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Resumo

Inspirados em ideias apresentadas por Kazdan-Warner em [KW75b], e fazendo algumas corre¢des
a literatura, provamos nesta tese que um 3-toro, T3, ndo possui uma métrica de curvatura escalar nio-
negativa — o caso tridimensional da Conjectura de Geroch, ja generalizado para dimensdes arbitrarias
por Schoen-Yau [SY79] e Gromov-Lawson [GL80]. Para tal, partimos da suposi¢cdo de que existe um
2-toro minimo em 72 e recorremos a argumentos geométricos para concluir que tal suposi¢cdo impoe
restrigbes nas métricas possiveis para a variedade, nomeadamente em relagao a curvatura escalar.

Recorrendo a Teoria Geométrica da Medida, demonstramos que existe um 2-toro minimo homologi-
camente nao trivial, providenciando tanto os resultados de existéncia e regularidade, e concluimos que
a suposicao anteriormente mencionada € verificada.

Finalmente, relacionamos o teorema principal da tese com um resultado famoso da Teoria da Rela-

tividade - o Teorema da Massa Positiva.

Palavras-chave: conjetura de Geroch, Toro Minimo, Curvatura Escalar, Corrente Rec-

tificavel, Teorema da Massa Positiva.






Abstract

Inspired by ideas presented by Kazdan-Warner in [KW75b], while making some corrections to the
literature, we prove in this thesis that a 3-torus, 73, does not admit a metric with non-negative scalar
curvature - the three-dimensional case of the Geroch Conjecture, already generalized to arbitrary dimen-
sions by Schoen-Yau [SY79] and Gromov-Lawson [GL80]. To do so, we start with the assumption that
there is a minimal 2-torus in T2 and we use geometric arguments to conclude that such an assumption
imposes constraints on the possible metrics for the manifold, namely regarding the scalar curvature.

Using Geometric Measure Theory, we show that there is a minimal homologically non-trivial 2-torus,
providing both the results of existence and regularity, and we conclude that the previously mentioned
assumption indeed holds.

Finally, we relate the main theorem of this thesis with a famous result of Relativity - the Positive Mass

Theorem.

Keywords: Geroch's Conjecture, minimal torus, scalar curvature, rectifiable current, Positive

Mass Theorem.
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Chapter 1

Background

This chapter serves as a brief presentation of general definitons and preliminary tools that will be
used. If the reader is familiar with the basic ideas of Real Analysis (as presented in [RF10]) and Dif-
ferential Geometry (mainly in [GN14]), this chapter can be skipped. To those unfamiliar with these
statements, a warning is in order: these results will not be proven here, since they are outside the scope

of the objective of this thesis, and this is not meant to be a thorough introduction.

1.1 Measure Theory

Definition 1.1.1 (Measure). A (outer) measure ;. on R"™ is a non-negative function on all subsets of R"

that is countably subadditive, i.e.

Ac|JAi = w(A) <D u(A).

A set A C R" is said to be y-measurable if, for all E ¢ R", we have u(E) = u(A° N E) + u(AN E).
The class of measurable sets is a o-algebra — closed under complementation, countable union and

countable intersection. The smallest o-algebra containing all open sets is the o-algebra of Borel sets.

Definition 1.1.2 (Borel regular). A measure 1. is said to be Borel regular if Borel sets are measurable

and every subset of R™ is contained in a Borel set of the same measure.

The Lebesgue measure, £, is the unique Borel regular, translation invariant measure on R, such

that the unit cube [0, 1]™ has measure 1.

Definition 1.1.3 (Restriction of a measure to a set). Let E ¢ R™ and pu be a measure on R"™. The

restriction of iy to E, ul_ E, is defined as
(L E)(A) = u(EN A).

Definition 1.1.4 (Densities). Let 1 be a measure on R". For1 < m < n and a € R", we define the



m-dimensional density of . ata, ©™(u, a), by

@m(/J,7 a) — lim M(Bn(avr))

r—0 Q™ ’

where «.,,, is the Lebesgue measure of the closed unit ball B™ in R™.
Now, let A c R™. For1 < m < n anda € R", we define the m-dimensional density of A at a with

respect to the measure p, ©™ (A, a), by

O™(A, a) = lim M.

r—0 Q7™

Definition 1.1.5 (Lipschitz function). A function f : R™ — R" is Lipschitz if there exists C > 0 such that

forz, y € R™
|f(z) = f(y)] < Clz -yl

The smallest constant C' is called the Lipschitz constant and is denoted by Lip f.

A useful result about Lipschitz functions is that they can be approximated in a strong sense by C'
functions. By strong sense it is meant that they coincide except in a set of small measure. This will allow

the substitution of Lipschitz functions for C'* diffeomorphisms later on.

Proposition 1. Let A c R™ and f : A — R" be a Lipschitz function. Given ¢ > 0, there is a C'* function
g : R™ — R"™ such that

LM {weA: f(zx) #9(x)} <e.

We will also use this section to present some tools and objects from Topology that will provide the

building blocks for Differential Geometry.

Definition 1.1.6 (Topology). Let X be a nonempty set. A topology T for X is a collection of open subsets
of X such that

1. both X and () are open;
2. the intersection of any finite collection of open sets is open;
3. the union of any collection of open sets is open.

A space equipped with the previous structure is designated a topological space. However, we want

our spaces to behave in an appropriate manner, hence we require further properties to be satisfied.

Definition 1.1.7 (Hausdorff Space). Let M be a topological space. Then, M is Hausdorff if for each pair

of distinct points p1, p2 € M, there exist open neighborhoods V1,V, of p; and ps, respectively, such that
Vinvy=14.

Definition 1.1.8 (Topological Manifold). Consider a topological space M satisfying the following proper-
ties:



1. M is Hausdorff;
2. foreach p € M, there is a neighbourhood V' of p homeomorphic to an open subsetU C R";
3. M satisfies the second countability axiom, i.e. it has a countable basis for its topology.

Then, M is called a n-dimensional topological manifold.

1.2 Differential Geometry

Let us start by definying the basic object of study of Differential Geometry — a differentiable manifold.

Definition 1.2.1 (Smooth Manifold). A smooth manifold is a (n-dimensional) topological manifold M with

a family of parameterizations ¢, : U, — M defined on open sets U, C R", such that:
1. the coordinate neighborhoods cover M, that is, | ¢o(Us) = M;

2. for each pair o, 3 such that
W= ¢a(Ua) N ¢ﬁ(Uﬁ) #0

the transition maps
boodp s (W) = o (W) and ¢5' o da: ¢ (W) = ¢ (W)

are C>°;
3. the family {(¢«, Ua)} is maximal regarding to 1. and 2.

Let M be a smooth, n-dimensional manifold and recall that for p € M one has the set of vectors

tangent to M atp, T,,M, the n-dimensional tangent space.

Definition 1.2.2 (Wedge Product). Givenu, us, vi, ve Vectors in T, M, define the wedge product as the

operation satisfying:

1. (multilinear) (cui) Avy = c¢(uy Avy) = ug A (cvr) and (ug +v1) A (ug + v2) = (u1 Aug) + (ug Avg) +
(’Ul N UQ) + (’Ul A 'Ug),'

2. (alternating) uy A vy = —vy A ug.

If {e1,...,e,} is a basis for T,M, then the corresponding space of m-vectors, given by linear combi-
nations of {e;, A...Ae;, i1 < ... <in}, is denoted by A, (7, M) and has dimension (). A m-vector v
is said to be simple if it can be written as a single wedge product.

Now, recall that we also have a dual space to 7, M called the cotangent space to M at p, and denoted
by T, M, which is the set of covectors. Analogously to A,,(7,,M), one can define its dual, A™ (T, M),
which is the space of linear combinations of {e} A ... A€} :i1 <..<in}, where {e},...,e}} is a basis

for TyM.



Definition 1.2.3 (Differential Form). A differential m-form is a smooth map w : M — A™(T*M) that to

eachp € M assigns an element w, € A™(T,; M).

One should also recall the uses these forms have, as they provide the natural objects of integration,
as well as providing an orientation to the manifold, if orientable (equivalent to the existence of a volume
form — non-vanishing n-dimensional form on M).

In particular, let R™ be the ambient space. We denote by D™ the set of differential forms with
compact support, whose dual will be of use later on. Recall also that we define the pullback, f*w, of a

m-differential form w € D™ by a C*>° map f as

(f*w)p (Xla cee ,Xm) = wf(p)(dfP(Xl)a ceey df;l’(Xm))v

where X; ..., X,, € T,R".

Definition 1.2.4 (Mass norm, Comass norm). Assuming that there exists an inner product on T, M,
naturally extended to A, (T,M) and A™(T; M), define the mass norm |v|| and comass norm |wl|*,

respectively, as

lw||* = sup {| (v, w)| : v unit, simple m-vector} ,

[oll = sup{[ (v, w) | : [Jw[]* =1},
such that they are dual to each other.

More generally speaking, one can define tensors on a vector space V. A (covariant) k-tensor on V
is a multilinear function T defined on V' x ... x V' (k times V). The set of all covariant k-tensors is itself
a vector space and is denoted by 7%(V*). Analogously, we can define a contravariant m-tensor on the
dual vector space V*, which then gives us the space 7™ (V') of contravariant tensors.

In general, we have

Definition 1.2.5 (Tensor Field). A (k,m)-tensor field is a map that, to each pointp € M, assigns a tensor
T € TF™(Ty M, T,M).

Some examples of such tensor fields are:

1. A vector field X is a (0, 1)-tensor field, in other words, a contravariant 1-tensor field.
2. A differential form is nothing more than an alternating covariant m-tensor field on M.
One particularly useful tensor field is the following.

Definition 1.2.6 (Riemannian Metric). A Riemmanian metric g on a smooth manifold M is a covariant

2-tensor field satisfying:
1. (symmetric) g(u, v) = g(v, u) for any u,v € T,M;

2. (positive-definite) g(u, u) > 0 for allu € T,M — {0}.



Therefore, a Riemannian metric is a smooth assignment of an inner product to each 7),A/. A smooth
manifold M equipped with a Riemannian metric ¢ is called a Riemannian manifold, and the pairing is
denoted by (M, g). Such objects are the subject of Riemannian Geometry.

One of the most important tools of Riemannian Geometry is the Gauss-Bonnet theorem, which con-
nects assertions about curvature (geometry of the surface) and the Euler characteristic (topology of the
surface), and will be used later on. Recall also that, for two-dimensional manifolds, the scalar curvature

is twice the Gaussian curvature.

Theorem 1 (Gauss-Bonnet). Let (M, g) be an oriented, compact 2-dimensional manifold with Gauss

curvature K, and let X be a vector field in M with isolated singularities p1, ps, ...,pr. Then
fM K =2r Zf:l Ip, = 2mx (M),

where x (M) denotes the Euler characteristic of M, and I,,, is the index of X at p;.






Chapter 2

Positive Scalar Curvature

Given a 3-dimensional torus, 7', and assuming that it admits a 2-dimensional stable minimizing torus
T2, we will prove in this chapter a weak version of the 3-dimensional case of the Geroch Conjecture, i.e.
that the scalar curvature of T2 cannot be positive. To do so, we deduce the relation between the scalar
curvatures of the ambient manifold and of the miminal 2-torus. For subsequent computations, Einstein’s

notation will be used and we will denote the parameter ¢ by the coordinate index 0, following [Nat21].

2.1 Gauss’ Lemma

Lemma 1. Let (M,g) be a Riemannian manifold and S C M a hypersurface with unit normal vector
field n. The hypersurfaces S;, obtained from S by moving a distance t along the geodesics with initial

condition n, orthogonal to S, remain orthogonal to the geodesics.

Proof. Let us start by defining Gaussian normal coordinates (which will be used later on). For each
p € S, let v be the geodesic starting at p with initial tangent vector 7, and let (z!, 22, ..., z"~1) be local
coordinates in S parameterizing p. Moving along ~ by a parameter ¢ gives us, for a small neighbourhood
of p, a coordinate chart (¢, =, 22, ..., 2"~ ') called Gaussian normal coordinates.

We claim that the geodesics remain orthognal to the hypersurfaces S; defined by the level sets of ¢.
Clearly, for t = 0 we "remain in” S, therefore we have orthogonality. Now, let 9; be the coordinate basis

fields fori =1, ..., n — 1, and recall that such fields commute. Then,

0t (O, 0;) = (Vp,04, 0;) + (01, Va,0;)

<8t7 vatai> = <at7 vazﬂat>
1
20 (O, Or)

0,



since the normalization g(n,n) = (0, ;) = 1 is preserved by parallel transport and, by the geodesic
equation, Vy,0; = 0.

We then have that (9, 9;) is independent of ¢, and consequently, given that it vanishes on the hyper-
surface S, it remains zero. O

2.2 Ricci and Scalar Curvature in Gauss Coordinates

Suppose there is a Riemannian metric in T2 given in the Gauss lemma form, i.e.
g = dt* + hj(t,x)dz'dz?,

such that the level sets of t are Riemannian manifolds themselves, with an induced metric h(t) =
h;jdxz*dz’ and a second fundamental form given by

_ 10hi

- daidad.
2 o

K(1)

Proposition 2. The scalar curvatures of T° and its hypersurfaces are related by the equation:

R:R—Z%K} — (K})? — Kij K", (2.1)

where R, R are the scalar curvatures of T® and its hypersurfaces, respectively.

Proof. The result in this theorem follows from some simple computations. In this metric, the Christoffel

symbols are:

0 _
Fijf

w099t 09 _ 09
ox; Ox; ox;

{391'0 0g0i ahij}

83% 8wj ot
1 0hi;

2 0t

- K

ij3

i o_ Ly {@le 915 agjk}
=z 9915 _
J 2

1
2
1
T2

8Ij 8Ik 6:01

_ 1 oi [Ogro | Ogo;  Ogj

=29 \0x; oz, 0t
Zpl J Yl

* 2 { Oz * Oz Oz }

—_ T .
_ijv



where T, are the Christoffel symbols of the induced metric %, and also:

; 1 i [0g  Ogio Ogoj
e — = li ) YJ5t YJi0 - YI03
0j = 3 { ot Bwp  Om

14 [ Ogii
=0+ -hl" e =L
+ g {2 4ol

1 0hj
— hh,ij

2 0Ot
=n"K;

I _ Ll 9901 | 9910 9goo —0
0= Vot T om ’

1 dgji  Ogi0  Ogo;
o — 1,0} 995 O90  990i | _
0j { ot " ow,  owm "

Given the previous Christoffel symbols, it is how possible to compute the Riemannian curvature
tensor coefficients and, consequently, the Ricci tensor coefficients. Firstly, for the Riemann tensor we
have:

: : ;. or), ory
R(J)z'o = Féorgl - Fﬁofél + 0 — :

83:,» ot
N I

_ 1 7
=-K/!K] - aKj
= aKi K;h®hy, K™
- 7% i is lr

9 1
= faKj — Ky KY:

0 0
ory,  arg,

Ry, =T5T0, — To,T5 +

1035 05+ ir ot axl
0K,
= _Wj - Ff)jrgl - ngl—‘?o
oKy
= — Bt + KjKil;

8Ff0 61";0
dx;  Oxi
0K; O0K; O0Kj;
O0x; B ox; B ox;

Ry = Féorﬁl - Fé‘orfl +

= Kzr;z - K]l'ffz +

s sl sl aKvs s
— KI5 + K;TL, — KT, + TS + KIT3,

S —le; + ijf,

ors, oI,
S —TT S T8 4 ik _ IR
ijk ik~ jr gkt ir + al,j 85171
_ oLy, 9T,
B 8$j (’)xi

+ 5.5 — Tl

i —
+ il — Ty ld

=R}, — K;Kip + K} Ky,



where R, are the components for the Riemann curvature tensor of the induced metric . Now, for the

Ricci tensor components, we derive:

Roo = Riyo = -0, K} — K;; K';

~ViK] + VK
0Ky
ot

Rio = leo -

Rij = Ry, + Ry, = + KjKiy + Rl — K[ Kij + K[ K.

ilj

Noting that K/ K;; = K;,h"'hi,K; = KKy we conclude that

8Kij
ot

Rij = Rij — + 2K Ky — K[ Kj.

Before computing the relationship between the scalar curvatures of the ambient manifold and of the

level sets of ¢, we need to compute the time derivative of the inverse induced metric. Recalling that
. , , 1 0hy;
K! =T}, = W'K;; and also that K;; = 3 5 —2, we then have

KV = WK} = W'hif K,

1. .. . 8hlk
*h‘]lhlk —
2 ot

1 [ O(h*hy) Ohik
Sy YLID S SR L VAN
2" { ot k=5

1oy 1 . Oh*
— gl i gl
2h 016, h hyg En
ahzk
5]
koot
16h”

2 0t

which consequently gives us

Oh'
ot

= 2KV, (2.2)

For the scalar curvature, it follows from definition and the previous computations that

R = Roo + 29" Roi + h" R;; =
ot

= —0,K! — KiK' +0+h" {Rw +2K Ky — K;Kij}

) o OK g g
= -OK] - KijK9 + R~ h”# + 20 KLKy — h9 K K5

OWIKsy) | o O

= -0,K! — KijK" + R — ;
t4x g J +R ot J 6

+2K"K; — K| K.
However, due to (2.2), we then have that
R=—20,K] - K;jK" + R— 2K, K" + 2K K;; — (K})?,

10



and so

_d .
R=R- 251(; — (K})? — Ki; KY.
t

2.3 Minimizing Condition

The objective of this section is to use (2.1) to prove a weaker version of the 3-dimensional Geroch
conjecture, thus concluding the goal of the chapter. Essentiallly, we want to prove that a metric with

positive scalar curvature is incompatible with the asssumption of a stable, minimal 7°2.

Theorem 2. Suppose T admits a stable area minimizing 2-torus T?. Then, T? does not admit a metric

g of positive scalar curvature.

Proof. Assume that there exists a area minimizing 2-torus 72, in the 3-torus T3, with an induced met-
ric given by Gauss coordinates and volume form given by o = \/det(h)dxz' A dz?, and recall that for
any matrix-valued function M we have the identity 9; det(M) = det(M)tr(M~19,M). Computing the

formulas for the first and second variation of the volume form we obtain:

0 0 det(hij)

P e S DA N 2 _
8ta 5 dx* N dx
1 1 - Ohij
= — det(hi;) (R Ohi; Yydat A dx?
2 det(hi;) ot

= y/det(h;;)h" K;jdz* A da?

= Kfa.
2 o .
a2 = g Kio)
oKi .0
BT
= {6;? + (Kf)z} o.

By rewriting equation (2.1), we see that

9 171 D - \2 7]
5Kl =5 {R-R— (K}’ — KKV},

hence we arrive at the following formula for the second variation of the volume form:

82
o2’ =

{R—R— (K}’ - KyK"} o+ (K)o
(R— R+ (K))

2 KZJK”}O'

N — N~

By the previous area minimizing assumption, since the first variation has to vanish, we conclude from

11



the first formula that [.. Kjo = 0. In fact, more is true, as it is well known that K; = 0 pointwise for
minimal surfaces. Now, assuming that the 2-torus is a stable minimizer, the second variation has to be

non-negative, which in turn gives us

1 _ . -
7/ {R—R+ (K}’ K ;K“}o >0,
2 Jpe

and given that K} = 0, we conclude that

% » {R-R—-K;K"}o>0.

Furthermore, by the Gauss-Bonnet theorem, since the torus T2 is a 2-dimensional, oriented and

compact Riemannian manifold such that its Euler Characteristic is zero, x(7?%) = 0, we have that
/ R=0.
T2
1

-5 [ R+ K ;jK7>0& [ R+K;K7<0.

T2 T2

Consequently,

Note that K;; K% is a sum of squares, hence positive. Therefore, if the 3-torus 7% admits an area

minimizing 2-torus, 72, there is no metric on the 3-torus with positive scalar curvature.

O

12



Chapter 3

Non-Negative Scalar Curvature

Following results and ideas from [KW75b], through pointwise conformal deformations of a given
metric, we will show that the only metric with non-negative scalar curvature on 7% is the flat metric,

which is the 3-dimensional case of the Geroch Conjecture.

3.1 Scalar Curvature of Conformal Deformation

First, in order to provide some backgroung to the operator used in [KW75a], some computations are
mandatory. Given a smooth, positive function v : T2 — R, we will consider the following conformal

deformation of (7, g):

Qe
Il
<

Q

Now, for the result of this section.

Proposition 3. The scalar curvature R of j is related to the curvature R of g by the equation:

u’R = —8Au + Ru. (3.1)

Proof. Again, computing the Christoffel symbols for this new metric, we have

13



ox; Ox; Oz
1 O(utyg; O(utqgy O(utg;;
4glk{ (u®gj1) + (ug1i) _ (u gg)}

2u ox; Ox; ox;
_ 1 w [ 091 | Ogu . 9gi;
a 2g { ox; + Ox; ox;

+L out +8u4 out 1
2u4 g a 9gji 6 gii — 8$l - Y9ij -
4 ou ou ou
:Fk % 1k 3 =2
MR U el e
Oiu oju ou
:I‘k 2”“{ g]l+7gll lgij}
U U

=T% +2{0;(In(u))g" + 9;(In(u))gF — 0*(In(u))g;; } -

Pk — 7§lk {agﬂ oG 8%—}
1] 2

For notation purposes, define Df; = T'¥, — T'¥;. Then, the coefficients of the Riemann curvature for

this new conformal metric are

affk . afjk

a(Ty, + D) 95, + D) _
8$j 8901»

Loty T opy 9Dy,

=17 Fs —I7.I3
ik axj 8:51 890]- 8x2

+ T, D5, +1%,.Df — 1%, D5, — T5.D%, + D}, D3, — DYy D,
s 4 8Dzk o 8D;k
ik 6xj al‘i

5.D3, + T3, D5 — T%. D5 — 5Dl + D5 DS, — Dl D3,

Now, we compute the components of the Ricci curvature tensor. First, note that

V;Dl), = VT, -V, =
—arlk+rzm =TT, — T I
— Oy — DL, T + TP, + T =
= 0; D}y + (T, + DL, ) (T + D) — (U7 + DY (L + Dhoy)
- (Fl'k + Dl‘k)( i+ Dig) = Ty, T + 10 I+ I‘lka‘?,z =
_8le+F Dy} + D

im ]k FmDmk Fl kDm +FlkD'ZZ+F D

+ DD — DD, — DY, Dy,

14



hence, while being careful to both add and subtract the necessary components, we see that

Rij = R}y, + 0kDf; — 0;D}; + T, Dy, + T3,.Df; — T, Dy, — T8 Dy + DI Dy, — Dy, Dy, =
= {(onD}; + T}, Dj; + T, Dy,) = T}y, DY, = TF, Dy, — T Dy — Ty DY, + Di; Dy — Dy, DY, — Dy Dy}

—{(6:Dy; + T}, Dy, + 15Dy ;) — Ty DY, — TF Dy — TF. Dy — T7..DY, + Dy, DY, — Dy DY, — Dy Dy}
+ Dj; Dy, — Dy;Df. =

= Ry; + Vi D}, — V;Dy; + Dj;Df, — Dy, Dy,

Considering each term on the right-hand side, and recalling that Vg = 0 and V; In(u) = 0; In(u), we

have:

ViDi; = 2V; [0k (In(u)) gy + 9;(In(w))gr — 0" (In(u))gjr] =
=2{V;(8;Inu) + V;(9; In(u))gf — V;(; In(u))}
= 6V,(9; In(u)).

ViDjy = 2V [8i(In(w))gy + 8;(In(u))g; — " (In(u))gi;] =
=2 [¢fVi(0; In(w)) + gF V(95 In(u)) — Vi(0* In(u))gs;] =
=2[V;(9; In(u)) + Vi(9; In(u)) — Vi (8*In(u))gi;]
= 4V,(9; In(u)) — 2A In(u)gi;.

Di; Dy, = 4[0;(In(u))g; + 8;(In(u))g; — 8" (In(w))gi;] [Or(In(w))gy + 9y (In(w))gi — 0" (In(w))ge,] =

— 12 [0, (In(u))g] + 9, (In(w))g} — 9" (In(u))g;] Oy (In(w)) =
— 12 (9, (In(u))3) (In(u)) + 9 (In(w))d; (In(u)) - | grad(in(w)) ’g,,] =
— 249, (In(u))3; (In(u)) — 12| grad(In(u))%g,;.

Dy Dy, = 4 [0k (n(u)) g} + 0;(In(w))gy, — 9" (n(u))gk;] [0 (In(w))gl + 9, (In(u))gf — 0" (In(w))gir] =
(w)) + g7 95 - (n(w)) — g7 gir 0" (In(u)) }
+40;(In(u)) {grgr0:(In(u)) + gr.gF 0, (In(u) — grgird" (In(u)) }
— 40" (In(w)) { gr;j g5 0 (In(u)) + gr;g5Or(In(u)) — gr;gird* (In(u))} =
= 4 {0;(In(w))d;(In(w)) + 9;(In(u))d; (In(w)) + 30;(In(w))d; (n(u)) — 28y (In(w))d* (In(u))gi; } =

= 200; (In(u))0; (In(u)) — §| grad(ln(u))|2gij.

= 40 (In(u {g gfa n(u)
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Therefore, the Ricci coefficients are

Rij = R}y,; — ViDy; + VD + D}, Dy, — Dy D},
= Rij +4Vi(9; In(u)) — 2AIn(u)gs; — 6V,(0; In(u)) + 248;(In(u))d; (In(u))
— 12| grad(In(u))[?gi; — 208; (In(u))d; (In(u)) + 8| grad(In(u))|>gi; =
= Rij — 2V;(9; In(u)) — 2AIn(u)gq; + 49; (0 (u))d; (In(w)) — 4] grad(In(w))[*gi;-

Given the previous Ricci coefficients, we can now compute the scalar curvature of the conformally
related metric. However, as the equation (3.1) suggests, we want to work with the function » and not
with In(u), hence

k 2
| arad(In(w))|? = Oy In(u)0* In(u) = 2970 _ |erad@)®

U u u2 ’
and also
2
A(ln(uw)) = Vk(aku) 3’“(%)31“ + %vk(aw) = *w + %

Therefore, the scalar curvature is

R= %g“‘ {Ri; — 2V,(0; In(w)) — 2A In(u)gi; + 49;(In(u)), (In(u)) — 4] grad(In(u)) g, } =
= R~ VIV, (Inu )- B A () + 0 ()2 (1n(u)) — 2| grad(in(u))? =
= ul - A ) 2 arad(in(u))” =
- R— 5 —Aut — Igrad( )I? —%\grad(wl2 =
- %R - %Au.
Finally, multiplying both sides by «®, we arrive at (3.1). O

3.2 Zero Scalar Curvature

Using the same notation as in [KW75b], consider now the elliptic differential operator given by L,u =
—8Au + Ru = Ru®. Since T is a compact manifold, we can take \;(g) as the lowest eigenvalue of the

operator with a corresponding positive eigenfunction . Consider also the following two lemmas.

Lemma 2. Let M be a compact and connected manifold, with dim(M) > 3. Then, M admits a metric
pointwise conformal to g with positive (zero, or negative) scalar curvature if and only if \1(g) > 0 (A\1(g) =

0, or A\1(g) < 0, respectively).

Proof. Let R be the scalar curvature of the metric g pointwise conformal to g with conformal factor the

eigenfunction ¢ corresponding to the first eigenvector, and let

(U, v) 2 = /M uv
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be the L? the inner product on C>°(M) . Then,

Lg'l,[] = RTPS = <ng7 1/J>L2 = <R1;Z]57 1/J>L2 =
M9, V)2 = (RY°, ¥),, =
)\1(9) <¢a ¢>L2 = <RQ/)5’ ¢>L2 ’

which gives us the "only if” part.
For the other implication, let A, (g) be the first eigenvalue as previously stated. Rewriting the equation,

we see that
Ly = M (9)¢ <= Ly = M(g)y~*¢°

which gives a conformal metric g = ¥*g with scalar curvature R = \;(g)y—*, whose sign depends only
on A1 (g). O

Lemma 3. Let M be a compact manifold that does not admit a metric with positive scalar curvature.

Then, any metric with zero scalar curvature must have zero Ricci curvature.

Proof. Let g be a metric with zero scalar curvature, R, = 0. Then, by the previous lemma, A;(g) = 0.
Suppose also that the associated Ricci curvature, S, is not zero and, for notation purposes, write g; =
g(t) =g —1tS, Ly = Ly, and A1 (t) = A1(g(t)) for ¢ sufficiently small.

Considering the normalized eigenfunction, we have the equation L. (t) = A1 (¢)y(¢) and, differenti-

ating both sides with respect to ¢, we get

O (Lp(t)) = 0 (M(1)(t))
Ligp() + L' (8) = M (D)9 (8) + M (09 (B).

Now, taking the inner product (defined in the previous Lemma) with (¢), since the eigenfunction is

normalized, we see that

(L (t), ©(t) o + (L)' (1), () 2 = (M(D)D(E), () 2 + (MDY (1), P(8)) 2
(L (t), (1) o + (L' (8) = M (D' (1), () 2 = M (£) (¥(F), D(t)) 2 =
(Lip(t), ©(0) o + (Le = A (0) &' (1), Y (1)) 12 = A1 (D),

which, att =0 is:
(Low(0), 1(0)) 2 + (Lo — A1(0)) ¥'(0), ¥(0)) o = X1 (0).

We claim that the operator Ly, — A1(0) is self-adjoint and, since (Lo — A1(0)) ¥(0) = 0, we arrive at
(Lo(0), ¥(0)) 2 = X1 (0). (3:2)
Let V, V be the Levi-Civita connections of ¢(t) and g, respectively, and denote by C(t) the tensor
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which gives us the difference between the two connections, i.e.:
Ct,X,Y)=(Vx —Vx)Y <= V,YI =V,YI - O} Y*

Note that at t = 0 we have V; = V; (or, put in another way, C(0) = 0). Furthermore, since the

connections are symmetric, our tensor C(t) is symmetric as well, and given that

Vigij = Vigij — Crigsj — Crzgis <= 0= Vigij — Cjri — Cirj,

Vigik = Vigjx — C};9sk — Cirgis <= 0=Vigjx — Crij — Cjir,

Vigki = Vigri — Cirgsi — Cligrs <= 0= Vygi; — Cijr — Chjs,
j J

through algebraic manipulation of the previous equations, we arrive at the expression:

Cl = %g’”(t) {Vigss(t) + V;gis(t) — Vagis (t)} . (3.3)

To compute the relation between both metric’s curvature tensors, note first that:

ViV, XF = Vi(V; X5+ CkXx?)
=V,V, X"+ CEV; X* — C;,V, X"
+ ViCp X5+ CV X® + ClCl X* — CL X

Then, for the curvature tensor we have

R X7 = (ViVy = ViV, ) XE = V.9, XF + CEV; X = OV, X" + ViCJ, X
+CEV X+ ChCLX® — CLOEX® — Vv, XF — CE v, X* + O3,V XF
— V,;CLX® — CEV,;X® — ChCLX® + CLCEX® =
= (V;V; = V; Vi) X* + (V,Ck — v,Ck + chel, — chol)xe
= (R}, — V;CE + V,C}, + CliCL, — ChCl) X°,

1js

whence we see that
RE, =R}, —V,;Ch+V,CE +ChCL, — ChCLL. (3.4)

VE} 7S

Now, since we are linearizing the scalar curvature, we want the derivatives, at ¢t = 0, of the previous

formulas (3.3) and (3.4). First, recal the formula for the derivative of the inverse of a matrix, A, dependent

on a parameter t, that is %A*l =-A"! (th> A~1. Then, we have

d

- » =S,

dt |tzog j (t) J

4 iy = —gi0) (L g0)) g7(0) = 5.
dt |t=0 dt|t=0""
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Furthermore, we easily get from the previous computations

4 k=1 (d g’%)) [9,:054(0) 4+ V30:5(0) — Vg1 (0))

d1 |t_—0 J dtlt =0
29 D ‘ ; ZgJS t : ]ng t : Sg’b] i

—o0+ %gks (Vz- (;tu_og]s( )) +V; (;m gzs(t)> -V, (jtt_ogij(t)))

1
= —§gks (ViSjs + V;Sis — ViSij)

1
= =5 (Vi) +V;87 = V"Sy5) .

From C(0) = 0, we see that the derivative at ¢t = 0 of a product of components of C, such as OZ’“ZCJZS,

will vanish. Consequently, we obtain the following derivative for (3.4):

d k d k d k
il JR v (el )y, (L o
dt|t=0R”S Vi <dt|t:OCZS> v <dtt=0 ) =

d d d d
s —  Sy=— R.=vil= CcE)-vil= CF )=
dtj=o" "7 dtp=o *I k (dtt—o ”) ! (dt|t—o ki
1 1
= =5 Vi (ViS] + V87 = VESiy) + 5 Vi (ViS] + V8¢ = VFSy;)

— = (ViViSF + Vi V5 — Vi VPS8 — Vi ViSF — ViV, Sy + ViVESy;)

M\HM\H

—= (ViV*Sy + ViV SF — Vi VS — ViV;SF),
which is the differential for the components of the Ricci curvature tensor.

Computing now Lj, = (—8A + R) for an arbitrary function f € C*°, we see that

dt\ t=0

d -
%\f, 0 Bo] = dt|t 0( ()V (95)) =

iy = . _ k) A.
(dtto >V8f+g dt |1 o (Vi=C5)0if

= 5 (V,0;f) — (CZ)akf

g dt|

= S (V;0;f) + 59” (ViSE+V,8F — V*Sy;) On f
3 . 1 ;

— S (Vidif) + ViS™Ouf — 5V S0,

d d g
—_ = — v t SZ - ) =
dt |t:0Rg(t) dt |t=0 (97 (D)S3)

d . ([ d
— (= (¢ ” LYAN ”
<dtt—og ( )> Sij 9 <dtt—OS'])
. 1 ..
=578, - 59" {V,V*Sy; + ViV;SF — ViVES;; — V,V; 58}

= 89S + ViVISy = V;V;87 = S8, + AS) — V;V,;57.
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Therefore, from the previous computations, we have
Ly = =887 (Vi) — 8ViS"0;0) + AV S10500 + (SY Sy + AS) = V,9,;5Y ) v,
and so, writing ¥ = v(0), (3.2) becomes:
(=85 (V,;0;1)) — 8V S 0;1p + 4VI Si0;9) + (Sijsij +AST - vivjsiﬂ’) ¥, ¥y = N (0).

Furthermore, noting that by the assumption of the lemma, we have both R = S! = 0 and \;(0) =
0, then Loy (0) = —8A%(0) = A\ (0)¥(0) = 0 = (0) = ¢ is constant and, proceeding through
integration by parts to take out all the derivatives of S, we have

[ =85 (910,0) 1 = 8959 (0,0)0 + AVSI 0,000 + (895, + AS] = V.95 02
— / S48 0% + 2/ Vi SY (Vi)
M M
/ S8, *
M

= (9, ¢2S>L2
$(0)%(S, S) 2.

We then conclude that
A1(0) = ¢(S, S)2 > 0.

Hence, for ¢ sufficiently small, our manifold admits a metric, g = g — ¢.5, such that A,(g) > 0. Then,
by the previous Lemma, this metric has positive scalar curvature, which contradits the very assumption
of Lemma 3. Therefore, the Ricci tensor must vanish, S = 0.

To conclude this proof, note that for any functions u, v € C°°(M) we have

(Lo = M1 (0))u, ) 1z = / (=8Au + Ryu — M (0)u) v
M
=—8/ Auv =38 &'u Bv
M M
= —8/uAv = (u, (Lo — A1(0)) v) 2,
hence our claim that Ly — A1(0) is self-adjoint was correct. O

Given the two previous lemmas, we now have an interesting restriction to both curvature and metric

of a 3-torus allowing a stable area-minimizing 7. From them, we get the following resuilt.

Theorem 3. Suppose we have a 3-torus (T3, g) that admits a stable minimal T?, with g such that the

scalar curvature satisfies R > 0. Then, g is the flat metric (and R = 0).

Proof. We concluded in the previous chapter (Theorem 2) that, if 73 admits a stable minimal 72, there
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is no metric with positive scalar curvature for 7%, Furthermore, note that M = T3 is a compact 3-
dimensional manifold.

Now, suppose we have R > 0. Hence, the scalar curvature vanishes on T2, and it is either identically
zero in all of T3 or it is positive somewhere. By Lemma 3, if the metric has zero scalar curvature
everywhere, then we must have zero Ricci curvature as well. However, given that we are working with a
3-manifold, having zero Ricci curvature implies that the Riemann curvature is also identically zero and,
consequently, g is flat.

Consider the case of R being positive somewhere, in other words, the case where 72 admits a non-
flat metric with non-negative scalar curvature. Take v to be the normalized eigenfunction of L, with the

eigenvalue \;(g). Now, multiplying both sides by 1 and taking the integral over 72, we get

Lyt = Ai(9)¢
= —8AY + Ry = M\ (9)Y
— 8OO+ R = M (o)

— 8 i+ [ REE=n() [ ¥
T3 T3 T3

e -8 /T | div [smad ()] 5+ [ R = hu(o).

Recalling that T2 is a compact manifold, we now have

—8/ div [grad(z/;)} P+ . Ry? = \i(9)
T3 T8

- iv [¢ grad(v) rad(y))|? )? = 1
= s [ [Bgra)] +8 [ Jema@)P+ [ R =2l

T3

<— 8/T3 |g1"ad(7ﬁlif)|2—&-/T3 Ry? = A1(9).

We argue that A\ (g) is positive since, on the left side, both integrals cannot be simultaneously zero.
Suppose the first integral vanishes; then grad(v) is identically zero. Therefore, the eigenfunction v is a
positive constant and the second integral, by our assumption that R is positive somewhere, has to be
strictly positive. On the other hand, if the second integral is zero, then one has that the eigenfunction
vanishes where R > 0. However, by definition, v can’t be zero everywhere and, consequentely, its
gradient has to be non-zero. Ergo, the first integral is stricly positive.

Given that \;(g) > 0, by Lemma 2, T2 admits a pointwise conformal metric g; with positive scalar
curvature, yet such result contradicts the previous chapter and our assumption of a stable minimal 2-

torus. Therefore, we must have R = 0 and g must be the flat metric. O
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Chapter 4

Existence of a Minimal 2-torus

In this chapter we will show that, in fact, there exists a stable minimal 2-torus in 7° and, consequently,
all the previous results follow. In other words, we show that we can drop the assumption of 73 admiting
a stable minimal torus from previous theorems.

However, to do so we require some heavier hardware — Geometric Measure Theory (GMT), mainly
following [Mor16] — whose basic notions will be presented in section 4.1. The intuiton behind the result
follows from Real Analysis: we take a set of generalized surfaces (called rectifiable currents) and, in this
set, we consider a sequence of surfaces with area decreasing to an infimum. By taking a convergent
subsequence and showing that, in fact, this limit exists and is the surface of least area, we conclude the
proof.

Now, to proceed as was described, there are some issues one must adress, in section 4.2. For
example, we must have compactness of the set of surfaces for the existence of the area-minimizing
limit. Furthermore, there is the concern about the regularity of such area-minimizing surfaces, i.e. are
these limits some undesired generalized objects or are they smooth manifolds?

By adressing these issues, in section 4.3, we derive the existence of a smooth stable minimal 2-torus

in 72, and thus conclude the proof of the 3-dimensional case of the Geroch Conjecture.

4.1 Measures and Currents

In this section, the basic tools and notions required to prove the desired results will be introduced, in
a brief and concise manner. Let us start by defining the measure, for all subsets of R, that we will use
when constructing the alternative to surfaces as classical submanifolds.

Recall that the definition of the diameter of a subset S of R™ is

diam(S) =sup{|z —y|: =, y € S}.

Definition 4.1.1 (Hausdorff measure). Let ., be the Lebesgue measure of the closed unit ballB™ (0, 1) C

R". Forany A C R"™, the m-dimensional Hausdorff measure is defined by
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m N . dla'm(SJ) ?
g g, Ton(S550).
diam(S;)<6

where the infimum is taken over all the countable coverings {S;} of A with diam(S;) < 4.

As 0 decreases, the infimum itself is non-decreasing, and therefore the limit exists (allowing 0 <
H™(A) < o0). Furthermore, this measure is Borel regular, and the n-dimensional case agrees with the
Lebesgue measure in R", i.e. H" = L™ in R™.

We present now the sets that will be the generalized surfaces of GMT. Recall the definition of Lipschitz

functions introduced earlier.
Definition 4.1.2 (Rectifiable Set). Let E C R™. We say E is (H™, m) rectifiable if:
1. H™(E) < oo;

2. H™-almost all of E is contained in | im(f;), where f; are countably many Lipschitz functions from
R™ toR™.

Proposition 4. On the previous definition, one can substitute the Lipschitz functions by C* -diffeomorphisms
f; on compact domains with disjoint images. Moreover, the Lipschitz constants of f; and fj‘1 can be

taken near 1.

Sketch of Proof. The idea is to procceed by repetition until exhaustion. Divide the domains of the Lips-
chitz functions as to assume they have at most diameter 1 and, due to Proposition 1 — Chapter 1, replace
the first Lipschitz function g by a C' approximation f.

By taking a small portion of the domain of f so that im(f) C E and Df is approximately constant
(and small), we get injectivity of f. Through a linear transformation we get Lip g ~ Lip g~ ~ 1,
and replacing the domain by a compact set we obtain 1% of im(f). Repeating the process for all the

remaining Lipschtiz functions gives us 1% of the set F, and the rest can be exhausted by repetition. O

Definition 4.1.3 (Tangent Cones). Let E C R™ and a € R™. Considering the m-dimensional density

©™(E, a) with respect to the Hausdorff measure, H™, the tangent cone of E at a is defined by
Tan(E, a) = R{ mclos LT e E O<l|z—al<e
bl 0 |I’ 7 CL| bl I
e>0
and the cone of approximate tangent vectors of E at a is given by
Tan™(E, a) = ﬂ Tan(S, a).
Om(E-S,a)=0

For almost all points «a in a rectifiable set E, the tangent cone Tan™(F, a) is in fact a tangent plane
[Mor16]-3.12. Moreover, an orientation of a m-dimensional rectifiable subset of A C R" is a choice of
orientation for each Tan™ (A, a). Note that every rectifiable, positive measure set has uncountably many

possible orientations.
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Recall the definition of D™ from the introduction. Its dual space, D,,,, is the space of m-dimensional
currents, intuitively viewed as such by analogy with electrical currents. That is, given a differential form
w and a oriented rectifiable set .S, the action of S on w (given by integrating a form w over S) induces a

linear functional on smooth differential forms:
wi— S(w) :/ <§(m), w> dH™,
s

where 5(3:) is the unit m-vector associated with the oriented tangent plane to S at x.

Generally, given an m-vector-field ¥, we would get, by duality, a current T (just not a very adequate
or interesting one) if we substituted S by . However, this would not give us a surface in the sense we
need. It is precisely the integration over S with the orientation given by S that provide us with a rectifiable

current/surface.

Definition 4.1.4 (Boundary/Support of Currents). Let S € D,,, be a m-dimensional current.

The boundary of S is the (m — 1)-dimensional current defined by
9S(w) = S(dw).
The support of S is the smallest closed set C such that
supp(w) NC' =0 = S(w) = 0.

Definition 4.1.5 (Spaces of Currents).
1. D, is the space of m-dimensional currents in R";
2. &, ={T € D,, : supp(T) is compact};

3. R, ={T €&, : T is an oriented rectifiable set with integer multiplicities and finite measure} is the

space of rectifiable currents;

4. P,, = {integral polyhedral chains} is the additive subgroup of £,, generated by classicaly oriented

simplices;

5 1, ={T €R,, : IT € R,_1} Is the set of rectifiable currents T whose boundary is a rectifiable

current, the so-called integral currents.
6. Fru ={T+0S : T €Ry, SERmyt1} is the set of integral flat chains.
The last two spaces allow us to see how well-behaved the boundary operator 9 is.

Proposition 5. The boundary operator & maps 1, to 1,1 and F,, to F,,_1. Moreover, supp(dT) C

supp(T).

Proof. LetT € 1,,, then (by definition) 0T € R,,,—1. Furthermore, 9(0T) =0 € R,,,—2, hence 9T € 1,,,_1.
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Now, let J € F,,. By definiton, J = T+9S withT € R,, and S € R,,41. Then, 8J = 9T withT € R,,
which gives us 9J € F,,_1.
Let w € D! be a differential form such that supp(w) N supp(T) = (. Consequently, supp(dw) N
supp(T) = () and we have
0T (w) = T(dw) = 0.

Therefore, supp(0T) C supp(T). O

Definition 4.1.6 (Mass; Flat norm). We define on the space of currents D,,, the seminorms
M(T) = sup {T(w) : sup||w(x)||* <1}
and
F(T)=inf {M(A)+M(B): T=A+90B, A€ R, BE Rm+1},

called the mass and flat norm, respectively.

From the definitions, it is clear that the flat norm topology is weaker than the mass norm topology.
Moreover, it will be shown, in the next section, that the flat norm topology is the natural topology to get

compactness. Before proceeding, let us prove some results that will be required in the next section.

Definition 4.1.7 (Push-forward of a Current). Let T € &,,(R™) be a current with compact support,
w € D™(RP) an arbitrary m-differential form and f : R — R? a C*°-map. Then, the push-forward
f«T € D,,(RP) is defined by

(£.T) (@) = T (f*w),

where f*w is the pullback of w by f.

Theorem 4 ([Fed96] - 4.1.28). T € &,, is a rectifiable current iff given £ > 0, there exists an integral

polyhedral chain P € P,,(R") and a Lipschitz function f : R¥ — R™ such that
M(T - f.P) <k,
where f, is the push-forward by f.
Corollary 1.
1. {T € Ry, : supp(T) C B™(0,7)} is M complete.
2. {T € F,, : supp(T) C B™(0,r)} is § complete.

Proof. By the previous theorem, we see that the first set indeed is M complete.

For the second set, let F; be a Cauchy sequence in {T € F,, : supp(T') € B"(0,7)}. We can assume,
taking a subsequence if necessary, that §(F; .1 — F;) < 27¢, and let us rewrite F; | — F; = T; + 95, such
that M(T;) + M(S;) < 27%, with T; € R,, and S; € R,,,+1. Then

> F(Fi1—F)<oo and Y M(T;) + M(S;) < o,
1=2

1=2
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and therefore, by M completeness of the first set, we get that > T; and > S; converge to two rectifiable
currents, T € R,,, and S € R,,,+1, respectively. Consequently, we conclude that F' = F, +> T;+9(>_ S;)
and

S(F—F) < Y M(Ti)+M(S;) > 0as j — oo,
i=j+1

thatis,weget F; —» Fy + T + 0S € F,,. O

Definition 4.1.8 (General Flat norm). For any T € D,,,, define the more general flat norm as
F(T) =sup{T(w) :w € D™, |w(@)||* <1, and ||dw(x)||* <1 for all x}

=min{M(A)+M(B): T=A+0B,Acé&,, BE&ni1}.

The second equality is proved using the Hahn-Banach Theorem. It is possible to define more general
spaces of currents with this norm, and introduce the notion of normal current.
Before proceeding to the next section, let us end with a demonstration of a property of the mass M

which will be usefull later on.

Proposition 6 (Lower Semicontinuity). GivenT;, T € D,,, such thatT; F, T, then
M(T) < liminf M(T})

Proof. For the case where M(T) is finite, take ¢ > 0 and choose a differential form w € D™, with
llw(z)||* <1, such that M(T') < T'(w) + . Then, taking the limit with respect with F

M(T) < T(w) + ¢ = lim Tj(w) + & < liminf M(T}) + ¢.

For the case where M(T') = oo, take £ > 0 and choose a differential form w € D™, with ||w(x)||* < 1,
such that T'(w) > 1. Then,
lim inf M(T;) > lim T;(w) >

M | =

Therefore, lim inf M(T}) = cc. O

4.2 The Compactness Theorem

As previously stated, we want to work with a set S of surfaces which is compact under a natural
topology. To do so we require two theorems — the Deformation Theorem and the Closure Theorem —

from which we get the compactness of a suitable set.

Theorem 5 (Deformation Theorem). LetT € I,,(R™) and e > 0. Then, there are P € P,,(R"), Q €
I, (R") and S € 1,,,+1(R™) such that the following conditions hold, for y = 2n?m+2:

1. T=P+Q+09S;
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2. supp(P) Usupp(Q) Usupp(S) C {z : dist(z, supp(T)) < 2ne};
3. M(P) <~ [M(T) 4 eM(0T)],

M(9P) < AM(T),

M(Q) < yeM(IT)

M(S) < veM(T).

Corollary 2. The setS = {T €1,, : supp(T) C B"(0,¢1), M(T) < ¢3, M(9T) < ¢3} is totally bounded

under §.

Proof. By the Deformation Theorem 5, each T' € S can be approximated by a polyhedral chain P, such
that M(P) < v (ca2 +ec3) and supp(P) € B™(0,¢; + 2ne), in a e-grid. However, there are only finitely

many chains P, therefore S is totally bounded. O

We then have totally boundedness of our set, all we are missing is completeness. Recall the definition
of 7., and that {T € F,, : supp(T) C B"(0,r)} is § complete.

Theorem 6 (Closure Theorem).
1. 1,, isF-closed inN,,;
2. L1 ={T € Rpmy1 : M(OT) < o0},
3. R ={T € F,, : M(T) < oo}, consequently,
4. S={T €1, : supp(T) C B"(0,r), M(T) < ¢, M(9T) < ¢} is complete under §.

Proof. Proofs of assertions 1. to 3. will be omitted, as we want to prove and use assertion 4..

Let T; be a Cauchy sequence in S. By completeness of {T € F,, : supp(T) C B"(0,r)}, there is a
limit 7" in F,,,. By lower semicontinuity of mass M(T") < cand M(9T) < ¢, hence we have, by 3., T € R,
and, consequently, by 2., T € 1,,,. Therefore, the limit of a Cauchy sequence in S exists in S, which gives

us completeness. O

Corollary 3 (Compactness Theorem). For a closed ball K in R™ and 0 < ¢ < oo, the set

S={T €1, :supp(T) C K, M(T) < ¢, M(0T) < ¢} is § compact.

Proof. By Corollary 2 and the Closure Theorem (Theorem 6), the set is both totally bounded and com-

plete, hence compact. O

The range of this theorem is further extended when we substitute K for a C' compact Riemannian
submanifold of R™. Via C'*-embeddings into Euclidean space, it can then be generalized to any compact

C' Riemannian manifold (M, g).
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4.3 Existence and Regularity of Minimal Surfaces

We can now extract a convergent subsequence from any sequence of rectifiable currents. By defining
the homology class of a rectifiable current T' as the set of rectifiable currents S such that S — T'= 90X
for some rectifiable current X, we now possess the necessary framework to prove the existence of

homologically non-trivial minimizing surfaces in arbitray C* manifolds.

Theorem 7. Let M be a compact C'-Riemannian manifold and T be a rectifiable current in M. Then,

among the currents S such that S — T = 0X in M, there is one that minimizes area.

Proof. Take S; to be a sequence of rectifiable currents in M with decreasing areas to
inf {M(S) : S —T = 90X, for some rectifiable current X} .

Since supp(S;) € M, by the Compactness Theorem, we have a subsequence that converges to a

rectifiable current S such that, by continuity of 9 and lower semicontinuity of M, S — T'= 90X, and
M(S) = inf {M(S) : S —T = 9X, for some rectifiable current X} .

Now, if F(S; — S) is small then, by definition of the flat norm, S; — S = A + 9B with both the masses
M(A), M(B) small as well. Assume M is isometrically embedded in R", and take the minimal surface
Y7 such that its border coincides with A, i.e. 9Y; = A (whose existence can be deduced by similar
arguments). Since M(Y;) = M(A) is small, Y; can be retracted onto Y in M, thus we have 9Y = A.
Now, we have S; — S = 9Y + 9B which means that for each i, S and S; differ only by a boundary.

Therefore, they are on the same homology class. O

As the previous result states, we now have a stable rectifiable current of least area in the homology
class of T. However, we do not know how geometrically "well-behaved” this current is, i.e. we lack
knowledge of its regularity. To address this, we make use of a theorem by Wendell Fleming [Fle62],

whose proof is omitted, that guarantees the interior regularity for 2-dimensional currents.

Theorem 8 (Regularity for the 2-dimensional hypersurface). Any 2-dimensional, area-minimizing recti-

fiable current T in a 3-dimensional manifold M is a smooth, embedded submanifold.

Remark. It is worth mentioning that the regularity theorem holds true for (n — 1)-dimensional, volume
minimizing rectifiable currents in n-dimensional Riemannian manifolds (i.e. maintaining codimension 1)

up to n < 7. For higher dimensions, singularities of geometrical nature start to occur.
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Chapter 5

Further Results

In this chapter, by combining the previous theorems we obtain our main result, the proof of the
Geroch Conjecture for the three dimensional torus. Furthermore, we also estabilish a relation between

this conjecture and a particular case of the Positive Mass Theorem [Nat21].

5.1 Generalizations and Counter-examples

Theorem 9 (Geroch Conjecture). There is no metric g with positive scalar curvature, R, on the 3-torus
T3. Furthermore, if R > 0, then g is flat and R = 0.

Proof. We have already concluded that there exists a homologically non-trivial minimizing 2-torus in 7%,
which means we can relax the existence constraint of the previous theorems. Therefore, the first part of
the result follows trivially from Theorem 2 (section 2.3 - Chapter 2), and the second part from Theorem
3 (section 3.2 - Chapter 3). O

Despite of working with the 3-torus, the main result of this thesis applies to other manifolds. What
was essentially used was the compactness of 7 and the existence of a homologically non-trivial 2-torus.
Hence, this result can be generalized to other 3-dimensional manifolds, satisfying the previous proper-
ties, for example, the connected sum T34 M with M a smooth, compact and connected 3-dimensional
manifold, for instance T again. For other examples, let f : 72 — T2 be a orientation-preserving diffeo-
morphism. Consider the infinitely many inequivalent torus bundles (see [Hat80] for more) constructed
by taking the Cartesian product of 7% and the unit interval I = [0, 1], and gluing the two components of

the boundary via f, that is:
T? x I

(0,2) ~ (1, f(x))’

Clearly, we can apply the previous theorem to these constructions. Notice, moreover, that if f is the

M =

identity, the resulting bundle is just the 3-torus 7.
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To end this section, we will show that the assumptions of the theorem are in fact necessary, through
examples where the conjecture fails. Consider the manifold (R™xT?2, g), where g = dt*>+(f(t))* (d6 + dy?)

is the metric and f(t) is a positive function. Hence, we have the orthonormal frame

and the dual co-frame

{dt, f(t)do, f(t)dp} .

Denoting by w' the respective elements of the coframe, one readily sees that

dw' =0, dw’=f'(t)dtndh, and dw® = f'(t)dt A dp.

Now, let

w! = adt + bdf + cdyp;
wi = adt + Bdf + vdy;
wy = hdt + kdf + ldp.

Then, by Cartan’s first structure equation, we conclude that

F)dt Ad = ' Awf + dw? AWl =
F)ydt Ndd =bdt NdO + cdt ANdp — hf(t)dt Ndp — kf(t)dd Adp =
= b=f(t)N\c=h=k=0;
Fdt Adp = w' Awf +dw’ Aol =
FdtANdp=Bdt ANdO+~dt Adp +1f(t)dO A dp— =
= 7= tANB=1=0;
O:wg/\wé—l—w“’/\wfp S

0=—f(t){add Adt+ adt Ndp} =

—a=a=0.
Therefore, we have the following connection forms:

W = f()d) = dw’® = f"(t)dt A dO;
wf = f'()dp = dwf = f"(t)dt A dy;

wy =0 = dwy =0.
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Now, be Cartan’s second structure equation we can see
1"
fth A we;

"

Qf = dwf —w! Nwf = f(t)dt A dp = 7wt A w?;

Qf = dw) —wf AWl = f(t)dt Adb =

N2
OF = dwf — Al = (F/(1)d0) A (f/(1)dp) = (’;) W A,

from which we get the non-zero curvature tensor coefficients:

f//
Rfet = 75

f//
Rprt = 7’

Consequently, the Ricci curvature coefficients and, subsequently, the scalar curvature are:

f'//
Ry = tht + Ritt = *27,
1" N 2
_pt __f f
Roo = Rypg + Riea - _7 - (f) )

L I ’
RLP‘P = Ritptp + R@Lpgo = _7 - (f) )

R= Ry + Rgo + Ry, =

Notice that this metric admits positive scalar curvature if

2ff//+(f/)2<0 — f//<_(£;)’

which is satisfied, for instance, by f(t) = v/t. Hence, if we drop the assumption of compactness, the

theorem fails.

Next, let us consider the 3-sphere, S3. It is a compact manifold and it clearly admits a metric with
positive scalar curvature (the round metric). The theorem fails because S* does not have a homologically

non-trivial 2-torus, something that can be easily seen given its homology groups.
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5.2 Relation with the Positive Mass Theorem

Let’s start by giving the necessary background for the Positive Mass Theorem. Obvsiously, one must
first define what mass is. To do so, we need to characterize the behaviour of the manifold at infinity, as

the appropriate definition of mass is asymtoptic.

Definition 5.2.1 (Asymptotically Flat). Let (S, g) be a 3-dimensional Riemannian manifold. We say that

(S, g) is asymptotically flat if there exists:

1. a compact subset K C S such that S\ K is diffefomorphic to R® \ B;(0);

2. achart at infinity (z*, .2, 23) on S\ K such that
|gij — 6ij| + r|8kgij| + r2|8kﬁlgij| = O(’I“_p), and R = O(T_p),
for somep > 1 and q > 3, where ¢ is the Euclidean metric, r* = (z')? + (2%)? + (2®)* and R is the
scalar curvature of g.

Definition 5.2.2 (ADM Mass). The ADM mass of an asymptotically flat Riemannian manifold (S, g) is

%

. 1 z
M = lim —/ (059i5 — 0i955)
S

r—+oo 167 7
where S, is the a sphere of radius r in the chart at infinity (z!, 2%, x3).

To give further context to the previous definition, the ADM mass comes from varying the Einstein-
Hilbert action, in order to have an asymptotically defined Hamiltonian (hence we need asymtotically
flat manifolds) that gives the total energy of the gravitational field. Moreover, while it is not a trivial
conclusion, the ADM mass is well-defined, i.e. it does not depend on the choice of chart at infinity
[Bar8s].

Theorem 10 (Positive Mass Theorem). Let (S,g) be a complete, aymptotically flat Riemmanian 3-

manifold with non-negative scalar curvature, i.e. R > 0. Then:
1. Its ADM mass is non-negative, M > 0;
2. If M =0 then (S, g) is isometric to R? with the Euclidean metric.

Given a torus T2, we know from Theorem 9 that there is no metric g on T2 with positive scalar cur-
vature R. Furthermore, we know that if R > 0 then we have R = 0 and g is flat. A simple consequence,

as seen in [Kaz], is:
Proposition 7. Consider the manifold (R?, g) such that
1. g is the standard Euclidean metric § outside a compact set K ;

2. R, >0, i.e. g has non-negative scalar curvature.
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Then, g = § everywhere.

Proof. Let d = diam(K') and take £ > 0 so that we can include the compact set K inside a cube of edge
d+e¢. ldentifying opposite faces results in a 3-torus that contains K and a "bit” of the outside, maintaining
the assumptions of the proposition. We then have a 3-torus (7, g) whose scalar curvature is positive,
R, > 0.

However, because of Theorem 9, we know that g is flat and R, = 0 in 73, in particular inside the

compact set K. Hence, g is the standard Euclidean metric everywhere. O

The previous proposition can be seen as a corollary of the Conjecture we proved. However, how
does it relate to the Positive Mass Theorem?

Assumption 1. is a stronger version of the asymptotically flat requirement as, in fact, the manifold
itself is already the flat Euclidean space outisde of K. Consequently, this assumption implies that the
ADM mass vanishes, M = 0. Hence, this corollary is a special case of the Positive Mass Theorem,

giving a weaker version of its rigidity statement.
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