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Abstract

Sound propagation is considered in a thermal boundary layer with a linear temperature profile
between the wall temperature and the temperature of an isothermal free stream; the flow velocity is
constant with arbitrary magnitude. The sound field in the thermal boundary layer is specified by
confluent hypergeometric functions: it is matched to plane waves in the free stream by conditions
of continuity of the pressure and particle displacement at the edge of the thermal boundary layer.
These specify for a wave incident from the free stream, the reflection factor back into the free stream
and transmission factor into the thermal boundary layer. The reflection and transmission factor are
generally complex, and their amplitude and phase are plotted as a function of the angle of incidence.
For given angle of incidence, the amplitude and phase of the acoustic pressure are plotted against
distance from the wall over width of the thermal boundary layer and into the free stream. The
scattering factors and acoustic pressure are plotted for a wide range of free stream Mach numbers,
temperature gradients in the thermal boundary layer and frequencies from the compactness to the ray
approximations.
Keywords: Thermal Boundary Layer, Sound Scattering, Acoustic Wave Propagation

1. Introduction
1.1. Motivation

The acoustic wave equation in a homentropic unidi-
rectional shear flow has been solved exactly, in the
literature, only for three velocity profiles: linear, hy-
perbolic tangent or exponential. The acoustic wave
equation in a shear flow in the isentropic case, when
the entropy is constant only along streamlines, al-
lows the entropy and temperature to vary from one
stream line to the other. It is interesting to un-
derstand how temperature gradients together with
shear flow affects sound propagation. Considering
temperature gradients transverse to the shear flow
together with a linear velocity profile, for a homen-
ergetic shear flow [7, 8], or constant enthalpy, it is
possible to relate the sound speed to the mean flow
velocity and specify the temperature profile in the
boundary layer. This dissertation considers a linear
temperature profile with a uniform flow so that the
effect of temperature gradient can be isolated and
studied.

1.2. Topic Overview

The acoustic wave equation in an isentropic unidi-
rectional shear flow allows both the velocity and the
temperature to vary transversely to the flow direc-
tion. The flow velocity is assumed to be constant,
in order to isolate the effects of the temperature
gradient, for a linear temperature profile matched

to an isothermal free stream.

The acoustic wave equation in the linear temper-
ature profile has a singularity at the point of van-
ishing sound speed, outside the thermal boundary
layer. The solution around this point has infinite
radius of convergence, and covers the whole of the
thermal boundary layer leading to a confluent hy-
pergeometric equation [20].

The acoustic field in the thermal boundary layer
may have a critical layer where the pressure van-
ishes. The acoustic field consists of a superposition
of upward and downward propagating waves which
can be combined so as to satisfy the impedance
boundary conditions at the wall. An incident wave
from the free stream gives rise to a reflected wave
back into the free stream and a transmitted wave
into the thermal boundary layer.

The matching of the acoustic pressure and dis-
placement at the edge of the thermal boundary layer
specify the reflection and transmission coefficients.

2. Exact solution in a thermal boundary
layer

2.1. Acoustic wave equation in an anisothermal
shear flow

The acoustic wave equation for a plane unidirec-
tional isentropic shear flow is [12, 17, 15, 4]
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(ω − kU)P ′′ + 2[kU ′ + (ω − kU)c′/c]P ′

+(ω − kU)[(ω − kU)2/c2 − k2]P = 0,
(1)

where P(y ; k , ω) is the spectrum of the acoustic
pressure p(x; y, t) for a wave of frequency ω and
horizontal wavenumber k at transverse station y.

p(x, y, t)

=

∫ +∞

−∞
dω

∫ +∞

−∞
dk exp[i(kx− ωt)]P (y; k, ω);

(2)
and prime denotes derivative with regard to y, e.g.
P ′ ≡ dP/dy . The shear flow is unidirectional (3a)

~U = ~exU(y); (3a)

[c(y)]2 = γRT (y), (3b)

the sound speed may vary across the stream lines,
e.g. (3b) for a perfect gas of constant R, adia-
batic exponent γ, and temperature T (y). The uni-
directional shear flow (3a) corresponds to a con-
stant mean flow pressure; in the homentropic case,
since the entropy is also constant, all other thermo-
dynamic quantities are constant, including sound
speed and temperature, so the flow is isothermal.
In the non-homentropic isentropic case, the entropy
is conserved along the streamlines, and can vary
across the streamlines, leading to transverse tem-
perature and sound speed gradients (3b).

In order to isolate temperatures effects, the mean
flow velocity is assumed to be constant (4a):

U(y) = const ≡ U : (4a)

P ′′ + 2(c′/c)P ′ + [(ω − kU)2/c2 − k2]P = 0 (4b)

and the wave equation (1) reduces to (4b). Next is
considered a linear temperature profile in a thermal
boundary layer of width L, matched to an isother-
mal free stream outside:

[c(y)]2 = c2∞ ify ≥ L (5a)

[c(y)]2 = c20 +
(c2∞ − c20)y

L
if0 ≤ y ≤ L (5b)

where c∞ is the sound speed in the free stream and
c0 the value at the wall. The simplest case is the
propagation in the uniform (4a) and isothermal (6a)
free stream, when the wave equation (4b) reduces
to (6b):

y ≥ L : (6a)

P ′′∞ + [(ω − kU)2/c2∞ − k2]P∞ = 0 (6b)

This corresponds to plane waves (7b) with trans-
verse wavenumber (7a)

κ ≡ |[(ω − Uk)/c∞]2 − k2|1/2 (7a)

P ′′∞ + κ2P∞ = 0 (7b)

whose solution is elementary.

The general integral is a superposition of upward
C+ and downward C− propagating waves;

κ = <(κ) : (8a)

P∞(y; k, ω) = C+ exp(iκ y) + C− exp(−iκ y),
(8b)

if the transverse wavenumber (7a) is real. If the
transverse wavenumber (7a) is imaginary:

κ = i |κ| : (9a)

P∞(y; k, ω) = C1 exp(−|κ| y) + C2 exp(|κ| y),
(9b)

then the acoustic field is a superposition of evanes-
cent C1 and divergent C2 waves; the latter can be
suppressed setting C2 = 0. The condition for prop-
agation in the free stream, e.g. that (7a) is real, is
satisfied if either (10a) or (10b) are met:

ω − Uk > kc∞ or (10a)

−(ω − Uk) > kc∞. (10b)

There are two cases to consider: (i) for upstream
propagation (11a) the (10a,10b) imply respectively
(11b,11c):

0 < k = |k| : (11a)

ω > |k|(U + c∞) or (11b)

ω < |k|(U − c∞); (11c)

(ii) for downstream propagation (12a) then
(10a,10b) imply respectively (12b,12c)

0 > k = −|k| : (12a)

ω > −|k|(U + c∞) or (12b)

ω < |k|(c∞ − U). (12c)

In the thermal boundary layer the wave equation
(4b)has variable coefficients (5), so there is no ele-
mentary solution (8b).
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2.2. Thermal boundary layer with linear profile
In the thermal boundary layer (13a) the sound
speed profile is given by (5b)≡(13b)

0 ≤ y ≤ L : (13a)

[c(y)]2 = c20(1 + ay/L), (13b)

a = (c∞/c0)2 − 1, (13c)

where the dimensionless temperature parameter is
a positive a > 0 if the free stream is hotter than the
wall T∞ > T0, negative a < 0 otherwise T0 > T∞
and zero a = 0 in the intermediate isothermal case
T0 = T∞. On substitution of (13b), the acoustic
wave equation (4b) in the thermal boundary be-
comes:

(1 + ay/L)P ′′ + (a/L)P ′

+{[(ω − Uk)/c0]2 − k2(1 + ay/L)}P = 0.
(14)

The linear ordinary differential equation with vari-
able coefficients has only one regular singularity at
finite distance, at the point where the sound speed
would vanish. When c(y1) = 0:

y1 = −L/a =

{
> 0 if c0 > c∞, (15a)

< 0 if c0 < c∞, (15b)

which: (i) for wall cooler than the free stream
0 < T0 < T∞ lies below the wall (15b) outside the
physical region of interest y1 < 0 ≤ y < ∞; (ii)
for wall hotter than the free stream T0 > T∞ > 0
the singularity lies above the wall (15a) and is ex-
cluded by matching to the isothermal free stream
before 0 < L < y1 which is always the case because
y1/L > 1 for c0 > c∞.

The other two singularities of (14) are the points
at infinity, of which: (i) y = −∞ lies below the wall
outside the physical region of interest; (ii) y = +∞
lies outside the thermal boundary layer, where the
solution of (14) is not needed, because it is replaced
by the solutions (8a,8b) of (6a,6b). Thus the solu-
tion around the singularity at finite distance (15)
has infinite radius of convergence, −∞ < y ≤ +∞
covers the whole of the thermal boundary layer
0 ≤ y ≤ L. The preceding remarks suggests using
(16a) an independent variable (16b) proportional to
the distance from the singularity made dimension-
less multiplying by the horizontal wavenumber.

Q(z) ≡ P (y) : (16a)

z = k(y − y1) = k(y + L/a). (16b)

The wall y = 0 and width y = L of the boundary
layer corresponds to the positions:

y = 0 : z1 = kL/a = kL/[(c∞/c0)2 − 1] (17a)

y = L : z2 = kL(1 + 1/a) = kL/[1− (c0/c∞)2],
(17b)

Note that (17a,17b) always have the same sign
z1, z2 > 0 so the origin z = 0 never lies between
them.

Substituting (16a,16b) in (14) leads to the linear
differential equation with variable coefficients:

zQ′′ +Q′ + (b− z)Q = 0, (18)

which involves a single dimensionless parameter:

b ≡ [(ω − Uk)/c0]2L/ka. (19)

The differential equation (18) has one regular sin-
gularity at the origin and other singularities at in-
finity. In the particular case (20a) it would reduce
to (20b) which differs only on the last sign (−zQ
instead of zQ) from a Bessel equation of order zero.

b = 0 : (20a)

zQ′′ +Q′ − zQ = 0. (20b)

The Bessel equation is a particular case of the con-
fluent hypergeometric equation:

ζF ′′ + (β − ζ)F ′ − αF = 0, (21)

which involves two parameters (α, β). It is shown
next that the differential equation (14) can be re-
duced to the confluent hypergeometric type (21)
via changes of dependent Q → F and independent
z → ζ variables; this specifies the constants (α, β)
in terms of b, for any value of the latter.

2.3. Transformation to a confluent hypergeometric
equation

The change of dependent variable:

Q(z) = exp(νz)J(z), (22)

leads from (18) to the differential equation:

zJ ′′ + (1 + 2νz)J ′ + [(ν2 − 1)z + ν + b]J = 0, (23)

where the parameters ν can be chosen at will. The
differential equation (23) is close to the confluent
hypergeometric type (21) by suppression the coeffi-
cient of z in the coefficient in square brackets, lead-
ing to the choice (24a, 24b) of parameters and to
the change of dependent variable (24c)

ν2 = 1 : (24a)

ν± = ±1, (24b)

Q(z) = exp(±z)J±(z). (24c)
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Substituting (24a) in (23) specifies:

zJ ′′± + (1± 2z)J ′± + (b± 1)J± = 0, (25a, b)

the two differential equations satisfied one by J+
and other by J−.

Both differential equations (25) reduce via
slightly different changes of independent variable
(26a)

ζ = ∓2z : (26a)

J±(z) = F (ζ), (26b)

to a confluent hypergeometric equation for (26b):

ζF ′′ + (1− ζ)F ′ − [(1± b)/2]F = 0. (27)

The latter is a [10, 19, 18] confluent hypergeometric
equation (21)≡(27) with parameters:

β = 1, (28a)

α = (1± b)/2. (28b)

The confluent hypergeometric equation has two lin-
early independent solutions, one which is always
[2, 5] a function of the fist kind:

F (α; 1; ζ)

= 1 +

∞∑
n=0

ζn(n!)−2α(α+ 1) · · · (α+ n− 1);
(29)

the Pochhammer symbol (30a) was used in (29)

(α)n ≡ α(α+ 1) · · · (α+ n− 1)

= Γ(α+ n)/Γ(α),
(30a)

(1)n = n!, (30b)

which is related to the Gamma function [21, 6] and
implies (30b).

In the case of parameter β = 1 a solution of
the confluent hypergeometric equation linearly in-
dependent from (29) is specified by [11, 16, 13] the
function of the second kind:

G(α; 1; ζ)

= log ζ lim
σ→0

∞∑
n=0

ζn+σ(α+ σ)n[(1 + σ)n]−2

+ lim
σ→0

∞∑
n=0

ζn+σ(α+ σ)n[(1 + σ)n]−2

{Ψ(α+ σ + n)−Ψ(α+ σ)

+2Ψ(1 + σ)− 2Ψ(1 + σ + n)};

(31)

The confluent hypergeometric function of the sec-
ond kind (31) consists of two terms: (i) a loga-
rithm of the independent variable ζ multiplied by
the function of the first kind (29):

G(α; 1; ζ) = log ζF (α; 1; ζ) +N(α; 1; ζ); (32)

(ii) plus a complementary function

N(α; 1; ζ) =
∞∑
n=0

ζn(n!)−2(α)n[Ψ(α+ n)−Ψ(α)− 2Ψ(1 + n)].

(33)
The last factor +2Ψ(1) in (31) was omitted from
the square brackets in (33) because it is a multiple
of the function of the first kind (29), and can be
included in the latter.

3. Multiple internal reflections in the ther-
mal boundary layer

3.1. Vanishing of the acoustic pressure at the criti-
cal layer

The general solution of the differential equation (25)
is a linear combination of confluent hypergeometric
functions of the first (29) and second (32, 33) kind
with parameters (28a, 28b); and variable (26a):

J±(z) = A±F (1/2± b/2; 1;∓2z)

+B±G(1/2± b/2; 1;∓2z).
(34)

Substitution of (34) in (24c) shows that:

Q±(z, b) = exp(±z){A±F (1/2± b/2; 1;∓2z)

+B±G(1/2± b/2; 1;∓2z)},
(35)

the leading term corresponds to a divergent or
evanescent wave in the direction of increasing or
decreasing z, respectively for Q+ and Q−. The
variable sound speed in the thermal boundary layer
causes multiple internal reflections of all orders, rep-
resented by the series in curly brackets. The change
of dependent (16a) and independent (16b) variable:

0 ≤ y ≤ L : (36a)

P (y) = exp[±k(y + L/a)]

{A±F (1/2± b/2; 1;∓2k(y + L/a))

+B±G(1/2± b/2; 1;∓2k(y + L/a))},
(36b)

specifies the acoustic pressure in the thermal bound-
ary layer.

The confluent hypergeometric function of the sec-
ond kind (32) has a logarithmic singularity, speci-
fied by (26a, 16b)

logζ = log(∓2z) = log[∓2k(y + L/a)], (37)
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at the point (15) where the sound speed vanishes.
Although this lies outside the flow region of interest,
the physical reasons for the singularity deserve con-
sideration. The point where the sound speed van-
ishes corresponds to a singularity of the differential
equations (14), (18), (23) and (25) because the ac-
cumulation of acoustic energy at a point can lead to
an ’infinite’ amplitude, in linear non-dissipative the-
ory. In reality non-linear effects will limit the ampli-
tude, and it is dissipation which may cause partial
absorption of the sound wave. As for a shock wave,
which is a non-linear process involving dissipation,
the change of amplitude across a critical layer can
be calculated in the limit of zero ”thickness’. The
method to be used for a critical layer [1, 14, 3] in
the case of frequency ω and time dependence can
be adapted to the wavenumber k and spatial depen-
dence. The passage across the singularity changes
the sign of the argument of the logarithm in (37)
and thus adds a term in:

log|2k(y + L/a)|+
{

0 if y > −L/a, (38a)

iπ if y < −L/a, (38b)

This specifies the discontinuity across the critical
layer.

The two expressions (35) for the acoustic pressure
field in the thermal boundary layer differ only in the
signs of z and b:

Q+(z; b) = Q−(−z;−b). (39)

There are four particular integrals in (35), viz. the
functions of the first F and second G kinds with up-
per or lower signs, corresponding to (F,G(±z;±b));
only two can be linearly independent because the
differential equation is of order two. Thus the
functions of the second kind can be avoided, since
F (±z;±b) are linearly independent. The general
integral can be expressed as their linear combina-
tion.

0 ≤ y ≤ L : (40a)

P (y; k;ω) = T{exp[k(y + L/a)]

F (1/2 + b/2; 1;−2k(y + L/a)]

−Dexp[−k(y + L/a)]

F [1/2− b/2; 1; +2k(y + L/a)]}.

(40b)

The amplitude of the downward propagating wave
in the thermal boundary layer is the transmission
factor T, if a wave of unit amplitude is incident
outside the boundary layer (7a, 7b):

y ≥ L : P∞(y) = exp(−iκy) +Rexp(iκy), (41)

giving rise to a reflected wave whose amplitude
is the reflection factor R. The acoustic pressure

field inside (40) and outside (41) the thermal
boundary layer involves two scattering parameters,
namely the reflection R and transmission T factors,
which are determined subsequently by applying two
matching conditions. The constant D in (40) is de-
termined next from the boundary condition at the
wall.

3.2. Rigid or impedance wall boundary conditions
The impedance boundary condition at the wall:

P (0; k;ω) = −Z(k, ω)V (0; k;ω), (42)

relates the acoustic pressure perturbation spectrum
(2) to the spectrum of the transverse acoustic ve-
locity:

vy(x, y, t) =∫ +∞

−∞
dω

∫ +∞

−∞
dk exp[i(kx− ωt)]V (y, k, ω).

(43)

The transverse component of the linearized inviscid
momentum equation:

ρ0[∂vy/∂t+ U(y) ∂vy/∂x] + ∂p/∂y = 0, (44)

relates the two spectra by:

ρ0i[kU(y)−ω]V (y, k, ω)+dP (y, k, ω)/dy = 0. (45)

For a uniform flow (4a) at the wall this simplifies
to:

lim
y→0

dP (y, k, ω)/dy = −iρ0[kU − ω]V (0, k, ω)

= iρ0[kU − ω]P (0, k, ω)/Z(k, ω),
(46)

where the impedance boundary condition (42) was
used.

The specific impedance is defined (47a) by the
ratio to the impedance of a plane wave:

z(k, ω) = Z(k, ω)/(ρ0c) : (47a)

0 = c z(k, ω)P ′(0, k, ω) + i[ω − kU ]P (0, k, ω),
(47b)

simplifying the boundary condition to (47b). From
(40) follows the second term of (47b):

P (0; k, ω) = T (E+ − E−D), (48a)

E± ≡ exp(±kL/a)F (1/2± b/2; 1;∓2kL/a).
(48b)

The derivative of the confluent hypergeometric
function:
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d[F (α;β; ξ)]/dξ = (α/β)F (1 + α; 1 + β; ξ), (49)

appears in:

dP (y; k;ω)/dy =

kT{exp[k(y + L/a)]F (1/2 + b/2; 1;−2k(y + L/a))

+Dexp[−k(y + L/a)]F (1/2− b/2; 1; 2k(y + L/a))}
−kT{exp[k(y + L/a)](1 + b)

F (3/2 + b/2; 2;−2k(y + L/a))}
+D{exp[−k(y + L/a)](1− b)
F (3/2− b/2; 2; 2k(y + L/a))}

(50)
This is evaluated at the wall:

P ′(0; k, ω) = kT (E+ + E−D)− kT (E+ + E−D),
(51a)

E± ≡ (1± b) exp(±kL/a)F (3/2± b/2; 2;∓2kL/a),
(51b)

for substitution in (47b).
The impedance boundary condition at the wall

(47b) is rewritten using (48a), (51a):

i{(U − ω/k)/[c z(k, ω)]} (E+ − E−D)

= E+ + E−D − (E+ + E−D);
(52)

solving for D specifies:

D = [i(U − ω/k)E+ − c(E+ − E+)z(k, ω)]

/[i(U − ω/k)E− + c(E− − E−)z(k, ω)];
(53)

this appears in the combination of upward and
downward propagating waves in the thermal bound-
ary layer (40) which complies with the impedance
boundary condition (42). In the particular case of
a rigid wall (54a), then (53) simplifies to (54b):

z(k, ω) =∞ : (54a)

D = −(E+ − E+)/(E− − E−). (54b)

Having determined D in (40), it remains to deter-
mine the transmission factor T together with the
reflection factor R in (41), from the matching con-
ditions of the acoustic pressure and displacement at
the edge of the thermal boundary layer.

3.3. Matching of the acoustic pressure and particle
displacement

The matching conditions at the edge of the ther-
mal boundary layer concern the continuity acoustic
pressure p and normal particle displacement ~ξ per-
turbations.

It is shown that continuity of particle displace-
ment, leads to the same condition as the continuity
of acoustic velocity or acceleration, i.e. P ′ is con-
tinuous.

Thus the matching conditions to be applied:

P∞(L) = P (L), (55a)

P ′∞(L) = P ′(L), (55b)

concern the continuity of pressure (55a) and its
transverse derivative (55b) at the junction y = L
of the thermal boundary layer (40) and isothermal
free stream (41). The continuity of the pressure
(55a) yields:

exp(−iκL) +Rexp(iκL) = T (H+ −H−D), (56)

where:

H± = exp(±ϑkL)F (1/2± b/2; 1;∓2ϑkL), (57)

ϑ ≡ 1 + 1/a = 1 + 1/[(c∞/c0)2 − 1]

= T∞/(T∞ − T0).
(58)

The continuity of the transverse component of the
displacement leads to:

iκ[Rexp(iκL)− exp(−iκL)]

= kT (H+ +H−D)− kT (H+ +H−D),
(59)

where

H± ≡ (1± b)exp(±ϑkL)F (3/2± b/2; 2;∓2ϑkL),
(60)

The differentiation formula for the confluent hyper-
geometric function (49) was used in (50) when sub-
stituting (40) in (55b) to obtain (59). The system
of equations (56) and (59) specifies the reflection
and transmission factors.

The system of equations (56, 59) can be put into
the matrix form:[

1 S+

1 S−

] [
R
T

]
=

[
−1
+1

]
exp(−2iκL), (61)

where the scattering factors are given by:

S+ = exp(−iκL)[H−D −H+], (62a)

S− = exp(−iκL)[i(k/κ)[(H+−H+)+D(H−−H−)]],
(62b)

The determinant of the system (61) is given by:
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S = S− − S+

= exp(−iκL){[−i(k/κ)H+ + (1 + ik/κ)H+]

+D[−i(k/κ)H− + (ik/κ− 1)H−]}.
(63)

The vanishing of (63) would correspond to reso-
nance; since (63) is complex it would be fortuitous
that both the real and imaginary parts vanish simul-
taneous for real k. Resonance would be possible in
general for complex k only. Also κ = 0 is excluded,
since the incident wave (41) must have a vertically
propagating component. Bearing in mind that the
determinant (63) is finite and non-zero (64), then
(61) can be inverted (64b)

S 6= 0,∞ : (64a)

S

[
R
T

]
=

[
S− −S+

−1 +1

] [
−1
+1

]
exp(−2iκL); (64b)

this specifies explicitly the reflection and transmis-
sion coefficients:

{R, T} = S−1 exp(−2iκL){−S− − S+, 2}, (65a,b)

in terms of (63, 57, 60). The boundary condition at
the wall is met (48b, 51b) by (53) for an impedance
wall and by (54b) for a rigid wall. Thus all condi-
tions on the acoustic field have been met, allowing
the plotting of the scattering coefficients and the
acoustic pressure.

4. Implementation
4.1. Scattering coefficients and waveforms of acous-

tic pressure
Several combinations of the parameters of the prob-
lem are used for plotting the amplitudes and phase
of the reflection and transmission factors and acous-
tic pressure.

4.2. Parameters of the problem
The reflection and transmission coefficients are gen-
erally complex, and can be plotted in terms of am-
plitude and phase:

R(θ) = |R| exp[i arg(R)], (66a)

T (θ) = |T | exp[i arg(T )], (66b)

and depend on the reference angle of propagation
θ, which is implied in one of the six parameters of
the problem:

T0, T∞, L, U, ω, k; (67)

the six parameters in the problem are the temper-
ature at the wall T0 and in the free stream T∞,
the thickness L of the thermal boundary layer, the

free stream velocity U , the wave frequency ω and
horizontal wavenumber k. These six parameters
can be combined into four dimensionless parame-
ters. An obvious choice of the first parameter is
the free stream Mach number, which is given values
ranging from zero, to low speed, subsonic, sonic and
supersonic:

M∞ ≡ U/c∞ = 0, 0.3, 0.8, 1, 2.5, (68)

since a unidirectional shear flow (3a) is incompress-
ible and there is no restriction on Mach number.

A second dimensionless parameter is the ratio of
temperatures in the free stream and at the wall,
including lower and higher, with small or large de-
viation from the isothermal case.

µ ≡ T∞/T0 = (c∞/c0)2 = 0.1, 0.5, 2, 5, 10.
(69)

This specifies two other dimensionless parameters
(13c) and (58):

a = µ− 1 = −0.9, −0.5, 1, 4, 9; (70)

ϑ = µ/(µ− 1) = −1/9, −1, 2, 5/4, 10/9.
(71)

The third parameter is the frequency made dimen-
sionless using the sound speed in the free stream c∞
and thickness L of the thermal boundary layer:

Ω = ωL/c∞ = 2πL/c∞τ = 2πL/λ∞

= 0.1, 0.3, 1, 3, 10;
(72)

it compares the thickness of the thermal boundary
layer with the wavelength at infinity, i.e. distance
in a period covered at the sound speed in the free
stream: it is given a range of values from large cor-
responding to ray theory to small corresponding to
the compactness approximation, including interme-
diate values of order unity; for later neither the ray
nor the compactness approximations would do, and
an exact theory is necessary.

The fourth parameter is the horizontal wavenum-
ber made dimensionless multiplying by thickness of
the thermal boundary layer:

ε ≡ kL = 0.1, 0.3, 1, 3, 10; (73)

it is given the same range of values (73) the dimen-
sionless frequency (72). For a sound wave propa-
gating in a medium at rest at an angle θ to the
horizontal, the horizontal wavenumber is given by
(74a) and is related to the dimensionless frequency

7



(72) by (74b). Thus when combining (72) and
(73) then ε < Ω would represent propagating and
ε > Ω evanescent waves in a medium at rest at the
free stream temperature. Taking into account the
free stream velocity, the conditions of propagation
and evanescence are respectively real and imaginary
transverse wavenumber (7a); e.g. in dimensionless
form:

k = (ω/c∞) cos θ, (74a)

ε ≡ kL = (ωL/c∞) cos θ = Ω cos θ, (74b)

δ = κL = |(Ω− εM∞)2 − ε2|1/2. (74c)

In the thermal boundary layer the sound field is not
sinusoidal, and there is no transverse wavenumber.

In addition to the free stream Mach number (68),
free stream to wall temperature ratio (69), dimen-
sionless frequency (72) and horizontal compactness
(73) the fifth parameter of this problem is the spe-
cific wall impedance (47a) that is given four values:

z =∞, 1, i, 1 + i, (75)

corresponding respectively to rigid, resistive, induc-
tive and mixed wall.

4.3. Amplitude and phase of the reflection and
transmission coefficient

The amplitude and phase of the reflection and
transmission coefficients (66) are plotted as func-
tions of the reference angle:

0 ≤ θ ≤ π : (76a)

−1 ≤ ε/Ω = cos θ ≤ +1 (76b)

The baseline case is a subsonic free stream (77a), at
twice the wall temperature (77b) for a unit dimen-
sionless frequency (77c) for a rigid wall (77d):

M∞ ≡ U/c∞ = 0.8, (77a)

µ = T∞/T0 = 2, (77b)

Ω = ωL/c∞ = 1, (77c)

z =∞. (77d)

While keeping the same baseline case are varied in
turn the free stream Mach number (68), the ratio
of free stream to wall temperature (69), the dimen-
sionless frequency (72) and the wall impedance (75).

The five parameters (68, 69, 72, 73, 75) are suf-
ficient to calculate the reflection and transmission
coefficients (65).

{R, T} = (S− − S+)−1 exp(−2iδ){−S− − S+, 2},
(78)

where: S± are given by (62) involving (57, 60); D is
given by (53) for an impedance wall and by (54b) for

a rigid wall, using (48b, 51b); the confluent hyper-
geometric function of the first kind appears in (48b,
51b, 57, 60) and it is given by (29); in the latter ex-
pressions also appears the dimensionless parameter
(19), which is dependent on those introduced be-
fore:

b = (ωL/c0 − kLU/c0)2
1

kLa
= (Ω− εM∞)2

µ

aε
.

(79)
The range of angles θ is restricted (74b) to

propagation in the free stream for real transverse
wavenumber (7a) or (74c) or:

κL = Ω|(1−M∞ cos θ)2 − cos2 θ|1/2, (80)

corresponding to

θ ≥ θ− ≡ arccos[1/(1 +M∞)], (81a)

θ ≤ θ+ = π − arccos[1/(M∞ − 1)]. (81b)

The lower limit θ− applies to all Mach numbers and
the upper limit θ+ only above Mach 2. The values
corresponding to (68) are:

θ− = {0.0◦, 39.71◦, 56.25◦, 60◦, 73.40◦}, (82a)

θ+ = {180◦, 180◦, 180◦, 180◦, 131.81◦}. (82b)

These angles apply to the reflection of acoustic
waves back into the free stream. In the thermal
boundary layer cos(θ) is replaced by ε/Ω according
to the equation (74b). These two representations
coincide at the interface between the free stream
and the thermal boundary layer, and thus apply to
both the reflection and transmission coefficients.

4.4. Acoustic pressure as a function of distance from
the wall

The reflection and transmission coefficient appear
in the acoustic pressure which is plotted as ampli-
tude and phase (83b) versus distance from the wall
made dimensionless dividing by the thickness of the
thermal boundary layer (83a):

0 ≤ Y ≡ y/L ≤ 2 : (83a)

P (Y ) = |P |exp[i arg(P )], (83b)

The range of distances (83a) includes: (i) the ther-
mal boundary layer (40):

0 ≤ Y ≤ 1 : (84a)

P (Y ) = T [exp(ε(Y + 1/a))

F (1/2 + b/2; 1;−2ε(Y + 1/a))]

−TD [exp(−ε(Y + 1/a))

F (1/2− b/2; 1; 2ε(Y + 1/a))],

(84b)
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(ii) an equal distance into the free stream:

1 ≤ Y ≤ 2 : (85a)

P (Y ) = exp(−iY δ) +Rexp(iY δ). (85b)

The two solutions (84) and (85) match in value
(55a) and slope (55b) at the edge of the thermal
boundary layer.

The confluent hypergeometric functions of the
first kind (29) appearing in (84, 48b, 51b, 57, 60)
may be computed efficiently (86a) using the recur-
rence formula (86b) for the coefficients:

F (α;β; ζ) = 1 +

∞∑
n=1

fn(n!)−1ζn, (86a)

fn+1 = [(α+ n)/(β + n)] fn (86b)

The baseline case for plotting pressure perturbation
is the four parameters (77) plus the reference angle
(87a) corresponding to (87b):

θ = π/3 : (87a)

ε = Ω cos θ = Ω/2 = 0.5. (87b)

Keeping the baseline case (77, 87b) are varied in
turn the Mach number (68), the ratio of free stream
to wall temperature (69), the dimensionless fre-
quency (72), the compactness parameter (73) and
the wall impedance (75).

5. Results and Discussion
5.1. Amplitude and phase of reflection and trans-

mission coefficients
Plots of amplitude and phase of reflection and trans-
missions factors were obtained and for all the vari-
ations of the problem, the modulus of the reflection
factor was close to unity and the modulus of the
transmission factor was much larger.

5.2. Pressure perturbation as a function of the dis-
tance from the wall

Pressure amplitude for acoustic-entropy waves in-
creased away from the wall in the thermal bound-
ary layer and for acoustic waves in the free stream
decreased with distance from the wall resulting in
a peak at the interface. The phase of the pressure
perturbation almost does not vary except for phase
jumps at the nodes with zero amplitude.

5.3. Conversion of acoustic to acoustic-entropy
waves

The most strinking results is the large magnitude
of the modulus of the transmission factor relatively
to the reflection factor. The reflection and trans-
mission factors are related by (61), that can be re-
written

R+ S±T = ∓ exp 2iκL, (88)

so that for real propagating transverse wavenumber,
the modulus is unity:

κ real : |R+ S±T | = 1. (89)

For all values of the transverse wavenumber, ei-
ther real or imaginary, corresponding respectively
to propagating or evanescent acoustic waves in the
free stream, the ratio is minus unity:

R+ S+T

R+ S−T
= −1, (90)

implying that the transmission factor T for
acoustic-entropy waves is related to the reflection
factor R for acoustic waves by:

T = − 2R

S+ + S−
. (91)

If the waves are all acoustic on both sides of the
interface (92a) would be expected to hold leading
to (92b,92c)

R+ T = 1, (92a)

R =
S+ + S−

S+ + S− − 2
, (92b)

T =
2

2− S+ − S−
. (92c)

However there is no reason for (92) to hold since
the distinct waves on opposite sides of the interface
do not couple leading to total reflection of acoustic
waves into the free stream:

|R| = 1. (93)

In this case the modulus of the transmission factor
for acoustic-entropy waves in the thermal boundary
layer is:

|T | = 2

|S+ + S−|
. (94)

If the coupling is weak (95a)

|S+ + S−| << 1, (95a)

|T | >> 1, (95b)

the modulus of the transmission factor is large
(95b).

6. Conclusions
By analysing the obtained graphs, it is possible to
conclude that in the free stream: the acoustic waves
incident from the free stream have almost total
reflection back since ’mode conversion’ across the
interface is mostly ineffective, pressure perturba-
tion is nearly standing nodes, with almost constant
phase, except for phase jumps at the nodes of zero
amplitude and the nodes are more closely spaced at
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higher frequencies. In the thermal boundary layer:
acoustic waves incident from the free stream cause
moderate pressure and displacement perturbations
of the interface, the same moderate pressure and
displacement perturbations of the interface corre-
sponds to larger amplitudes of the acoustic-entropy
waves so the interface acts as an amplifier of acous-
tic waves incident from the free stream triggering
instabilities of acoustic-entropy waves.

The distinction between acoustic waves in a free
stream and acoustic-entropy waves in a thermal
boundary layer, allows the interface to acts as a
’valve’: in one direction it amplifies acoustic waves
in the free stream into acoustic-entropy waves in the
thermal boundary layer and in the opposite direc-
tion it attenuates the acoustic entropy waves in the
thermal boundary layer into weaker acoustic waves
in the free stream. Since the acoustic-entropy waves
in the thermal boundary layer are insensitive to wall
impedance, they ’shield’ the acoustic waves in the
free stream from wall effects. In conclusion the in-
terface between acoustic waves in a free stream and
acoustic-entropy waves in a thermal boundary layer
has a ’valve’ effect similar to critical layers for a va-
riety of atmospheric waves [21, 9, 2].

There is some tendency to interpret all waves in
fluids as acoustic waves, with less emphasis on vorti-
cal and entropy interactions this work demonstrates
significant differences between acoustic waves in a
free stream and acoustic-entropy waves in a ther-
mal boundary layer. Instead of having a uniform
stream a velocity boundary layer could be consid-
ered leading to vortical waves. The combinations of
velocity and thermal boundary layers would lead to
acoustic-vortical-entropy waves.
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