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Abstract: This dissertation focuses on the development and validation of a new Hybrid-Mixed
Stress model for the analysis of reinforced concrete structures using concrete elements with
embedded reinforcements. The Hybrid-Mixed Stress is able to obtain solutions where the de-
ficiencies in equilibrium, typical of the conventional finite element model, are smaller or even
non-existent. The use of embedded reinforcements on concrete elements presents several
advantages when compared to previous approaches, namely: mesh generation and problem
definition is simpler and the total number of elements and degrees-of-freedom are typically
smaller. The proposed model formulation is presented in the dissertation and its performance
is assessed throughout a set of examples that compare the results with the ones from the
conventional finite element method, from a similar hybrid-mixed stress model but with the re-
inforcement bars located along the boundaries of the concrete elements and with results from
experimental tests. These results show that the proposed model is able to simulate the re-
sponse of the reinforced concrete structures considered in the validation tests with accuracy
and with improved computational cost.
Keywords: Reinforced Concrete, Finite Elements, Hybrid-Mixed Stress Model, Embedded
Reinforcements

1. Introduction

Throughout the last years, the increasing
knowledge and the development of means in
the computacional area has facilitated the use
of numerical models, in particular the Finite El-
ement Method, in the field of civil engineering.

This method has been one of the most used in
this area of expertise, for the solution of com-
plex structural engineering problems. Its main
advantages are its simplicity and the fact that
it is more intuitive than the other alternatives,
resulting from the precise physical meaning of
the intervening quantities.

It also has the advantage of being less compu-

tationally demanding when compared to other
alternative formulations. However, it has some
limitations due to the lower quality of the static
field and, because its solutions can not be con-
sidered to be safe from the structural point of
view. Moreover, the quality of the solution is
conditioned by the mesh being used,requiring
different discretizations with a high number of
elements for different loading conditions.

To overcome these limitations, some non-
convencional finite element models have been
introduced in the recent past. The hybrid-
mixed stress models lead to solutions where
the deficiencies in the equilibrium, typical in
the classical models, are smaller or even non-
existent. Furthermore, the hybrid-mixed stress
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models use macro elements, thus favoring
refinement-p over refinement-h.

In reinforced concrete structures, the rein-
forcements are located close to the boundary
of the structural elements. Placing the rein-
forcements bars at the boundaries of the ele-
ments leads to an increase in the number of
elements required in the discretization and de-
livers a small impact in the overall quality of the
results, thus reducing one of the great advan-
tages of hybrid-mixed stress models, the use
of few elements.

The objective of this dissertation is to con-
tribute to the development and validation of
a new numerical model for the simulation of
the behavior of reinforced concrete structures,
which allows considering the reinforcement
bars embedded in the domain of concrete ele-
ments.

In a first step the hybrid-mixed stress formula-
tion was tested considering a single material in
its domain (concrete). Then, the hybrid-mixed
formulation considering the reinforcement bars
embedded in the domain of the concrete finite
elements is presented and assessed.

The results obtained with this new formula-
tion are compared with solutions provided by a
similar hybrid-mixed stress model but with the
reinforcement bars located along the bound-
ary of concrete elements. Some comparisons
are also performed using experimental data.

2. Fundamental Relations

2.1. Main definitions

The generic element represented in Figure 1,
is defined by a domain (Ω) in a Cartesian sys-
tem (x, y), delimited by a border (Γ), submitted
to mass forces (b) and boundary forces (tγ).
The kinematic boundary and the static bound-
ary are the regions where displacements and
applied stresses are known, respectively.

2.2. Equilibrium conditions

The equilibrium conditions relate the stress
with the applied forces in the domain of the

x

y

Ω

Γu

b

Γ

tγ

Γσ

Figure 1: Notation considered in the problem.

structure. Considering a plane elasticity prob-
lem, the equations of equilibrium in the domain
are represented as follows:

{
σxx,x + σxy,y + bx = 0
σxy,x + σyy,y + by = 0

. (1)

The equations of equilibrium on the static
boundary can be defined by:

{
nxσxx + ny σxy = tx

nyσyy + nx σxy = ty
. (2)

2.3. Compatibility conditions

Assuming a geometrically linear behavior the
compatibility relations for plane elasticity prob-
lems are defined by:


εxx = ux,x

εyy = uy,y

γxy = ux,y + uy,x

. (3)

2.4. Constitutive conditions

The stress and strain fields are related through
the constitutive relations, which in the case
of linear and isotropic elastic materials cor-
respond to particular cases of Hooke’s law.
These relationships can be defined in the fol-
lowing stiffness or flexibility formats:

σ = k ε+ σθ, (4)
ε = f σ + εθ, (5)

where σθ e εθ represent the initial state of
stress or strain, respectively.
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2.5. Reinforced concrete

Consider, the general reinforced concrete el-
ement represented in Figure 2 and defined
in a Cartesian coordinate system (x, y). The
reinforced concrete element can be divided
into the concrete domain (Vc) and the re-
inforcement domain (Vr). The boundaries
of these regions can be classified as static
or kinematic (Γσc,Γσr,Γuc,Γur), as they have
known stresses or displacements, respec-
tively. The reinforced concrete element is
subjected to a set of forces in the domain
(bc, br) and on the boundary (tc, tr), resulting
in stresses (σc, Nr), strains (εc, εr) and dis-
placement (uc, ur) fields.

betão

reforço

Figure 2: Generic element of reinforced concrete.

2.5.1 Equilibrium conditions

The equilibrium conditions in the reinforce-
ment domain and its static boundary can be
defined by the following expressions:

DrNr + br = 0, in Vr, (6)
Nr σr = tr, on Γσr, (7)

and the same for the concrete domain and its
static boundaries:

Dc σc + bc = 0, in Vc, (8)
Nc σc = tc, on Γσc, (9)

where (Dr,Dc) are the equilibrium differential
operators and (Nr,Nc) hold the boundary’s
unit outward normal vector components.

2.5.2 Compatibility conditions

The compatibility conditions in the domain of
reinforcements and on their static boundaries
are defined by:

εr = D∗
r ur, in Vr, (10)

ur = uγr, on Γur, (11)

and for concrete, by:

εc = D∗
c uc, in Vc, (12)

uc = uγc, on Γuc, (13)

where (D∗
r ,D∗

c ) are the compatibility dif-
ferential operators and (uγr,uγc) represent
prescribed displacements on the kinematic
boundaries.

2.5.3 Constitutive conditions

The linear constitutive relationships are con-
sidered for reinforcements and for concrete,
by:

εr =
1

Ar Er
Nr, (14)

εc = fc σc, (15)

whereAr and Er represent the cross-sectional
area and the elasticity modulus, respectively,
of the reinforcement and fc represents the con-
crete flexibility operator.

3. Finite Elements for Reinforced
Concrete

The formulation of the Hybrid-Mixed Stress
Model (HMT) used to model the problem is
now presented. This work is preceded by the
investigations carried out by Freitas, Pereira,
Castro, among others [6, 7, 11, 4, 12, 3, 1, 5].

3.1. Approximation criteria

For problems involving reinforced concrete,
the stress fields in the concrete elements do-
main and the axial stress in the bar reinforce-
ments are approximated simultaneously and
independently (16, 17). The same happens for
the displacements in the domain of both mate-
rials (18, 19). As the static boundary of the
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reinforcement reduces to a single point, only
the displacements on the static boundary of
the concrete are formally approximated (20):

σc = Svc Xc em Vc, (16)
Nr = Svr Xr em Vr, (17)
uvc = Uvc qvc em Vc, (18)
uvr = Uvr qvr em Vr, (19)
uγc = Uγc qγc em Γσc. (20)

The matrices {Svc, Svr, Uvc, Uvr, Uγc}
group the approximation functions and the
weights associated to each component for
the obtained solution are defined in vectors
{Xc, Xr, qvc, qvr, qγc} .

The generalized dual variables to the quanti-
ties defined above can be defined by imposing
the energy consistency to the approximated
continuum variables by:

eTc Xc =

∫
εTc σc dVc ⇒ ec =

∫
STc εc dVc, (21)

eTr Xr =

∫
εTr σr dVc ⇒ er =

∫
STr εr dVr, (22)

qTvcQvc =

∫
uvc b

T
c dVc ⇒ Qvc =

∫
UT
vc bc dVc,

(23)

qTvrQvr =

∫
uvr b

T
r dVr ⇒ Qvr =

∫
UT
vr br dVr,

(24)

qTγcQγc =

∫
uTγc tc dΓσc ⇒ Qγc =

∫
UT
γc tc dΓσc.

(25)

3.2. Reinforcement equilibrium condi-
tions

The equilibrium in the reinforcement domain
(6) is enforced in a weighted-residual form,
using the domain displacement approximation
functions:

∫
UT
vr (DrNr + br) dVr = 0. (26)

Introducing the approximation (17) it is possi-
ble to write:

AT
vr Xr = −Qvr, (27)

where:

Avr =

∫
(Dr Svr)

T Uvr dVr. (28)

By adopting a similar strategy to impose equi-
librium on the static boundary of steel rein-
forcement (7), it is possible to obtain:

∫
UT
γr (Nrσr − tr) dΓσr = 0. (29)

As mentioned earlier, the static boundary of
the reinforcement is reduced to a single point
at each end of the reinforcement, so it is not
necessary to introduce a formal approxima-
tion. Consequently, the operator Uγr reduces
to the identity matrix I.

After entering the approximation (17), the fol-
lowing relation can be obtained:

AT
γr Xr = Qγr, (30)

where:

Aγr =

∫
STvr Uγr dΓσr. (31)

3.3. Concrete equilibrium conditions

The equilibrium conditions in the concrete do-
main (8) are enforced in a weighted-residual
form, using the domain displacements approx-
imation function:

∫
UT
vc (Dc σc + bc) dVc = 0. (32)

By entering the approximation (16), it is possi-
ble to write:

AT
vc Xc = −Qvc, (33)

where:

Avc =

∫
(Dc Svc)

T Uvc dVc. (34)

By adopting an analogous strategy to impose
the equilibrium on the concrete boundary (9),
it is possible to obtain:
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∫
UT
γc (Nc σc − tc) dΓσc = 0. (35)

Introducing the approximation (16), it is possi-
ble to write:

AT
γc Xc = Qγc, (36)

where:

Aγc =

∫ (
Nc STvc

)
Uγc dΓσc. (37)

3.4. Compatibility conditions

Similar to the standard hybrid-mixed stress
model, the compatibility in the steel rein-
forcement domain is imposed in a weighted-
residual form using the domain stress approx-
imation functions:

∫
STvr (εr −D∗

ruvr) dVr = 0. (38)

Introducing the definition (22), integrating by
parts to mobilize the boundary terms, the fol-
lowing relation is obtained:

er =

∫
STvr D∗

ruvr dVr = −
∫

(D∗
rSvr)

T uvr dVr

+

∫
(NrSvr)T uγr dΓr.

(39)

Separating the kinematic from the static
boundaries and introducing the kinematic
boundary condition (11), it is possible to write:

er = −Avrqvr + Aγrqγr + eγr, (40)

where:

eγr =

∫
(Nr Svr)

T uγr dΓur. (41)

The kinematic boundary condition (11) is im-
posed locally when introduced in (40). The
continuity of displacements between elements

is also imposed locally when two neighboring
elements share the same approximation for
the displacements on the static boundary [2].

Following the same approach for the concrete
compatibility condition (12), it is possible to
write:

ec = −Avcqvc + Aγcqγc + eγc, (42)

where:

eγc =

∫
(Nc Svc)

T uγc dΓuc. (43)

3.5. Constitutive conditions

Considering at this stage that both concrete
and reinforcements as linear elastic media
(14,15), the constitutive relations are enforced
in a weighted-residual form using the domain
stresses approximation functions [2]:

∫
STvc (εc − fc σc) dVc = 0. (44)

Introducing the approximation (16) and the
definition of generalized strains (21), it is pos-
sible to write:

ec = Fc Xc, (45)

where:

Fc =

∫
STvc fc Svc dVc. (46)

Following the same procedure for the rein-
forcement constitutive relation (14), the follow-
ing relationships are obtained:

er = Fr Xr, (47)

where:

Fr =

∫
STvr

1

Ar Er
Svr dVr. (48)
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3.6. Reinforcements on concrete ele-
ment boundaries

In this case, the reinforcement is positioned
on the boundary of the concrete elements, as
shown in Figure 3. It is assumed that the dis-
placements in the reinforcement domain (uvr)
are the same as the displacements on the
boundary of the concrete elements containing
the reinforcement (uγc) i.e. no concrete-steel
slips, since they share the same approxima-
tion:

uvr = uγc = ucr = Ucr qcr. (49)

Figure 3: Concrete element with reinforcements on the
boundaries.

As in the conventional hybrid-mixed stress
model, the compatibility (40, 42) and the con-
stitutive relations (45, 47) are grouped consid-
ering the hypothesis expressed in (49). Sep-
arating the operators concerning the concrete
and the reinforcements, it is possible to write:

Fc Xc + Avc qvc −Ar
γc qcr −Aγc qγc = eγc,

(50)

Fr Xr + Avr qcr −Aγr qγr = eγr, (51)

where the operator Ar
γc is associated to

boundaries of concrete element with reinforce-
ments and the operator Aγc to the boundaries
without reinforcements.

Regarding the equilibrium conditions, the only
change that occurs is related to the bound-
ary of the reinforced concrete element. In this
case, the reinforcement equilibrium can be de-
fined by:

(Dσr + br)− (Nσc − tc) = 0. (52)

The equilibrium relation is established in a
weighted-residual form, using for the purpose

displacement approximation functions in the
reinforcements bars domain. It is possible to
obtain:

∫
UT
cr (Dσr + br) dV−∫

UT
cr (N σc − tc) dΓσ = 0,

(53)

which leads to:

AT
vr Xr −

(
Ar
γc

)T
Xc = −Qγc −Qvr. (54)

The governing system is obtained by joining
the previous fundamental conditions in a sin-
gle system of equations as indicated in the fol-
lowing equation:



Fc 0 Avc −Ar
γc −Aγc 0

0 Fr 0 Avr 0 −Aγr

AT
vc 0 0 0 0 0

−
(
Ar
γc

)T
AT
vr 0 0 0 0

−AT
γc 0 0 0 0 0

0 −AT
γr 0 0 0 0




Xc

Xr

qvc
qcr
qγc
qγr

 =



0
0
−Qvc

−Qγc −Qvr

−Qγc

−Qγr

 .
(55)

3.7. Reinforcements embedded in con-
crete elements

Another possible approach is to consider rein-
forcements embedded in the field of concrete
elements domain (Figure 4). In hybrid-mixed
stress finite element models, the structural op-
erators are usually calculated using a master
element defined between coordinates [−1,+1]
in a local reference (ξ, η). This procedure is
mandatory to take advantage of the orthogo-
nal properties of commonly use function like
Legendre polynomials that are used to define
the approximation bases.
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Figure 4: Embedded reinforcement in the concrete ele-
ment domain.

In this work, only situations in which reinforce-
ments are parallel to one of the local axes
(ξ, η) (Figure 4) are considered, since this hy-
pothesis greatly simplifies the calculations to
be made. Consequently, the displacements in
the reinforcement domain will be the same as
the displacements in the domain of the con-
crete element along the axis (ξ) or (η):

uvr = uvc(ξ = a) ∨ uvr = uvc(η = b)

with a, b = const.
(56)

Situations where the position of the reinforce-
ment varies simultaneously according to ξ e
η (right in figure 4) are not considered in this
work.

As in the conventional hybrid-mixed stress
model, the compatibility relations (40, 42) and
constitutive equations (45, 47) are combined,
resulting in the following groups of equations:

Fc Xc + Avc qvcr −Aγc qγc = eγc, (57)
Fr Xr + Avr qvcr −Aγr qγr = eγr. (58)

It should be noted that the compatibility op-
erators in the concrete and reinforcement do-
mains are related since they share the same
solution vector qvcr.

Only the equilibrium conditions are changed
when compared to the previous model. The
equilibrium now combines contributions from
concrete and reinforcement and is also estab-
lished in a weighted-residual form:∫

UT
vcr (Dc σc + bc) dVc+

+

∫
UT
vcr (DrNr + br) dVr = 0,

(59)

resulting in:

AT
vc Xc + AT

vr Xr = −Qvc −Qvr. (60)

The governing system is obtained by combin-
ing the equations (57) and (58), with the equi-
librium conditions in the domain (60) and the

equilibrium conditions on the static boundary
(36) and (30):

Fc 0 Avc −Aγc 0
0 Fr Avr 0 −Aγr

AT
vc AT

vr 0 0 0
−AT

γc 0 0 0 0

0 −AT
γr 0 0 0




Xc

Xr

qvcr
qγc
qγr

 =


0
0

−Qvc −Qvr

−Qγc

−Qγr

 .
(61)

4. Validation Examples

4.1. Notched Plate

Although the aim of this dissertation is to test
and validate the proposed numerical model,
reinforcements are not considered in this first
case. The purpose of this example is to il-
lustrate the HMT numerical model considering
only one material in the problem domain. For
this, the problem of a Notched Plate developed
by Freitas et al [6] is considered, in which, the
exact value for the strain energy (U) is known.

2a

a

a a

p
a/3

a/3

a/3

entalhe

p

Figure 5: Notched Plate.

The analyses performed in this section com-
pare the stress fields with various discretiza-
tions. A linear elastic behavior is assumed
for concrete. The strain energy convergence
is also presented and discussed. This exam-
ple show also the efficiency of both p- and h-
refinement procederes.

The Figure 6 shows the relationship between
the strain energy obtained normalized by the
strain energy calculated using the expression
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Figure 6: Relationship between the strain energy ob-
tained and the strain energy calculated.

presented by Freitas et al. [6], for different dis-
cretizations.

The results show that better results were ob-
tained with less elements (HMT01) and that
refinement-p is more efficient that refinement-
h for this model and example.

4.2. Simply supported beam

The purpose of the second example is to vali-
date the model being introduced by comparing
the solutions with the results obtained by the
conventional FE methods. This example in-
tends to simulate the behavior of a simple con-
crete and reinforced concrete (concrete plus
steel reinforcement) with and without cover.

a) betão simples b) betão armado
(sem recobrimento)

c) betão armado
(com recobrimento)

Figure 7: Simply supported beam.

The considered problem consists of a sim-
ply supported beam with a 4.80m span and a
cross section of 0.20 x 0.40m2 subject to a dis-
tributed load of 5.0kN/m, described in Figure
7.

Only half beam was considered due to geom-
etry, boundary and loading conditions.

Four different cases are considered in this
example see Figure 8 to Figure 11: i) con-
crete beam (Case A); (ii) reinforced con-
crete beam with reinforcement without con-
crete cover along the lower face (Case B); (iii)

reinforced concrete beam with 5 cm of con-
crete cover and with the reinforcement placed
in the boundary of the elements (Case C); re-
inforced concrete beam with 5 cm of concrete
cover and with the reinforcement embedded
inside the concrete elements (Case D).

C3C2C1

Figure 8: Case A - concrete beam.

C3C2C1

R2 R3R1

Figure 9: Case B - reinforced concrete beam with rein-
forcement without concrete cover along the lower face.

C4 C5 C6

C1 C2 C3

R2 R3R1

Figure 10: Case C - reinforced concrete beam with 5
cm of concrete cover and with the reinforcement placed
in the boundary of the elements.

C1 C2 C3

ER2 ER3ER1

Figure 11: Case D - reinforced concrete beam with 5 cm
of concrete cover and with the reinforcement embedded
inside the concrete elements.

Figure 12 presents the direct comparison be-
tween the results obtained with cases C and
D for the vertical displacement at mid span of
the beam. These results show that when the
reinforcement bar is located on the boundary
(Case C) the model is less efficient and re-
quires more equations to obtain similar results.
This situation is due to the fact that when the
reinforcement bar is placed on the boundary,
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the geometry of the mesh is being conditioned
and therefore it is necessary to use more ele-
ments to define the model. On the other hand,
using embedded reinforcement it is not neces-
sary to restrict the geometry of the mesh and
use more elements.
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Figure 12: Comparison of the results of Case C and D
for the displacement at mid span.

The Figure 13 shows the same comparison
this time in terms of strain energy. In this case
the advantage of the embedded reinforcement
is again visible, although an atypical pattern
is obtain for the U vs number of degrees-of-
freedom curve.

8,05285

8,05290

8,05295

8,05300
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Figure 13: Comparison of the results of Case C and D
for the strain energy at mid span.

4.3. Reinforced concrete column

This example aims to illustrate the application
of the proposed model, comparing and validat-
ing the results obtained with the data obtained
in an experimental test carried out in LNEC by
Mendes, Coelho and Costa [8, 10, 9]. The
experimental test was part of the European
project financed by the European Commission
and called ”PRECAST - Seismic Behavior of
Precast Concrete Structures With Respect to
Eurocode 8.

The experimental activity was divided into two
phases. The first phase, consisted in testing

a 2-story structure on the triaxial seismic table
of the LNEC. In the second, the response of
column-foundation and beam-column connec-
tions was tested considering monotonic loads
and cyclic loads. This example concentrates
only on the monotonic loading tests performed
on the column-foundation connections.

0,40

1,80

0,305 0,3050,190

0,15x0,15

0,80

(dimensões em metros)

0,65

0,80

0,65

8ϕ12
ϕ6//0,05

4ϕ12
ϕ6//0,10

8ϕ12
ϕ6//0,05

Q

0,30

Figure 14: Reinforced concrete column

The tested specimens are prefabricated con-
crete foundation and column, connected in-
situ inserting the column into the foundation
through a prepared hole and sealed using a
micromortar. The column has a cross-section
of 0.15 x 0.15m with 2.10m of length, with
0.30m being inserted in the foundation of 0.80
x 0.80 x 0.40m, as can be seen in Figure 14.

According to the authors, the column-
foundation joint presented a very good behav-
ior in the performed tests, and did not present
significant damages. In fact, most visible dam-
age were located along the column, which pre-
sented a typical response of a cast in-situ re-
inforced concrete element.

The Figure 15 shows only the linear phase of
the load-displacement diagrams. The numer-
ical model of the reinforced concrete column
and the experimental test results, although
not completely overlapping, presented a very
good match.
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Figure 15: Linear phase of the load-displacement dia-
grams.

5. Conclusion

From the application examples presented in
this dissertation, it can be concluded that the
hybrid-mixed stress model have demonstrated
once again that it is capable of returning so-
lutions with high quality, with the advantage of
considering macro-element meshes, where ef-
ficient -p refinement processes can be imple-
mented.

The hybrid-mixed finite element model with
embedded reinforcement was able to simulate
the response of the reinforced concrete struc-
tures with accuracy and efficiency, making it
easier to generate more efficient meshes with
the use of less finite elements with more ho-
mogeneous elements.
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