for temporal derivatives and

the trapezoidal rule for spatial integrals. It also details various scenarios for numerical experiments, in-

cluding different initial conditions modeled by Gaussian functions to study working memory dynamics.

Simulation results illustrate the system’s responses under these configurations, thereby enhancing the

understanding of how the one-dimensional model captures neural dynamics.

In Section 3, the thesis examines the two-field model, incorporating piecewise linear feedback mech-

anisms into the neural field equations. This section articulates how this extended model diverges from

the traditional single-field approach and analyzes the effects of modifying feedback on the dynamics of

neural interactions. By utilizing numerical methods to solve this new model, this section evaluates its

potential to yield more realistic outcomes compared to prior models, offering insights into the essential

features of neural activity and feedback loops.

Section 4 extends the approximation techniques discussed in one dimension to two dimensions, with

a focus on employing Fast Fourier Transforms (FFTs) for efficiently computing the convolution terms in

the equations. This part describes the discretization of the 2D spatial domain and the transformation

of integral equations into the frequency domain. Various simulations are conducted to investigate how
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different spatial characteristics and external stimuli affect the dynamics of neural populations, yielding

insights into the complexities of neural interactions within a two-dimensional framework.

The discussion in Section 5 synthesizes findings from the previous sections, reflecting on the impli-

cations of the results for understanding neural dynamics. It emphasizes the advancements achieved

through the application of the two-field model and piecewise linear feedback, contrasting these findings

with those derived from traditional single-field models. The section discusses the importance of param-

eters such as amplitude, duration, and threshold in shaping neural responses while acknowledging the

limitations of the current models and methodologies. Recommendations for future research directions

are also provided, highlighting potential enhancements to the models and techniques employed.

The conclusion in Section 6 summarizes the main contributions of this thesis, reiterating the signif-

icance of accurate numerical approximations in capturing the dynamics of large-scale neural systems.

It underscores how the outcomes from both one-dimensional and two-dimensional models enrich our

understanding of the mechanisms underlying neural interactions and cognitive processes. The section

concludes with reflections on the broader implications of the research in the fields of neuroscience and

artificial intelligence, emphasizing the potential applications of the developed models for future investi-

gations.
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2 Approximation in 1 Dimension

As it’s oftenly done in other works, first we’ll get an approximation to the solution of the scheme assuming

that 
 � R1 and 
 = [-L,L].

In order to discretize the time and space domains, we divide the time interval into small steps of size

�t and the spatial domain into small steps of size �x.

Then we approximate the time derivatives using a forward difference approximation, getting

8><>:
u(x;ti+1)�u(x;ti)

�t = I(x; ti) � u(x; ti) + v(x; ti) +
R



w(jx � yj)f(u(y; ti); �)dy

�v
v(x;ti+1)�v(x;ti)

�t = u(x; ti) � v(x; ti) �
R



w(jx � yj)f(u(y; ti); �)dy

(4)

By applying the Trapezoidal rule we approximate the Integral in our discretized domain for each time

ti Z



w(jx � yj)f(u(y; ti); �)dy � 2�x

�
w(jx + Lj)f(u(�L; ti); �) + w(jx � Lj)f(u(L; ti); �)

+2

N�1X
j=1

w(jx + L � j � hj)f(u(j � h � L; ti); �)

� (5)

to simplify we’ll call Integral(x; ti) to the right-hand side of the equation.

Now we can just update the values of u and v at each time step

8><>:u(x; ti+1) = (1 � �t)u(x; ti) + �t(I(x; ti) + v(x; ti)) + �t��x
2 Integral(x; ti)

v(x; ti+1) = (1 � �t
�v

)v(x; ti) + �t
�v

u(x; ti) � �t��x
2�v

Integral(x; ti)

(6)

To simplify we’ll always use �v = 1, but notice this inputs

u(x; ti+1) + v(x; ti+1) = u(x; ti) + �tI(x; ti) + v(x; ti) (7)

8i � 0

so when there are no external inputs acting on the system (I(x; ti) = 0) we have u(x; ti)+v(x; ti) = K(x)

6



2.1 Scenarios for numerical approximations

Gaussian functions are often used to approximate connectivity when studying working memory because

in many neural systems, connectivity tends to be strongest between neurons that are close to each

other and decreases with distance. This is often referred to as local connectivity. A Gaussian function,

with its bell-shaped curve, is a good approximation of this type of connectivity because it assigns the

highest weights to nearby neurons and lower weights to neurons further away, still being smooth and

differentiable, which makes them convenient to work with mathematically. They also have a simple

Fourier transform, which is advantageous when analyzing the system in the frequency domain.

We then assume that the weight function w(jx � yj) is represented by the difference of two Gaussian

functions:

w(x) = Aexe

(
� x2

2�2
ex

)
� Aine

(
� x2

2�2
in

)
� !inh; Aex > Ain > 0; �in > �ex > 0 (8)

This function demonstrates excitatory behavior over short distances and inhibitory behavior for points

further away, which is characteristic of neuronal activity in the cortex.

Gaussian functions can also be used to model external inputs or inputs to the system. For instance,

in the context of working memory, a Gaussian function could represent a localized stimulus that activates

a specific region of the neural field.

The time-dependent external input I(x; t) to the u-population is then modeled as one or more Gaus-

sians centered at positions xcj

I(x; t) = (Ht0
(t) � Hte

(t))

nX
j=1

AIj
e

(�(x�xcj
)2/2�2

Ij
)
; AIj

; �Ij
> 0 (9)

where Ht0
(t) represents the Heaviside step function with threshold t0 controlling the start and the end

of the input at times t0 and te, respectively. AIj and �Ij denote the intensity and width of the jth external

input.

And finally the firing rate just beeing the Heaviside step function with threshold �

f(u; �) =

8><>:1; u � �

0; u < �

(10)

In order to get comparable results to what has been achieved using the first model we used 3 possible

scenarios for the numerical experiments, where all of them keep the property u(x; 0) + v(x; 0) = K(x):

1. K(x) = K; u(x; 0) = Aue(�x2/2�2
u); v(x; 0) = K � u(x; 0); I(x; t) = 0

With Au; �u > 0 and K � 0 constant. Here we have the initial values for u given by a Gaussian

function

2. K(x) = Ake(�x2/2�2
k); u(x; 0) = K(x); v(x; 0) = 0; I(x; t) = 0

With Ak; �k > 0. Now the initial values of v are all 0 and u is the same

7



3. K(x) = u(x; 0) = v(x; 0) = 0; I(x; t) defined by 9

This will be the only scenario where there will be external inputs.

2.2 Results

The following images are the graphs for u (solid lines) and v (dotted lines) with �t = 0:05; �x = 0:05; L =

10 and using for the kernel Aex = 2; �ex = 1:25; Ain = 1; �in = 2:5; !inh = 0:1

In Figure 1, 1(a) corresponds to scenario 1 and 1(b) and 1(c) correspond to scenario 2.

((a)) Using scenario 1 with Au =
1; K = 1; �u = 1

((b)) Using scenario 2 with Ak =
1; �k = 1

((c)) Using scenario 2 with Ak =
2; �k = 2

Figure 1: Results for model in 1 Dimension at t = T = 2 with different initial conditions and � = 0:5

((a)) ((b)) ((c))

Figure 2: Maximum absolute values of u (solid lines) and v (dotted lines) along time with the same
scenarios as in Figure 1

From Figure 2 we can conclude after 2 seconds u and v have both reached their stationary values.

Note that in scenarios 1 and 2, since I(x; t) = 0, we have 7, but in scenario 1 K is constant so we

have u(x; tf ) + v(x; tf ) = K and we have then that u and v are symmetrical along y = 0:5. In scenario

2 u(x; tf ) + v(x; tf ) = K(x) Gaussian function and as expected the bump in 1(c) is bigger than in 1(b)

since they have the same threshold and the initial values in 1(c) of both u and v have bigger absolute

values.

8



((a)) Ak = 1; �k = 1; � = 0:7 ((b)) Ak = 2; �k = 2; � = 0:7

((c)) Ak = 1; �k = 1; � = 1:25 ((d)) Ak = 2; �k = 2; � = 1:25

Figure 3: Results obtained with model in 1 Dimension at t = T = 2 with scenario 2 and different values
of Ak; �k and �

((a)) ((b))

((c)) ((d))

Figure 4: Maximum absolute values of u (solid lines) and v (dotted lines) along time with the same
scenarios as in Figure 3
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�)�L�J�X�U�H ����w(jx � yj) �D�V �D �I�X�Q�F�W�L�R�Q �R�I
�W�K�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Qx �D�Q�Gy

�,�Q �)�L�J�X�U�H�� �Z�H �X�V�H �V�F�H�Q�D�U�L�R �� �W�R �V�H�H �K�R�Z �Y�D�U�\�L�Q�J �W�K�H �D�P�S�O�L�W�X�G�H

�D�Q�G �Z�L�G�W�K �R�I �W�K�H �V�L�J�Q�D�O �R�U �W�K�H �W�K�U�H�V�K�R�O�G �F�K�D�Q�J�H�V �W�K�H �V�R�O�X�W�L�R�Q

�1�R�W�L�F�H �W�K�D�W �L�Q�����F���W�K�H �W�K�U�H�V�K�R�O�G �L�V �E�L�J�J�H�U �W�K�D�Q �W�K�H �P�D�[�L�P�X�P

�Y�D�O�X�Hu(x; 0) �F�D�Q �R�E�W�D�L�Q�� �V�RIntegral (x; t i ) = 0 �J�L�Y�L�Q�J �W�K�H �W�U�L�Y�L�D�O

�V�R�O�X�W�L�R�Q �Z�H �F�D�Q �R�E�V�H�U�Y�H�������D���D�Q�G�����E���V�K�R�Z �X�V �W�K�D�W �L�I �Z�H �X�V�H �V�F�H��

�Q�D�U�L�R ���� �D�V �O�R�Q�J �D�V �W�K�H �P�D�[�L�P�X�P �Y�D�O�X�H �R�Iu0 �H�[�F�H�H�G�V �W�K�H �W�K�U�H�V�K��

�R�O�G �Z�H �J�H�W �W�K�H �V�D�P�H �V�W�D�W�L�R�Q�D�U�\ �V�R�O�X�W�L�R�Q�� �&�R�P�S�D�U�L�Q�J �W�K�H�P �W�R�����G��

�Z�H �F�D�Q �F�R�Q�F�O�X�G�H �W�K�D�W �K�D�Y�L�Q�J �D �E�L�J�J�H�U �W�K�U�H�V�K�R�O�G �V�W�D�E�O�L�]�H�V �W�K�H �V�\�V��

�W�H�P �Z�L�W�K �J�U�H�D�W�H�U �Y�D�O�X�H�V �S�U�R�E�D�E�O�\ �E�H�F�D�X�V�HIntegral �I�X�Q�F�W�L�R�Q �K�D�V

�D �V�P�D�O�O�H�U �D�F�W�L�Y�L�W�\ �G�R�P�D�L�Q �G�L�D�P�H�W�H�U�� �E�X�W �)�L�J�X�U�H�� �V�X�J�J�H�V�W�V �W�K�D�W �W�K�H

�Y�D�O�X�H�V �Q�R�W �E�H�L�Q�J �W�D�N�H�Q �L�Q�W�R �D�F�F�R�X�Q�W �I�U�R�P �W�K�H �I�X�Q�F�W�L�R�Qw(jx � yj) �D�U�H �Q�H�J�D�W�L�Y�H�� �V�R �W�K�HIntegral �I�X�Q�F�W�L�R�Q

�D�F�W�X�D�O�O�\ �E�H�F�R�P�H�V �O�D�U�J�H�U��

�1�R�Z �W�R �V�H�H �K�R�Z �W�K�H �H�[�W�H�U�Q�D�O �L�Q�S�X�W�V �L�Q�W�H�U�D�F�W �Z�L�W�K �W�K�H �V�\�V�W�H�P �Z�H�¶�O�O �K�D�Y�H �V�F�H�Q�D�U�L�R �� �L�Q �W�K�H �Q�H�[�W �H�[�D�P�S�O�H�V��

�����D����A I = 1 ; � i = 1 ; t0 = 0 ; te = 2 �����E����A I = 2 ; � i = 1 ; t0 = 0 ; te = 2

�����F����A I = 1 ; � i = 6 ; t0 = 0 ; te = 2 �����G����A I = 1 ; � i = 1 ; t0 = 0 ; te = 4

�)�L�J�X�U�H ���� �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q �� �'�L�P�H�Q�V�L�R�Q �D�Wt = T = 10 �Z�L�W�K �V�F�H�Q�D�U�L�R �� �K�D�Y�L�Q�J �G�L�I�I�H�U�H�Q�W
�H�[�W�H�U�Q�D�O �L�Q�S�X�W�V �F�H�Q�W�H�U�H�G �L�Qxc = f 0g �D�F�W�L�Q�J �L�Q �W�K�H �V�\�V�W�H�P �L�Q�G�H�S�H�Q�G�H�Q�W�O�\��� = 0 :5

�,�Q �)�L�J�X�U�H���� �Z�H �D�U�H �X�V�L�Q�J �V�F�H�Q�D�U�L�R �� �D�Q�G�����D���U�H�S�U�H�V�H�Q�W�V �D �V�W�D�Q�G�D�U�G �H�[�W�H�U�Q�D�O �L�Q�S�X�W �D�F�W�L�Q�J �R�Q �W�K�H

�V�\�V�W�H�P �V�R �Z�H �F�D�Q �X�Q�G�H�U�V�W�D�Q�G �K�R�Z �H�D�F�K �S�D�U�D�P�H�W�H�U �D�I�I�H�F�W�V �W�K�H �V�R�O�X�W�L�R�Q�� �$�V �Z�H �F�D�Q �V�H�H �I�U�R�P�����E���D�Q�G

�����G���� �L�I �W�K�H �H�[�W�H�U�Q�D�O �L�Q�S�X�W �K�D�V �D �E�L�J�J�H�U �D�P�S�O�L�W�X�W�H �R�U �L�V �D�S�S�O�L�H�G �I�R�U �D �O�R�Q�J�H�U �S�H�U�L�R�G �R�I �W�L�P�H �L�W �O�H�D�G�V �W�R �D �P�R�U�H

�D�F�W�L�Y�H �Q�H�X�U�D�O �I�L�H�O�G�� �2�Q �W�K�H �R�W�K�H�U �K�D�Q�G�� �L�I �L�W �K�D�V �D �E�L�J�J�H�U �V�S�U�H�D�G �L�W �Z�L�O�O �O�H�D�G �W�R �Z�L�G�H�U �E�X�P�S �D�V�����F���V�K�R�Z�V��

����



�����D���� �����E����

�����F���� �����G����

�)�L�J�X�U�H ���� �0�D�[�L�P�X�P �D�E�V�R�O�X�W�H �Y�D�O�X�H�V �R�Iu ���V�R�O�L�G �O�L�Q�H�V�� �D�Q�Gv ���G�R�W�W�H�G �O�L�Q�H�V�� �D�O�R�Q�J �W�L�P�H �Z�L�W�K �W�K�H �F�R�U�U�H�V�S�R�Q�G��
�L�Q�J �F�R�Q�G�L�W�L�R�Q�V �I�U�R�P �)�L�J�X�U�H��

�����D����

�)�L�J�X�U�H ���� �,�Q �W�K�H �����I�L�H�O�G �P�R�G�H�O�� �D�O�O �W�K�H �V�F�H�Q�D�U�L�R�V �G�L�V�S�O�D�\�H�G �L�Q �)�L�J�X�U�H�� �U�H�G�X�F�H �W�R �W�K�H �V�D�P�H �V�W�D�W�L�R�Q�D�U�\
�V�R�O�X�W�L�R�Q �I�R�Uu

�2�Q�H �R�I �W�K�H �E�H�V�W �X�S�J�U�D�G�H�V �E�U�R�X�J�W�K �E�\ �W�K�H �W�Z�R���I�L�H�O�G �P�R�G�H�O �F�R�P�S�D�U�L�Q�J �W�R�� �L�V �S�R�U�W�U�D�L�W�H�G �L�Q �)�L�J�X�U�H�V�� �D�Q�G

���� �V�L�Q�F�H �W�K�H �I�L�U�V�W �P�R�G�H�O �F�R�X�O�G �R�Q�O�\ �S�U�H�G�L�F�W �Z�K�H�Q �D�Q �H�[�W�H�U�Q�D�O �L�Q�S�X�W �W�R �W�K�H �V�\�V�W�H�P �R�F�F�X�U�H�G �E�X�W �Q�R�W �E�H�L�Q�J

�D�E�O�H �W�R �S�U�H�V�H�U�Y�H �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �L�W �Z�K�L�O�H �Q�R�Z �L�W �F�D�Q �G�R �L�W �Y�H�U�\ �D�F�F�X�U�D�W�H�O�\�� �7�K�L�V �P�D�\ �E�H �Y�H�U�\ �K�D�Q�G�L�Q�J

�L�Q �U�R�E�R�W�L�F�V�� �V�S�H�F�L�D�O�O�\ �L�Q �W�K�H �V�W�X�G�\ �R�I �Z�R�U�N�L�Q�J �P�H�P�R�U�\�� �V�L�Q�F�H �Z�H �D�U�H �Q�R�Z �D�E�O�H �W�R �F�D�S�W�X�U�H �P�R�U�H �D�F�F�X�U�D�W�H�O�\

�W�K�H �V�W�L�P�X�O�X�V �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V��

����



�:�H �Z�L�O�O �Q�R�Z �G�R �D�Q �D�Q�D�O�\�V�L�V �R�Q �K�R�Z �H�D�F�K �S�D�U�D�P�H�W�H�U �R�I �W�K�H �H�[�W�H�U�Q�D�O �L�Q�S�X�W �D�I�I�H�F�W�V �W�K�H �D�F�W�L�Y�L�W�\ �G�R�P�D�L�Q

�G�L�D�P�H�W�H�U �R�Iu �D�Q�G �W�K�H �P�D�[�L�P�X�P �Y�D�O�X�H �R�I �L�W �L�Q �W�K�H �V�W�D�W�L�R�Q�D�U�\ �V�W�D�W�H�� �%�\ �D�F�W�L�Y�L�W�\ �G�R�P�D�L�Q �G�L�D�P�H�W�H�U ���$�'�'��

�R�I �D �I�X�Q�F�W�L�R�Qf (x) �Z�H �F�R�Q�V�L�G�H�U �G�L�I�I�H�U�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �I�L�U�V�W �D�Q�G �O�D�V�Wx �R�I �H�D�F�K �L�Q�W�H�U�Y�D�O �Z�K�H�U�Hf (x) � � ��

�:�H�¶�O�O �X�V�H� = 0 :5�� �7�K�H �I�L�U�V�W �F�R�O�X�P�Q �R�Q �H�D�F�K �W�D�E�O�H �F�R�U�U�H�V�S�R�Q�G�V �W�R �W�K�H �F�D�V�H �Z�K�H�U�H �Z�H �K�D�Y�H �W�K�H �V�W�D�Q�G�D�U�G

�H�[�W�H�U�Q�D�O �L�Q�S�X�W �D�F�W�L�Q�J �R�Q �W�K�H �V�\�V�W�H�P �G�H�V�F�U�L�E�H�G �E�H�I�R�U�H�� �W�K�D�W �P�H�D�Q�V �V�F�H�Q�D�U�L�R �� �Z�L�W�KA I = f 1g�� � i = f 1g��

t0 = 0 ; te = 2 ��xc = f 0g��

A I = f 1g A I = f 1:5g A I = f 2g A I = f 2:5g
�$�'�' �R�II (x; t ) ������ ������ ������ ������
�$�'�' �R�Iu(x; t ) ������ ������ ������ ��������

�0�D�[�L�P�X�P �Y�D�O�X�H �R�Iu(x; t ) ������������ ������������ ������������ ������������

�7�D�E�O�H ���� �6�F�H�Q�D�U�L�R �� �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q ���' �Z�L�W�K �G�L�I�I�H�U�H�Q�W �Y�D�O�X�H�V �I�R�UA I

�)�U�R�P �7�D�E�O�H�� �Z�H �F�D�Q �F�R�Q�F�O�X�G�H �W�K�D�W �D �J�U�H�D�W�H�U �D�P�S�O�L�W�X�G�H �R�I �W�K�H �V�L�J�Q�D�O�� �Z�K�L�F�K �R�E�Y�L�R�X�V�O�\ �L�V �E�L�J�J�H�U �W�K�D�Q

�W�K�H �W�K�U�H�V�K�R�O�G �L�Q �P�R�U�H �S�R�L�Q�W�V�� �O�H�D�G�V �W�R �D �K�L�J�K�H�U �D�P�S�O�L�W�X�G�H �R�Iu �D�Q�G �F�R�Q�V�H�T�X�H�Q�W�O�\ �W�R �D �Z�L�G�H�U �D�F�W�L�Y�L�W�\ �G�R�P�D�L�Q

�R�Iu��

� I = f 1g � I = f 3g � I = f 6g � I = f 10g
�$�'�' �R�II (x; t ) ������ �� �������� ����
�$�'�' �R�Iu(x; t ) ������ ������ ������ ��������

�0�D�[�L�P�X�P �Y�D�O�X�H �R�Iu(x; t ) ������������ ������������ ������������ ������������

�7�D�E�O�H ���� �6�F�H�Q�D�U�L�R �� �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q ���' �Z�L�W�K �G�L�I�I�H�U�H�Q�W �Y�D�O�X�H�V �I�R�U� I

�)�U�R�P �7�D�E�O�H�� �Z�H �F�D�Q �D�V�V�X�P�H �W�K�D�W �D �Z�L�G�H�U �H�[�W�H�U�Q�D�O �L�Q�S�X�W �Z�L�O�O �O�H�D�G �W�R �D �Z�L�G�H�U �D�F�W�L�Y�L�W�\ �G�R�P�D�L�Q �R�Iu

�Z�L�W�K�R�X�W �D�O�P�R�V�W �F�K�D�Q�J�L�Q�J �L�W�V �P�D�[�L�P�X�P �Y�D�O�X�H��

te = 2 te = 3 te = 4 te = 5
�$�'�' �R�II (x; t ) ������ ������ ������ ������
�$�'�' �R�Iu(x; t ) ������ ������ ������ ������

�0�D�[�L�P�X�P �Y�D�O�X�H �R�Iu(x; t ) ������������ ������������ ������������ ������������

�7�D�E�O�H ���� �6�F�H�Q�D�U�L�R �� �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q ���' �Z�L�W�K �G�L�I�I�H�U�H�Q�W �Y�D�O�X�H�V �I�R�Ute

�$�V �Z�H �F�D�Q �V�H�H �L�Q �7�D�E�O�H���� �L�I �Z�H �H�[�W�H�Q�G �W�K�H �V�L�J�Q�D�O �I�R�U �D �O�R�Q�J�H�U �S�H�U�L�R�G �R�I �W�L�P�H �Z�H �D�O�P�R�V�W �K�D�Y�H �W�K�H �V�D�P�H

�H�I�I�H�F�W �D�V �Z�K�H�Q �Z�H �F�K�D�Q�J�H �W�K�H �D�P�S�O�L�W�X�G�H �R�I �W�K�H �V�L�J�Q�D�O�� �W�K�D�W �L�V �Z�H �J�H�W �D �J�U�H�D�W�H�U �P�D�[�L�P�X�P �Y�D�O�X�H �R�Iu �D�Q�G

�D�V �D �F�R�Q�V�H�T�X�H�Q�F�H �W�K�H �D�F�W�L�Y�L�W�\ �G�R�P�D�L�Q �E�H�F�R�P�H�V �Z�L�G�H�U��

����



�)�R�U �O�D�V�W �Z�H �W�H�V�W�H�G �W�K�H �V�\�V�W�H�P �W�R �V�H�H �L�I �L�W �F�R�X�O�G �S�U�H�V�H�U�Y�H �G�L�I�I�H�U�H�Q�W �H�[�W�H�U�Q�D�O �L�Q�S�X�W�V �D�F�W�L�Q�J �D�W �G�L�I�I�H�U�H�Q�W

�W�L�P�H�V �F�H�Q�W�H�U�H�G �L�Q �G�L�I�I�H�U�H�Q�W �O�R�F�D�W�L�R�Q�V�� �7�R �G�R �V�R �Z�H �X�V�H�G �/ � ���� �W�R �K�D�Y�H �P�R�U�H �V�S�D�F�H �E�H�W�Z�H�H�Q �E�X�P�S�V��

t f = 21 �W�R �D�G�G �W�K�H �L�Q�S�X�W�V �L�Q�G�H�S�H�Q�G�H�Q�W�O�\�� �E�H�F�D�X�V�H �R�I �E�R�W�K �W�K�H�V�H �Z�H �D�O�V�R �F�K�D�Q�J�H�G� t = 0 :1 �D�Q�G� x = 0 :1��

�����D���� �V�F�U�H�H�Q�V�K�R�W �D�W �W� 2 �����E���� �V�F�U�H�H�Q�V�K�R�W �D�W �W� 10

�����F���� �V�F�U�H�H�Q�V�K�R�W �D�W �W� 19 �����G���� �V�F�U�H�H�Q�V�K�R�W �D�W �W � ����

�)�L�J�X�U�H ���� �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G�� �X�V�L�Q�J �W�K�H ���' �P�R�G�H�O�� �I�U�R�P �D�S�S�O�\�L�Q�J �� �G�L�I�I�H�U�H�Q�W �H�[�W�H�U�Q�D�O �L�Q�S�X�W�V �D�O�O �Z�L�W�K ���V
�G�X�U�D�W�L�R�Q�� �D�W �W�L�P�H�Vt1 = 1 ; t2 = 9 ; t3 = 18�� A I = f 1; 1; 1g; � I = f 1; 1; 1g; xc = f� 16; 0; 16g; � = 0 :4

�:�K�L�O�H �W�K�H �R�O�G �P�R�G�H�O �Z�D�V �R�Q�O�\ �F�D�S�D�E�O�H �R�I �V�D�Y�L�Q�J �L�Q�I�R�U�P�D�W�L�R�Q �I�U�R�P �W�K�H �I�L�U�V�W �L�Q�S�X�W ���V�H�H �)�L�J�X�U�H���� �� �R�I �H�[��

�W�H�U�Q�D�O �L�Q�S�X�W�V�� �W�K�H �Q�H�Z �R�Q�H �F�R�X�O�G �D�O�V�R �L�G�H�Q�W�L�I�\ �W�K�H �R�W�K�H�U �H�[�W�H�U�Q�D�O �L�Q�S�X�W�V �D�F�W�L�Q�J �R�Q �W�K�H �V�\�V�W�H�P �D�Q�G �S�U�H�V�H�U�Y�H

�P�R�U�H �D�F�F�X�U�D�W�H�O�\ �W�K�H�L�U �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V ���V�H�H �)�L�J�X�U�H����

�����D���� �V�F�U�H�H�Q�V�K�R�W �D�W �W� 2 �����E���� �V�F�U�H�H�Q�V�K�R�W �D�W �W� 10

�����F���� �V�F�U�H�H�Q�V�K�R�W �D�W �W� 19 �����G���� �V�F�U�H�H�Q�V�K�R�W �D�W �W � ����

�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �I�U�R�P �D�S�S�O�\�L�Q�J �W�K�H �V�D�P�H �V�F�H�Q�D�U�L�R �D�V �L�Q �)�L�J�X�U�H �� �Z�L�W�K �W�K�H �R�Q�H �I�L�H�O�G���P�R�G�H�O��

����



�� �7�Z�R���I�L�H�O�G �P�R�G�H�O �Z�L�W�K �S�L�F�H�Z�L�V�H �O�L�Q�H�D�U �I�H�H�G�E�D�F�N

�,�W �L�V �N�Q�R�Z�Q �W�K�D�W �L�Q �Q�H�X�U�D�O �L�Q�W�H�U�D�F�W�L�R�Q�V �I�H�H�G�E�D�F�N �L�V �X�V�X�D�O�O�\ �Q�R�W �G�L�U�H�F�W�O�\ �S�U�R�S�R�U�W�L�R�Q�D�O �W�R �W�K�H �V�R�X�U�F�H �S�R�W�H�Q�W�L�D�O��

�L�W �L�V �H�[�S�H�F�W�H�G �W�R �J�U�R�Z �Z�K�H�Q �W�K�H �S�R�W�H�Q�W�L�D�O �R�I �W�K�H �V�R�X�U�F�H �I�L�H�O�G �L�V �Z�L�W�K�L�Q �D �F�H�U�W�D�L�Q �L�Q�W�H�U�Y�D�O �>�����N�@ �D�Q�G �W�R �U�H�P�D�L�Q

�F�R�Q�V�W�D�Q�W �� �Z�K�H�Q �L�W �L�V �R�X�W �R�I �W�K�L�V �L�Q�W�H�U�Y�D�O�� �7�K�X�V�� �Z�K�H�Q �F�R�Q�V�L�G�H�U�L�Q�J �D �W�Z�R���I�L�H�O�G �P�R�G�H�O�� �L�W �P�D�N�H�V �V�H�Q�V�H �W�R

�U�H�S�O�D�F�H �L�Q �W�K�H �I�L�U�V�W �H�T�X�D�W�L�R�Q �R�I �V�\�V�W�H�P�� �W�K�H �I�H�H�G�E�D�F�N �W�H�U�Pv �E�\g(v; k) �D�Q�G�� �L�Q �W�K�H �V�D�P�H �Z�D�\�� �W�R �U�H�S�O�D�F�Hu

�E�\g(u; k) �L�Q �W�K�H �V�H�F�R�Q�G �H�T�X�D�W�L�R�Q�� �+�H�U�Hg �L�V �D �F�R�Q�W�L�Q�X�R�X�V �I�X�Q�F�W�L�R�Q �W�K�D�W �W�D�N�H�V �W�K�L�V �E�H�K�D�Y�L�R�X�U �L�Q�W�R �D�F�F�R�X�Q�W

�D�Q�Gk �L�V �D �S�R�V�L�W�L�Y�H �Q�X�P�E�H�U �W�K�D�W �F�R�Q�W�U�R�O�V �W�K�H �V�L�]�H �R�I �W�K�H �L�Q�W�H�U�Y�D�O �Z�K�H�U�H �W�K�H �L�Q�W�H�Q�V�L�W�\ �R�I �W�K�H �I�H�H�G�E�D�F�N

�F�K�D�Q�J�H�V�� �+�D�Y�L�Q�J �W�K�L�V �L�Q �P�L�Q�G�� �L�Q �W�K�L�V �V�H�F�W�L�R�Q �Z�H �L�Q�W�U�R�G�X�F�H �D �P�R�G�L�I�L�F�D�W�L�R�Q �R�I �V�\�V�W�H�P���� �Z�L�W�K �W�K�H �I�R�U�P

8
><

>:

@u(x;t )
@t = I (x; t ) � u(x; t ) + g(v(x; t ); k) +

R

 w(jx � yj)f (u(y; t); � )dy

� v
@v(x;t )

@t = g(u(x; t ); k) � v(x; t ) �
R


 w(jx � yj)f (u(y; t); � )dy
��������

�Z�K�H�U�H

g(u; k) =

8
>>>><

>>>>:

0 u < 0

1
k u 0 � u � k

1 u > k

��������

k 2 R+

�,�Q �W�K�L�V �V�H�F�W�L�R�Q �Z�H �D�L�P �D�W �F�K�H�F�N�L�Q�J �K�R�Z �I�D�U �W�K�H �E�H�K�D�Y�L�R�U �R�I �V�R�O�X�W�L�R�Q�V �R�I���� �F�D�Q �G�L�I�I�H�U �I�U�R�P �W�K�H �V�R�O�X�W�L�R�Q�V

�R�I���� �:�L�W�K �W�K�L�V �S�X�U�S�R�V�H�� �Z�H �U�H�S�U�R�G�X�F�H �V�R�P�H �R�I �W�K�H �Q�X�P�H�U�L�F�D�O �H�[�S�H�U�L�P�H�Q�W�V �R�I �6�H�F�W�L�R�Q�V �� �D�Q�G ���� �E�X�W �L�Q�V�W�H�D�G

�R�I �H�T�X�D�W�L�R�Q�� �Z�H �D�S�S�U�R�[�L�P�D�W�H �P�R�G�H�O���� �� �Z�L�W�K �G�L�I�I�H�U�H�Q�W �Y�D�O�X�H�V �R�Ik��

����



������ �1�H�Z �P�R�G�H�O �Z�L�W�K�R�X�W �H�[�W�H�U�Q�D�O �L�Q�S�X�W ���V�F�H�Q�D�U�L�R�V �� �D�Q�G ����

���������� �&�K�D�Q�J�L�Q�J �W�K�H �Y�D�O�X�H �R�Ik

�7�K�H �J�U�D�S�K�L�F�V �L�Q �W�K�H �I�L�U�V�W �F�R�O�X�P�Q �R�I �)�L�J�X�U�H���� ���������D���� �������J���D�Q�G�������M���� �U�H�S�U�R�G�X�F�H �)�L�J�X�U�H�� �������D���� �����E���D�Q�G

�����F���� �U�H�V�S�H�F�W�L�Y�H�O�\�� �Z�K�H�U�H �W�K�H �V�\�V�W�H�P�� �Z�D�V �F�R�Q�V�L�G�H�U�H�G�� �7�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �V�R�O�X�W�L�R�Q�V �Z�K�H�Q �W�K�H �Q�H�Z �P�R�G�H�O

�L�V �F�R�Q�V�L�G�H�U�H�G �D�U�H �G�L�V�S�O�D�\�H�G �L�Q �W�K�H �V�H�F�R�Q�G �F�R�O�X�P�Q ���Z�L�W�Kk = 1 �� �D�Q�G �L�Q �W�K�H �W�K�L�U�G �F�R�O�X�P�Q ���Z�L�W�Kk = 0 :5��

�����D���� �8�V�L�Q�J �V�F�H�Q�D�U�L�R �� �Z�L�W�KAu =
1; K = 1 ; � u = 1

�����E���� �Q�H�Z �P�R�G�H�O �Z�L�W�K �W�K�H �V�D�P�H �V�F�H��
�Q�D�U�L�R �D�V �����D���� �D�Q�Gk � ��

�����F���� �Q�H�Z �P�R�G�H�O �Z�L�W�K �W�K�H �V�D�P�H �V�F�H��
�Q�D�U�L�R �D�V �����D���� �D�Q�Gk � ������

�����G���� �8�V�L�Q�J �V�F�H�Q�D�U�L�R �� �Z�L�W�KAu =
1; K = 0 ; � u = 1

�����H���� �Q�H�Z �P�R�G�H�O �Z�L�W�K �W�K�H �V�D�P�H �V�F�H��
�Q�D�U�L�R �D�V �����G���� �D�Q�Gk � ��

�����I���� �Q�H�Z �P�R�G�H�O �Z�L�W�K �W�K�H �V�D�P�H �V�F�H��
�Q�D�U�L�R �D�V �����G���� �D�Q�Gk � ������

�����J���� �8�V�L�Q�J �V�F�H�Q�D�U�L�R �� �Z�L�W�KA k =
1; � k = 1

�����K���� �Q�H�Z �P�R�G�H�O �Z�L�W�K �W�K�H �V�D�P�H �V�F�H��
�Q�D�U�L�R �D�V �����J���� �D�Q�Gk � ��

�����L���� �Q�H�Z �P�R�G�H�O �Z�L�W�K �W�K�H �V�D�P�H �V�F�H��
�Q�D�U�L�R �D�V �����J���� �D�Q�Gk � ������

�����M���� �8�V�L�Q�J �V�F�H�Q�D�U�L�R �� �Z�L�W�KA k =
2; � k = 2

�����N���� �Q�H�Z �P�R�G�H�O �Z�L�W�K �W�K�H �V�D�P�H �V�F�H��
�Q�D�U�L�R �D�V �����M���� �D�Q�Gk � ��

�����O���� �Q�H�Z �P�R�G�H�O �Z�L�W�K �W�K�H �V�D�P�H �V�F�H��
�Q�D�U�L�R �D�V �����M���� �D�Q�Gk � ������

�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �W�Z�R���I�L�H�O�G �P�R�G�H�O �Z�L�W�K �D�Q�G �Z�L�W�K�R�X�W �V�D�W�X�U�D�W�L�R�Q �D�Wt = T = 5 �I�R�U �G�L�I�I�H�U�H�Q�W
�L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V �D�Q�G� = 0 :5

����



�2�E�V�H�U�Y�L�Q�J �W�K�H �W�K�L�U�G �F�R�O�X�P�Q �R�I �)�L�J�X�U�H���� �Z�H �F�D�Q �V�H�H �W�K�D�W �L�Ik �L�V �W�R�R �V�P�D�O�O �W�K�H �S�U�R�I�L�O�H �R�Iu �V�S�O�L�W�V �L�Q�W�R

�P�R�U�H �W�K�D�Q �� �E�X�P�S�� �Z�K�L�F�K �P�D�N�H�V �L�W �G�L�I�I�H�U�H�Q�W �I�U�R�P �W�K�H �S�U�R�I�L�O�H �R�I �W�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�� �2�Q �W�K�H �R�W�K�H�U �K�D�Q�G�� �I�R�U

�V�F�H�Q�D�U�L�R �� �Z�L�W�KK = 0 ���������G�����������H�����������I���� �Z�L�W�K �W�K�H �R�O�G �P�R�G�H�O �D�V �D �U�H�V�X�O�W �R�I �I�H�H�G�E�D�F�N�� �W�K�H �F�R�P�S�R�Q�H�Q�W�Vu

�D�Q�Gv �R�I �W�K�H �V�R�O�X�W�L�R�Q �F�D�Q�F�H�O �H�D�F�K �R�W�K�H�U ���V�L�Q�F�Hu = � v �L�Q �W�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q���� �$�V �D �U�H�V�X�O�W�� �W�K�H �V�W�H�D�G�\ �V�W�D�W�H

�L�V �W�K�H �W�U�L�Y�L�D�O �V�R�O�X�W�L�R�Q�� �,�Q �W�K�H �F�D�V�H �R�I �W�K�H �Q�H�Z �P�R�G�H�O�� �W�K�L�V �G�R�H�V�Q�¶�W �K�D�S�S�H�Q �D�Q�\ �P�R�U�H �� �E�H�F�D�X�V�Hg(v0) = 0

���V�L�Q�F�Hv0 �L�V �Q�H�J�D�W�L�Y�H�� �D�Q�G �L�V �G�L�I�I�H�U�H�Q�W �I�U�R�P� g(u0)�� �7�K�H�U�H�I�R�U�H�� �L�Q �W�K�H �F�D�V�H �R�I �P�R�G�H�O���� �� �W�K�H �S�U�R�I�L�O�H �R�Iu �L�Q

�W�K�H �V�W�H�D�G�\ �V�W�D�W�H �U�H�W�D�L�Q�V �W�K�H �L�Q�I�R�U�P�D�W�L�R�Q �D�E�R�X�W �W�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q��

�:�H �F�R�Q�F�O�X�G�H �W�K�D�W �L�Q �W�K�H �D�E�V�H�Q�F�H �R�I �H�[�W�H�U�Q�D�O �L�Q�S�X�W�� �W�K�H �V�R�O�X�W�L�R�Q �R�I �V�\�V�W�H�P���� ���Z�L�W�K �S�L�H�F�H�Z�L�V�H �O�L�Q�H�D�U

�I�H�H�G�E�D�F�N�� �P�D�\ �G�L�I�I�H�U �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �I�U�R�P �W�K�H �V�R�O�X�W�L�R�Q �R�I �V�\�V�W�H�P���� �Z�L�W�K �W�K�H �V�D�P�H �S�D�U�D�P�H�W�H�U�V�� �,�Q �W�K�H �F�D�V�H

�R�Ik = 1 �W�K�H�V�H �G�L�I�I�H�U�H�Q�F�H�V �D�I�I�H�F�W �W�K�H �K�H�L�J�K�W �R�I �W�K�H �E�X�P�S�V�� �E�X�W �Q�R�W �W�K�H �Q�X�P�E�H�U �R�I �O�R�F�D�O �P�L�Q�L�P�X�P �D�Q�G

�P�D�[�L�P�X�P�� �,�Q �W�K�H �F�D�V�H �R�Ik = 0 :5�� �W�K�H �Q�X�P�E�H�U �R�I �P�L�Q�L�P�X�P �D�Q�G �P�D�[�L�P�X�P �L�V �D�O�V�R �D�I�I�H�F�W�H�G�� �,�Q �E�R�W�K �F�D�V�H�V��

�W�K�H �J�U�D�S�K�L�F�V �V�K�R�Z �W�K�D�W �W�K�H �I�L�U�V�W �G�H�U�L�Y�D�W�L�Y�H�V �R�I �I�L�H�O�G�Vu �D�Q�Gv �L�Q �W�K�H �Q�H�Z �P�R�G�H�O �K�D�Y�H �V�R�P�H �G�L�V�F�R�Q�W�L�Q�X�L�W�L�H�V

�� �6�X�F�K �G�L�V�F�R�Q�W�L�Q�X�L�W�L�H�V �D�U�H �D �F�R�Q�V�H�T�X�H�Q�F�H �R�I �W�K�H �S�L�H�F�H�Z�L�V�H �O�L�Q�H�D�U �E�H�D�Y�L�R�X�U �R�I �W�K�H �I�H�H�G�E�D�F�N �I�X�Q�F�W�L�R�Qg��

���������� �&�K�D�Q�J�L�Q�J �W�K�H �Y�D�O�X�H �R�I� �L�Q �V�F�H�Q�D�U�L�R ��

�:�H �Q�R�Z �F�K�H�F�N �K�R�Z �W�K�H �S�L�H�F�H�Z�L�V�H �O�L�Q�H�D�U �I�H�H�G�E�D�F�N �F�K�D�Q�J�H�V �W�K�H �E�H�Y�D�K�L�R�X�U �R�I �W�K�H �V�R�O�X�W�L�R�Q�� �L�Q �W�K�H �F�D�V�H �R�I

�V�F�H�Q�D�U�L�R ���� �Z�L�W�K �G�L�I�I�H�U�H�Q�W �Y�D�O�X�H�V �R�I �W�K�H �W�K�U�H�V�K�R�O�G� �� �,�Q �W�K�H �I�L�U�V�W �F�R�O�X�P�Q �R�I �)�L�J�X�U�H���� �\�R�X �F�D�Q �U�H�F�D�O�O �W�K�H

�U�H�V�X�O�W�V �D�O�U�H�D�G�\ �V�K�R�Z�Q �L�Q �)�L�J�X�U�H�� �I�R�U �W�K�H �R�O�G �P�R�G�H�O�� �W�K�H �V�H�F�R�Q�G �F�R�O�X�P�Q �U�H�S�U�H�V�H�Q�W�V �W�K�H �U�H�V�X�O�W�V �Z�H �J�R�W

�Z�L�W�K �W�K�H �V�D�W�X�U�D�W�L�R�Q �P�R�G�H�O �Z�L�W�Kk = 1 ��

����



�����D���� �2�O�G �P�R�G�H�O�� �Z�K�H�U�HA k =
1��� k = 1 ; � = 0 :7

�����E���� �Q�H�Z �P�R�G�H�O�� �S�D�U�D�P�H�W�H�U�V
�D�V �L�Q�������D��

�����F���� �2�O�G �P�R�G�H�O�� �Z�K�H�U�HA k =
2��� k = 2 ; � = 0 :7

�����G���� �Q�H�Z �P�R�G�H�O�� �S�D�U�D�P�H�W�H�U�V
�D�V �L�Q�������F��

�����H���� �2�O�G �P�R�G�H�O�� �Z�K�H�U�HA k =
1��� k = 1 ; � = 1 :25

�����I���� �Q�H�Z �P�R�G�H�O�� �S�D�U�D�P�H�W�H�U�V
�D�V �L�Q�������H��

�����J���� �2�O�G �P�R�G�H�O�� �Z�K�H�U�HA k =
2��� k = 2 ; � = 1 :25

�����K���� �Q�H�Z �P�R�G�H�O�� �S�D�U�D�P�H�W�H�U�V
�D�V �L�Q�������J��

�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �I�U�R�P �D�S�S�O�\�L�Q�J �V�F�H�Q�D�U�L�R �� �Z�L�W�K �� �G�L�I�I�H�U�H�Q�W �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V �D�Q�G �Y�D�O�X�H�V �I�R�U �W�K�H
�W�K�U�H�V�K�R�O�G�� �L�Q �E�R�W�K �P�R�G�H�O�V �Z�L�W�K�R�X�W �V�D�W�X�U�D�W�L�R�Q �D�Q�G �Z�L�W�K �V�D�W�X�U�D�W�L�R�Q �D�Wk = 1

�)�U�R�P �)�L�J�X�U�H���� �Z�H �R�E�V�H�U�Y�H �W�K�D�W �Z�K�H�Q �W�K�H �W�K�U�H�V�K�R�O�G� �F�K�D�Q�J�H�V �G�L�I�I�H�U�H�Q�W �V�L�W�X�D�W�L�R�Q�V �R�F�F�X�U �� �,�I� = 0 :7

���O�H�V�V �W�K�D�Qk�� ���)�L�J�X�U�H�V�������D���� �������G������ �W�K�H �S�U�R�I�L�O�H �R�Iu �L�Q �W�K�H �V�W�H�D�G�\ �V�R�O�X�W�L�R�Q�� �L�Q �W�K�H �F�D�V�H �R�I �S�L�H�F�H�Z�L�V�H

�O�L�Q�H�D�U �I�H�H�G�E�D�F�N�� �G�L�I�I�H�U�V �V�O�L�J�K�W�O�\ �I�U�R�P �W�K�H �R�O�G �P�R�G�H�O�� �+�R�Z�H�Y�H�U �W�K�H �Q�X�P�E�H�U �R�I �E�X�P�S�V �L�Q �W�K�H�V�H �S�U�R�I�L�O�H�V

�G�R�H�V �Q�R�W �F�K�D�Q�J�H �D�V �D �U�H�V�X�O�W �R�I �V�D�W�X�U�D�W�L�R�Q�� �,�I� = 1 :25 ���J�U�H�D�W�H�U �W�K�D�Qk�� ���)�L�J�X�U�H�V�������H���� �������K���� �D�Q�G �I�R�U

�D �V�P�D�O�O �D�P�S�O�L�W�X�G�H �R�I �W�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q ��Ak = 1 ���� �W�K�H �S�U�R�I�L�O�H�V �R�Iu �D�Q�Gv �F�R�L�Q�F�L�G�H �L�Q �W�K�H �V�W�H�D�G�\ �V�W�D�W�H

��u(x) = v(x) = K (x)/2 ���� �L�Q �W�K�H �R�O�G �P�R�G�H�O�� �D�Q�G �W�K�L�V �G�R�H�V �Q�R�W �F�K�D�Q�J�H �L�Q �W�K�H �S�U�H�V�H�Q�F�H �R�I �V�D�W�X�U�D�W�L�R�Q��

�)�L�Q�D�O�O�\�� �L�I� = 1 :25 �D�Q�GAk = 2 �� �W�K�H �V�R�O�X�W�L�R�Q �L�Q �W�K�H �R�O�G �P�R�G�H�O �L�V �Q�R�W �Y�H�U�\ �G�L�I�I�H�Q�W �I�U�R�P �W�K�H �F�D�V�H �R�I� = 0 :7��

�Z�K�L�O�H �L�Q �W�K�H �F�D�V�H �R�I �W�K�H �V�\�V�W�H�P���� �� �Z�H �D�J�D�L�Q �Y�H�U�L�I�\ �W�K�D�Wu = v �L�Q �W�K�H �V�W�H�D�G�\ �V�W�D�W�H�� �7�K�L�V �F�R�X�O�G �E�H �H�[�S�H�F�W�H�G��

�V�L�Q�F�H �W�K�H �H�I�I�H�F�W �R�I �V�D�W�X�U�D�W�L�R�Q�� �U�H�V�X�O�W�L�Q�J �I�U�R�P �S�L�H�F�H�Z�L�V�H �O�L�Q�H�D�U �I�H�H�G�E�D�F�N�� �O�L�P�L�W�V �W�K�H �K�H�L�J�K�W �R�I �W�K�H �E�X�P�S ���M�X�V�W

�D�V �W�K�L�V �K�D�S�S�H�Q�V �L�Q �W�K�H �F�D�V�H �R�I �D �V�P�D�O�O �D�P�S�O�L�W�X�G�H �R�I �W�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q��

����



������ �6�F�H�Q�D�U�L�R ��

���������� �&�K�D�Q�J�L�Q�J �N �Z�L�W�K �W�K�H �V�D�P�H �H�[�W�H�U�Q�D�O �L�Q�S�X�W

�6�X�E�V�H�F�W�L�R�Q ������ �Z�D�V �D�E�R�X�W �K�R�Z �W�K�H �V�\�V�W�H�P �Z�R�U�N�V �Z�L�W�K �G�L�I�I�H�U�H�Q�W �L�Q�L�F�L�D�O �I�X�Q�F�W�L�R�Q�V �E�X�W �Z�L�W�K�R�X�W �H�[�W�H�U�Q�D�O �L�Q�S�X�W�V

�E�H�L�Q�J �D�S�S�O�L�H�G �W�R �W�K�H �V�\�V�W�H�P�� �7�R �V�H�H �K�R�Z �W�K�H �H�[�W�H�U�Q�D�O �L�Q�S�X�W�V �L�Q�W�H�U�D�F�W �Z�L�W�K �W�K�H �V�\�V�W�H�P �L�Q �W�K�L�V �Q�H�Z �P�R�G�H�O �Z�H

�K�D�Y�H �F�R�Q�V�L�G�H�U�H�G �W�K�U�H�H �G�L�I�I�H�U�H�Q�W �V�F�H�Q�D�U�L�R�V �D�Q�G �D �V�W�D�Q�G�D�U�G �W�H�V�W �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �F�D�V�H�V �U�H�S�U�H�V�H�Q�W�H�G �L�Q

�)�L�J�X�U�H �� �Z�L�W�K �W�K�H �R�O�G �P�R�G�H�O�� �Y�D�U�\�L�Q�J �W�K�H �S�D�U�D�P�H�W�H�Uk �L�Q �H�D�F�K �F�D�V�H ��k = 1 ��k = 1 :5�� �D�Q�Gk = 2 ���� �,�Q �)�L�J�X�U�H

�������D���Z�H �U�H�S�U�R�G�X�F�H �W�K�H �U�H�V�X�O�W�V �R�I �)�L�J�X�U�H�����D�����R�E�W�D�L�Q�H�G �Z�L�W�K �W�K�H �R�O�G �P�R�G�H�O���� �Z�K�L�O�H �L�Q �)�L�J�X�U�H�V�������E�����������F��

�D�Q�G�������G���Z�H �G�L�V�S�O�D�\ �W�K�H �V�W�D�W�L�R�Q�D�U�\ �V�R�O�X�W�L�R�Q�V �R�E�W�D�L�Q�H�G �L�Q �W�K�H �V�D�P�H �V�F�H�Q�D�U�L�R �E�X�W �L�Q �W�K�H �F�D�V�H �R�I �V�\�V�W�H�P

���� �� �Z�L�W�K �G�L�I�I�H�U�H�Q�W �Y�D�O�X�H�V �R�Ik��

�����D���� �X�V�L�Q�J �W�K�H �R�O�G �P�R�G�H�O�����E���� �X�V�L�Q�J �W�K�H �Q�H�Z �P�R�G�H�O��k � ��

�����F���� �X�V�L�Q�J �W�K�H �Q�H�Z �P�R�G�H�O��k � ������ �����G���� �X�V�L�Q�J �W�K�H �Q�H�Z �P�R�G�H�O��k � ��

�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �I�U�R�P �D�S�S�O�\�L�Q�J �W�K�H �V�D�P�H �H�[�W�H�U�Q�D�O �L�Q�S�X�W �Z�L�W�Kt0 = 0 �D�Q�Gte = 2 ��A I = f 1g��
� I = f 1g��xc = f 0g��� = 0 :5 �L�Q �E�R�W�K �P�R�G�H�O�V �Z�L�W�K �D�Q�G �Z�L�W�K�R�X�W �V�D�W�X�U�D�W�L�R�Q

���������� �&�K�D�Q�J�L�Q�J �W�K�H �S�U�R�I�L�O�H �R�I �W�K�H �H�[�W�H�U�Q�D�O �L�Q�S�X�W

�)�R�U �H�D�F�K �W�H�V�W�� �Z�H �Y�D�U�L�H�G �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �W�K�H �H�[�W�H�U�Q�D�O �L�Q�S�X�W�V �D�Q�G �U�H�F�R�U�G�H�G �W�K�H �U�H�V�X�O�W�V �L�Q �G�H�W�D�L�O�H�G

�W�D�E�O�H�V�� �7�K�H�V�H �W�D�E�O�H�V �S�U�R�Y�L�G�H �D �F�R�P�S�U�H�K�H�Q�V�L�Y�H �Y�L�H�Z �R�I �K�R�Z �W�K�H �V�\�V�W�H�P�¶�V �E�H�K�D�Y�L�R�X�U �F�K�D�Q�J�H�V �X�Q�G�H�U �G�L�I�I�H�U��

�H�Q�W �F�R�Q�G�L�W�L�R�Q�V�� �7�K�H�U�H �L�V �D�O�Z�D�\�V �D �F�R�U�U�H�V�S�R�Q�G�L�Q�J �F�R�O�X�P�Q �I�R�U �W�K�H �V�W�D�Q�G�D�U�G �H�[�W�H�U�Q�D�O �L�Q�S�X�W �W�R �F�R�P�S�D�U�L�V�R�Q��

�Z�L�W�KA I = f 1g��� I = f 1g��t0 = f 0g �D�Q�Gte = f 2g ��

�$�G�G�L�W�L�R�Q�D�O�O�\�� �Z�H �Y�L�V�X�D�O�L�]�H�G �W�K�H �V�R�O�X�W�L�R�Q�V �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �R�Q�H �R�I �W�K�H �O�D�V�W �F�R�O�X�P�Q�V �R�I �H�D�F�K �W�D�E�O�H �L�Q �D

�S�O�R�W ���)�L�J�X�U�H�V���� ������ ���� �7�K�H�V�H �S�O�R�W�V �R�I�I�H�U �D �F�O�H�D�U �F�R�P�S�D�U�L�V�R�Q �R�I �W�K�H �I�L�Q�D�O �V�W�D�W�H�V �R�I �W�K�H �V�W�D�W�L�R�Q�D�U�\ �V�R�O�X�W�L�R�Q�V

�Z�L�W�K �W�K�H �V�W�D�Q�G�D�U�G �H�[�W�H�U�Q�D�O �L�Q�S�X�W �I�R�U �H�D�F�K �Y�D�O�X�H �R�Ik�� �K�L�J�K�O�L�J�K�W�L�Q�J �W�K�H �G�L�I�I�H�U�H�Q�W �F�K�D�Q�J�H�V �W�K�D�W �W�K�H �V�D�P�H

�H�[�W�H�U�Q�D�O �V�L�J�Q�D�O �F�D�Q �F�D�X�V�H �L�Q �W�K�H �V�\�V�W�H�P �G�H�S�H�Q�G�L�Q�J �R�Q �W�K�L�V �S�D�U�D�P�H�W�H�U��

�7�R �D�Q�D�O�\�V�H �W�K�H �Y�D�U�L�D�W�L�R�Q�V �L�Q �W�K�H �V�W�D�W�L�R�Q�D�U�\ �V�R�O�X�W�L�R�Q �L�Q�W�U�R�G�X�F�H�G �E�\ �W�K�H �Q�H�Z �P�R�G�H�O�� �D�Q�G �W�R �F�R�P�S�U�H�K�H�Q�G

�W�K�H �L�P�S�D�F�W �R�I �W�K�H �F�R�H�I�I�L�F�L�H�Q�Wk �R�Q �L�W�� �Z�H �F�R�Q�G�X�F�W�H�G �D �F�R�P�S�D�U�D�W�L�Y�H �D�Q�D�O�\�V�L�V �E�H�W�Z�H�H�Q �W�K�H �R�O�G �D�Q�G �Q�H�Z

�P�R�G�H�O�V�� �7�K�L�V �L�Q�Y�R�O�Y�H�G �D�G�M�X�V�W�L�Q�J �W�K�H �V�L�J�Q�D�O �L�Q�W�H�Q�V�L�W�\ �I�U�R�P �W�K�U�H�V�K�R�O�G �X�S �W�R �D �O�H�Y�H�O �W�K�D�W �L�V �D�W �O�H�D�V�W �W�Z�L�F�H �W�K�H

����



�Y�D�O�X�H �R�Ik�� �:�H �F�R�Q�G�X�F�W�H�G �W�K�L�V �D�Q�D�O�\�V�L�V �I�R�U �W�Z�R �G�L�V�W�L�Q�F�W �V�L�J�Q�D�O �G�X�U�D�W�L�R�Q�V�� �V�L�J�Q�D�O�V �O�D�V�W�L�Q�J �� �V�H�F�R�Q�G �D�U�H

�G�H�W�D�L�O�H�G �L�Q �7�D�E�O�H���� �Z�K�L�O�H �V�L�J�Q�D�O�V �O�D�V�W�L�Q�J �� �V�H�F�R�Q�G�V �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �7�D�E�O�H���� �6�S�H�F�L�I�L�F�D�O�O�\�� �W�K�H�V�H �W�D�E�O�H�V

�K�L�J�K�O�L�J�K�W �W�K�H �$�'�' �R�II �D�Q�Gu�� �D�V �Z�H�O�O �D�V �W�K�H �P�D�[�L�P�X�P �Y�D�O�X�H �R�Iu��

�2�O�G �P�R�G�H�O �?A I = f 0:5g f 0:7g f 0:9g f 1g f 2g f 3g f 4g
�$�'�' �R�II (x; t ) ������ ������ ������ ������ ������ ������ ������
�$�'�' �R�Iu(x; t ) ������ ������ ������ ������ ������ ������ ������
�0�D�[ �R�Iu(x; t ) ������������ ������������ ������������ ������������ ������������ ������������ ������������

�1�H�Z �P�R�G�H�O �Z�L�W�Kk � ���?A I = f 0:5g f 0:7g f 0:9g f 1g f 2g f 3g f 4g
�$�'�' �R�II (x; t ) ������ ������ ������ ������ ������ ������ ������
�$�'�' �R�Iu(x; t ) ������ �������� �������� �������� �������� ������ ������
�0�D�[ �R�Iu(x; t ) ������������ ������������ ������������ ������������ ������������ ������������ ������������

�1�H�Z �P�R�G�H�O �Z�L�W�Kk � ������ �?A I = f 0:5g f 0:7g f 1:1g f 1:5g f 2g f 3g f 4g
�$�'�' �R�II (x; t ) ������ ������ ������ ������ ������ ������ ������
�$�'�' �R�Iu(x; t ) ������ ������ �������� ������ ������ ������ ������
�0�D�[ �R�Iu(x; t ) ������������ ������������ ������������ ������������ ������������ ������������ ������������

�1�H�Z �P�R�G�H�O �Z�L�W�Kk � �� �?A I = f 0:7g f 0:8g f 1:2g f 1:8g f 2g f 3g f 4g
�$�'�' �R�II (x; t ) ������ ������ ������ ������ ������ ������ ������
�$�'�' �R�Iu(x; t ) �� �������� �������� ������ ������ ������ ������
�0�D�[ �R�Iu(x; t ) ������������ ������������ ������������ ������������ ������������ ������������ ������������

�7�D�E�O�H ���� �&�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �W�K�H �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q�V �L�Q �W�K�H �F�D�V�H �R�It0 = 0 �� te = 1 �� � I = f 1g�� xc = f 0g��
� = 0 :5�� �I�R�U �G�L�I�I�H�U�H�Q�WA I �L�Q �W�K�H �P�R�G�H�O�V �Z�L�W�K �D�Q�G �Z�L�W�K�R�X�W �V�D�W�X�U�D�W�L�R�Q

�)�U�R�P �7�D�E�O�H���� �L�W �E�H�F�R�P�H�V �H�Y�L�G�H�Q�W �W�K�D�W �Z�K�H�Q �W�K�H �V�L�J�Q�D�O �L�Q�W�H�Q�V�L�W�\ �K�R�Y�H�U�V �W�R�R �F�O�R�V�H �W�R �W�K�H �W�K�U�H�V�K�R�O�G��

�E�R�W�K �P�R�G�H�O�V �I�D�L�O �W�R �S�U�R�G�X�F�H �D �E�X�P�S �L�Q �W�K�H �V�W�D�W�L�R�Q�D�U�\ �V�R�O�X�W�L�R�Q�� �7�K�L�V �L�Q�G�L�F�D�W�H�V �W�K�D�W �X�Q�G�H�U �W�K�H�V�H �F�R�Q�G�L�W�L�R�Q�V��

�Q�H�L�W�K�H�U �P�R�G�H�O �L�V �V�H�Q�V�L�W�L�Y�H �H�Q�R�X�J�K �W�R �U�H�V�S�R�Q�G �W�R �W�K�H �V�L�J�Q�D�O�� �+�R�Z�H�Y�H�U�� �L�W �L�V �L�Q�W�H�U�H�V�W�L�Q�J �W�R �Q�R�W�H �W�K�D�W �E�R�W�K �W�K�H

�R�O�G �P�R�G�H�O �D�Q�G �W�K�H �Q�H�Z �P�R�G�H�O�� �Z�K�H�Q �V�H�W �Z�L�W�Kk = 1 �� �D�U�H �F�D�S�D�E�O�H �R�I �J�H�Q�H�U�D�W�L�Q�J �D �E�X�P�S �L�Q �W�K�H �V�R�O�X�W�L�R�Q �L�I �W�K�H

�V�L�J�Q�D�O �L�Q�W�H�Q�V�L�W�\ �L�V �D�W �O�H�D�V�W �������� �7�K�L�V �D�E�L�O�L�W�\ �L�V �O�R�V�W �Z�K�H�Qk �L�V �L�Q�F�U�H�D�V�H�G �W�R ������ �R�U ���� �X�Q�G�H�U �Z�K�L�F�K �F�R�Q�G�L�W�L�R�Q�V �Q�R

�E�X�P�S �L�V �R�E�V�H�U�Y�H�G �L�Q �W�K�H �V�R�O�X�W�L�R�Q�� �)�X�U�W�K�H�U�P�R�U�H�� �L�Q �L�Q�V�W�D�Q�F�H�V �Z�K�H�U�H �W�K�H �Q�H�Z �P�R�G�H�O �G�R�H�V �S�U�R�G�X�F�H �D �E�X�P�S��

�W�K�H �V�K�D�S�H �R�I �W�K�H �E�X�P�S �U�H�P�D�L�Q�V �F�R�Q�V�L�V�W�H�Q�W �D�F�U�R�V�V �G�L�I�I�H�U�H�Q�W �Y�D�O�X�H�V �R�IA I �� �7�K�L�V �F�R�Q�V�L�V�W�H�Q�F�\ �V�X�J�J�H�V�W�V �W�K�D�W

�D�O�W�K�R�X�J�K �W�K�H �Q�H�Z �P�R�G�H�O �P�D�\ �R�I�I�H�U �D �F�O�R�V�H�U �D�S�S�U�R�[�L�P�D�W�L�R�Q �W�R �W�K�H �D�F�W�X�D�O �S�U�R�F�H�V�V�H�V �R�F�F�X�U�U�L�Q�J �L�Q �Q�H�X�U�R�Q�D�O

�V�\�V�W�H�P�V�� �L�W�V �X�W�L�O�L�W�\ �P�L�J�K�W �E�H �O�L�P�L�W�H�G �E�\ �L�W�V �L�Q�D�E�L�O�L�W�\ �W�R �U�H�I�O�H�F�W �W�K�H �Q�X�D�Q�F�H�G �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �W�K�H �V�L�J�Q�D�O��

�S�D�U�W�L�F�X�O�D�U�O�\ �V�L�Q�F�H �L�W �G�R�H�V �Q�R�W �Y�D�U�\ �W�K�H �U�H�V�S�R�Q�V�H �Z�L�W�K �G�L�I�I�H�U�H�Q�WA I �Y�D�O�X�H�V�� �,�Q �R�W�K�H�U �Z�R�U�G�V�� �L�Q �W�K�H �F�D�V�H �R�I �W�K�H

�S�L�H�F�H�Z�L�V�H �O�L�Q�H�D�U �I�H�H�G�E�D�F�N�� �K�L�J�K�H�U �Y�D�O�X�H�V �R�I �K�H�L�J�K�W ���Z�L�G�W�K�� �R�I �W�K�H �H�[�W�H�U�Q�D�O �L�Q�S�X�W �G�R �Q�R�W �L�Q �J�H�Q�H�U�D�O �S�U�R�G�X�F�H

�K�L�J�K�H�U �Y�D�O�X�H�V �R�I �K�H�L�J�K�W���Z�L�G�W�K�� �R�I �W�K�H �V�W�D�W�L�R�Q�D�U�\ �V�R�O�X�W�L�R�Q��
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�2�O�G �P�R�G�H�O �?A I = f 0:5g f 0:7g f 0:9g f 1g f 2g f 3g f 4g
�$�'�' �R�II (x; t ) ������ ������ ������ ������ ������ ������ ������
�$�'�' �R�Iu(x; t ) �������� �������� �������� ������ ������ ������ ������
�0�D�[ �R�Iu(x; t ) ������������ ������������ ������������ ������������ ������������ ������������ ������������

�1�H�Z �P�R�G�H�O �Z�L�W�Kk � ���?A I = f 0:5g f 0:7g f 0:9g f 1g f 2g f 3g f 4g
�$�'�' �R�II (x; t ) ������ ������ ������ ������ ������ ������ ������
�$�'�' �R�Iu(x; t ) �������� ������ ������ ������ ������ ������ ������
�0�D�[ �R�Iu(x; t ) ������������ ������������ ������������ ������������ ������������ ������������ ������������

�1�H�Z �P�R�G�H�O �Z�L�W�Kk � ������ �?A I = f 0:5g f 0:8g f 1:1g f 1:5g f 2g f 3g f 4g
�$�'�' �R�II (x; t ) ������ ������ ������ ������ ������ ������ ������
�$�'�' �R�Iu(x; t ) �������� ������ ������ ������ ������ ������ ������
�0�D�[ �R�Iu(x; t ) ������������ ������������ ������������ ������������ ������������ ������������ ������������

�1�H�Z �P�R�G�H�O �Z�L�W�Kk � �� �?A I = f 0:5g f 0:9g f 1:3g f 1:7g f 2g f 3g f 4g
�$�'�' �R�II (x; t ) ������ ������ ������ ������ ������ ������ ������
�$�'�' �R�Iu(x; t ) �� ������ ������ ������ ������ ������ ������
�0�D�[ �R�Iu(x; t ) ������������ ������������ ������������ ������������ ������������ ������������ ������������

�7�D�E�O�H ���� �&�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �W�K�H �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q�V �L�Q �W�K�H �F�D�V�H �R�It0 = 0 �� te = 2 �� � I = f 1g�� xc = f 0g��
� = 0 :5�� �I�R�U �G�L�I�I�H�U�H�Q�WA I �L�Q �W�K�H �P�R�G�H�O�V �Z�L�W�K �D�Q�G �Z�L�W�K�R�X�W �V�D�W�X�U�D�W�L�R�Q

�:�H �F�R�Q�G�X�F�W�H�G �W�K�H �V�D�P�H �W�H�V�W�V �X�V�L�Q�J �V�L�J�Q�D�O�V �R�I �� �V�H�F�R�Q�G�V �G�X�U�D�W�L�R�Q �D�Q�G �R�E�V�H�U�Y�H�G �W�K�D�W �R�Q�O�\ �W�K�H �Q�H�Z

�P�R�G�H�O �Z�L�W�Kk = 2 �I�D�L�O�V �W�R �G�H�W�H�F�W �D �V�L�J�Q�D�O �Z�L�W�K �L�Q�W�H�Q�V�L�W�\ �H�T�X�D�O �W�R �W�K�H �W�K�U�H�V�K�R�O�G �Y�D�O�X�H�� �+�R�Z�H�Y�H�U�� �Z�K�H�Q�H�Y�H�U

�W�K�H �Q�H�Z �P�R�G�H�O �G�R�H�V �G�H�W�H�F�W �W�K�H �V�L�J�Q�D�O�� �W�K�H �V�W�D�W�L�R�Q�D�U�\ �V�R�O�X�W�L�R�Q�V �U�H�P�D�L�Q �F�R�Q�V�L�V�W�H�Q�W �D�F�U�R�V�V �G�L�I�I�H�U�H�Q�W �W�H�V�W�V��

�Z�L�W�K �W�K�H �Q�R�W�D�E�O�H �H�[�F�H�S�W�L�R�Q �R�Ik = 1 �� �,�Q�W�H�U�H�V�W�L�Q�J�O�\�� �L�Q �W�K�L�V �F�D�V�H�� �D�V �W�K�H �V�L�J�Q�D�O �L�Q�W�H�Q�V�L�W�\ �L�Q�F�U�H�D�V�H�V�� �W�K�H

�U�H�V�X�O�W�L�Q�J �E�X�P�S �L�Q �W�K�H �V�W�D�W�L�R�Q�D�U�\ �V�R�O�X�W�L�R�Q �E�H�F�R�P�H�V �V�P�D�O�O�H�U��

�����D���� �X�V�L�Q�J �W�K�H �R�O�G �P�R�G�H�O�����E���� �X�V�L�Q�J �W�K�H �Q�H�Z �P�R�G�H�O��k � ��

�����F���� �X�V�L�Q�J �W�K�H �Q�H�Z �P�R�G�H�O��k � ������ �����G���� �X�V�L�Q�J �W�K�H �Q�H�Z �P�R�G�H�O��k � ��

�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �I�U�R�P �D�S�S�O�\�L�Q�J �W�K�H �V�D�P�H �H�[�W�H�U�Q�D�O �L�Q�S�X�W �Z�L�W�Kt0 = 0 �D�Q�Gte = 2 ��A I = f 2g��
� I = f 1g��xc = f 0g�� � = 0 :5 �L�Q �W�K�H �P�R�G�H�O�V �Z�L�W�K �D�Q�G �Z�L�W�K�R�X�W �V�D�W�X�U�D�W�L�R�Q ���W�K�L�U�G �O�D�V�W �F�R�O�X�P�Q �R�I �H�D�F�K �W�D�E�O�H
�I�U�R�P �7�D�E�O�H ���� �L�Q �R�U�G�H�U��
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�)�L�J�X�U�H���� �F�O�H�D�U�O�\ �G�H�P�R�Q�V�W�U�D�W�H�V �W�K�H �L�Q�W�H�Q�G�H�G �R�X�W�F�R�P�H�V �R�I �L�P�S�O�H�P�H�Q�W�L�Q�J �V�D�W�X�U�D�W�L�R�Q �L�Q �W�K�H �Q�H�Z �P�R�G�H�O��

�8�Q�O�L�N�H �W�K�H �R�O�G �P�R�G�H�O ���Q�R�W�L�F�H �W�K�D�W�������D���L�V �W�K�H �V�D�P�H �D�V�����E���� �Z�K�H�U�H �W�K�H �V�W�H�D�G�\���V�W�D�W�H �S�U�R�I�L�O�H�V �R�Iu �D�Q�G

v �I�H�D�W�X�U�H �S�U�R�Q�R�X�Q�F�H�G �E�X�P�S�V �D�W �W�K�H �F�H�Q�W�H�U�� �W�K�H �Q�H�Z �P�R�G�H�O�� �W�K�D�Q�N�V �W�R �V�D�W�X�U�D�W�L�R�Q�� �V�K�R�Z�V �D �V�L�J�Q�L�I�L�F�D�Q�W

�U�H�G�X�F�W�L�R�Q �L�Q �W�K�H �K�H�L�J�K�W �R�Iu�¶�V �E�X�P�S�� �$�G�G�L�W�L�R�Q�D�O�O�\�� �L�W �L�Q�W�U�R�G�X�F�H�V �W�Z�R �G�L�V�W�L�Q�F�W �E�X�P�S�V �L�Q �W�K�H �S�U�R�I�L�O�H �R�Iv��

�7�K�L�V �H�I�I�H�F�W �E�H�F�R�P�H�V �P�R�U�H �S�U�R�Q�R�X�Q�F�H�G �D�V �W�K�H �Y�D�O�X�H �R�Ik �G�H�F�U�H�D�V�H�V�� �L�Q�G�L�F�D�W�L�Q�J �W�K�D�W �W�K�H �V�D�W�X�U�D�W�L�R�Q �H�I�I�H�F�W
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�����F���� �V�F�U�H�H�Q�V�K�R�W �D�W �W� 19 �����G���� �V�F�U�H�H�Q�V�K�R�W �D�W �W � ����

�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �I�U�R�P �D�S�S�O�\�L�Q�J �� �G�L�I�I�H�U�H�Q�W �H�[�W�H�U�Q�D�O �L�Q�S�X�W�V �D�O�O �Z�L�W�K ���V �G�X�U�D�W�L�R�Q�� �D�W �W�L�P�H�Vt1 =
1; t2 = 9 ; t3 = 18�� A I = f 1; 1; 1g; � I = f 1; 1; 1g; xc = f� 16; 0; 16g; � = 0 :5 �X�V�L�Q�J �W�K�H �P�R�G�H�O �Z�L�W�K �S�L�H�F�H�Z�L�V�H
�O�L�Q�H�D�U �I�H�H�G�E�D�F�N �Z�L�W�K �V�D�W�X�U�D�W�L�R�Q �D�Wk � ��

�)�U�R�P �)�L�J�X�U�H���� �� �Z�H �F�D�Q �G�H�G�X�F�H �W�K�D�W �W�K�H �Q�H�Z �P�R�G�H�O �V�X�F�F�H�V�V�I�X�O�O�\ �L�G�H�Q�W�L�I�L�H�V �W�K�H �O�R�F�D�W�L�R�Q�V �R�I �H�D�F�K �V�L�J�Q�D�O��

�+�R�Z�H�Y�H�U�� �L�W �D�O�V�R �E�H�F�R�P�H�V �D�S�S�D�U�H�Q�W �W�K�D�W �W�K�H �P�R�G�H�O �V�W�U�X�J�J�O�H�V �W�R �D�F�F�X�U�D�W�H�O�\ �U�H�W�D�L�Q �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �W�K�H

�V�L�J�Q�D�O�V�� �'�H�V�S�L�W�H �W�K�H �H�[�W�H�U�Q�D�O �L�Q�S�X�W�V �K�D�Y�L�Q�J �L�G�H�Q�W�L�F�D�O �S�U�R�I�L�O�H�V�� �W�K�H �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q �U�H�Y�H�D�O�V �W�K�D�W �E�X�P�S�V

�D�W �G�L�I�I�H�U�H�Q�W �O�R�F�D�W�L�R�Q�V �H�[�K�L�E�L�W �Y�D�U�L�H�G �S�U�R�I�L�O�H�V�� �7�K�L�V �G�L�V�F�U�H�S�D�Q�F�\ �L�Q�G�L�F�D�W�H�V �W�K�D�W �Z�K�L�O�H �W�K�H �P�R�G�H�O �L�V �H�I�I�H�F�W�L�Y�H

�L�Q �S�L�Q�S�R�L�Q�W�L�Q�J �V�L�J�Q�D�O �O�R�F�D�W�L�R�Q�V�� �L�W �I�D�O�O�V �V�K�R�U�W �L�Q �I�D�L�W�K�I�X�O�O�\ �S�U�H�V�H�U�Y�L�Q�J �W�K�H �X�Q�L�T�X�H �D�W�W�U�L�E�X�W�H�V �R�I �H�D�F�K �V�L�J�Q�D�O

�Z�L�W�K�L�Q �W�K�H �V�W�D�W�L�R�Q�D�U�\ �V�R�O�X�W�L�R�Q��

����



�� �$�S�S�U�R�[�L�P�D�W�L�R�Q�V �L�Q ���'

�:�H �Q�R�Z �D�L�P �W�R �Q�X�P�H�U�L�F�D�O�O�\ �D�S�S�U�R�[�L�P�D�W�H �W�K�H �V�\�V�W�H�P �R�I �H�T�X�D�W�L�R�Q�V �G�H�V�F�U�L�E�L�Q�J �W�K�H �G�\�Q�D�P�L�F�V �R�I �S�R�W�H�Q�W�L�D�O�V

u(x; t ) �D�Q�Gv(x; t ) �R�Y�H�U �W�K�H �G�R�P�D�L�Q
 = [ � L /2 ; L /2] 2�� �$�V �6�H�T�X�H�L�U�D �G�L�G �L�Q �K�L�V �W�K�H�V�L�V �>���� �@ �Z�H�¶�O�O �K�D�Q�G�O�H

�F�R�Q�Y�R�O�X�W�L�R�Q �W�H�U�P�V �X�V�L�Q�J �W�K�H �)�D�V�W �)�R�X�U�L�H�U �7�U�D�Q�V�I�R�U�P ���)�)�7�� �I�R�U �F�R�P�S�X�W�D�W�L�R�Q�D�O �H�I�I�L�F�L�H�Q�F�\��

�7�K�H �V�S�D�W�L�D�O �G�R�P�D�L�Q
 �L�V �G�L�V�F�U�H�W�L�]�H�G �L�Q�W�R �D �X�Q�L�I�R�U�P �J�U�L�G �Z�L�W�K �V�S�D�F�L�Q�J� x = � y �D�Q�G �Z�H �G�L�V�F�U�H�W�L�]�H �W�L�P�H

�Z�L�W�K �D �V�W�H�S� t�� �'�L�U�H�F�W �F�R�P�S�X�W�D�W�L�R�Q �L�Q �W�K�H �V�S�D�W�L�D�O �G�R�P�D�L�Q �L�V �F�R�P�S�X�W�D�W�L�R�Q�D�O�O�\ �S�U�R�K�L�E�L�W�L�Y�H�� �H�V�S�H�F�L�D�O�O�\ �L�Q �W�Z�R

�G�L�P�H�Q�V�L�R�Q�V��

�$�V �Z�H�¶�Y�H �G�R�Q�H �L�Q �W�K�H �D�S�S�U�R�[�L�P�D�W�L�R�Q�V �L�Q �� �G�L�P�H�Q�V�L�R�Q�� �Z�H �H�P�S�O�R�\ �W�K�H �(�X�O�H�U �H�[�S�O�L�F�L�W �P�H�W�K�R�G �W�R �G�L�V�F�U�H�W�L�]�H

�W�K�H �W�H�P�S�R�U�D�O �G�H�U�L�Y�D�W�L�Y�H�V �Z�K�L�O�H �O�H�Y�H�U�D�J�L�Q�J �W�K�H �)�D�V�W �)�R�X�U�L�H�U �7�U�D�Q�V�I�R�U�P ���)�)�7�� �W�R �R�S�H�U�D�W�H �L�Q �W�K�H �I�U�H�T�X�H�Q�F�\

�G�R�P�D�L�Q�� �7�K�L�V �S�U�R�Y�L�G�H�V �F�R�P�S�X�W�D�W�L�R�Q�D�O �H�I�I�L�F�L�H�Q�F�\ �L�Q �K�D�Q�G�O�L�Q�J �W�K�H �F�R�Q�Y�R�O�X�W�L�R�Q �W�H�U�P�V �L�Q�K�H�U�H�Q�W �L�Q �R�X�U �Q�H�X�U�D�O

�I�L�H�O�G �H�T�X�D�W�L�R�Q�V��

������ �1�X�P�H�U�L�F�D�O �6�R�O�X�W�L�R�Q �Y�L�D �)�R�X�U�L�H�U �7�U�D�Q�V�I�R�U�P�V

�7�R �V�R�O�Y�H �W�K�H �V�\�V�W�H�P �R�I �F�R�X�S�O�H�G �L�Q�W�H�J�U�R���G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V ���(�T�X�D�W�L�R�Q�V������ �Z�H �H�P�S�O�R�\ �D �V�S�H�F�W�U�D�O �P�H�W�K�R�G

�E�D�V�H�G �R�Q �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P�V�� �7�K�L�V �D�S�S�U�R�D�F�K �Q�R�W �R�Q�O�\ �H�Q�K�D�Q�F�H�V �F�R�P�S�X�W�D�W�L�R�Q�D�O �H�I�I�L�F�L�H�Q�F�\ �E�X�W �D�O�V�R �V�W�U�H�D�P��

�O�L�Q�H�V �W�K�H �K�D�Q�G�O�L�Q�J �R�I �F�R�Q�Y�R�O�X�W�L�R�Q �W�H�U�P�V �L�Q�K�H�U�H�Q�W �L�Q �R�X�U �P�R�G�H�O�� �%�\ �U�H�I�R�U�P�X�O�D�W�L�Q�J �W�K�H �S�U�R�E�O�H�P �L�Q �W�K�H �I�U�H��

�T�X�H�Q�F�\ �G�R�P�D�L�Q�� �Z�H �F�D�Q �H�[�S�O�R�L�W �W�K�H �S�U�R�S�H�U�W�L�H�V �R�I �)�R�X�U�L�H�U �D�Q�D�O�\�V�L�V�� �Z�K�L�F�K �D�O�O�R�Z�V �X�V �W�R �F�R�Q�Y�H�U�W �F�R�P�S�O�H�[

�L�Q�W�H�J�U�D�O �R�S�H�U�D�W�L�R�Q�V �L�Q�W�R �V�L�P�S�O�H�U �D�O�J�H�E�U�D�L�F �P�D�Q�L�S�X�O�D�W�L�R�Q�V��

�:�H �V�W�D�U�W �E�\ �L�Q�W�U�R�G�X�F�L�Q�J �W�K�H �F�R�Q�W�L�Q�X�R�X�V �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P�� �Z�K�L�F�K �V�H�U�Y�H�V �D�V �W�K�H �I�R�X�Q�G�D�W�L�R�Q �R�I �R�X�U �V�S�H�F��

�W�U�D�O �P�H�W�K�R�G�� �)�R�U �D �I�X�Q�F�W�L�R�Qg(�[) �G�H�I�L�Q�H�G �L�Q �W�K�H �V�S�D�W�L�D�O �G�R�P�D�L�Q
 � R2�� �L�W�V �F�R�Q�W�L�Q�X�R�X�V �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P

Ff gg �L�V �G�H�I�L�Q�H�G �D�V��

Ff gg =
Z



g(�[)e� i �Nmn � �[d�[ ��������

�,�Q �W�K�L�V �H�[�S�U�H�V�V�L�R�Q���Nmn �U�H�S�U�H�V�H�Q�W�V �W�K�H �Z�D�Y�H �Y�H�F�W�R�U �D�Q�G �L�V �J�L�Y�H�Q �E�\�Nmn = 2�
L (m; n)�� �Z�K�L�O�Hi �L�V �W�K�H

�L�P�D�J�L�Q�D�U�\ �X�Q�L�W�� �7�K�L�V �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �H�V�V�H�Q�W�L�D�O�O�\ �U�H�L�Q�W�H�U�S�U�H�W�V �W�K�H �I�X�Q�F�W�L�R�Qg �I�U�R�P �W�K�H �V�S�D�W�L�D�O �G�R�P�D�L�Q �L�Q�W�R �W�K�H

�I�U�H�T�X�H�Q�F�\ �G�R�P�D�L�Q�� �H�Q�D�E�O�L�Q�J �D �P�R�U�H �P�D�Q�D�J�H�D�E�O�H �Z�D�\ �W�R �W�D�F�N�O�H �W�K�H �F�R�P�S�O�H�[�L�W�L�H�V �S�R�V�H�G �E�\ �R�X�U �V�\�V�W�H�P �R�I

�H�T�X�D�W�L�R�Q�V��

�:�H �U�H�S�U�H�V�H�Q�Wu(�[; t) �D�Q�Gv(�[; t) �X�V�L�Q�J �)�R�X�U�L�H�U �V�H�U�L�H�V �H�[�S�D�Q�V�L�R�Q�V�� �V�S�H�F�L�I�L�F�D�O�O�\ �R�X�W�O�L�Q�H�G �L�Q �(�T�X�D�W�L�R�Q���� ��

u(�[; t) =
1X

m = �1

1X

n = �1

ûmn (t)� mn (�[)

v(�[; t) =
1X

m = �1

1X

n = �1

v̂mn (t)� mn (�[)

��������

�,�Q �W�K�H�V�H �H�T�X�D�W�L�R�Q�V�� �W�K�H �)�R�X�U�L�H�U �E�D�V�L�V �I�X�Q�F�W�L�R�Q�V �D�U�H �G�H�I�L�Q�H�G �D�V� mn (�[) = ei �Nmn � �[�� �Z�K�H�U�H�Nmn �L�V �W�K�H

�Z�D�Y�H �Y�H�F�W�R�U�� �%�\ �V�X�E�V�W�L�W�X�W�L�Q�J �W�K�H�V�H �)�R�X�U�L�H�U �H�[�S�D�Q�V�L�R�Q�V �E�D�F�N �L�Q�W�R �W�K�H �P�R�G�H�O �H�T�X�D�W�L�R�Q�V�� �Z�H �F�D�Q �G�H�U�L�Y�H

�H�T�X�D�W�L�R�Q�V �I�R�U �W�K�H �)�R�X�U�L�H�U �F�R�H�I�I�L�F�L�H�Q�W�Vûmn (t) �D�Q�Ĝvmn (t)��

����



�7�R �R�E�W�D�L�Q �W�K�H�V�H �H�T�X�D�W�L�R�Q�V�� �Z�H �S�U�R�M�H�F�W �W�K�H �V�X�E�V�W�L�W�X�W�H�G �)�R�X�U�L�H�U �V�H�U�L�H�V �R�Q�W�R �W�K�H �E�D�V�L�V �I�X�Q�F�W�L�R�Q�V �X�V�L�Q�J

�L�Q�Q�H�U �S�U�R�G�X�F�W�V�� �7�K�H �L�Q�Q�H�U �S�U�R�G�X�F�W �E�H�W�Z�H�H�Q �W�Z�R �I�X�Q�F�W�L�R�Q�V �L�V �G�H�I�L�Q�H�G �D�V��

hf; g i =
Z



f (�[)g� (�[)d�[

�Z�K�H�U�Hg� �G�H�Q�R�W�H�V �W�K�H �F�R�P�S�O�H�[ �F�R�Q�M�X�J�D�W�H �R�Ig�� �7�K�L�V �S�U�R�F�H�V�V �O�H�D�G�V �X�V �W�R �W�K�H �I�R�O�O�R�Z�L�Q�J �U�H�O�D�W�L�R�Q�V�K�L�S�V��

h
du(�[; t)

dt
; � mn i = hI (�[; t); � mn i � h u(�[; t); � mn i + hv(�[; t); � mn i + hA(�[; t); � mn i ��������

h
dv(�[; t)

dt
; � mn i =

1
� v

(hu(�[; t); � mn i � h v(�[; t); � mn i � h A(�[; t); � mn i ) ��������

�,�Q �W�K�H�V�H �H�T�X�D�W�L�R�Q�V��A(�[; t) �G�H�Q�R�W�H�V �D �F�R�Q�Y�R�O�X�W�L�R�Q �W�H�U�P�� �U�H�S�U�H�V�H�Q�W�H�G �D�V �I�R�O�O�R�Z�V��

A(�[; t) =
Z



w(j�[ � �\j)f (u(�\; t); � )d�\

�7�K�H �F�R�Q�Y�R�O�X�W�L�R�Q �R�S�H�U�D�W�L�R�Q �L�Q�W�H�J�U�D�W�H�V �W�K�H �L�Q�W�H�U�D�F�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �V�S�D�W�L�D�O�O�\ �Y�D�U�\�L�Q�J �Z�H�L�J�K�W�L�Q�J �I�X�Q�F�W�L�R�Q

w(j�[ � �\j) �D�Q�G �W�K�H �I�X�Q�F�W�L�R�Qf (u(�\; t); � )�� �Z�K�L�F�K �P�R�G�H�O�V �W�K�H �L�Q�I�O�X�H�Q�F�H �R�I �W�K�H �Q�H�W�Z�R�U�N �D�F�W�L�Y�L�W�\u �R�Q �W�K�H

�F�R�Q�Y�R�O�X�W�L�R�Q �R�X�W�S�X�W �D�W �S�R�L�Q�W�[ �D�Q�G �W�L�P�Ht�� �7�K�H �U�H�V�X�O�W�L�Q�J �H�[�S�U�H�V�V�L�R�Q �F�D�S�W�X�U�H�V �K�R�Z �W�K�H �G�\�Q�D�P�L�F�V �R�I �R�Q�H

�S�R�S�X�O�D�W�L�R�Q �L�Q�I�O�X�H�Q�F�H �D�Q�R�W�K�H�U�� �H�P�S�K�D�V�L�]�L�Q�J �W�K�H �L�Q�W�H�U�F�R�Q�Q�H�F�W�H�G �Q�D�W�X�U�H �R�I �W�K�H �V�\�V�W�H�P��

�8�W�L�O�L�]�L�Q�J �W�K�H �R�U�W�K�R�Q�R�U�P�D�O�L�W�\ �R�I �W�K�H �)�R�X�U�L�H�U �E�D�V�L�V �I�X�Q�F�W�L�R�Q�V �V�L�P�S�O�L�I�L�H�V �R�X�U �H�T�X�D�W�L�R�Q�V�� �D�O�O�R�Z�L�Q�J �X�V �W�R

�H�[�S�U�H�V�V �W�K�H�P �D�V��

dûmn (t)
dt

= Î mn (t) � ûmn (t) + v̂mn (t) + Âmn (t) ��������

dv̂mn (t)
dt

=
1
� v

�
ûmn (t) � v̂mn (t) � Âmn (t)

�
��������

�,�Q �W�K�H�V�H �H�T�X�D�W�L�R�Q�V��Âmn (t) �U�H�S�U�H�V�H�Q�W�V �W�K�H �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P �R�I �W�K�H �F�R�Q�Y�R�O�X�W�L�R�Q �W�H�U�PA(�[; t)�� �Z�K�L�F�K

�F�D�Q �E�H �F�D�O�F�X�O�D�W�H�G �H�I�I�L�F�L�H�Q�W�O�\ �X�V�L�Q�J �)�D�V�W �)�R�X�U�L�H�U �7�U�D�Q�V�I�R�U�P�V ���)�)�7�V���� �7�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �H�I�I�L�F�L�H�Q�F�\ �R�I�I�H�U�H�G

�E�\ �)�)�7�V �L�V �V�L�J�Q�L�I�L�F�D�Q�W�� �D�V �L�W �D�O�O�R�Z�V �X�V �W�R �W�U�D�Q�V�I�R�U�P �R�X�U �F�R�Q�Y�R�O�X�W�L�R�Q �F�D�O�F�X�O�D�W�L�R�Q�V �I�U�R�P �W�K�H �V�S�D�W�L�D�O �G�R�P�D�L�Q

�W�R �W�K�H �I�U�H�T�X�H�Q�F�\ �G�R�P�D�L�Q�� �Z�K�H�U�H �W�K�H�\ �F�D�Q �E�H �K�D�Q�G�O�H�G �D�V �V�L�P�S�O�H �P�X�O�W�L�S�O�L�F�D�W�L�R�Q�V��

�:�H �K�D�Y�H �D�S�S�U�R�[�L�P�D�W�H�G �W�K�H �V�\�V�W�H�P���� �E�\���� �� �Z�K�L�F�K �L�V �D �V�\�V�W�H�P �R�I2N 2
x �2�'�(�V�� �1�R�Z �Z�H �D�S�S�O�\ �W�K�H

�H�[�S�O�L�F�L�W �(�X�O�H�U �P�H�W�K�R�G �W�R �G�L�V�F�U�H�W�L�]�H �W�K�L�V �V�\�V�W�H�P �D�Q�G �Z�L�W�K �D �W�L�P�H �V�W�H�S� t�� �Z�H �R�E�W�D�L�Q �W�K�H �I�R�O�O�R�Z�L�Q�J �Q�X�P�H�U�L�F�D�O

�V�F�K�H�P�H��

ûmn (t i +1 ) = ûmn (t i ) + � t
h
Î mn (t i ) � ûmn (t i ) + v̂mn (t i ) + Âmn (t i )

i
��������

v̂mn (t i +1 ) = v̂mn (t i ) +
� t
� v

h
ûmn (t i ) � v̂mn (t i ) � Âmn (t i )

i
��������

�7�K�L�V �W�L�P�H���V�W�H�S�S�L�Q�J �S�U�R�F�H�V�V�� �O�H�Y�H�U�D�J�L�Q�J �)�)�7�V �I�R�U �H�I�I�L�F�L�H�Q�W �F�R�P�S�X�W�D�W�L�R�Q�� �\�L�H�O�G�V �D�Q �D�S�S�U�R�[�L�P�D�W�L�R�Q �R�I �W�K�H

�V�R�O�X�W�L�R�Q�Vûmn (t) �D�Q�Ĝvmn (t) �R�Y�H�U �W�L�P�H�� �$�W �W�K�H �F�R�Q�F�O�X�V�L�R�Q �R�I �W�K�H�V�H �L�W�H�U�D�W�L�R�Q�V�� �Z�H �R�E�W�D�L�Q �D�Q �D�S�S�U�R�[�L�P�D�W�L�R�Q

����



�R�I �W�K�H �V�R�O�X�W�L�R�Q �L�Q �S�K�\�V�L�F�D�O �V�S�D�F�H �W�K�U�R�X�J�K �W�K�H �D�S�S�O�L�F�D�W�L�R�Q �R�I �D�Q �L�Q�Y�H�U�V�H �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P��

���������� �$�S�S�U�R�[�L�P�D�W�L�R�Q �R�I �W�K�H �&�R�Q�Y�R�O�X�W�L�R�Q �7�H�U�P �X�V�L�Q�J �)�)�7�V

�7�K�H �H�I�I�L�F�L�H�Q�W �F�R�P�S�X�W�D�W�L�R�Q �R�I �W�K�H �)�R�X�U�L�H�U �F�R�H�I�I�L�F�L�H�Q�W�Vûmn (t) �D�Q�Ĝvmn (t) �F�U�L�W�L�F�D�O�O�\ �G�H�S�H�Q�G�V �R�Q �W�K�H �H�I�I�H�F�W�L�Y�H

�D�S�S�U�R�[�L�P�D�W�L�R�Q �R�I �W�K�H �F�L�U�F�X�O�D�U �F�R�Q�Y�R�O�X�W�L�R�Q �W�H�U�PÂmn (t)�� �,�Q �F�R�Q�W�U�D�V�W �W�R �O�L�Q�H�D�U �F�R�Q�Y�R�O�X�W�L�R�Q�� �D �F�L�U�F�X�O�D�U �F�R�Q��

�Y�R�O�X�W�L�R�Q �D�V�V�X�P�H�V �S�H�U�L�R�G�L�F�L�W�\ �L�Q �W�K�H �I�X�Q�F�W�L�R�Q�V �L�Q�Y�R�O�Y�H�G�� �H�I�I�H�F�W�L�Y�H�O�\ �W�U�H�D�W�L�Q�J �W�K�H�P �D�V �Z�U�D�S�S�L�Q�J �D�U�R�X�Q�G �W�K�H

�G�R�P�D�L�Q�� �7�K�L�V �L�V �H�V�S�H�F�L�D�O�O�\ �V�X�L�W�D�E�O�H �L�Q �Q�X�P�H�U�L�F�D�O �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�V �Z�K�H�U�H �G�D�W�D �L�V �U�H�S�U�H�V�H�Q�W�H�G �G�L�V�F�U�H�W�H�O�\

�R�Y�H�U �D �I�L�Q�L�W�H �G�R�P�D�L�Q�� �V�X�F�K �D�V �Z�K�H�Q �X�V�L�Q�J �W�K�H �'�L�V�F�U�H�W�H �)�R�X�U�L�H�U �7�U�D�Q�V�I�R�U�P ���'�)�7���� �7�K�H �F�R�Q�Y�R�O�X�W�L�R�Q �L�Q�W�H�J�U�D�O

�L�V �G�H�I�L�Q�H�G �D�V��

A(�[; t) =
Z



w(j�[ � �\j)f (u(�\; t); � )d�\ ��������

�+�H�U�H��w(j�[ � �\j) �L�V �D �Z�H�L�J�K�W�L�Q�J �I�X�Q�F�W�L�R�Q �G�H�S�H�Q�G�H�Q�W �R�Q �W�K�H �U�H�O�D�W�L�Y�H �G�L�V�W�D�Q�F�Hj�[ � �\j�� �D�Q�Gf (u(�\; t); � )

�Y�D�U�L�H�V �Z�L�W�K�\ �D�W �D �I�L�[�H�G �W�L�P�Ht�� �:�K�H�Q �Y�L�H�Z�H�G �D�V �D �F�L�U�F�X�O�D�U �F�R�Q�Y�R�O�X�W�L�R�Q�� �W�K�L�V �R�S�H�U�D�W�L�R�Q �D�V�V�X�P�H�V �W�K�D�W �E�R�W�K

�I�X�Q�F�W�L�R�Q�V �S�H�U�L�R�G�L�F�D�O�O�\ �Z�U�D�S �D�U�R�X�Q�G �W�K�H �G�R�P�D�L�Q
 =
�
� L

2 ; L
2

�
�

�
� L

2 ; L
2

�
��

�7�K�L�V �S�H�U�L�R�G�L�F �R�U �F�L�U�F�X�O�D�U �F�R�Q�Y�R�O�X�W�L�R�Q �R�S�H�U�D�W�L�R�Q �L�V �G�H�Q�R�W�H�G �E�\��

A(�[; t) = ( w ~ f )( �[) ��������

�Z�K�H�U�H~ �G�H�Q�R�W�H�V �W�K�H �F�L�U�F�X�O�D�U �F�R�Q�Y�R�O�X�W�L�R�Q �R�S�H�U�D�W�L�R�Q�� �,�P�S�R�U�W�D�Q�W�O�\�� �R�Q�H �S�U�R�S�H�U�W�\ �R�I �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P�V �L�V

�W�K�D�W �W�K�H �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P �R�I �D �F�L�U�F�X�O�D�U �F�R�Q�Y�R�O�X�W�L�R�Q �H�T�X�D�O�V �W�K�H �S�U�R�G�X�F�W �R�I �W�K�H �L�Q�G�L�Y�L�G�X�D�O �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P�V��

�7�K�H�U�H�I�R�U�H�� �Z�H �F�D�Q �G�H�U�L�Y�H��

Ff Ag(�Nmn ) = Ff wg(�Nmn )Ff f g(�Nmn ) ��������

�+�H�U�H��Ff gg �U�H�S�U�H�V�H�Q�W�V �W�K�H �F�R�Q�W�L�Q�X�R�X�V �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P�� �7�K�L�V �S�R�Z�H�U�I�X�O �U�H�V�X�O�W �L�P�S�O�L�H�V �W�K�D�W �F�L�U�F�X�O�D�U

�F�R�Q�Y�R�O�X�W�L�R�Q �R�S�H�U�D�W�L�R�Q�V �L�Q �W�K�H �V�S�D�W�L�D�O �G�R�P�D�L�Q �W�U�D�Q�V�O�D�W�H �L�Q�W�R �V�W�U�D�L�J�K�W�I�R�U�Z�D�U�G �P�X�O�W�L�S�O�L�F�D�W�L�R�Q�V �L�Q �W�K�H �I�U�H�T�X�H�Q�F�\

�G�R�P�D�L�Q�� �V�L�P�S�O�L�I�\�L�Q�J �F�D�O�F�X�O�D�W�L�R�Q�V��

�)�R�U �Q�X�P�H�U�L�F�D�O �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�� �Z�H �G�L�V�F�U�H�W�L�]�H �W�K�H �V�S�D�W�L�D�O �G�R�P�D�L�Q
 �� �H�I�I�H�F�W�L�Y�H�O�\ �D�S�S�U�R�[�L�P�D�W�L�Q�J �W�K�H �F�R�Q��

�W�L�Q�X�R�X�V �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P�V �Z�L�W�K �'�L�V�F�U�H�W�H �)�R�X�U�L�H�U �7�U�D�Q�V�I�R�U�P�V ���'�)�7�V���� �7�K�L�V �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �O�H�Y�H�U�D�J�H�V �Q�X��

�P�H�U�L�F�D�O �D�O�J�R�U�L�W�K�P�V�� �H�V�S�H�F�L�D�O�O�\ �Y�L�D �W�K�H �)�D�V�W �)�R�X�U�L�H�U �7�U�D�Q�V�I�R�U�P ���)�)�7���� �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �U�H�G�X�F�L�Q�J �F�R�P�S�X�W�D�W�L�R�Q�D�O

�F�R�P�S�O�H�[�L�W�\ �I�U�R�PO(N 4
x ) �W�RO(N 2

x �O�R�JN 2
x )��

�&�R�Q�V�H�T�X�H�Q�W�O�\�� �W�K�H �D�S�S�U�R�[�L�P�D�W�L�R�Q �I�R�UÂmn (t) �E�H�F�R�P�H�V��

Âmn (t) � �'�)�7 f wgmn � �'�)�7 f f gmn ��������

�7�K�L�V �U�H�O�D�W�L�R�Q�V�K�L�S �X�Q�G�H�U�V�F�R�U�H�V �W�K�H �X�W�L�O�L�W�\ �R�I �)�)�7�V �L�Q �F�R�Q�Y�H�U�W�L�Q�J �F�L�U�F�X�O�D�U �F�R�Q�Y�R�O�X�W�L�R�Q�V �L�Q�W�R �V�L�P�S�O�H �P�X�O��

�W�L�S�O�L�F�D�W�L�R�Q�V�� �7�K�H �D�S�S�O�L�F�D�W�L�R�Q �R�I �)�)�7 �I�R�U �F�R�Q�Y�R�O�X�W�L�R�Q �D�S�S�U�R�[�L�P�D�W�L�R�Q �H�I�I�H�F�W�L�Y�H�O�\ �E�D�O�D�Q�F�H�V �F�R�P�S�X�W�D�W�L�R�Q�D�O

�H�I�I�L�F�L�H�Q�F�\ �Z�L�W�K �D�F�F�X�U�D�F�\�� �F�U�X�F�L�D�O �I�R�U �H�[�S�O�R�U�L�Q�J �W�K�H �V�S�D�W�L�R�W�H�P�S�R�U�D�O �G�\�Q�D�P�L�F�V �L�Q�W�U�L�Q�V�L�F �W�R �F�R�P�S�O�H�[ �V�\�V�W�H�P�V

�R�I �F�R�X�S�O�H�G �L�Q�W�H�J�U�R���G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V��

����



�,�Q �V�X�P�P�D�U�\�� �W�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �V�S�H�F�W�U�D�O �P�H�W�K�R�G�V �U�R�R�W�H�G �L�Q �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P�V �S�U�R�Y�L�G�H�V �D �U�R��

�E�X�V�W �I�U�D�P�H�Z�R�U�N �W�R �D�G�G�U�H�V�V �F�R�P�S�O�H�[�L�W�L�H�V �Z�L�W�K�L�Q �R�X�U �P�R�G�H�O�� �&�R�Q�Y�H�U�W�L�Q�J �V�S�D�W�L�D�O���G�R�P�D�L�Q �F�R�Q�Y�R�O�X�W�L�R�Q�V �W�R

�I�U�H�T�X�H�Q�F�\���G�R�P�D�L�Q �P�X�O�W�L�S�O�L�F�D�W�L�R�Q�V �W�K�U�R�X�J�K �)�)�7 �H�Q�K�D�Q�F�H�V �F�R�P�S�X�W�D�W�L�R�Q�D�O �H�I�I�L�F�L�H�Q�F�\�� �R�I�I�H�U�L�Q�J �G�H�H�S�H�U �L�Q��

�V�L�J�K�W�V �L�Q�W�R �W�K�H �L�Q�W�H�U�D�F�W�L�R�Q�V �Z�L�W�K�L�Q �F�R�X�S�O�H�G �Q�H�X�U�D�O �S�R�S�X�O�D�W�L�R�Q�V��

�7�K�H �F�R�P�E�L�Q�D�W�L�R�Q �R�I �W�K�H�R�U�H�W�L�F�D�O �L�Q�V�L�J�K�W�V �D�Q�G �Q�X�P�H�U�L�F�D�O �W�H�F�K�Q�L�T�X�H�V �G�L�V�F�X�V�V�H�G �K�H�U�H�L�Q �H�T�X�L�S�V �X�V �Z�L�W�K

�W�K�H �Q�H�F�H�V�V�D�U�\ �W�R�R�O�V �W�R �L�Q�Y�H�V�W�L�J�D�W�H �D�Q�G �V�L�P�X�O�D�W�H �W�K�H �G�\�Q�D�P�L�F �E�H�K�D�Y�L�R�U �R�I �Q�H�X�U�D�O �V�\�V�W�H�P�V�� �,�Q �W�K�H �I�R�O�O�R�Z�L�Q�J

�V�H�F�W�L�R�Q�V �R�I �W�K�L�V �W�K�H�V�L�V�� �Z�H �Z�L�O�O �H�[�S�O�R�U�H �Y�D�U�L�R�X�V �F�D�V�H �V�W�X�G�L�H�V �D�Q�G �V�L�P�X�O�D�W�L�R�Q�V �W�K�D�W �G�H�P�R�Q�V�W�U�D�W�H �W�K�H �H�I�I�L�F�D�F�\

�R�I �W�K�H�V�H �P�H�W�K�R�G�V �L�Q �S�U�D�F�W�L�F�D�O �D�S�S�O�L�F�D�W�L�R�Q�V�� �V�K�H�G�G�L�Q�J �O�L�J�K�W �R�Q �I�X�Q�G�D�P�H�Q�W�D�O �P�H�F�K�D�Q�L�V�P�V �X�Q�G�H�U�O�\�L�Q�J �Q�H�X�U�D�O

�G�\�Q�D�P�L�F�V �D�Q�G �W�K�H�L�U �L�P�S�O�L�F�D�W�L�R�Q�V �I�R�U �X�Q�G�H�U�V�W�D�Q�G�L�Q�J �F�R�J�Q�L�W�L�Y�H �S�U�R�F�H�V�V�H�V��
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������ �$�O�J�R�U�L�W�K�P �I�R�U �1�X�P�H�U�L�F�D�O �$�S�S�U�R�[�L�P�D�W�L�R�Q

�8�V�L�Q�J �W�K�H �O�L�E�U�D�U�\ �Q�X�P�S�\���I�I�W �Z�H �F�D�Q �X�V�H �W�R�R�O�V �O�L�N�H �Q�X�P�S�\���I�I�W���I�I�W�� �D�Q�G �Q�X�P�S�\���I�I�W���L�I�I�W�� �W�R �J�H�W �W�K�H �)�)�7 �L�Q �W�Z�R

�G�L�P�H�Q�V�L�R�Q�V �R�I �D �I�X�Q�F�W�L�R�Q �D�Q�G �L�W�V �L�Q�Y�H�U�V�H�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �D�Q�G �D�O�V�R �Q�X�P�S�\���I�I�W���I�I�W�V�K�L�I�W �D�Q�G �Q�X�P�S�\���I�I�W���L�I�I�W�V�K�L�I�W �W�R

�P�D�N�H �V�X�U�H �Z�H �D�O�L�J�Q �W�K�H �I�X�Q�F�W�L�R�Q�V �Z�K�H�Q �J�R�L�Q�J �I�U�R�P �R�Q�H �G�R�P�D�L�Q �W�R �W�K�H �R�W�K�H�U�� �Z�H �F�D�Q �Q�R�Z �I�R�O�O�R�Z �W�K�H �Q�H�[�W

�D�O�J�R�U�L�W�K�P �W�R �J�H�W �D�Q �D�S�S�U�R�[�L�P�D�W�L�R�Q �R�I �W�K�H �I�L�Q�D�O �V�R�O�X�W�L�R�Q�V �R�I �P�R�G�H�O��

�R�X �A�M�B�i�B���H�B�x�2 �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i�b �6�6�h�n�m�U�t�-�y�V ���M�/ �6�6�h�n�p�U�t�-�y�V

�k�X �S�`�2�+�Q�K�T�m�i�2 �6�6�h�n�Q�K�2�;�� �7�Q�` �Q�K�2�;���U�%�%�t�@�v�%�%�V ���M�/ �6�6�h�n�A �7�Q�` �2���+�? �2�t�i�2�`�M���H �B�M�T�m�i �i�?���i �B�b �;�Q�B�M�;

�i�Q �B�M�i�2�`���+�i �r�B�i�? �i�?�2 �b�v�b�i�2�K

�6�Q�` �2���+�? �i�B�K�2 �b�i�2�T �i�n�B�,

���X �*�Q�K�T�m�i�2 �7�B�`�B�M�; �`���i�2 �7�n�m�,

�B�X �m�n�b�T���i�B���H �4 �A�6�6�h�U�6�6�h�n�m�U�t�-�i�n�U�B�@�R�V�V�V

�B�B�X �7�n�m �4 �>�2���p�B�b�B�/�2�U�m�n�b�T���i�B���H�V

�#�X �*�Q�K�T�m�i�2 �6�6�h�n�7 �4 �6�6�h�U�7�n�m�V

�+�X �J�m�H�i�B�T�H�v �B�M �7�`�2�[�m�2�M�+�v �/�Q�K���B�M�,

�B�X �6�6�h�n�+�Q�M�p �4 �6�6�h�n�Q�K�2�;�� � �6�6�h�n�7

�/�X �l�T�/���i�2 �6�Q�m�`�B�2�` �+�Q�2�7�7�B�+�B�2�M�i�b�,

�B�X �6�6�h�n�m �4 �6�6�h�n�m �Y �/�i � �U�6�6�h�n�p �@ �6�6�h�n�m �Y �6�6�h�n�A�U�i�n�B�V �Y �6�6�h�n�+�Q�M�p�V

�B�B�X �6�6�h�n�p �4 �6�6�h�n�p �Y �/�i � �U�6�6�h�n�m �@ �6�6�h�n�p �@ �6�6�h�n�+�Q�M�p�V

�h�`���M�b�7�Q�`�K �#���+�F �i�Q �b�T���i�B���H �/�Q�K���B�M �B�M �i�?�2 �2�M�/ �i�Q �;�2�i �i�?�2 �b�Q�H�m�i�B�Q�M �B�M �i�?�2 �Q�`�B�;�B�M���H �.�Q�K���B�M�,

�m�U�t�-�i�V �4 �A�6�6�h�U�6�6�h�n�m�V

�p�U�t�-�i�V �4 �A�6�6�h�U�6�6�h�n�p�V

�%�\ �O�H�Y�H�U�D�J�L�Q�J �W�K�H �)�)�7 �I�R�U �F�R�Q�Y�R�O�X�W�L�R�Q �F�R�P�S�X�W�D�W�L�R�Q�V �D�Q�G �P�D�L�Q�W�D�L�Q�L�Q�J �X�S�G�D�W�H�V �L�Q �W�K�H �I�U�H�T�X�H�Q�F�\ �G�R��

�P�D�L�Q�� �W�K�H �D�O�J�R�U�L�W�K�P �H�Q�V�X�U�H�V �H�I�I�L�F�L�H�Q�W �Q�X�P�H�U�L�F�D�O �D�S�S�U�R�[�L�P�D�W�L�R�Q �R�I �W�K�H �V�\�V�W�H�P�� �,�W �F�D�S�W�X�U�H�V �F�R�P�S�O�H�[ �L�Q��

�W�H�U�D�F�W�L�R�Q�V �Z�K�L�O�H �R�I�I�H�U�L�Q�J �F�R�P�S�X�W�D�W�L�R�Q�D�O �D�G�Y�D�Q�W�D�J�H�V�� �F�U�X�F�L�D�O �I�R�U �V�L�P�X�O�D�W�L�R�Q�V �U�H�T�X�L�U�L�Q�J �K�L�J�K �S�U�H�F�L�V�L�R�Q �R�Y�H�U

�H�[�W�H�Q�G�H�G �V�S�D�W�L�D�O �D�Q�G �W�H�P�S�R�U�D�O �V�F�D�O�H�V��

�7�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �H�I�I�L�F�L�H�Q�W�O�\ �V�L�P�X�O�D�W�H�V �W�K�H �G�\�Q�D�P�L�F�V �R�Iu(x; t ) �D�Q�Gv(x; t ) �R�Y�H�U �W�L�P�H �X�V�L�Q�J �W�K�H �)�D�V�W

�)�R�X�U�L�H�U �7�U�D�Q�V�I�R�U�P ���)�)�7�� �W�R �K�D�Q�G�O�H �F�R�Q�Y�R�O�X�W�L�R�Q �R�S�H�U�D�W�L�R�Q�V�� �%�\ �P�D�L�Q�W�D�L�Q�L�Q�J �X�S�G�D�W�H�V �L�Q �W�K�H �I�U�H�T�X�H�Q�F�\

�G�R�P�D�L�Q�� �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �Z�R�U�N�O�R�D�G �L�V �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �U�H�G�X�F�H�G�� �D�O�O�R�Z�L�Q�J �I�R�U �K�L�J�K���U�H�V�R�O�X�W�L�R�Q �V�L�P�X�O�D�W�L�R�Q�V��

�7�K�H �I�L�Q�D�O �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �E�D�F�N �W�R �W�K�H �V�S�D�W�L�D�O �G�R�P�D�L�Q �S�U�R�Y�L�G�H�V �D �F�O�H�D�U �Y�L�V�X�D�O�L�]�D�W�L�R�Q �R�I �W�K�H �S�R�W�H�Q�W�L�D�O�V �D�F�U�R�V�V

�W�K�H �G�R�P�D�L�Q
 �� �U�H�Y�H�D�O�L�Q�J �L�Q�W�U�L�F�D�W�H �V�S�D�W�L�D�O �S�D�W�W�H�U�Q�V �D�Q�G �L�Q�W�H�U�D�F�W�L�R�Q�V��

�7�K�L�V �D�S�S�U�R�D�F�K �G�H�P�R�Q�V�W�U�D�W�H�V �W�K�H �S�U�D�F�W�L�F�D�O �S�R�Z�H�U �R�I �)�)�7 �L�Q �V�R�O�Y�L�Q�J �F�R�P�S�O�H�[�� �K�L�J�K���G�L�P�H�Q�V�L�R�Q�D�O �S�U�R�E��

�O�H�P�V �H�I�I�L�F�L�H�Q�W�O�\�� �V�X�S�S�R�U�W�L�Q�J �G�H�W�D�L�O�H�G �D�Q�D�O�\�V�H�V �R�I �V�S�D�W�L�R�W�H�P�S�R�U�D�O �G�\�Q�D�P�L�F�V �L�Q �O�D�U�J�H���V�F�D�O�H �P�R�G�H�O�V��

����



������ �6�F�H�Q�D�U�L�R�V �L�Q ���'

�7�K�H �F�R�Q�Q�H�F�W�L�Y�L�W�\! (kx � yk) �U�H�S�U�H�V�H�Q�W�V �W�K�H �L�Q�W�H�U�D�F�W�L�R�Q �V�W�U�H�Q�J�W�K �E�H�W�Z�H�H�Q �S�R�L�Q�W�Vx �D�Q�Gy �L�Q �W�K�H �G�R�P�D�L�Q�� �,�W

�L�V �G�H�I�L�Q�H�G �D�V �D �G�L�I�I�H�U�H�Q�F�H �E�H�W�Z�H�H�Q �W�Z�R �*�D�X�V�V�L�D�Q �I�X�Q�F�W�L�R�Q�V�� �F�D�S�W�X�U�L�Q�J �H�[�F�L�W�D�W�R�U�\ �D�Q�G �L�Q�K�L�E�L�W�R�U�\ �L�Q�I�O�X�H�Q�F�H�V��

�D�G�M�X�V�W�H�G �E�\ �D �F�R�Q�V�W�D�Q�W �W�R �I�L�Q�H���W�X�Q�H �W�K�H �R�Y�H�U�D�O�O �H�I�I�H�F�W��

! (kx � yk) = Aex �H�[�S
�

�
kx � yk2

2 � � 2
ex

�
� A in �H�[�S

�
�

kx � yk2

2 � � 2
in

�
� ! inh ; Aex > A in > 0; � in > � ex > 0

�7�K�L�V �I�R�U�P �D�O�O�R�Z�V �I�R�U �V�S�D�W�L�D�O�O�\ �O�R�F�D�O�L�]�H�G �F�R�Q�Q�H�F�W�L�R�Q�V �W�K�D�W �G�H�F�U�H�D�V�H �Z�L�W�K �G�L�V�W�D�Q�F�H�� �W�\�S�L�F�D�O �R�I �E�L�R�O�R�J�L�F�D�O

�Q�H�X�U�D�O �Q�H�W�Z�R�U�N�V��

�7�K�H �I�L�U�L�Q�J �U�D�W�H �I�X�Q�F�W�L�R�Qf (u; � ) �P�R�G�H�O�V �W�K�H �W�K�U�H�V�K�R�O�G���G�H�S�H�Q�G�H�Q�W �D�F�W�L�Y�D�W�L�R�Q �R�I �Q�H�X�U�D�O �X�Q�L�W�V�� �,�Q �S�D�U�W�L�F�X�O�D�U��

�L�W �F�D�Q �E�H �G�H�V�F�U�L�E�H�G �E�\ �W�K�H �V�D�P�H �+�H�D�Y�L�V�L�G�H �V�W�H�S �I�X�Q�F�W�L�R�Q �X�V�H�G �L�Q ���'����

�7�K�L�V �E�L�Q�D�U�\ �U�H�V�S�R�Q�V�H �H�Q�V�X�U�H�V �W�K�D�W �Q�H�X�U�D�O �D�F�W�L�Y�L�W�\ �R�Q�O�\ �R�F�F�X�U�V �Z�K�H�Q �W�K�H �S�R�W�H�Q�W�L�D�O �H�[�F�H�H�G�V �D �F�U�L�W�L�F�D�O

�W�K�U�H�V�K�R�O�G� �� �P�L�P�L�F�N�L�Q�J �D�Q �D�O�O���R�U���Q�R�Q�H �I�L�U�L�Q�J �E�H�K�D�Y�L�R�U��

�7�K�H �H�[�W�H�U�Q�D�O �L�Q�S�X�WI (x; t ) �V�L�P�X�O�D�W�H�V �V�W�L�P�X�O�L �D�S�S�O�L�H�G �W�R �W�K�H �V�\�V�W�H�P�� �,�W �R�I�W�H�Q�O�\ �F�R�Q�V�L�V�W�V �R�I �D �*�D�X�V�V�L�D�Q

�I�X�Q�F�W�L�R�Q�� �D�F�W�L�Y�H �G�X�U�L�Q�J �V�S�H�F�L�I�L�H�G �W�L�P�H �L�Q�W�H�U�Y�D�O�V��

I ((x1; x2); t) =

8
><

>:

P
A i �H�[�S

�
� (x 2

1 + x 2
2 )

2� 2
i

�
�L�It i 0 � t � t if

0 �R�W�K�H�U�Z�L�V�H
��������

�7�K�L�V �U�H�S�U�H�V�H�Q�W�V �J�U�R�X�S �R�I �O�R�F�D�O�L�]�H�G �V�W�L�P�X�O�L �Z�L�W�K �D�P�S�O�L�W�X�G�H�VA i �D�Q�G �V�S�U�H�D�G�V� i �� �D�S�S�O�L�H�G �R�Q�O�\ �G�X�U�L�Q�J �W�K�H

�L�Q�W�H�U�Y�D�O�V[t i 0; t if ] �I�R�U �H�D�F�K �H�[�W�H�U�Q�D�O �L�Q�S�X�Wi ��

�6�L�P�L�O�D�U �W�R �Z�K�D�W �Z�H �K�D�Y�H �G�R�Q�H �E�H�I�R�U�H �Z�H�¶�O�O �V�W�X�G�\ �� �G�L�I�I�H�U�H�Q�W �V�F�H�Q�D�U�L�R�V�� �Z�K�H�U�H �D�O�O �R�I �W�K�H�P �N�H�H�S �W�K�H

�S�U�R�S�H�U�W�\u((x1; x2); 0) + v((x1; x2); 0) = K ((x1; x2)) ��

���� K (x1; x2) = K; u ((x1; x2); 0) = Au e� (x 2
1 + x 2

2 )/2 � 2
u ; v((x1; x2); 0) = K � u((x1; x2); 0);

I ((x1; x2); t) = 0

�:�L�W�KAu ; � u > 0 �D�Q�GK � 0 �F�R�Q�V�W�D�Q�W�� �+�H�U�H �Z�H �K�D�Y�H �W�K�H �L�Q�L�W�L�D�O �Y�D�O�X�H�V �I�R�Uu �J�L�Y�H�Q �E�\ �D �*�D�X�V�V�L�D�Q

�I�X�Q�F�W�L�R�Q

���� K ((x1; x2)) = Ak e� (x 2
1 + x 2

2 )/2 � 2
k ; u((x1; x2); 0) = K ((x1; x2)) ; v((x1; x2); 0) = 0 ;

I ((x1; x2); t) = 0

�:�L�W�KAk ; � k > 0�� �1�R�Z �Z�H �K�D�Y�H �W�K�H �V�D�P�H �Y�D�O�X�H�V �I�R�U �X�� �Z�K�L�O�H �Y �L�V �L�G�H�Q�W�L�F�D�O�O�\ ����

���� u((x1; x2); 0) = v((x1; x2); 0) = K ((x1; x2)) = 0 ; I ((x1; x2); t) �G�H�I�L�Q�H�G �E�\����

�7�K�L�V �Z�L�O�O �E�H �W�K�H �R�Q�O�\ �V�F�H�Q�D�U�L�R �Z�K�H�U�H �W�K�H�U�H �Z�L�O�O �E�H �H�[�W�H�U�Q�D�O �L�Q�S�X�W�V��

�2�Q�F�H �D�J�D�L�Q�� �V�L�Q�F�H �L�Q �W�K�H �I�L�U�V�W �� �V�F�H�Q�D�U�L�R�VI ((x1; x2); t) = 0 �� �Z�H �K�D�Y�H �W�K�D�W �W�K�H �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q�V �R�Iu

�D�Q�Gv �U�H�V�S�H�F�W �W�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q �W�K�U�R�X�J�K �W�L�P�H�� �W�K�L�V �P�H�D�Q�V

u((x1; x2); t) + v((x1; x2); t) = K ((x1; x2)) ; 8t 2 [0; T]

����



������ �6�L�P�X�O�D�W�L�R�Q�V

�,�Q �W�K�H �L�P�D�J�H�V �E�H�O�R�Z�� �\�R�X �F�D�Q �R�E�V�H�U�Y�H �W�K�H �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q�V �I�R�U �E�R�W�Ku �D�Q�Gv�� �D�V �Z�H�O�O �D�V �W�K�H�L�U �F�U�R�V�V��

�V�H�F�W�L�R�Q �D�O�R�Q�J �W�K�H �D�[�L�Vx = 0 �� �7�K�H �S�D�U�D�P�H�W�H�U�V �X�V�H�G �Z�H�U�HN t = 2000; Nx = 256; L = 16�� �D�Q�G �I�R�U �W�K�H

�N�H�U�Q�H�O�� �Z�H �V�H�WAex = 2 ; � ex = 1 ; A in = 1 ; � in = 2 ; ! inh = 0 :1��

�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q ���' �Z�L�W�K� = 0 :5 �D�Wt = T = 6 �X�V�L�Q�J �V�F�H�Q�D�U�L�R �� �Z�L�W�K
Au = 1 ; K = 1 ; � u = 1

�,�Q �V�F�H�Q�D�U�L�R ����K �L�V �F�R�Q�V�W�D�Q�W�� �U�H�V�X�O�W�L�Q�J �L�Qu((x1; x2); T) + v((x1; x2); T) = 1 �� �&�R�Q�V�H�T�X�H�Q�W�O�\��u �D�Q�Gv

�D�U�H �V�\�P�P�H�W�U�L�F�D�O �D�U�R�X�Q�Gy = 0 :5��

�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q ���' �Z�L�W�K� = 0 :5 �D�Wt = T = 6 �X�V�L�Q�J �V�F�H�Q�D�U�L�R �� �Z�L�W�K
Ak = 1 ; � k = 1

�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q ���' �Z�L�W�K� = 0 :5 �D�Wt = T = 6 �X�V�L�Q�J �V�F�H�Q�D�U�L�R �� �Z�L�W�K
Ak = 2 ; � k = 2

����



�,�Q �V�F�H�Q�D�U�L�R ���� �Z�H �K�D�Y�Hu((x1; x2); T) + v((x1; x2); T) = K ((x1; x2)) �� �Z�K�L�F�K �L�V �G�H�I�L�Q�H�G �D�V �D �*�D�X�V�V�L�D�Q

�I�X�Q�F�W�L�R�Q�� �$�V �H�[�S�H�F�W�H�G�� �W�K�H �E�X�P�S �L�Q �)�L�J�X�U�H���� �L�V �O�D�U�J�H�U �W�K�D�Q �W�K�D�W �L�Q �)�L�J�X�U�H���� �� �D�V �W�K�H�\ �V�K�D�U�H �W�K�H �V�D�P�H

�W�K�U�H�V�K�R�O�G�� �D�Q�G �W�K�H �L�Q�L�W�L�D�O �Y�D�O�X�H�V �L�Q �)�L�J�X�U�H���� �I�R�U �E�R�W�Ku �D�Q�Gv �D�U�H �J�U�H�D�W�H�U �L�Q �D�E�V�R�O�X�W�H �W�H�U�P�V�� �%�\ �F�R�P�S�D�U�L�Q�J

�W�K�H �F�U�R�V�V���V�H�F�W�L�R�Q �R�I �W�K�H �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q�V �D�O�R�Q�J �W�K�H �D�[�L�Vx = 0 �Z�L�W�K �W�K�H �U�H�V�X�O�W�V �I�U�R�P �W�K�H �R�Q�H���G�L�P�H�Q�V�L�R�Q�D�O

�P�R�G�H�O�� �Z�H �I�L�Q�G �W�K�H�P �W�R �E�H �Q�H�D�U�O�\ �L�G�H�Q�W�L�F�D�O�� �Z�K�L�F�K �F�R�X�O�G �E�H �H�[�S�H�F�W�H�G��

�1�R�Z�� �Z�H �Z�L�O�O �I�R�F�X�V �R�Q �K�R�Z �W�K�H �D�P�S�O�L�W�X�G�H �D�Q�G �Z�L�G�W�K �R�I �W�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q �I�X�Q�F�W�L�R�QK ((x1; x2)) �� �D�V �Z�H�O�O

�D�V �W�K�H �W�K�U�H�V�K�R�O�G �R�I �W�K�H �I�L�U�L�Q�J �U�D�W�H�� �D�I�I�H�F�W �W�K�H �V�\�V�W�H�P��

�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q ���' �Z�L�W�K� = 0 :7 �D�Wt = T = 6 �X�V�L�Q�J �V�F�H�Q�D�U�L�R �� �Z�L�W�K
Ak = 1 ; � k = 1

�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q ���' �Z�L�W�K� = 0 :7 �D�Wt = T = 6 �X�V�L�Q�J �V�F�H�Q�D�U�L�R �� �Z�L�W�K
Ak = 2 ; � k = 2

�7�K�H �R�Q�O�\ �G�L�I�I�H�U�H�Q�F�H �L�Q �W�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V �E�H�W�Z�H�H�Q �)�L�J�X�U�H�V���� �D�Q�G���� �O�L�H�V �L�Q �W�K�H �D�P�S�O�L�W�X�G�H �D�Q�G �Z�L�G�W�K

�R�I �W�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q �I�R�Uu�� �6�L�Q�F�H �E�R�W�K �F�R�Q�I�L�J�X�U�D�W�L�R�Q�V �U�H�D�F�K �W�K�H �W�K�U�H�V�K�R�O�G �D�W �V�S�H�F�L�I�L�F �S�R�L�Q�W�V �L�Q �W�K�H �G�R�P�D�L�Q��

�Z�H �R�E�V�H�U�Y�H �I�L�Q�D�O �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q�V �Z�L�W�K �V�L�P�L�O�D�U �V�K�D�S�H�V�� �Z�L�W�K �)�L�J�X�U�H���� �V�K�R�Z�L�Q�J �V�O�L�J�K�W�O�\ �K�L�J�K�H�U �Y�D�O�X�H�V

�G�X�H �W�R �W�K�H �G�L�I�I�H�U�H�Q�F�H�V �L�Q �W�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V��

����



�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q ���' �Z�L�W�K� = 1 :25 �D�Wt = T = 6 �L�Q �W�K�H �F�D�V�H �R�I �V�F�H�Q�D�U�L�R ��
�Z�L�W�KAk = 1 ; � k = 1

�)�U�R�P �)�L�J�X�U�H���� �� �Z�H �F�D�Q �F�R�Q�F�O�X�G�H �W�K�D�W �L�I �W�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q �I�R�Uu �G�R�H�V �Q�R�W �U�H�D�F�K �W�K�H �W�K�U�H�V�K�R�O�G �Y�D�O�X�H��

�Z�H �R�E�W�D�L�Q �W�K�H �W�U�L�Y�L�D�O �V�R�O�X�W�L�R�Qu((x1; x2); t) = v((x1; x2); t) = K (( x 1 ;x 2 ))
2 �� �V�L�P�L�O�D�U �W�R �W�K�H �E�H�K�D�Y�L�R�U �R�E�V�H�U�Y�H�G

�L�Q �W�K�H �R�Q�H���G�L�P�H�Q�V�L�R�Q�D�O �F�D�V�H��

�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q ���' �Z�L�W�K� = 1 :25 �D�Wt = T = 6 �X�V�L�Q�J �V�F�H�Q�D�U�L�R �� �Z�L�W�K
Ak = 2 ; � k = 2

�0�R�U�H�R�Y�H�U�� �I�U�R�P �)�L�J�X�U�H���� �� �Z�H �F�D�Q �R�E�V�H�U�Y�H �W�K�D�W �O�D�U�J�H�U �W�K�U�H�V�K�R�O�G�V �W�H�Q�G �W�R �G�L�P�L�Q�L�V�K �E�R�W�K �W�K�H �D�P�S�O�L�W�X�G�H

�D�Q�G �Z�L�G�W�K �R�I �W�K�H �V�R�O�X�W�L�R�Q�V�� �7�K�L�V �R�F�F�X�U�V �E�H�F�D�X�V�H �W�K�H�U�H �D�U�H �I�H�Z�H�U �D�F�W�L�Y�H �S�R�L�Q�W�V ���W�K�R�V�H �Z�K�H�U�H �X �H�[�F�H�H�G�V� ��

�L�Q �W�K�H �I�L�U�L�Q�J �U�D�W�H�� �U�H�V�X�O�W�L�Q�J �L�Qu �D�Q�Gv �F�R�Q�Y�H�U�J�L�Q�J �W�R�Z�D�U�G �H�D�F�K �R�W�K�H�U��

�,�Q �D �P�D�Q�Q�H�U �V�L�P�L�O�D�U �W�R �Z�K�D�W �Z�H�¶�Y�H �G�R�Q�H �L�Q �S�U�H�Y�L�R�X�V �V�H�F�W�L�R�Q�V�� �Z�H �Z�L�O�O �Q�R�Z �L�Q�Y�H�V�W�L�J�D�W�H �K�R�Z �G�L�I�I�H�U�H�Q�W

�F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �W�K�H �V�W�L�P�X�O�L �F�D�Q �D�I�I�H�F�W �W�K�H �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q�V �E�\ �X�V�L�Q�J �V�F�H�Q�D�U�L�R �� �Z�L�W�K� = 0 :5��

����



�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q ���' �R�E�W�D�L�Q�H�G �D�Wt = T = 10 �Z�L�W�K �V�F�H�Q�D�U�L�R ���� �I�H�D�W�X�U�L�Q�J �D�Q
�H�[�W�H�U�Q�D�O �L�Q�S�X�W �F�H�Q�W�H�U�H�G �D�Wxc = f (0; 0)g �Z�L�W�KA I = 1 ; � i = 1 ; t0 = 0 ; te = 2

�)�L�J�X�U�H���� �U�H�S�U�H�V�H�Q�W�V �W�K�H �V�W�D�Q�G�D�U�G �H�[�W�H�U�Q�D�O �L�Q�S�X�W�� �D�O�O�R�Z�L�Q�J �X�V �W�R �F�R�P�S�D�U�H �R�X�U �U�H�V�X�O�W�V �Z�K�H�Q �D�S�S�O�\�L�Q�J

�G�L�I�I�H�U�H�Q�W �H�[�W�H�U�Q�D�O �L�Q�S�X�W�V �L�Q �W�K�H �V�X�E�V�H�T�X�H�Q�W �I�L�J�X�U�H�V �D�Q�G �W�D�E�O�H�V��

A i = 1 A i = 1 :5 A i = 2 A i = 2 :5
�$�F�W�L�Y�L�W�\ �'�R�P�D�L�Q �$�U�H�D �R�II ������������ ������������ ������������ ��������������
�$�F�W�L�Y�L�W�\ �'�R�P�D�L�Q �$�U�H�D �R�Iu ������������ ������������ ������������ ������������

�0�D�[�L�P�X�P �Y�D�O�X�H �R�Iu ������������ ������������ ������������ ������������

�7�D�E�O�H ���� �&�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �W�K�H �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q�V �L�Q �W�K�H �F�D�V�H �R�It0 = 0 ��te = 2 ��� I = f 1g��xc = f (0; 0)g��
� = 0 :5�� �I�R�U �G�L�I�I�H�U�H�Q�WA I �L�Q ���'

�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q ���' �D�Wt = T = 10 �Z�L�W�K �V�F�H�Q�D�U�L�R ���� �I�H�D�W�X�U�L�Q�J �D�Q �H�[�W�H�U�Q�D�O
�L�Q�S�X�W �F�H�Q�W�H�U�H�G �D�Wxc = f (0; 0)g �Z�L�W�KA I = 2 ; � i = 1 ; t0 = 0 ; te = 2

�)�U�R�P �7�D�E�O�H�� �D�Q�G �)�L�J�X�U�H���� �� �Z�H �R�E�V�H�U�Y�H �W�K�D�W �L�Q�F�U�H�D�V�L�Q�J �W�K�H �D�P�S�O�L�W�X�G�H �R�I �W�K�H �H�[�W�H�U�Q�D�O �L�Q�S�X�W �O�H�D�G�V

�W�R �D �S�U�R�S�R�U�W�L�R�Q�D�O �L�Q�F�U�H�D�V�H �L�Q �E�R�W�K �W�K�H �D�F�W�L�Y�L�W�\ �G�R�P�D�L�Q �D�U�H�D �R�Iu �D�Q�G �L�W�V �P�D�[�L�P�X�P �Y�D�O�X�H�� �7�K�H �O�D�U�J�H�U

�D�P�S�O�L�W�X�G�H �U�H�V�X�O�W�V �L�Q �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q�V �Z�L�W�K �K�L�J�K�H�U �D�E�V�R�O�X�W�H �Y�D�O�X�H�V �D�Q�G �D �V�O�L�J�K�W �G�L�I�I�H�U�H�Q�F�H �L�Q �W�K�H �V�K�D�S�H

�R�Iv�� �L�Q�G�L�F�D�W�L�Q�J �W�K�D�W �W�K�H �V�\�V�W�H�P �U�H�V�S�R�Q�G�V �D�S�S�U�R�S�U�L�D�W�H�O�\ �W�R �Y�D�U�L�D�W�L�R�Q�V �L�Q �W�K�H �D�P�S�O�L�W�X�G�H �R�I �W�K�H �V�L�J�Q�D�O��

����



� i = 1 � i = 3 � i = 6 � i = 10
�$�F�W�L�Y�L�W�\ �'�R�P�D�L�Q �$�U�H�D �R�II ������������ �������������� ���������������� ����������������
�$�F�W�L�Y�L�W�\ �'�R�P�D�L�Q �$�U�H�D �R�Iu ������������ ������������ ������������ ��������������

�0�D�[�L�P�X�P �Y�D�O�X�H �R�Iu ������������ ������������ ������������ ������������

�7�D�E�O�H ���� �&�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �W�K�H �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q�V �L�Q �W�K�H �F�D�V�H �R�It0 = 0 ��te = 2 ��A I = f 1g��xc = f (0; 0)g��
� = 0 :5�� �I�R�U �G�L�I�I�H�U�H�Q�W� I �L�Q ���'

�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q ���' �D�Wt = T = 10 �Z�L�W�K �V�F�H�Q�D�U�L�R ���� �I�H�D�W�X�U�L�Q�J �D�Q �H�[�W�H�U�Q�D�O
�L�Q�S�X�W �F�H�Q�W�H�U�H�G �D�Wxc = f (0; 0)g �Z�L�W�KA I = 1 ; � i = 6 ; t0 = 0 ; te = 2

�)�U�R�P �7�D�E�O�H�� �D�Q�G �)�L�J�X�U�H���� �� �L�W �E�H�F�R�P�H�V �H�Y�L�G�H�Q�W �W�K�D�W �D�V �W�K�H �Z�L�G�W�K �R�I �W�K�H �H�[�W�H�U�Q�D�O �L�Q�S�X�W �L�Q�F�U�H�D�V�H�V��

�W�K�H �D�F�W�L�Y�L�W�\ �G�R�P�D�L�Q �D�U�H�D �R�Iu �H�Q�O�D�U�J�H�V �V�L�J�Q�L�I�L�F�D�Q�W�O�\�� �+�R�Z�H�Y�H�U�� �Z�K�H�Q� i = 6 �� �L�O�O�X�V�W�U�D�W�H�G �L�Q �)�L�J�X�U�H���� �� �W�K�H

�S�R�L�Q�W�V �I�D�U�W�K�H�V�W �I�U�R�P �W�K�H �F�H�Q�W�H�U �R�I �W�K�H �V�W�L�P�X�O�X�V �G�R �Q�R�W �V�W�D�E�L�O�L�]�H �D�W �D �V�S�H�F�L�I�L�F �Y�D�O�X�H�� �D�G�Y�H�U�V�H�O�\ �D�I�I�H�F�W�L�Q�J �W�K�H

�P�H�P�E�U�D�Q�H �S�R�W�H�Q�W�L�D�O�� �7�K�L�V �L�Q�G�L�F�D�W�H�V �W�K�D�W �Z�K�L�O�H �D �Z�L�G�H�U �H�[�W�H�U�Q�D�O �V�L�J�Q�D�O �F�D�Q �L�Q�F�U�H�D�V�H �W�K�H �R�Y�H�U�D�O�O �D�F�W�L�Y�L�W�\

�G�R�P�D�L�Q �D�U�H�D�� �L�W �P�D�\ �D�O�V�R �O�H�D�G �W�R �L�Q�V�W�D�E�L�O�L�W�\ �L�Q �F�H�U�W�D�L�Q �U�H�J�L�R�Q�V�� �V�K�R�Z�F�D�V�L�Q�J �W�K�H �F�R�P�S�O�H�[�L�W�\ �L�Q�W�U�R�G�X�F�H�G �E�\

�Y�D�U�\�L�Q�J� i ��

te = 2 te = 3 te = 4 te = 5
�$�F�W�L�Y�L�W�\ �'�R�P�D�L�Q �$�U�H�D �R�II ������������ ������������ ������������ ������������
�$�F�W�L�Y�L�W�\ �'�R�P�D�L�Q �$�U�H�D �R�Iu ������������ ������������ ������������ ������������

�0�D�[�L�P�X�P �Y�D�O�X�H �R�Iu ������������ ������������ ������������ ������������

�7�D�E�O�H ������ �&�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �W�K�H �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q�V �L�Q �W�K�H �F�D�V�H �R�It0 = 0 �� � I = f 1g ��A I = f 1g�� xc =
f (0; 0)g��� = 0 :5�� �I�R�U �G�L�I�I�H�U�H�Q�Wte �L�Q ���'

����



�)�L�J�X�U�H ������ �5�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O �L�Q ���' �D�Wt = T = 10 �Z�L�W�K �V�F�H�Q�D�U�L�R ���� �I�H�D�W�X�U�L�Q�J �D�Q �H�[�W�H�U�Q�D�O
�L�Q�S�X�W �F�H�Q�W�H�U�H�G �D�Wxc = f (0; 0)g �Z�L�W�KA I = 1 ; � i = 1 ; t0 = 0 ; te = 4

�$�V �V�H�H�Q �L�Q �7�D�E�O�H���� �D�Q�G �)�L�J�X�U�H���� �� �H�[�W�H�Q�G�L�Q�J �W�K�H �G�X�U�D�W�L�R�Q �R�I �W�K�H �V�W�L�P�X�O�L �O�H�D�G�V �W�R �D �J�U�D�G�X�D�O �L�Q�F�U�H�D�V�H

�L�Q �W�K�H �P�D�[�L�P�X�P �Y�D�O�X�H �R�Iu �D�Q�G �D�O�O�R�Z�V �I�R�U �D �Z�L�G�H�U �D�F�W�L�Y�L�W�\ �G�R�P�D�L�Q �R�Iu�� �7�K�L�V �U�H�V�X�O�W �G�H�P�R�Q�V�W�U�D�W�H�V �W�K�D�W

�F�K�D�Q�J�L�Q�J �W�K�H �G�X�U�D�W�L�R�Q �R�I �W�K�H �H�[�W�H�U�Q�D�O �V�L�J�Q�D�O �U�H�V�X�O�W�V �L�Q �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q�V �Y�H�U�\ �V�L�P�L�O�D�U �W�R �W�K�R�V�H �R�E�V�H�U�Y�H�G

�Z�K�H�Q �Y�D�U�\�L�Q�JA I �� �L�O�O�X�V�W�U�D�W�L�Q�J �W�K�H �P�R�G�H�O�¶�V �H�I�I�H�F�W�L�Y�H �U�H�V�S�R�Q�V�H �W�R �S�U�R�O�R�Q�J�H�G �V�W�L�P�X�O�L��

�$�G�G�L�W�L�R�Q�D�O�O�\�� �D �F�R�P�S�D�U�L�V�R�Q �E�H�W�Z�H�H�Q �7�D�E�O�H�V�� �D�Q�G���� �U�H�Y�H�D�O�V �W�K�D�W �W�K�H�\ �H�[�K�L�E�L�W �Y�H�U�\ �V�L�P�L�O�D�U �E�H�K�D�Y�L�R�U

�U�H�J�D�U�G�L�Q�J �W�K�H �S�D�U�D�P�H�W�H�U�V�¶ �H�I�I�H�F�W�V �R�Q �E�R�W�K �W�K�H �D�F�W�L�Y�L�W�\ �G�R�P�D�L�Q �D�U�H�D �R�Iu �D�Q�G �L�W�V �P�D�[�L�P�X�P �Y�D�O�X�H�� �7�K�L�V

�R�E�V�H�U�Y�D�W�L�R�Q �X�Q�G�H�U�V�F�R�U�H�V �W�K�H �P�R�G�H�O�¶�V �D�E�L�O�L�W�\ �W�R �G�L�V�W�L�Q�J�X�L�V�K �Y�D�U�\�L�Q�J �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �W�K�H �V�W�L�P�X�O�L �Z�K�L�O�H

�D�S�S�U�R�S�U�L�D�W�H�O�\ �U�H�I�O�H�F�W�L�Q�J �W�K�H �F�K�D�Q�J�H�V �L�Q �W�K�H �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q�V��

�7�K�H �R�E�M�H�F�W�L�Y�H �R�I �W�K�L�V �P�R�G�H�O �L�V �W�R �H�Y�D�O�X�D�W�H �K�R�Z �Z�H�O�O �W�K�H �V�\�V�W�H�P �F�D�Q �S�U�H�V�H�U�Y�H �W�K�H �G�L�V�W�L�Q�F�W �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V

�R�I �G�L�I�I�H�U�H�Q�W �V�W�L�P�X�O�L�� �2�X�U �D�Q�D�O�\�V�L�V �K�L�J�K�O�L�J�K�W�V �W�K�D�W �D�O�W�K�R�X�J�K �E�R�W�K �W�K�H �D�P�S�O�L�W�X�G�H �D�Q�G �G�X�U�D�W�L�R�Q �R�I �W�K�H �H�[�W�H�U�Q�D�O

�V�W�L�P�X�O�L �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �D�I�I�H�F�W �W�K�H �D�F�W�L�Y�L�W�\ �G�R�P�D�L�Q �D�U�H�D �D�Q�G �P�D�[�L�P�X�P �Y�D�O�X�H�V�� �W�K�H �P�R�G�H�O �V�X�F�F�H�V�V�I�X�O�O�\ �F�D�S�W�X�U�H�V

�W�K�H �H�V�V�H�Q�W�L�D�O �H�O�H�P�H�Q�W�V �R�I �H�D�F�K �V�L�J�Q�D�O��

�,�Q �F�R�Q�F�O�X�V�L�R�Q�� �W�K�L�V �D�Q�D�O�\�V�L�V �X�Q�G�H�U�V�F�R�U�H�V �W�K�H �L�P�S�R�U�W�D�Q�F�H �R�I �G�L�I�I�H�U�H�Q�W �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �H�[�W�H�U�Q�D�O �V�W�L�P�X�O�L

�L�Q �V�K�D�S�L�Q�J �V�W�D�E�L�O�L�]�H�G �V�R�O�X�W�L�R�Q�V �L�Q �D �W�Z�R���G�L�P�H�Q�V�L�R�Q�D�O �F�R�Q�W�H�[�W�� �7�K�H �I�L�Q�G�L�Q�J�V �L�Q�G�L�F�D�W�H �W�K�D�W �W�K�H �P�R�G�H�O �H�I��

�I�H�F�W�L�Y�H�O�\ �G�L�V�W�L�Q�J�X�L�V�K�H�V �E�H�W�Z�H�H�Q �Y�D�U�L�R�X�V �V�L�J�Q�D�O�V�� �Y�D�O�L�G�D�W�L�Q�J �L�W�V �S�X�U�S�R�V�H �W�R �D�F�F�X�U�D�W�H�O�\ �U�H�I�O�H�F�W �W�K�H �G�\�Q�D�P�L�F�V

�L�Q�W�U�R�G�X�F�H�G �E�\ �G�L�I�I�H�U�H�Q�W �V�W�L�P�X�O�L��

�,�W �L�V �L�P�S�R�U�W�D�Q�W �W�R �Q�R�W�H �W�K�D�W �D�O�O �W�K�H�V�H �R�E�V�H�U�Y�D�W�L�R�Q�V �F�O�R�V�H�O�\ �U�H�V�H�P�E�O�H �W�K�R�V�H �R�E�W�D�L�Q�H�G �I�U�R�P �W�K�H �R�Q�H��

�G�L�P�H�Q�V�L�R�Q�D�O �U�H�V�X�O�W�V�� �7�R �Y�H�U�L�I�\ �Z�K�H�W�K�H�U �W�K�H �F�R�Q�F�O�X�V�L�R�Q�V �G�U�D�Z�Q �L�Q �W�K�H �I�L�U�V�W �S�D�U�W �K�R�O�G �W�U�X�H �L�Q �W�K�H �W�Z�R��

�G�L�P�H�Q�V�L�R�Q�D�O �P�R�G�H�O�²�V�S�H�F�L�I�L�F�D�O�O�\�� �Z�K�H�W�K�H�U �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �P�X�O�W�L�S�O�H �V�L�J�Q�D�O�V �F�D�Q �V�W�L�O�O �E�H �S�U�H�V�H�U�Y�H�G

�Z�K�H�Q �D�S�S�U�R�[�L�P�D�W�L�Q�J �W�K�H �V�R�O�X�W�L�R�Q �L�Q ���'�²�Z�H �D�S�S�O�L�H�G �W�Z�R �H�[�W�H�U�Q�D�O �L�Q�S�X�W�V �W�R �W�K�H �V�\�V�W�H�P �D�W �G�L�I�I�H�U�H�Q�W �W�L�P�H�V��

�%�R�W�K �L�Q�S�X�W�V �K�D�G �D �G�X�U�D�W�L�R�Q �R�I �� �V�H�F�R�Q�G�� �Z�L�W�KA I = 1 �D�Q�G� I = 1 �� �7�K�H �I�L�U�V�W �L�Q�S�X�W �Z�D�V �L�Q�W�U�R�G�X�F�H�G �D�Wt = 0

�D�Q�G �F�H�Q�W�H�U�H�G �D�W(� 2; � 2)�� �Z�K�L�O�H �W�K�H �V�H�F�R�Q�G �Z�D�V �D�S�S�O�L�H�G �D�Wt = 2 �D�Q�G �F�H�Q�W�H�U�H�G �D�W(2; 2)��

�,�Q �)�L�J�X�U�H���� �� �Z�H �F�D�Q �R�E�V�H�U�Y�H �W�K�H �H�Y�R�O�X�W�L�R�Q �R�I �W�K�H �V�R�O�X�W�L�R�Q�V �I�R�U �E�R�W�Ku �D�Q�Gv �L�Q �W�K�L�V �V�F�H�Q�D�U�L�R�� �$�V �V�K�R�Z�Q��

�D�Wt = T = 8 �� �W�K�H �V�R�O�X�W�L�R�Q�V �K�D�Y�H �D�O�U�H�D�G�\ �V�W�D�E�L�O�L�]�H�G �D�Q�G �U�H�W�D�L�Q �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �E�R�W�K �H�[�W�H�U�Q�D�O �V�L�J�Q�D�O�V��

�7�K�L�V �G�H�P�R�Q�V�W�U�D�W�H�V �W�K�H �H�Q�K�D�Q�F�H�P�H�Q�W �D�F�K�L�H�Y�H�G �E�\ �H�P�S�O�R�\�L�Q�J �D �P�R�G�H�O �W�K�D�W �D�F�F�R�X�Q�W�V �I�R�U �W�Z�R �S�R�S�X�O�D�W�L�R�Q�V

�R�I �Q�H�X�U�R�Q�V��
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