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Abstract

The gas transfer between two bubbles of different sizes submerged in pure water and connected by
capillaries is studied using the emerging bubbles method. The gas transfer between both bubbles is driven
by an imbalance in pressure between the two bubbles. This is caused by the capillary pressure, or the
Young-Laplace pressure, and the hydro-static pressure because of uneven submergence in the pure water
reservoir. Experimental results were done by a colleague (not published yet) and these results are the
basis for the attempts at solving the problem analytically. Three different ways of solving the hydrodynamic
transient problem are used: using the Navier-Stokes equations, using an adjusted Bernoulli-equation, and
by modelling the rate of volume change between both bubbles as an inverse exponential function. The
model using the Navier-Stokes equations encountered computational problems. For the model using the
Bernoulli equation, the friction factor, specific to the system itself, should stay constant over the different
experimental data-sets. This was not the case. For the inverse exponential model, fairly good overlap
was found between the model and experiments. The pressure-driven gas transfer between the bubbles is
also studied in a CFD software ANSYS FLUENT 19.1. This commercial code was chosen strategically.
Keywords: Coarsening; Diffusion; emerging bubbles method; ANSYS FLUENT; Flotation.

1. Introduction
Foams are ubiquitous and are formed when a liq-
uid or a solid traps gas pockets. These bi-phasic
materials can be found everywhere: from sponges
used to clean the dishes, to the soap-water mixture
used for the same purpose. Liquid foams can be
distinguished in wet foams and dry foams. Some
bones in our bodies also have a foam like structure:
the cancellous or trabecular bones. These bones
have a completely different structure than the reg-
ular cortical bones. As this example shows, foams
can be very much molded into a material that fills a
highly specific niche[1].

In the process engineering science, foams pro-
vide a possibility to separate particles with different
properties[2], a process called froth flotation. In
this process, air bubbles are dispersed in a vessel
containing a slurry. These bubbles collide with par-
ticles from the slurry from which more valuable hy-
drophobic particles, including sulphides of copper,
zinc, lead, silver, etc., attach while less valuable
hydrophilic particles, silicates and other sulphide
compounds, remain in suspension[1].

In pure liquids, bubbles are inherently
metastable[3][4] and will burst if the surround-
ing liquid has drained away[1]. They can however
be stabilized using chemicals, namely surfac-
tants, which actively lower the surface tension[2].

The chemical lowers the surface tension at the
liquid-air interface, slowing down, or even arresting
drainage[5][6]. The result is a longer living bubble.

Foam coarsening occurs when gas is transferred
from one smaller bubble to a larger one over a thin
film. This ageing mechanism of the foam is one
that has not been studied intensively in the flota-
tion process[7], even though it is one of the mech-
anisms that decrease the total available surface
area of the foam in the system. Granted, the pro-
cess is one that has a relatively long mean time to
make definitive changes in the foam.

The coarsening process is one of diffusion. Gas
from a smaller bubble diffuses into the surround-
ing liquid. When the surrounding liquid is satu-
rated, the dissolved gas moves towards energeti-
cally more favourable interfaces where it escapes
the thin film. This process can take up to several
hours [1].

By connecting both bubbles with capillaries, the
gas transfer between the bubbles that would occur
over the thin film is now sped up. Whereas the
process of coarsening in a foam would take sev-
eral hours, it can now be done in the matter of less
than a minute. This method of connecting bub-
bles through capillaries keeps the driving force of
the phenomenon intact while making it possible to
study the changes more effectively. And this exper-
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imental test has been modelled in this thesis. Two
different models were developed to predict the evo-
lution of the bubble volumes as a function of time:
a model using the Navier-Stokes equations and
a model in which the bubble volumes were mod-
elled as inverse exponential functions. Another
model was developed using the Bernoulli equa-
tions where a friction factor was introduced, spe-
cific to the used system. This friction factor could
then be used to evaluate the effects of surfactant
type and concentration on the coarsening of the
two bubble system without system dependence.

2. Brief literature review
As bubbles in foams are metastable, foams
evolve over time. This evolution can occur
through three different mechanisms when bubbles
destabilize: drainage, coalescence, and coarsen-
ing[8][9][10][11][12].

Drainage is the flowing of the liquid in the cap-
illaries surrounding the bubbles[13][14][15]. In
foams, these capillaries are called Plateau borders.
The driving forces behind the mechanism are grav-
ity and capillary pressure. This process makes
bubbles, and thus foams, drier as the liquid frac-
tion flows away from the interface.

Coalescence is the conjoining, or merging, of
two bubbles into one bigger bubble[16][17]. When
two bubbles approach one another, a liquid film
that separates both is formed. This film gradually
thins, which is coupled with flattening of both bub-
ble surfaces. Upon reaching a thickness of the or-
der of 10 nm, inter-molecular forces become dom-
inant, forming a hole in the film separating both
bubbles[18][19]. Finally, the film is pushed out be-
cause of surface tension and one larger bubble is
formed from the two previous bubbles.

Coarsening, disproportionation, or Ostwald
ripening is the growth of larger bubbles in the dis-
persion at the expense of smaller bubbles[3][5]
[6][20]. The Young-Laplace equation defines the
pressure difference over a curved surface between
two phases as proportional to the interfacial ten-
sion and inversely proportional to, for a sphere,
the radius[21]. Because of this, smaller bubbles
experience a higher pressure than larger bubbles.
A higher pressure promotes gas transfer from the
bubble to the continuous medium making the gas
in the smaller bubbles diffuse in the liquid to the
larger bubbles, which in turn leads to a growth
of the larger bubbles, causing an even larger dis-
crepancy in bubble size and promoting even more
coarsening. As volume increases cubically with the
radius, and area increases quadratically, a net gain
is achieved in lowering the total energy of the sys-
tem.

This coarsening phenomenon is driven by, as

mentioned before, the Young-Laplace pressure or
the capillary pressure, and Fick’s law of diffusion.

Fick’s law (eqn. 1), written down for the first time
in mid 19th century, shows that the flux increases
linearly with and increasing concentration gradient.

Ji = −Di∇ci (1)

with Ji the molar flux of species i, expressed in mol
m−2 s−1, Di the diffusion coefficient in m2s−1, and
∇ci the concentration gradient in mol m−3.

The Young-Laplace law (eqn. 2) describes the
pressure drop over a curved interface between two
fluids because of surface tension.

∆p = γ(
1

R1
+

1

R2
) (2)

Here, 4p is the pressure drop over the interface,
expressed in kg m−1 s−2, γ is the surface tension
between both phases, expressed in kg s−2, and
Ri the principal radii of curvature. For a spherical
interface, the Young-Laplace equation transforms
to equation 3.

∆p =
2γ

R1
(3)

The rate of gas transfer across the boundaries in
a foam is described by the following equation, de-
rived from Fick’s law (equation 1)[22]:

dn

dt
= −SD

h
A∆p (4)

With n the number of moles of gas, S the solubil-
ity of the gas species in the liquid phase, D the
diffusivity of the same species through the liquid
phase, h the boundary thickness, or film thickness,
A the surface area of the boundary over which dif-
fusion occurs, and ∆p the pressure difference, as
described by the Young-Laplace equation (equa-
tion 2).

In a poly-disperse two-dimensional foam, rela-
tively smaller bubbles usually have fewer than six
neighbours, and relatively large bubbles will have
more than 6 neighbours. Von Neumann’s law (eqn.
5) describes how the area A of a bubble in a two-
dimensional foam varies over time as a function of
the number of neighbours, e, and the permeability
constant, κ[23][24]:

dA

dt
=

2π

3
γκ(e− 6). (5)

This relation shows that for smaller bubbles in a
two-dimensional foam, the surface area shrinks as
it has less than 6 neighbours, while a larger bubble
grows linearly thanks to a higher neighbour num-
ber count. In this case, a bubble with 6 neigh-
bours would not change its area over time as long
as it maintains a six neighbour relation. The law
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does not impose an inability of the bubble to de-
form, meaning that the shape of the bubble could
change.

In theory, a two dimensional foam comprised
purely of bubbles with 6 neighbours could last in-
definitely. However, this setup is metastable, as
any disruption in the arrangement would create at
least one bubble with one less neighbour, trigger-
ing coarsening.

For a 3D foam, the Von Neumann equation can-
not be formalized exactly. However, several ex-
periments were done where, depending from re-
searcher to researcher, they were able to show that
for a bubble with 12 to 15 neighbours in a 3D foam,
the bubbles would not exchange gas, staying sta-
tionary. Bubbles with fewer than 12 or more than
15 bubbles would shrink or grow, respectively[24].

Modelling the gas transfer between the two bub-
bles was evaluated as a hydro-dynamics problem.
All hydro-dynamics problems have to abide by cer-
tain rules, or conservation equations. These laws
must be respected at all times, being the conser-
vation laws of physics [25]. The three laws are the
laws of mass, momentum, and energy conserva-
tion. As in the studied system temperature and
energy fluctuations are ignored, the law of conser-
vation of energy is automatically respected. The
other two need to be accounted for, however.

3. Methodology
Analytical models have to be validated with exper-
imental results. This experimental work was done
by a PhD student at the UNSW minerals and en-
ergy department, Syeda Muin. The experiment
consists of two gas bubbles – in this case, air
bubbles – that are suspended in a vessel filled
with purified water. These bubbles exist at the
ends of their respective needles that are connected
through capillaries that are separated by a closed
valve. When the experiment starts, the valve is
opened and gas transfer occurs between both bub-
bles. Twelve data-sets were used to validate the
models. Such an experiment is conducted with
the use of a high speed camera, called a Fastcam
APX RS Photron. The bubbles are pumped to the
ends of the needles using Aladdin 1000 World Pre-
cision Instruments pumps. A schematic of the ex-
perimental setup can be seen in figure 1, used in
conjunction with table 1.

The result of such an experiment can be seen in
figure 2.

Three analytical models were developed:

• A model using the Navier-Stokes equations:
the objective is to determine the velocity at
which the gas transfer occurs;

• A model using the Bernoulli equation with the
objective of determining a friction factor for the

Figure 1: Experimental setup used. Different parts are ex-
plained in table 1

Table 1: Naming the numbers of figure 1.
Number Part name

1 Water vessel
2 Large hooked needle
3 Small hooked needle
4 Connecting tube
5 Capillary for small hook
6 Capillary for large hook
7 Air pumps
8 Valve
9 Capillaries for pumps

system such that the influence of surfactant on
the phenomenon in further research could be
determined independently of the system itself;

• A model where the volume change of the bub-
bles over time evolves as an inverse exponen-
tial function.

Simulations using computational fluid dynamics
code were also conducted.

3.1. Model using Navier-Stokes

For the Navier-Stokes equations, the system (fig-
ure 1) is simplified to a system as in figure 3. The
capillary through which the air flows is assumed to
be a cylinder with a constant cross-section. Writ-
ing the Navier-Stokes equations for cylinder coordi-
nates and eliminating the unnecessary terms gives
equations 6 to 8:

∂p

∂r
= 0 (6)

1

r

∂p

∂θ
= 0 (7)
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Figure 2: Pressure-driven gas flow from the small bubble to the
large bubble over time with time-steps of 5 seconds. Top left is
the first slice at time t = 0.0 s, Top right follows at time t = 5 s.
Bottom right is the last slice at time t = 25 s. From data-set
13/04 1

Figure 3: Simplified setup of the actual setup to be modelled.
Z1 and Z2 are the points that will be used to model the gas
transfer, r1 and r2 are the radii of the small and large bubble
respectively, A is the cross section of the capillary and lcap is
the distance between points Z1 and Z2.

ρ

(
∂vz
∂t

+ vz
∂vz
∂z

)
= −∂p

∂z

+ µ

[
1

r

∂

∂r

(
r
∂vz
∂r

)
+
∂2vz
∂z2

]
(8)

and, using the continuity equation and assuming
incompressible flow, it is proven that the derivative
of the velocity in the z-direction to the z-direction is
zero. This means equation 8 can be simplified to
equation 9.

ρ
∂vz
∂t

= −∂p
∂z

+
µ

r

∂

∂r

(
r
∂vz
∂r

)
(9)

Equations 6 and 7 tell that there is only a pres-
sure difference in the axis of the cylinder, or for ev-
ery cross section of the cylinder, the pressure is
equal in all points of that cross section. Equation 9
is the equation that gives the solution for this setup.

The pressure inside both bubbles is a result of
the capillary pressure and the hydro-static pres-
sure. Using equation 2 and remembering the
hydro-static pressure the pressure difference is
written out as

p1 − p2 =
2γ

r1
+ ρfluid g (h1 − r1)

−
(

2γ

r2
+ ρfluid g (h2 − r2)

)
(10)

which we can then rewrite to

p1−p2 = 2γ

(
1

r1
− 1

r2

)
+ρfluid g (∆h−r1+r2) (11)

In both equations 10 and 11, h1, h2, and ∆h are
the height of the center of mass of bubble 1, height
of the center of mass of bubble 2 and the height
difference between both, respectively.

3.2. Model using Bernoulli
The Bernoulli equation for this problem can be writ-
ten as:

p1 +
ρv2

2
= p2 − f

lcap
Dcap

ρv2

g
(12)

lcap and Dcap are the length of the capillary and
the diameter of the cross section of the capillary re-
spectively. f is the friction factor of the system. The
objective of this method is to determine a value for
f that stays constant for different data-sets. This
is done by varying the value for f while calculating
equation 12, and comparing results of the velocity
for every iteration of f with the data available, oth-
erwise known as the Least Squares Method.

3.3. Model with volume change as an inverse expo-
nential function

An attempt was made at making a first order model
of the experimental setup. The development of the
model is organized in different steps. In each step,
a new term is added that influences the experi-
ment.

The bubbles, initially separated by a valve, are
suddenly put in contact with each other through
the capillaries. The pressure imbalance needs to
evolve to zero. We define the total volume of gas
transferred from one of the bubbles to the other as

∆V (t) =
4π

3
a(t)3 (13)

such that ∆V can be seen as a volume equiva-
lent to a sphere with radius a. The large bubble (2)
and the small bubble (1) evolve over time as well:

V1,2(t) =
4π

3
r31,2∓

4π

3
a(t)3 =

4π

3
(r31,2∓a(t)3) (14)

Here, r1 and r2 are the initial bubble radii. So
we know that the radii of the bubbles are the cube
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root of the term in brackets. Combining equations
2 and 14 gives

∆p = 2γ

(
1

3
√
r31 − a(t)3

− 1
3
√
r32 + a(t)3

)
(15)

To find a solution for a(t), initial conditions have
to be defined:

t = 0, a = 0

t =∞,∆p = 0

Solving equation 15 for the second condition
gives a value for a(∞)

a(∞) = K =
3

√
r31 − r32

2
(16)

If a, for time zero, is equal to zero, and goes to a
constant K at time infinity, then a can be modelled
as an inverse exponential function:

a(t) =
1

(t+K−1/b)b
+K = (t+K−1/b)−b+K (17)

With K defined by equation 16 and b the system
parameter. This system parameter holds the spec-
ifications of the system into account. The system
parameter is dependent on the setup of the exper-
iment, including the capillary tubes, the length of
the whole system, etc.

Fitting a(t) to the experimental data by varying
the system parameter is done by using the method
of the sum of least squares. Determining the mini-
mum gives the optimal value for the system param-
eter, b.

Equation 15 has to be updated to include the
hydro-static pressure:

∆p = 2γ

(
1

3
√
r31 − a(t)3

− 1
3
√
r32 + a(t)3

)

+ ρg

(
∆h+ 2

(
3

√
r32 + a(t)3

− r1 − 3

√
r31 + a(t)3 + r2

))
(18)

The second term is the hydro-static pressure
term, with ∆h the initial height difference between
the bubble tips. Here again, a(t) is defined the
same as in equation 17, but the K -value changes.
For equation 18, a(∞), or K cannot be solved ana-
lytically. K only has a numerical solution:

2γ

(
1

3
√
r31 −K3

− 1
3
√
r32 +K3

)

+ ρg

(
∆h+ 2

(
3

√
r32 +K3 − r2

− 3

√
r31 +K3 + r1

))
= 0 (19)

3.4. Computational Fluid Dynamics (CFD) Modelling
CFD is the numerical analysis of systems that are
concerned with heat transfer and fluid flow, as well
as derived processes of these, including chemical
reactions. The idea of CFD is to provide results
for a specific setup in a cost-effective way; provid-
ing an accurate CFD solution for a model makes
experimental work obsolete, which is the money
drainer in research. Experimental work is however
still very useful to prove that the CFD models repre-
sent real experiments, and as such are trustworthy.
CFD models are solved using complex mathemat-
ical fluid dynamics equations.

Choosing the correct software is vital for specific
setups. Some CFD commercial codes are very
user-friendly, while other codes are highly adapt-
able. All codes have trade-offs that can range from
a high learning curve which cannot be attained fully
over the course of the master’s thesis research, to
just the economic costs linked to using these pro-
grams.

The CFD codes examined were the follow-
ing: ANSYS CFX, ANSYS FLUENT, Autodesk
CFD, SimFlow CFD, SimScale, OpenFOAM and
FlowSimulation. Table 2 was made to highlight the
positives and negatives of the codes mentioned.

A CFD code choice had to be made, and if not
for the time restriction the best option would have
been OpenFOAM as it is a free and open source
code. However, when using OpenFOAM coding
needs to be very well understood. For this, time is
needed to learn C++. The other options all have
more user friendly graphic user interfaces (GUI)
that readily help the user to manipulate the prop-
erties needed. Licences maybe could have been
requested for the softwares, but for ANSYS CFX
and ANSYS FLUENT, the licences were already
used in the department. When comparing ANSYS
CFX to its FLUENT counterpart, the choice was
easy. Many tutorials can be found online for FLU-
ENT, which just isn’t the case for CFX, and mesh-
ing, one of the more important parts of the whole
operation, is much more adaptable for the FLUENT
product than it is for CFX.

A pressure-based solver for ANSYS FLUENT
was chosen, seeing as this solver is used for low
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Table 2: Comparison between different CFD software codes

ANSYS CFX ANSYS FLUENT Autodesk CFD SimFlow CFD

User Friendly? YES YES YES YES
Customizable? NO YES NO YES
Licence available? Free? AVAILABLE AVAILABLE NO NO

SimScale OpenFOAM FlowSimulation

User Friendly? YES NO YES
Customizable? YES YES NO
Licence available? Free? NO FREE NO

speed incompressible flows. The PISO (Pressure-
Implicit with Splitting of Operators) scheme is used
for transient solutions. The use of this scheme
is highly recommended in transient solutions[26].
For the gradient scheme, the Least Squares Cell
Based solver is chosen as it is the least heavy
on calculations, for pressure, the PRESTO! solver
is chosen as it can handle high pressure gradi-
ents over a small number of cells, which will be
present as the bubble interface introduces a high
gradient in pressure. Other pressure discretization
schemes are less computationally intensive and
work well when the pressure gradient is relatively
small. Here, computational intensity is chosen as
it will give better results. The momentum scheme
used is the Second Order Upwind, to ensure sec-
ond order accuracy in the results, and for the vol-
ume fraction the modified HRIC scheme is used,
as it is made specifically to track the interface in
Volume Of Fluid (VOF) models.

As a last point, the user defines the time-step
size, number of time-steps for the calculations,
and the maximum number of iterations per time-
step. The time-step size can be determined by the
Courant number. The Courant number for one di-
mension is:

C =
ux∆t

∆x
(20)

With C the Courant number, ux the velocity in the
x-direction, ∆ t the time-step size, and ∆ x the ele-
ment size. Equation 20 can be easily expanded to
n dimensions. It is good practice to determine the
Courant number between 0 and 1, as this means
that for every time-step, the fluid in one element
can move maximally one element further, ensuring
computational stability. The time-step is then de-
termined as

∆t =
C∆x

ux
=

0.2 · 10−5m

1m/s
= 5 · 10−6s (21)

The minimum element size can be found in FLU-
ENT 19.1 using the mesh checker and a maximum

velocity of 1 meter per second is used. This value
was obtained thanks to multiple runs of the soft-
ware. The number of time-steps depends on the
solution of the model. It is good practice for the
max iterations per time-step to use 20, as this value
is high enough that convergence can be achieved,
but not too high that the calculations become very
long.

4. Results & discussion
Now follows the results of the three analytical mod-
els developed. This section ends with the results
obtained with the CFD model.

4.1. Model using Navier-Stokes
For this particular problem, there is no interest in
knowing how the velocity depends on the radius
of the capillary. Determining the value in function
of the velocity vz as seen in equation 9 shouldn’t
become too hard.

Common knowledge tells that the velocity profile
of a fluid flowing through a tube has a parabolic ve-
locity profile when fully developed, with a maximum
value for the velocity in the center of the cylinder,
and a velocity equaling zero on the edge. Writing
the function rule out for the velocity in function of
radius becomes:

v(r) = −vmax
a2

r2 + vmax (22)

with a the radius of the capillary, and vmax the
velocity at the center of the cylinder, so that

r
∂v

∂r
= −2 ∗ v

a2
r2 (23)

And finally

ρ
∂v

∂t
= −∂p

∂z
+ µ

1

r
· 4 v
a2
r = −∂p

∂z
− 4µ

a2
v (24)

Rewriting this with velocities on one side be-
comes

ρ
∂v

∂t
+

4µ

a2
v = −∂p

∂z
(25)
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Because of the continuity equation, the partial
derivatives in 9 can be substituted by full deriva-
tives

dv

dt
+

4µ

ρa2
v = −1

ρ

∂p

∂z
(26)

This is a linear first order differential equation.
Solving this is done as follows:

dv

dt
+Av = −1

ρ

∂p

∂z

eAt
dv

dt
+ eAtAv = −e

At

ρ

∂p

∂z

d

dt
(eAtv) = −e

At

ρ

∂p

∂z

eAtv = −
∫
eAt

ρ

∂p

∂z
dt

v = −e−At
∫
eAt

ρ

∂p

∂z
dt (27)

With A = 4µ
ρa2 . Equation 27 is the solution for

the velocity. A problem results with the numerical
calculation of this equation: the value for A is very
large.

A =
4µ

ρa2

=
4 · 18.1 · 10−6Pa s

1.20 kg
m3 (0.10 · 10−3m)2

= 6.0 · 103s−1 (28)

Solving equation 27 doesn’t compute as A is in
the exponent and the values spring up to infinity for
the part in the integral. A different method needs to
be devised to calculate the velocity in the capillary.

4.2. Model using Bernoulli
The objective is to determine a constant friction
factor f for the system, so a standard can be de-
veloped which negates the effects of the system
setup, and only evaluates the phenomenon. The
objective is to determine this value so the influ-
ence of different types of surfactant in the system
would be determinable without its dependence on
the system itself.

The friction factor should have the same value
for all data-sets if all assumptions are respected.
In table 3 the reader can see all the values for
the friction factor determined using aforementioned
method.

The values differ greatly one from another. This
method is unsuitable to determine a friction factor.
Because the Bernoulli equation is made for steady
state problems, this method is unsuitable for the
transient problem that is our system.

Table 3: Friction factors f for all the data-sets

Data-set friction factor f
1 2650
2 4460
3 10810
4 490
5 3910
6 560
7 1130
8 3950
9 6790

10 5520
11 4390
12 3190

Average 3987.5
Standard Deviation 2764.5

It was however worth trying, as the Bernoulli
equations can sometimes be used in transient
problems that change slowly over time, where, if
the transient problem is cut into a series of prob-
lems, the problem per part equates roughly to a
steady-state problem. The solution of all these
problems can then be added onto another to solve
the actual transient problem. It seems the system
that is being studied is unable to be solved in this
manner.

4.3. Model with volume change as an inverse expo-
nential function

The objective is to find the b-value in equation
17, the so-called system parameter. The system
parameter is found by use of the sum of least
squares. Determining the minimal deviation be-
tween the experimental results and the designed
model by changing the system parameter and de-
termining the value for the system parameter which
fits the experimental results best is the solution.

The first step is to define the pressure only in
terms of capillary pressure, see equation 15.

The values for the b-parameter of all data-sets
are placed in table 4. As can be seen, these values
have a high range, between 2.44 and 3.82, with an
average of 2.89 and a standard deviation of 0.45.
It is clear there is a term missing in the model.

Next step is to include the hydro-static pressure
in the model. The pressure becomes the one seen
in equation 18. This incites a new system param-
eter b. To accurately determine the value for b,
equation 19 needs to be solved.

Table 5 shows the values for the new system pa-
rameter b for all data-sets. These values are much
closer to one another than the values in table 4,
which shows good results. In this setup, the lowest
and highest for b are 1.69 and 2.12 respectively.
The average and standard deviation of this pop-
ulation is 1.88 and 0.13 respectively. These val-
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Table 4: System parameters determined with capillary pressure
only for all data-sets.

Data-set Value for b
1 3.01
2 2.63
3 2.38
4 3.43
5 2.44
6 3.82
7 3.56
8 2.73
9 2.53

10 2.48
11 2.82
12 2.82

ues are much more accurate than the values for
4. They are however not perfect yet. This is most
likely due to assumptions, one of the biggest as-
sumptions being that the bubble is spherical.

Table 5: System parameters determined with pressure as de-
fined in equation 18 for all data-sets.

Data-set Value for b
1 1.88
2 1.78
3 1.69
4 2.12
5 1.82
6 2.08
7 2.07
8 1.87
9 1.77

10 1.77
11 1.82
12 1.89

Nevertheless, the new model holds up quite well
with the experimental results, as seen in figure 4,
that shows the evolution of the model with new
terms added to the pressure equation (eqn. 18),
each with three different b-values, and three differ-
ent pressure calculations. The first is with capillary
pressure only, the second is with capillary pres-
sure and includes hydro-static pressure, and the
last and most accurate one is determined with the
initial height difference as well.

This is a satisfactory result for a first order model.
In later stages the actual shape of the bubble
needs to be included, and after this surface ten-
sion dependence has to be modelled as well. This
is work for the future.

4.4. CFD analysis
The CFD analysis of the system is computation-
ally intensive. Because of this and the limitation on
the time-step size, only 10 000 time steps could be

easily calculated, taking roughly 50 hours per anal-
ysis. This results in a total time of 20 milliseconds
worth of calculations.

Figure 5 shows the evolution of the water and
bubble phase over time. The greener areas are the
interfaces between water and bubble. When the
mesh elements are smaller, these interfaces be-
come clearer, showing a higher resolution between
the air and the gas-phase. The fact that these in-
terfaces are so large introduce a high inaccuracy in
the CFD analysis for the exact location of the inter-
face.

There is a minute trend in the evolution of both
bubbles: the smaller bubble on the right decreases
in size. The larger one seems to be quite static.
This is however not the fact. The larger bubble
grows slightly larger over the course of this time.

The volume of the air bubbles above the needles
was tracked for 5 distinct times in ANSYS FLUENT,
see figure 6.

Both bubbles initially lose volume. This is in ac-
cordance to the view that pressure is built up in the
capillary. This pressure build-up is probably be-
cause of the initialization procedure. The system
needs to balance out first. After 5 milliseconds the
volume in the large bubble increases. Because of
the small total time, no further conclusions could
be made on the complete development of the bub-
ble volumes. No conclusive comparison could be
made between the experiment (see figure 4) and
the volume change over time seen in figure 6.

5. Conclusions
The objective of this thesis is to model the gas
transfer from a smaller bubble to a larger bubble
in a two-bubble system (see figure 1) due to pres-
sure differences. These pressure differences oc-
cur due to the capillary pressure – which is roughly
inversely proportional to the radius of a bubble –
and the hydro-static pressure when submerged in
water. The models were cross-referenced with 12
data-sets of experimental data to determine their
accuracy and effectiveness.

An attempt was made to solve the two-bubble
problem using the momentum equations, or the
Navier-Stokes equations. These equations, used
in conjunction with the continuity equation and the
energy conservation equation, are the most im-
portant equations if a hydrodynamic solution is re-
quired. These equations are used in all CFD codes
to calculate the states of all the elements in a CFD
problem. Attempting to solve these in the conven-
tional way made it impossible to solve it as one of
the terms evolved to a very high number in the in-
tegral, even though it would cancel out because of
the exponential outside the integral, see equation
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Figure 4: Graph of the evolution of volume of the large bubble according to the experimental data, the first model with only
capillary pressure included, the second with hydro-static pressure as well, and the third with initial height-difference as well.

Figure 5: Six-part figure of the evolution of the phases, with
time-steps of 4ms. Top left is the system at t = 0s, bottom right
is the system at t = 20ms. Blue is the air-phase, red is the
water-phase, and intermediary colors are interface.

Figure 6: Bubble volume change over time in ANSYS FLUENT.
Left: larger bubble, right: smaller bubble
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27.

The Bernoulli equation was also applied to this
problem, in an attempt to determine the friction
factor f so in later stages the influence of surfac-
tant in the system would be easily determinable
without its dependence on the system itself. The
Bernoulli equation proved unusable. A possibil-
ity of why it isn’t usable is because the Bernoulli
equation can be used in steady-state problems, or
when the transients change relatively slow so the
transient problem can be partitioned into a sum of
steady-state problems. This isn’t the case with this
system.

A third attempt was made at solving this sys-
tem using a conventional method, by fitting an in-
verse exponential equation to the experimental re-
sults. Three different models were developed; the
first where the pressure only accounts for capil-
lary pressure, the second where it accounts for the
evolution of the hydro-static pressure, assuming
that the initial hydro-static pressure is equal, and a
third with the initial hydro-static pressure included
as well, see figure 4. The fitted variable, called
the system parameter b, became more accurate
with every new model, however it still needs more
terms to better define the system parameter. This
model is a first-order model, but needs actual laws
to prove the inverse exponential evolution used in
equation 17.

The CFD work in ANSYS FLUENT showed that
there is a build up of gas in the capillaries. This
build-up is due to the initial conditions that was set
during initialization. After a time of 20 milliseconds,
the flow of gas follows the conventional direction,
being from the smaller bubble to the larger bubble.
The maximum velocity of the gas particles in this
system is roughly 1 meter per second, however the
flow through the capillaries is roughly a fourth of
that. The calculations need to run for more time-
steps to actually see a complete evolution of the
bubble volumes, making it possible to determine
the overall trend of the rate of change of the bubble
volumes in function of time.

There is still a lot of research necessary to accu-
rately model the gas transfer between two bubbles
connected by a capillary. As explained before, a
first-order model was developed, however a accu-
rate solution for this problem needs to be discov-
ered. Afterwards, the influence of surfactant in the
system needs to be understood, as well as the ac-
tual shape of the bubble, that is also a player in
coarsening phenomena. Extrapolating this data to
multi-bubble systems is the objective. With these
developments, flotation used in the mining industry
could be made more efficient.
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