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Abstract

This work aims at implementing a filter that works for any probability density function, and using
it for joint state and parameter estimation. The Fokker-Planck equation is used in the prediction step
of the filter, and the Bayes theorem for filtering. Using an augmented state allowed for simultaneous
estimation of the state and parameter, for both constant and time variant parameters. The main
limitation of the implemented filter is the computational time. Future work should include trying to
overcome this limitation, allowing the FPE based filter to be used in more complex problems.
Keywords: Non linear filtering, Fokker-Planck, estimate, probability density function, stochastic
differential equation.

I. Introduction

A. Motivation

There are several filtering techniques in the lit-
erature but most are very limited. Typical limita-
tions include the need for a specific type of probabil-
ity distribution or assumptions of linear dynamics.
Non linear estimation tools allow the simultaneous
estimation of state and parameter. Ordinary uses
for filters include tracking, navigation, economics,
robot control and process control. A filter that of-
fers a reliable estimate of the process parameters is
also useful in the field of adaptive control, ensuring
that the control law being used is the correct one.

B. Literature review

The Fokker-Planck Equation (FPE) [1], [2] pro-
vides a way to propagate the probability density
function of the state of a system. For the specific
cases without stochastic disturbances, the Liouville
equation [3] can be used. The FPE is generally
not solvable analytically, meaning that numerical
methods must be used. The literature offers a vari-
ety of methods for numerical solutions of the FPE
[4], [5],[6] but these are often computationally ex-
pensive. Publications considering joint state and
parameter estimation were found with the assump-
tion that the systems are deterministic and parame-
ters do not change with time [7], [8]. For stochastic
systems and time variant parameters, no references
were found.

C. Contributions

The contributions of this paper are the study and
implementation of a continuous-discrete non linear
filter that uses the Fokker-Planck equation, and its
application to problems that require simultaneous

state and parameter estimation. The filter will first
be tested against deterministic systems with initial
uncertainty in the parameters, but the most impor-
tant results are the ones for stochastic systems and
regarding time variant parameters, something that
is not yet found in literature.

II. Stochastic differential equations
Stochastic differential equations can be seen as

ordinary differential equations disturbed by a ran-
dom process. Considering w a standard Wiener pro-
cess or ”random walk”, the SDE is written as

dX

dt
= f(Xt) + σ

dwt
dt

, X(0) = X0, (1)

The numerical simulation of SDEs is done according
to [9], using the Euler–Maruyama method in (2).

X(tj) = X(tj−1)+f(Xtj−1)∆t+σ(w(τj)−w(τj−1)).
(2)

The scalar linear SDE is given by

dX = −λXdt+ µdW. (3)

The characteristic curves of this SDE go towards
zero at a rate defined by the linear factor, meaning
this is the general trend the solutions will follow.
Figure 1 shows several possible solutions when λ =
2, µ = 0.5 and X0 = 3, as well as their histograms.

One other example of a scalar SDE is the PLL
error equation given by

dX = [−λX − λ2sin(X)]dt+ µdW. (4)

In this SDE the range of values where the solutions
are grows with time. The solutions and histograms,
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Figure 1: Histograms and solutions superimposed for
the linear case.

when the parameters used are µ = 2, λ1 = 0 and
λ2 = 1 , are shown in figure 2. The characteristic
curves go towards multiples of 2π, explaining the
spikes in the probability of the state being around
those values.

3020100

x values
-10-20-30

0

5

time instants

10

15

0.15

0.1

0.05

0

0.3

0.2

0.25

0.35

0.4

0.45

0.5

20

s
im

u
la

te
d
 p

d
f(

x
,t
)

Figure 2: Histograms and solutions of the SDE, super-
imposed, for the PLL.

To illustrate a higher order problem, in this case
2D, the system of SDEs (5) is considered.{

ẋ1 = x2 + σ1dW1

ẋ2 = −W 2
nx1 − 2ξWnx2 +W 2

nu+ σ2dW2

,

(5)
Notice that now the histograms are no longer curves
but, instead, surfaces. These are shown in figure 3
for the step response and for ξ = 0.1, Wn = 1/2,
x0 = [0, 1]T , and noise coefficients 0.45 and 0.55, re-
spectively. For this value of ξ the response, given by
the value of x2, is oscillatory and slowly converging
to 1, as shown by the histograms.

Figure 3: Histograms for the linear second order system
with ξ = 0.1 and Wn = 1/2.

III. Fokker-Planck equation
The Fokker-Planck equation is a partial differen-

tial equation that states how the probability density
function of the solutions of the N dimensional SDE
in (6) evolves as time passes.

dXt =

dx1

...
dxn

 =

f1(X, θ)
...

fn(X, θ)

 dt+

σ1

...
σn

 et. (6)

The n-dimensional FPE is written as follows

∂p(X, t)

∂t
= −

N∑
i=1

∂

∂xi
[p(X, t)fi(X, t)]

+

N∑
i=1

N∑
j=1

∂2

∂xi ∂xj
[Dij(X, t)p(X, t)] ,

(7)

where fi(x, t) are the drift terms for each of the
state variables and Dij(x, t) are the diffusion coef-
ficients, that in this work were considered constant
and zero for the cross terms.

A. Liouville equation

The Liouville equation is used when the system
in (6) has all the noise coefficients σi equal to zero
and is equal to (7) if the coefficients Dij are all zero.

B. Solution of the Liouville equation

Expanding the partial derivatives, the Liouville
equation is

∂p(X, t)

∂t
+

N∑
i=1

fi(x)
∂p

∂xi
+

N∑
i=1

∂fi
∂xi

p = 0. (8)

Adopting the following notation

∂p

∂X
=

[
∂p

∂x1
. . .

∂p

∂xn

]
, (9)

and

∂F

∂X
=


∂f1
∂x1

. . . ∂f1
∂xn

...
...

∂fn
∂x1

. . . ∂fn
∂xn

 , (10)

the Liouville equation can be written as

∂p

∂t
+

∂p

∂X
F + tr

(
∂F

∂X

)
p = 0, (11)

and it can be divided in the following partial differ-
ential equations:

∂p

∂t
+

∂p

∂X
F = 0, (12)

∂p

∂t
+ tr

(
∂F

∂X

)
p = 0, (13)

with known initial conditions equal to p(X, t0). It
can be proved that the solution for the complete
Liouville equation is the composition of the solu-
tions to (12) and (13). The complete solution for
the Liouville equation is

p(X, t) = p

(
X −

∫ t

t0

F (X(s))ds, t0

)
· exp

[
−
∫ t

t0

tr

(
∂F

∂X

)
ds

]
.

(14)
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C. Solution of the FPE equation

As it was already mentioned the FPE equation
is the same as the Liouville equation but with the
additional term due to the non zero diffusion coeffi-
cients. This means that the Fokker-Planck equation
is the sum of the Liouville equation and

N∑
i=1

N∑
j=1

∂2

∂xi ∂xj
[Dij(X, t)p(X, t)] , (15)

that can be seen as the heat equation, and can be

written in a compact way as ∂p(X,t)
∂t = σ2

2 ∆p, with
initial condition p0, and its solution is the convolu-
tion of p0 with a Gaussian kernel.

The probability density function of the sum of
two random variables is the convolution of the prob-
ability density functions of those same random vari-
ables, meaning that the complete numerical solu-
tion of the FPE is the solution of the Liouville equa-
tion in (14) convoluted with the diffusion kernel.

D. Numerical integration

For the numerical integration of the FPE, a grid
must be defined. The grid used in the 2D FPE
numerical integration has constant resolution over
both state dimensions. The ends of the grid are
selected according to the problem at hand, ensuring
the pdf is always fully inside the grid. The solution
is composed of 3 operations: multiplication, shift
and convolution, with the first two being the same
for the Liouville equation.

D.1 The multiplication term

The multiplication term is given by

exp

[
−
∫ t

t0

tr

(
∂F

∂X

)
ds

]
. (16)

In the 2D case, and if the integral is approximated
by the Riemman sums, the multiplication term is
given by

exp

[
−
(
∂f1

∂x1
(X) +

∂f2

∂x2
(X)

)
·∆t

]
. (17)

D.2 The shift term

The shift term is responsible for the movement of
the pdf along the characteristic curves of the SDE,
and it is given by

p

(
X −

∫ t

t0

F (X(s))ds, t0

)
(18)

Approximating the integral using the Riemman
sums, the shift is given by

p
(
X − F (X)∆t, t− 1

)
. (19)

The points X −F (X)∆t usually do not correspond
to points in the grid, meaning interpolation tech-
niques must be used. In this work bi-cubic interpo-
lation was used.

There is an alternate way to perform the shifting
of the pdf. Instead of having a fixed step grid and
interpolating, the grid can change for every time
step so that the grid points are always on top of
the characteristic curves, meaning that the X grid
is defined as

Xgrid(t) = Xgrid(t−1)+F (Xgrid(t−1))∆t, (20)

eliminating the need for interpolation. This ap-
proach complicates the convolution, meaning it
should only be implemented for the Liouville equa-
tion.

D.3 The kernel factor

For the kernel, it was assumed that the cross
term diffusion coefficients are zero, making the ker-
nel easy to obtain by point to point multiplication
of 1D kernels. If both variables are affected by a
stochastic process, two 1D Gaussians are used, and
if one of the variables is not affected by the diffu-
sion, one kernel is a Gaussian and the other is a
Dirac delta.

E. Results

The scalar FPE was tested using the PLL error
equation with σ = 2, λ1 = 0 and λ2 = 1. Both the
∆t and ∆x used were 0.02, and the results are in
figure 4. By inspection is possible to see that they
match the ones obtained in figure 2. To validate

Figure 4: Numerical solution of the FPE for the PLL
error SDE.

the result, the solution can be superimposed on the
histogram obtained by Monte Carlo simulation of
the SDE. It is possible to see that both techniques
yield the same results, although the FPE is much
more accurate and the algorithm is a lot faster than
simulating the SDE thousands of times.

The multi-variable FPE was tested for the 2D
general linear SDE described in (5). The results
obtained are in figure 6, with the values for Wn and
ξ being 3 and 0.15 respectively.

To compare the results obtained with the FPE
and with the MCS of the SDE, these can be plotted
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Figure 5: Results from SDE numerical simulation and
FPE propagation for the PLL in t = 700∆t

Figure 6: Results of propagating the initial pdf with the
2D FPE Equation.

from the XY, and YZ views, for example. Analysing
the result in figure 7 it is possible to see that the
two methods yield the same result, apart from the
expected errors in the histogram obtained by MCS
of the SDE. Once again, the FPE approach is not

(a) FPE: XY plane (b) FPE: YZ plane
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Figure 7: Validation of the results for the 2D FPE.

only more accurate but also faster.
For the Liouville equation, the results obtained

are shown in figure 8 and match what was expected.
Due to the lack of noise in the SDE, there is no
diffusion of the probability density function and it
gets thinner and higher as time passes.

Figure 8: Results of propagating a pdf with the Liouville
Equation.

IV. Continuous-Discrete Filter
A. State model

Consider a non linear system that evolves accord-
ing to the SDE

dx

dt
= f(xt, θ) + σxet, x(0) = x0, (21)

with x ∈ Rn being the state, θ ∈ Rnp the model
parameters, f : Rn × Rnp → Rn. The vector σx ∈
Rn contains the standard deviation of the diffusion
of each state variable xi and et is a vector of random
sequences (white noise).

The initial condition for the state, x0, is, in gen-
eral, a random variable with pdf px(x(t0), t0) and
the parameter vector is a random variable with a
priori pdf pθ(θ, t0).

The approach used to compute not only px(x, t)
but also pθ(θ, t) is to consider an augmented state
X ∈ Rn+np given by

X(t) =

[
θ
x(t)

]
. (22)

Notice that now, even linear problems become non
linear, and that the problems are always multi-
modal (at least one state and one parameter).

If all the diffusion coefficients are equal to zero,
the state equation is deterministic and the Liouville
equation can be used to propagate the probability
density function of X.

B. Observation model and filtering

For the complete characterization of the plant in
study, it is not enough to know (21). The missing
element is the observation model that reflects how
the observation obtained via sensors relates to the
state. In general this is written as

y(t) = h(X(t)) + η(t), (23)

where y ∈ R is the observation, h : Rn+np → R
maps from the augmented state X to the observed
value and η is a sequence of independent and iden-
tically distributed (iid) Gaussian random variables
with zero mean and variance σ2

η.
The observations are assumed to happen in dis-

crete time instants t0, t1, . . . , tk and thus the set of
observations can be defined as

Y tk = y(t0), y(t1), . . . , y(tk). (24)

Due to the nature of equation (23) it is possi-
ble to conclude that the probability of an observa-
tion given the state, p(y(tk)|X(tk)), is given by (25)
where C is a normalization constant.

p(y(tk)|X(tk)) = C·exp
{
− 1

2σ2
η

[y(tk)−h(X(tk))]2
}
.

(25)
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Bayes theory allows to infer the estimate of a ran-
dom variable from observations of another, related,
random variable. In the present framework, it is
used to correct the a priori estimate of the state
using the plant output observations, in order to ob-
tain an a posteriori pdf.

C. Filter algorithm

The continuous-discrete problem consists in esti-
mating X(ti) from the observations of y up to time
i. Since we are working with probabilities, the com-
plete problem can be formulated as estimating

p(X(tk)|Y tk), (26)

where the superscript stands for up to time tk. This
is known as the a posteriori pdf.

The pdf of the state given the observations con-
tains the full information required to compute the
estimate of the state and parameters at that time
instant, regardless of the desired estimation crite-
rion.

Formally, the filter can be presented as follows.

• Prediction step: Compute p(X(tk)|Y tk−1)
by propagating p(X(tk−1)|Y tk−1) from tk−1 to
tk. This can be done with the Fokker-Planck
equation as described previously.

• Filtering step: Compute the filtered pdf at
time tk using Bayes Law

p(X(tk)|Y tk) = K(tk)p(y(tk)|X(tk))p(X(tk)|Y tk−1),
(27)

with K(tk) being a normalization constant.

V. Joint state and parameter estimation
This section aims at estimating simultaneously

the state and parameter of the scalar linear SDE in
(3), using an augmented state with the parameter,
now x1, and the state, x2. The new state dynamics
are

dXt =

[
dx1

dx2

]
=

[
0

−x1 · x2

]
dt+

[
σ1

σ2

]
dWt. (28)

A. Augmented state pdf propagation

For the pdf propagation using the FPE/Liouville,
first the three operators must be defined. In this
case ∂f1

∂x1
= 0 and ∂f2

∂x2
= −x1, meaning that the

multiplication term for a point [x1, x2]T is e(x1∆t).
The shift term for each point [x1, x2]T is [0, −x1 ·
x2 ·∆t]T , meaning that the shift is done only over
the x2 coordinate but depends on the value of x1.
The values x2 − (−x1 · x2 · ∆t) are usually not on
the grid and cubic interpolation is used.

The system used to test the propagation was de-
fined by a constant parameter equal to 0.5, diffusion
coefficients equal to σ1 = 0.05, σ2 = 3, an initial
pdf that is a 2D Gaussian centred in x1 = 0.5 and

x2 = 100, with σ10
= 0.03, σ20

= 10. The grid used
has the following characteristics; for x1 is defined
from −2 to 3 with ∆x1

= 0.01, for x2 is defined
from −60 to 160 with ∆x2 = 0.5 The propagated
probability density function is the one represented
in figure 9. It is possible to notice the effect of the

Figure 9: Propagated pdf with the 2D FPE.

diffusion, that makes the pdf lower and wider as
time passes, translating the loss of confidence on the
real value of the state and parameter. This loss of
confidence is more evident in x1, since the nature of
the linear scalar SDE makes the pdf contract along
x2. The effect of the shift is also visible. The pdf
moves along the characteristic curves, approaching
x2 = 0. If the systems is deterministic then the Li-
ouville equation is used and the results are in figure
10. Since the Liouville equation does not consider

Figure 10: Propagated pdf with the Liouville Equation.

the diffusion, the pdf is only affected by the shift
and gets higher and more compact as time passes.
Note that the shift is the same as for the FPE since
the stochastic part only affects the variance.

Notice that the pdf in the last instant, repre-
sented alone in figure 11a, has significant error.
This starts happening at around T/2 and is due
to the lack of resolution of the grid to deal with a
contracting pdf. In figure 11b it is possible to see
the mass exploding.

Since the Liouville equation does not need the
convolution operator, it is the perfect candidate for
an alternate way of doing the shift. Instead of hav-
ing a fixed grid, one can use a grid that changes
in time, and that for each time instant is on top of
the characteristic curves. Figures 11c and 11d show
that this approach improves the numerical integra-
tion for the linear SDE.

B. Estimation in a deterministic system

Even in deterministic systems, parameter estima-
tion should be used if there is uncertainty in the
parameter. In this example the initial guess was
centred around 0.2, while the true value is 0.1, and
being a deterministic system, there is no noise in
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Figure 11: Liouville propagation for the augmented lin-
ear SDE with normal and time variant grids.

the state or the parameter. The values used in the
FPE integration were ∆t = 0.02, ∆x1 = 0.01 and
∆x2 = 0.5. Figure 12 shows that as observations
are obtained, the parameter estimate converges to
the real value. The probability density functions for
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Figure 12: Results of the 2D Liouville filter with con-
stant but unknown parameter.

t = 1, 2, 3, 4, 5 are in figure 13, and it is visible that
as time passes, the probability density function con-
tracts showing that the confidence in the estimate
is growing.

Figure 13: Pdf of the augmented state for 3 time in-
stants.

C. Estimation in a stochastic system

C.1 Constant parameter

Still in the context of constant parameters, the
state can be subject to a stochastic disturbance,
meaning that the FPE must be used. The kernel
used for the diffusion is a Gaussian in x2 and a
Dirac-delta in x1, since the parameter is constant.
The noise used in the state variable x2 has σ = 3. A
filter is not used to predict noise, so the input signal

in figure 14 is used to prevent the observations of
x2 from being dominated by noise.
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Figure 14: Input Signal used to obtain figure 15.

Figure 15 shows the results obtained, and again,
the estimate that started at 0.5 converges to the
real value of 0.3.
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Figure 15: Result of the 2D FPE filter for a constant
parameter and stochastic state.

C.2 Time variant parameter

The obvious way to make the parameter time
variant is to have it follow a random walk, but if this
is the case, the parameter estimate is has a poor per-
formance. To overcome this problem, the new state
equation for the parameter is ȧ = g(t) + σaet, and
it was tested with g(t) = 0.1 ∗ sin(t). The diffusion
coefficient of the parameter was increased from 0.05
to 0.1, the resolution of the grid in the parameter
is 0.01, and in the state is 0.5. The results are in
figure 16. It is visible that the filter is able to cor-
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Figure 16: Parameter and state estimation when the
parameter is time variant according to a sine function.

rect the estimate of the parameter except around
t = 20 and t = 40. These instants correspond to
regions of zeros in the input signal, meaning the
noise dominates the state variable x2, and the fil-
ter can not select some x1 values as more probable.
If the input signal is changed so there are no long
periods of zeros, the results are as represented in
figure 17 and the estimate no longer has parts with
significant worse performance. Still in the context
of time variant parameters, it is also possible to
have a piecewise constant parameter, meaning that
the parameter is oscillating between several possi-
ble values but stays constant for a while at each
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Figure 17: Results obtained with an input signal with
no long flat areas

value. Results in figure 18 show that the estimate
of the parameter converges to the true value of the
parameter.
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Figure 18: Results obtained for a time variant but piece-
wise constant parameter.

D. Adaptive control using the parameter estimate

A major advantage of estimating both state and
parameters, is to be able to control the system ef-
fectively. Consider a scalar plant with dynamics

ẋ = −ax+ u, (29)

where u is a known input signal and a a time vari-
ant parameter. Using state feedback control, the
control law is of the form

u = −kx+ ηr, (30)

where r is the reference to be tracked, and k and η
are gains. Replacing u in (29) by (30), one gets

ẋ = −(a+ k)x+ ηr, (31)

meaning that the plant is stable if (a+ k) > 0, and
that when the system stabilizes, the state is equal
to the reference scaled x = η

(a+k)r.

A possible choice is to select k such that (a+k) =
1, meaning that condition for stability is met, and
allowing the value of η to be 1 for the reference to
be tracked without any scaling.

If one wants an intuitive analysis of the selected
control law, the gains k = 1 − a and η = 1 can
be replaced in (30), making the control law u =
ax − x + r. In this equation, the first term will
be cancelling the −ax term in the plant dynamics,
the second term will force stable dynamics, and the
last term is the reference. Notice that in order to
cancel the term −ax, the value of a must be known.
Since a changes with time, it is important to turn
to simultaneous state and parameter estimation.

If the parameter is not being estimated, the con-
trol law is naive and considers the parameter static
and equal to the initial value. In figure 19 it is pos-
sible to see the results for two runs when this is
the case. The curves that describe the behaviour of
the plant are the ones in blue, meaning the objec-
tive is to make the blue curve in the second subplot
match the one in red. Since the parameter is not
estimated, the input being used is not the right one
to make the state converge to the reference, and in
extreme cases can even lead to divergence as seen in
19b. In figure 20 it is possible to see the result when
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Figure 19: Controled system without estimating the pa-
rameter.

the parameters are being estimated. Using the cor-
rect estimate of the parameter, the real state of the
plant can be driven to the reference effectively.
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Figure 20: Control when estimating the parameter.

VI. Multimodal problem

To illustrate why the FPE based filter is more
powerful than the Kalman filter, an example with
multimodal distributions is presented. Consider a
tracking problem with a camera, where the state is
the lateral distance of the target in reference to the
camera. If multiple targets show up, the observa-
tion is going to be multimodal. Figure 21a shows a
possible scenario, with two targets since t = 0 until
t = T , as well as the observations made for each
target, with ση = 5. Figure 21b has the results ob-
tained with the FPE filter and with the Kalman,
where the diffusion considered has a σ value of 5.
As expected, the Kalman filter is only able to hold
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Figure 21: Tracking two targets using FPE and KF.
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one estimate at each time instant. Since the obser-
vations are coming from two different sources, the
Kalman can not track either properly. The FPE
based filter, on the other hand, is able to track the
two distinct targets. It is possible to see that at the
time instant where the targets are very close, the
filter confuses the two. Figure 22 shows the prob-
ability density functions of the KF, FPE filter and
an observation for t = 6.
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Figure 22: A posteriori pdf when the observation is mul-
timodal.

VII. Filter evaluation
A. Performance of the FPE based filter

The study of the performance of the FPE based
filter was done in two separate ways. First the study
was conducted for the FPE integration alone, and
after for the complete filter. All results in this sec-
tion are obtained for the scalar linear SDE with
augmented state to consider the parameter, as it is
the most complex case studied.

A.1 Performance of the FPE integration

The accuracy of propagating the pdf using the
Fokker-Planck equation is only limited by the nu-
merical integration of the FPE and is measured us-
ing the mass error. Consider the noise standard de-
viations σ1 = 0.1 and σ2 = 3, and state discretiza-
tion steps ∆x1 = 0.02 and ∆x2 = 0.5. The results
for the error in the mass over time are shown in
figure 23a. Since the influence of each parameter is
not linear and depends on the other parameters, it
is possible to see that reducing the time step too
much can compromise the convergence of the nu-
merical integration. In this case it is possible to see
that the performance is limited by the relationship
between the value of σ1, ∆t and ∆x1. If the stochas-
tic disturbance is that small, the state discretization
step must be small enough to capture the motion
at each interval of integration ∆t. This means that
for this SDE, in order to improve on the results and
even guarantee convergence for more values of ∆t,
there is a need to increase the resolution in x1. Dou-
bling the resolution yields the results in figure 23b,
with the mass error being greatly reduced. It is im-
portant to notice that the general intuition about
having a small time step is not completely wrong.
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Figure 23: Mass error for different ∆t and ∆x values.

Figure 24 shows the results obtained by reducing
the time step for the configuration used above. The
results show that in fact reducing the time step was
helpful, with the mass error for ∆t = 0.03 being
almost half of the error for ∆t = 0.05. However,
there is a zone where the smaller time step starts to
be detrimental and even leads to divergence. If the
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Figure 24: Mass error evolution for different time steps.

program is too slow and needs to be optimized, the
grid resolution can be decreased as long as the time
step is increased. This will have a negative impact
on the accuracy of the numerical integration but
if the values are chosen carefully it will not cause
divergence of the pdf. Figure 25 summarises what
was said above, showing the evolution of the mass
error at time instant T = 10 with the time step,
for different ∆x1 values. Analysing the figure, it is
clear that for higher values of ∆x1, the best ∆t is
also higher and the minimum of the mass error is
also higher.
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Figure 25: Influence of reducing the time step on the
mass error at the final instant for different ∆x1 values .

A.2 Performance of the overall filter

The performance of the overall filter for simul-
taneous state and parameter estimation is done by
measuring the mean and cumulative square errors
of the estimates. Unlike what happens with filters
like the Particle Filter, where increasing the number
of particles improves the estimate, in filters of the
nature of the FPE based filter, no solo parameter
improves the estimate when changed. This means
that the performance will be studied for different
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SDE/plant parameters, rather than changing the
filter. Due to the stochastic nature of the process,
the mean square error values must be obtained from
the mean of several runs.

First the noise affecting the parameter, defined
by σ1, was changed, and the results are shown in
figure 26. For small values of noise in the param-
eter, there is no advantage in the joint estimation.
However, as the parameter starts moving more and
more, estimating it becomes a necessity to improve
results and to prevent the divergence of the state es-
timate. Something else that directly influences the
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Figure 26: Mean square error in the estimates of the
parameter and state for different noise values affecting
the parameter

performance of the filter is the rate at which ob-
servations are obtained. As explained already, the
observations are used by the filter to correct the pre-
dicted estimates. In figure 27 it is possible to see the
cumulative square error over the time of the simu-
lation when observations are obtained every other
time step or once every 20 time steps. As expected,
when the rate of new observations is lower, the cu-
mulative square error grows larger since the esti-
mates are only corrected once every 20 time steps.
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Figure 27: Cumulative square error in the estimates for
different rates of observations/corrections

B. Limitations of the FPE based filter

The main limitations of the FPE based filter are
the computational resources used. The filter must
be fast enough to process a time step ∆t in less
than ∆t time. With this said, the implemented fil-
ter stops being useful after n = 3 due to the compu-
tational time needed for each iteration of the filter.
This analysis can change slightly depending on the
system.

Table 1 synthesises the average time (in seconds)
needed for the two phases of the filter. The val-

ues for n = 1 were obtained with the scalar linear
SDE, for n = 2 with the augmented scalar linear
SDE and for n = 3 with the augmented second or-
der linear SDE. The values used in the multiplica-
tion and interpolation were all calculated before the
time loop, so if the application demands that these
are calculated at each time instant, the computa-
tional time is going to be even bigger. The same
goes for the estimates; here only the numerical val-
ues of the estimates were calculated but the utility
of having the full probability density function is to
extract more information (e.g., variance of the es-
timates), and these operations are time consuming.
These results illustrate why the filter will not work

FPE prop. filtering total
n = 1 0.000337 0.000122 0.000459
n = 2 0.010228 0.0081315 0.0183595
n = 3 0.064593 0.058155 0.122748

Table 1: Computational time needed for the FPE prop-
agation, filtering and overall.

for higher dimensions. As discussed previously, the
time step must be small for the numerical integra-
tion of the FPE to be accurate, but even with n = 3,
the time step must be at least ∆t = 0.13 for all com-
putations to be done before the next step. The re-
sults obtained in the sections above where the state
variables and parameters are estimated successfully,
needed ∆t ≤ 0.1.

Memory usage is another concern of the FPE in-
tegration. For this study it was assumed that the
grid is square (for example if n = 2 the possible
grids are 100x100, 150x150, 200x200, etc.). The ap-
proximated memory allocation needs for 3 different
order systems is shown in figure 28. For the num-
ber to be in megabytes (MB) it was assumed that
a float occupies 8 bytes, as this is the case on most
64-bit environments. From 2 to 3 dimensions and
for the biggest considered grid, the size goes from
101 MB to 103 MB, illustrating that problems with
more than 3 dimensions are hard to tackle with this
approach.
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Figure 28: Memory occupied by the FPE filter consid-
ering only the pdf of the last instant is available.

VIII. Conclusions
By augmenting the state with the parameters,

the FPE based filter is used to jointly estimate the
state and the parameters. First the parameter was
assumed constant but unknown, and the estimate of
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the parameter converged to the real value. If there
is no stochastic disturbance in the process, the Li-
ouville equation can be used and the speed of the
convergence depends highly on the first few obser-
vations. For time variant parameters, the filtered
estimate also converged to the real value. This was
first tested under the assumption that the param-
eter evolves according to a random walk, and later
assuming the parameter is time variant but piece-
wise constant. One important remark is that the
parameter is only accurately estimated as long as
the system is being excited. Controlling a plant
with time variant parameters was also possible us-
ing the augmented state approach.

The numerical integration of the FPE using op-
erator decomposition, yielded results that are coin-
cident with the ones obtained my Monte Carlo sim-
ulation of the SDE. However, in order to obtain an
accurate numerical integration, the state and time
discretization steps must be chosen carefully. If the
Liouville equation is being used, a time variant grid
that falls on the characteristic curves can be used,
improving the performance.

The major limitation of the filter was found to be
the computational time needed. This has a direct
impact in the usability of the filter for real problems.
A big advantage against pdf restrictive filters is the
possibility of dealing with multimodal problems.

In summary, the Fokker-Planck equation proved
to be a worthy contender for the prediction step
of a continuous-discrete filter with no limitations
in terms of the possible distributions, and by us-
ing augmented states it is possible to estimate the
parameters of stochastic processes, even if they are
time variant.

A. Future work

The work developed opens room for two different
roads of future work.

First, the implementation of the filter can be op-
timized in order to bypass the computational load
limitations. The main goal would be to extend the
usability of the filter to higher orders without com-
promising the results.

Future work could also be done when it comes
to using more information from the pdf. In this
work only the numerical values of two possible es-
timates were used, but more can be retrieved (e.g.
variances).
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