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Abstract

In this work we study odd piecewise monotonous and continuous maps. We focus on the case

where our function has only one discontinuity.

As our map is discontinuous, we will not have a well-defined entropy, as such, we will focus on

studying the growth number of the functions and using tools of kneading theory[MT88] and Markov

partitions to compute it. The first, studies the kneading sequences generated by the iterations of our

map. The second, studies directly the intervals generated by the orbit of our discontinuity and gives

us a transition matrix that we can use to compute the entropy of a symbolic dynamical system.

We then select the systems given by an odd unimodal discontinuous map, such that the disconti-

nuity generates a periodic orbit. For this kind of maps, we develop a linear transformation from the

Q-vectorial space spanned by said orbit to the linear space spanned by the intervals we have in our

Markov partition. With this map, we show that we have a matrix in each of the spaces, such that,

the dominant eigenvalue of each matrix is the same, and is the same as the inverse of the least root

of the kneading determinant.

Keywords: Kneading Theory, Markov Partitions, Topological Entropy, Discontinuous Functions.

1 Introduction

In this work we apply the techniques developed by Lampreia and Sousa Ramos in [LS97] to the simple

case where our dynamical system is given on the interval [−1, 1] and the associated function is ”odd”

and continuous except at the origin. By ”odd” we mean that outside the origin our function is odd, i.e.

f(−x) = −f(x). We can’t assume that it is odd at the origin since that would give us f(0) = 0 and we

want to be able to choose one of the lateral limits of f at 0 as its value.

This is an adaptation of the work [Oli15] to the unimodal discontinuous as it has the same number of

laps as the unimodal continuous case. What we do differently here is explaining to explain better some

details, filling the gaps that despite not affecting the final results give a more clear vision about what is

happening.

Our approach, in some sense, also complements the work in [GH96] where Paul Glendinning and

Toby Hall use techniques to calculate the entropy of Lorenz maps in the case where the discontinuity

point is non-periodic. This chapter looks only at the periodic symmetric case. The symmetry here is

a natural hypothesis as most examples given for the Lorenz maps are symmetric by nature. They use

renormalization techniques in our case, we present an alternative approach to computing the same values,

see [GS93].

Some of the results can be seen in works from Nuno Martins and José Sousa Ramos. They study

iterative maps from the interval and reach similar results as this thesis in [MS03] and [MSS04]. Nuno
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Martins also gives a proof to the main problems in this work in his PhD thesis [Mar02], we found this after

the thesis was submitted, he provides alternative proofs for theorems 5.3. and 5.4. that are respectively,

theorems 11 and 10 in [Mar02].

We start by introducing the definitions we need to define the Markov and kneading matrices, we also

revise the main notation, basic results and examples of the symbolic dynamics, kneading theory and

Markov partitions. After, we present the results we want to achieve and our new way of computing the

growth number of the function.

2 Basics

Definition 2.1.

We define an unimodal symmetric discontinuous map on the interval I = [−1, 1] ⊂ R as a function

F : I → I such that F |I\{0} is odd, continuous, except at the value 0, and monotonous in its continuity

intervals.

Example 2.2.

The function:

G(x) =

{
−1 + 2.61x2 + 1.31x3 −1 ≤ x ≤ 0

1− 2.61x2 + 1.31x3 0 < x ≤ 1
.
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Figure 1: Example of the first 4 iterations of an unimodal discontinuous symmetric map given by a

polynomial that will result in minimal entropy.
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For simplicity we will use {xj} as the orbit of a point x0. Here xj = F j(x0), where F j is the j-th

composition of F .

Now, we define the symbolic dynamics of our system. For that we will define what we understand

by the address and itinerary of a point. The address has the same motivation as before, and as in the

continuous case, we will have one address for each lap and one for the discontinuity.

Definition 2.3.

Given the alphabet A = {L,O,R} we define the address of a point x ∈ I as:

A(x) =


L −1 ≤ x < 0

O x = 0

R 0 < x ≤ 1

.

We use in this alphabet the order induced by the real axis. The order is given by L ≺ O ≺ R.

Definition 2.4.

Using this address function, we define the itinerary of a point x0 as :

It(x0) = A(x0)A(x1)...A(xn)....

At this point, we still have some difficulties working with our function, ass we would like it to be both

symmetric and periodic at the discontinuity. To accomplish those things, we want to artificially split in

two the zero of our function, instead of 0 we will have both 0+ and 0− with the property that 0+ = −0−.

As expected we will have that:

f(0−) = limx→0−f(x),

and the same to 0+. The problem left to solve is to see what happens to the pre-images of the zero. This

is where it enters that our zero is periodic. If the period of our zero is p we will have that fp−1(0) will

be sent for the zero x corresponding to f(x) = f(0). The point −fp−1(0) will be sent to the symmetric

zero. This way we will have a new function, which we will still call f to simplify notation and keep it

clear, that is defined from [0, 1] \ 0
∐
{0+, 0−} into itself. Note that 0+ > 0 and 0− < 0.

With this in mind, we will define our kneading sequences and kneading pair in this context.

Definition 2.5.

The kneading sequences will be the itineraries of both our zeros. It(0+) and It(0−). The kneading pair

is just the ordered pair of both sequences (It(0−), It(0+)).

We can show now two examples of kneading sequences, one from the function in 2.2. and the other

one that we will also use in future computations to verify our results.

Example 2.6.

The kneading sequence of G is given by ((RLLR)∞, (LRRL)∞).

Example 2.7.

Other kneading sequence is given by ((RRLLL)∞, (LLRRR)∞).

Having the order for our alphabet, we now to extend this to an order on the orbits.

Definition 2.8.

We define the parity function given a finite sequence S of symbols in our alphabet of length p as:

ρ(S) = (−1)p.
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Now we are ready to define the ordering of sequences in the case our function is decreasing.

Definition 2.9.

Given two sequences in A P = P0P1... and Q = Q0Q1..., let n be the first integer such that Pn 6= Qn.

Let S = S0S1...Sn − 1 be the common starting sequence of P and Q. P ≺ Q if Pn ≺ Qn and ρ(S) = 1,

Q ≺ P if Pn ≺ Qn and ρ(S) = −1. If this n does not exist, we say they are equal.

Now, our plan is to find a relation between the itinerary of a point x0 and the point −x0, which is

easy in the case of 0 not being in the orbit of x0. To help with this we define an operator τ that acts on

the orbits in a way such that It(x0) = τIt(−x0).

Definition 2.10.

We define the operator τ acting on both A and AN where

τL = R, τO = O, τR = L.

For sequences, τ acts on each coordinate.

τS = τS0τS1....

It is easy to see it does what we want. Our function is odd outside the origin, we have f(0−) = −f(0+)

and the addresses are defined in a way that for this τ we have τA(x) = A(−x).

3 Kneading theory

Definition 3.1.

The invariant coordinate at a point x is, using S0S1... = It(x), given by the formal series

θx(t) =

∞∑
k=0

(−1)kSkt
k.

Definition 3.2.

The kneading increment of an unimodal discontinuous symmetric function is given by

v(t) = θ0+(t)− θ0−(t).

This gives us a formal power series in the symbols L and R. As such we can decompose it in both

parts.

v(t) = N1(t)L+N2(t)R.

This decomposition allows us to define the kneading matrix as

N = [N1 N2].
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Definition 3.3.

The kneading determinant is defined as

D(t) =
(−1)jNj

1 + t
.

Definition 3.4.

Let S ∈ A we say that

Φ(S) =


1 S = R

0 S = O

−1 S = L

.

Definition 3.5.

Given a periodic sequence P = P1P2...Pp, we define the formal polynomial

up(t) =

p∑
k=1

(−1)kΦ(Pk)tk.

Now given a periodic sequence we find the kneading determinant to be such that

D(t)(t+ 1) = 1 +
2up(t)

1− (−1)ptp
.

We apply this to our examples to find the roots of this determinant.

Example 3.6.

Given the kneading pair from 2.7., we get the kneading determinant D(t) = 1−2t−2t2+2t3−2t4−t5
(1+t)(1+t5) .

In this case we will have a real root with norm smaller than one. This means that in this example

the growth number is bigger than 1. This root will be 0.384, we will use it to verify the results in our

next examples.

4 Markov partition

We want to associate for each kneading pair a Markov matrix. In our case, we only have one kneading

pair that will correspond to one Markov matrix. To define the matrix, we first need to define the intervals

in which we are dividing our domain and to define the intervals, we need the bounds for each one. For

the sign s ∈ {+,−} and j ∈ {0, 1, ..., p− 1} let xsj = f j(0s). These are the orbits of our zeroes. Set y as

follows:

yi =

{
x−i i = 0, ..., p− 1

x+
i−p i = p, ..., 2p− 1

.

We now want to reorder our yi in order to get an increasing sequence, let zi=0,...,2p−1 be the ordered

sequence. There is a change of basis that transforms y in z that is nothing more than a permutation.

Call π to the matrix such that z = πy.

Definition 4.1.

We will define our Markov partition as the set of intervals Ik =]zk, zk+1[ for k ∈ {0, ..., 2p− 1}.
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Definition 4.2.

The Markov transition matrix Ψ is a 2p− 1 by 2p− 1 matrix defined by:

Ψi,j =

{
1 Ij ⊂ f(Ii)

0 otherwise

Example 4.3.

The kneading pair in example 2.7 will correspond to the following Markov matrix:

0 0 0 0 0 1 1 0 0

0 0 0 1 1 0 0 0 0

0 1 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1

0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 1 0

0 0 0 0 1 1 0 0 0

0 0 1 1 0 0 0 0 0



.

We have for this matrix the characteristic polynomial det(I−Ψt) = 1− 3t+ t2 + t3− 3t4 + 3t5− 5t6 +

3t7 − t8 − t9. The least root of the polynomial is 0.384, which is smaller than one, therefore its growth

number is bigger than 1.

Remember the shift operator σ defined on the symbolic itineraries of our points. Let x−1 = S1S2...Sp =

S be the periodic part of the symbolic itinerary of x−1 . Now x−k = σk−1x−1 , and x+
k = σk−1τx−1 . We

note that the operator τ commutes with σ. We use the same definitions with the sequences of itineraries

wj = It(zj) and vj = It(yj).

5 Results

For this section we define a bounded chain complex that only takes values different from zero in

dimensions 0 and 1. In this complex, we have that the 0th space is the free module generated by the

points in the orbits of both 0+ and 0−. This points can be seen as each one corresponding to a kneading

sequence. We change the basis to choose from either numbering the points in ascending order or in the

order in which they appear in the orbit. This is equivalent to choosing our points to be the yj ’s we had

before appearing in the order of the orbit and the zj that have the order inside the interval. This will

give us a module generated by 2p elements over some ring. In dimension 1, we have our chain to be

given by the intervals we used in the Markov partition plus the trivial interval ]0−, 0+[. Those intervals

Ik=0,1,...,2p−2 =]zk, zk+1[ are in bijection with the set of admissible sequences. Here we understand by

admissible sequences, the sequences that represent each of the symbolic itineraries. This bijection is given

by wj defined above. In the case of the points, we will call C0 as the space spanned by the yj and C1 the

space generated by the Ik.

Definition 5.1.

We define the border operator ∂ : C1 → πC0 as the linear transformation that is defined on the generators

as:
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∂(Ik) = zk+1 − zk.

We define ∂s:

∂s(Ik) = ∂(Id− τ)Ik = zk+1 − zk − (z2p−k+1 − z2p−k).

Here τ is the induced function by the identification of each interval with the corresponding periodic

sequence. The matrix representation of ∂s will be

µ =



−1 1 0 . . . 0 1 −1

0 −1 1 . . . 1 −1 0
...

...
...

. . . . . . . . . . . .

0 −1 1 . . . 1 −1 0

−1 1 0 . . . 0 1 −1


.

We define D0 = ∂(C1). It is spanned by {zk+1 − zk}k=0,...,2p−1. In a similar way we define B0 =

∂s(C1) ⊂ D0, which will be isomorphic to µπC0. Define now η = µπ and ω as the shift operator in each

half of our sequence, this is:

ω =

[
σ 0

0 σ

]
.

This ω induces an endomorphism in B0. We say that endomorphism is the same as the one induced

by −Ψ, where Ψ is the Markov transition matrix defined above. We can look at this as:

C0 B0 C1

C0 B0 C1

ω

η

α α

∂s

η ∂s

.

Now, given that we are working in the case where our discontinuity gives us a periodic point of period

p. We will define a vector of size 2p that encodes the information of the kneading pair. Let S = S0...Sp−1

be the symbolic itinerary of 0+ which will correspond to Φ(S0) = 1.

s(S) =



Φ(S0)

Φ(S1)
...

Φ(Sp−1)

Φ(τS0)

Φ(τS1)
...

Φ(τSp−1)


.

Applying s to the itinerary of 0− would be the same as applying the shift operator to s(S) p times to

this, this means:

s(τS) = σps(S).
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We will now define Γ as the matrix where all columns are zero except the first and the (p+ 1)th that

will be equal to s(S) and s(τS), respectively.

Now we want to consider the matrices γ = Γ− I and Θ = γω.

We have that Θ is



0 0 0 . . . 0 0 0 −Φ(S0) 0 . . . 0 0

0 Φ (S1) −1 . . . 0 0 0 −Φ (S1) 0 . . . 0 0

0 Φ (S2) 0 . . . 0 0 0 −Φ (S2) 0 . . . 0 0
...

...
...

. . .
...

...
...

...
...

...
...

0 Φ (Sp−2) 0 . . . 0 −1 0 −Φ (Sp−2) 0 . . . 0 0

−1 Φ (Sp−1) 0 . . . 0 0 0 −Φ (Sp−1) 0 . . . 0 0

0 −Φ (S0) 0 . . . 0 0 0 0 0 . . . 0 0

0 −Φ (S1) 0 . . . 0 0 0 Φ (S1) −1 . . . 0 0

0 −Φ (S2) 0 . . . 0 0 0 Φ (S2) 0 . . . 0 0
...

...
...

...
...

...
...

...
. . .

...
...

0 −Φ (Sp−2) 0 . . . 0 0 0 Φ (Sp−2) 0 . . . 0 −1

0 −Φ (Sp−1) 0 . . . 0 0 −1 Φ (Sp−1) 0 . . . 0 0



.

Now we want to look at the composition η ◦ γ. This represents in the base given by B0 that is the

image of our border operator ∂s which we choose instead of the usual in order to get the computations

to give us less work, the same way as used in [Oli15].

So, for a similar reason, we will get the same results in this case:

Proposition 5.2.

Given the matrix γ defined as above, η ◦ γ = −η, this means

C0 B0

C0 B0

γ

η

−I

η

.

We prove now an important result that compares the characteristic polynomial of the matrix Θ with

the kneading determinant. This would make the case that we can study this matrix and that will give

us information about the kneading determinant and the growth number of our function. With this we

get to the first of the main theorems we were trying to reach in this work. This was already been done

with a similar approach in proposition 5 on [Mar02]:

Theorem 5.3.

Given D(t) the kneading determinant the characteristic polynomial PΘ(t) of the matrix Θ = γω is,

given D(t) the kneading determinant:

PΘ(t) = det(I − tΘ) = (1− (−1)ptp)2(1 + t)D(t).

After this result is established we want to see the main focus of the work, that is, the Markov transition

matrix is the transformation Θ seen in the basis of B0 instead of C0. This will give us that we can use

one to recover the other. Also, their characteristic polynomials will be closely related.
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Theorem 5.4.

We have that ηΘ = Ψη, this means:

C0 B0

C0 B0

Θ

η

Ψ

η

.

One note we can take with this theorem is that each eigenvalue of Ψ is also an eigenvalue of Θ. As

the dimension of C0 is one more than the dimension of B0 we are still missing one eigenvalue, that will

be the eigenvalue of the vector in the kernel of η which we already know to be −1. With this we arrive

at the identity that PΘ(t) = (1 + t)PΨ(t). This will give us another nice result that comes as a corollary

of our theorem.

Corollary 5.5.

The inverse of the least root in the unit interval of the periodic kneading matrix gives us the spectral

radius of both the Markov matrix and Θ.

Example 5.6.

We now can compute the Θ characteristic polynomial in order to compare it to the one of the Markov

matrix we already did for the example 2.7.. The matrix is given by:

0 0 0 0 0 0 −1 0 0 0

0 1 −1 0 0 0 −1 0 0 0

0 −1 0 −1 0 0 1 0 0 0

0 −1 0 0 −1 0 1 0 0 0

−1 −1 0 0 0 0 1 0 0 0

0 −1 0 0 0 0 0 0 0 0

0 −1 0 0 0 0 1 −1 0 0

0 1 0 0 0 0 −1 0 −1 0

0 1 0 0 0 0 −1 0 0 −1

0 1 0 0 0 −1 −1 0 0 0



.

This matrix has characteristic polynomial 1− 2t− 2t2 + 2t3− 2t4− 2t6− 2t7 + 2t8− 2t9− t10. Which

has all the roots the Markov polynomial gave us plus a 1. This makes the inverse of the growth number

0.384.
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