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Resumo 

 

Ainda não é inteiramente conhecido como é que o cérebro é capaz de controlar com sucesso os 

movimentos do corpo humano. Mesmo tarefas que aparentam ser simples, tais como por exemplo, 

reconhecer e agarrar uma caneta em cima de uma mesa, ainda são bastante complicadas de alcançar 

com os robôs atuais. Não só pelas diferenças anatómicas entre o robô e o ser humano, mas também 

porque ainda não conhecemos os mecanismos neuronais que selecionam e ativam os músculos dentro 

de uma infinidade de soluções. 

Nesta tese, construímos e analisámos um olho robótico que possui algumas aparências essenciais com 

a anatomia do olho humano. O objetivo é controlar este modelo ocular de tal forma que os seus 

movimentos se assemelhem a movimentos reais dos olhos dos humanos e também, estudar quais os 

princípios de controlo subjacentes a esses movimentos. Desta forma, pretendemos aproximar o 

controlo robótico ao do sistema nervoso humano e também obter uma melhor compreensão de como 

o cérebro controla o movimento e por que segue certas regras. 

As experiências preliminares com o nosso olho robótico fornecem algumas respostas sobre como 

restrições neuronais relativamente à orientação dos olhos, descritas pelas leis de Donders e Listing, 

poderão estar relacionadas com a sua mecânica e dinâmica. Com isto, foi possível determinar qual as 

trajetórias do terceiro grau de liberdade (torsão) de acordo com o plano de Listing. Além disso, 

caracterizamos a dinâmica do nosso sistema recém-construído quantitativamente, para que possamos 

prever sinais de controlo que se assemelhem aos comandos cerebrais.  

 

Palavras-chave: anatomia do olho humano, olho robótico, lei de Donders, lei de Listing, comandos 

cerebrais 
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Abstract 

 

How our brain is able to successfully control our movements is not yet fully understood. Even apparently 

simple tasks like recognizing and grabbing a pen from the table are still very difficult to achieve with 

current robots. This is not only because the robot’s anatomy differs, but also because we still don’t know 

the neural mechanisms that select the observed consistent muscle activations from infinitely many 

alternatives. 

In this thesis, we build and analyse a robotized eye that has some essential similarities to the real 3D 

human eye anatomy. The goal is to control this model eye in such a way that its movements resemble 

real human eye movements, and to get a better understanding of the underlying control principles of 

these movements. With it, we intend to approximate future robotic control to the human’s nervous 

system, and also have a better comprehension of how the brain controls movement, and why it follows 

certain rules.   

The preliminary experiments with our robotic eye provide some answers on how the neural constraints 

on eye orientation, described by Donders’ and Listing’s laws, may relate to its mechanics and dynamics. 

With this, we were able to determine the third degree of freedom (roll) trajectories with respect to Listing’s 

Plane. Furthermore, we characterized the dynamics of our newly built system quantitatively, so that we 

may predict control signals that resemble the real brain commands. 

 

Keywords: human eye anatomy, robotic eye, Donders’ law, Listing’s law, brain commands 
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1. Introduction 

1.1. Motivation 

The Human body is a seemingly flawless machine. The legs, arms, fingers, neck and eyes are just an 

example of the large number of mechanical degrees of freedom the brain has to deal with when 

programming a purposeful movement, like picking up a cup of coffee without spilling. Despite the 

complexity of the human motor control system, a healthy subject seems to execute mechanical tasks 

nearly perfectly, with a large degree of reproducibility, throughout its lifespan. Because the number of 

degrees of freedom typically exceeds, by far, the required number of controllable degrees of freedom 

for the particular motor task, there are infinitely many possibilities for the brain to control its muscles. 

This is known as the ‘degrees-of-freedom problem’ (1), which is mathematically ill-posed. For example, 

to touch a nearby target with your index finger (say, a coin on the table top) requires only three degrees 

of freedom (the three positional coordinates of the coin’s centre, and hence of your finger tip); yet, the 

many arm-, hand-, and finger segments can take many different configurations (and therefore many 

different muscle activation patterns) to achieve this task. Nonetheless, EMG measurements and 

behavioural recordings indicate that humans perform such a task very consistently (with similar arm, 

hand and finger postures) and reproducibly (relatively little variability in the EMG patterns across 

muscles on repeated trials) (2).     

It is very difficult to replicate and model all characteristics of the Human body, and even if one simplifies 

the problem by reducing the total number of variables (e.g. by reducing the number of fingers, or joints), 

so far only a few researchers have managed to be successful. One such example is the ASIMO robot, 

designed by Honda®. This humanoid robot has 57 degrees of freedom, including thirteen in each hand 

(3). One of the reasons why it is so difficult to mimic a person’s body is that we still don’t exact ly 

understand the computational mechanisms of the brain that deal with the degrees-of-freedom problem 

and, furthermore, we don’t know the purpose of some of the system’s components. One shouldn’t want 

to overcomplicate a robot with physiological anatomies when their function isn’t yet fully understood. 

A good illustration of the redundancy problem is the human eye. When designing a pair of eyes for a 

robot, engineers typically account for two degrees of freedom for each eye, i.e., horizontal (yaw) and 

vertical (pitch) rotations that specify the gaze direction. This will guarantee that the robot’s eye can look 

anywhere within the visual field. In reality, however, the human eye has three movement degrees of 

freedom (yaw, pitch and roll), and it is controlled by six extra-ocular muscles (4), that can be functionally 

grouped into three antagonistic muscle-pairs (5). As these three pairs are approximately orthogonally 

organized with respect to each other, they span a 3D Cartesian space. Thus, each pair is in charge of 

one degree of freedom. However, because the main activation directions of the two vertical-torsional 

eye-muscle pairs are not arranged along the purely vertical and torsional directions,  each vertical eye 

orientation typically depends on the joint activation of both pairs of torsional-vertical muscles (5) (6). 

There is no commonly accepted scientific explanation for this particular mammalian eye-muscle 

configuration, although it is believed that the muscular anatomy follows the principle activation directions 
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of the three pairs of semi-circular canals of the vestibular system, which are oriented in the same way 

within the skull (7). Yet, the eye is capable of moving incredibly fast and efficiently from one target to 

another through saccadic movements, which reach peak velocities up to about 700 𝑑𝑒𝑔/𝑠 (8). Foveal 

fixation of these targets provides the brain sufficient visual information to identify objects in the 

surroundings. This means that the brain, when interpreting a 2D visual scene, programs a series of 

saccadic eye jumps across the scene to focus the fovea on particular details (targets; ‘snapshots’ of 

about 1 𝑑𝑒𝑔 visual angle) (9) (10). By quickly selecting its targets, the brain is able to construct a faithful 

representation of the entire visual scene, and to eventually identify whether there is a car, a person or a 

tree in the visual field. In contrast, a computer would have to search the entire pixel spectrum for 

similarities (11). 

The brain’s method of scanning its surroundings with saccades is much more efficient than the full-field 

analysis of a computer. The brain doesn’t fixate and analyse all details of the visual scene, but just a 

sufficient amount that allows it to reliably recognise what exactly it is looking at (9). Implementing this 

‘foveation’ strategy into a robotic system can save a huge amount of time and computational resources, 

since the total data being processed is considerably less. In this project, we make a first step in 

constructing a (more or less) realistic artificial eye, which is controlled by efficiency principles that have 

been derived from psychophysical and neurophysiological studies of the human (and primate) brain.  

1.2. Objectives and Thesis Outline 

This thesis focuses on an anatomically bio-inspired eye model, which we will build, test, characterize, 

and (potentially) modify, in order to make its responses as similar as possible to the behaviour of the 

human eye. During this process, we aim to discover the principles that determine the behavioural rules 

that specify the 3D eye orientation, such as described by Donders’ and Listing’s laws. This knowledge 

will eventually help us to design a better, more efficient robotic visual-motor system, but also to better 

understand the neural principles that underlie these behavioural rules for the real eye. 

The first chapter provides an introduction to the context of this thesis.  

Chapter two gives the reader some notions about the human eye. It explains the relevant anatomical, 

mechanical, behavioural and neurophysiological principles that control the human eye. It explains how 

the eye moves in three dimensions (Donders law, Listing’s law), and its mechanical limitations. It also 

provides an introduction to the mathematical principles and formulas of 3D rotations that will be of 

relevance for this project. 

Chapter three covers a step by step guide of how the oculomotor model was built. 

Chapter four describes and quantifies the tests that were performed with our oculomotor model. It 

includes the empirical verifications, the static and dynamic analysis of the system. 

To finish, chapter five sums up the main observations and achievements of the work done throughout 

the thesis. Furthermore, it offers some suggestions on how to improve and extend the model for future 

work. 
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1.3. Contributions and Aerospace applications  

The main contributions of this work are: 

 Construction of a mechanical system to replicate the human eye kinematics and dynamics. 

 Identification of the static and dynamical input/output models of the built prototype. 

 Identification of the Listing's plane for the control of the torsional degree of freedom. 

 Steady state control of saccades. 

 Identification of analogies between the artificial and natural control systems. 

The non-linearity of the prototype that we built is related to what we find with typical aircraft. On aircraft 

movements, we also first simplify the problem by assuming that our system is decoupled meaning that 

the lateral (yaw & roll) and the vertical movements (pitch) are assumed to be independent of each 

other. This is exactly what we did with our prototype when we derived its full characterization. Once 

we have a simplified model of our system (and this works either for aircraft or our eye prototype), we 

are able to improve the analysis and include, down the line, the non-linearity. This approach eases the 

method to control the system since we design a controller for each independent movement and only 

afterwards we merge all controllers into one. 
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2. Anatomy, mechanics and kinematics of the eye 

2.1.  Physiological Foundations 

The eye is a complex and important sensory organ that allows humans to experience a three- 

dimensional, coloured, and stable representation of the environment, despite its own movements. With 

the use of only three types of photoreceptor cones and one type of rods in the retina, the eye can 

differentiate nearly ten million colours, and has extreme photo sensitivity as it is also capable of detecting 

a single photon in darkness (12). Light enters the eye through the cornea and subsequently the iris and 

pupil are responsible for the amount of light that gets through the lens and vitreous body. The iris dilator 

does this by enlarging or diminishing the pupil’s diameter. The remaining energy (about 7% of the light 

energy that enters the pupil) is then absorbed by the light-sensitive cells (cones and rods) at the back 

of the retina, which transform it into an electric potential change of the photo-cell’s membrane. This 

potential is first processed by a network of bipolar and horizontal cells, before it is encoded into a train 

of action potentials by the retinal ganglion cells, which is subsequently transmitted to the brain through 

the optic nerve (13) (14) (15).  

The visual system is limited to reliably process images that slide across the retina at a speed of no more 

than a few degrees per second (2.5°/𝑠) because the potential changes in the photoreceptors and 

bipolar/horizontal cells are relatively slow (9). Each eye thus captures a 2D stable image of the 

environment. A three-dimensional percept of the visual space can arise because the visual system 

combines the information from the two eyes at the level of the primary visual cortex. This reconstructed 

perceptual world remains stable, even though our eyes constantly move (15). How this is possible, is 

still an important problem in visual-motor neuroscience. Because the optical axes of the eyes are slightly 

offset for nearby targets, the two images become projected on the retinae at slightly different angles 

(creating so-called retinal disparities (16)).  The brain analyses these disparities, to determine the depth 

and distance of an object. This process is called binocular vision. 

The eyeball or globe is approximately spherical (5) (17) and rests within the orbita. It is encircled by six 

extraocular muscles which, apart from being accountable for exceptionally fast and precise eye 

movements, they firmly secure the eyeball inside the orbita. The geometrical arrangement of the six 

extra-ocular muscles is approximately parallel to the three planes of the semi-circular canals of the 

vestibular system (see Figure 2.4). The muscles are named (4) (6) (14): 

 Superior Rectus (SR), responsible for upward and intorsional movement. 

 Inferior Rectus (IR), responsible for downward and extorsional movement. 

 Superior Oblique (SO), responsible for downward and intorsional movement. 

 Inferior Oblique (IO), responsible for upward and extorsional movement. 

 Medial Rectus (MR), responsible for horizontal inward movement. 

 Lateral Rectus (LR), responsible for horizontal outward movement. 
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Figure 2.1: Extraocular muscles of the right eye (18) 

Figure 2.1 shows how the six extraocular muscles (plus the levator palpebrae superioris (at the top) 

which pulls the upper eyelid) are arranged. The elastic properties of these muscles are almost identical, 

with the major differences being their insertion points and trajectories on the globe. Note that the 

Superior Oblique (in Yellow) before inserting on the eye, passes through a small cavity called Trochlea. 

Furthermore, all muscles except for the Inferior Oblique (Orange) arise from a tendinous band 

surrounding the optic nerve behind the eye, called the annulus of Zinn (13) (14). In contrast, the IO 

muscle originates from the orbital plate of the maxilla (occulted by the eye in Figure 2.1). The distinctive 

geometrical paths of the IO and SO muscles cause their major pulling actions to be an intorsional (SO) 

and extorsional (IO) rotation around the visual axis. 

The physical data for the muscle lengths are presented in Table 2-1. Each muscle may be defined 

through its origin and the insertion point of tangency where it leaves the globe. The coordinates of the 

muscle’s origin and insertion points are defined with respect to a head-fixed coordinate system with its 

origin in the centre of the globe. This centre is also the rotation centre for the eye in good approximation. 

Table 2-1: Muscle Parameters measured by Volkmann (19) 

Globe Radius: 𝟏𝟐. 𝟒𝟑 𝒎𝒎 

 MR LR SR IR SO IO 

Origin 

𝒙 [𝒎𝒎] 
𝒚 [𝒎𝒎] 
𝒛 [𝒎𝒎] 

 
−17.00 
−30.00 

0.60 

 
−13.00 
−34.00 

0.60 

 
−16.00 
−31.78 

3.80 

 
−16.00 
−31.70 

−3.40 

 
−15.27 
8.24 

12.25 

 
−11.10 
11.34 

−15.46 

Insertion 

𝒙 [𝒎𝒎] 
𝒚 [𝒎𝒎] 
𝒛 [𝒎𝒎] 

 
−9.15 

8.42 
0.00 

 
10.44 

6.75 
0.00 

 
0.00 

7.33 
10.05 

 
0.00 

7.65 
−9.80 

 
−0.07 

−8.05 
9.48 

 
−6.73 

−10.46 
0.00 

Length [𝒎𝒎] 39.96 
 

49.65 
 

44.05 
 

44.80 
 

22.28 
 

34.03 
 

Width [𝒎𝒎] 10.30 
 

9.20 
 

10.60 
 

9.80 
 

11.00 
 

9.80 
 

 

The muscles’ pulling directions are not aligned with the eyes’ visual axes, as can be seen in Figure 2.2. 

Their origins make an approximately 23º angle (4) (7) with the forward-pointing axis. Even though this 
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will have little effect for a pure horizontal movement, the same cannot be said for a vertical rotation of 

the eyes. 

 

 Figure 2.2: Axial MRI Scan showing MR, LR and SR muscles origin with respect to the eyeball (20)  

This angle will provoke some curved movements of the gaze line when pulling only one set of muscles. 

Note that the plane containing the SR (middle muscle in Figure 2.2) doesn’t intercept the pupil. This 

explains why the action of the Superior Rectus will produce an eye movement that is not only directed 

upwards, but also will have some intorsion. The same holds for the IR muscle (not shown here).  

The point of contact between the eyeball and the muscles is called insertion (21). In fact, a small portion 

of the muscle is in contact with the globe, at the point of tangency; there, the muscle loses contact and 

pulls toward its origin. This point determines the pulling direction of the muscle, and it is dependent on 

the eye orientation, and on the amount of slippage of the muscle across the globe. It has recently been 

established that the area of the point of tangency has some additional connecting tissue, called “Pulleys” 

(19) (21), surrounding and stabilizing the muscles as they leave the globe, and thought to reduce the 

amount of slippage across the globe and hence fixate the pulling directions. 

 

Figure 2.3: Axis notation and frontal view of the right eye where (+x) marks the straight ahead direction. Note that 
the eye is rotated 15° towards the nose (22) 

Figure 2.3 defines the right-handed 3D Cartesian coordinate system that will be used in this thesis, and 

the pulling directions of the extraocular muscles of the right eye in this reference frame. Note that (+x) 
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is the forward direction, and a positive rotation along this axis will correspond to a clockwise torsional 

movement of the eye. Similarly, the +y axis is along the inter-ocular direction, and a positive rotation 

causes a downward rotation. Finally, the +z axis is oriented vertically, and positive rotation is leftward 

(action of the MR for the right eye). Note that MR-LR, SO-IO, and SR-IR have their pulling actions in 

opposite directions (5). They therefore constitute an antagonistic pair of muscles. For a given direction 

within the three muscle plains, the muscle being contracted is called the agonist. The muscle that would 

make the eye rotate in the opposite direction is then the antagonist. For instance, if one is to make a 

pure inward movement with the right eye, the MR muscle would be contracted (agonist), while the LR 

would have to relax (antagonist).  

The three major rotation directions of these antagonistic pairs are along the z-axis (LR-MR), along the 

[x-y,y-x] directions for the SO-IO pair, and the [x+y,-x-y] directions for the SR-IR pair. Note that for the 

left eye, these pulling directions are mirrored (e.g. LR along the +z, MR along –z). The pulling directions 

for the oblique and vertical recti are approximately orthogonal to each other, and are aligned with the 

vertical vestibular canals (right-anterior/left-posterior canals, called RALP, and left-anterior/right-

posterior, or LARP for the right eye, and in reverse for the left eye) (5), whereas the horizontal recti are 

aligned with the horizontal canals (see Figure 2.4).   

 

Figure 2.4: Correspondence between the pulling directions of the extra-ocular muscles, and the three planes of 
action of the vestibular semi-circular canals. Note the mirror-symmetry for left and right eye (7) 

Thus, to produce a purely vertical upward movement of the eye, the Superior Rectus and Inferior Oblique 

muscles have to be activated simultaneously to cancel their opposite torsional actions, and their 

respective antagonists for a downward movement. A similar control principle is applicable for pure 

torsion (net rotation along the x-direction). The oculomotor system should then pull simultaneously at 

the Inferior Oblique and Inferior Rectus to produce pure extorsion, or at the Superior Oblique and 

Superior Rectus for an intorsion of the right eye. 
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All this combined allows the eye to have a rotation range displayed below in Table 2-2. Note that this 

refers to eye rotation. The human field of view is wider and is constricted 30° superior by the eyebrow, 

45° nasal by the nose, 70° inferior and 100° temporal (13). 

Table 2-2: Human eye rotation range (13) 

 Yaw Pitch Roll 

Euler Angle ±45° ±45° ±15° 
 

As for its dynamics, the oculomotor plant (eye muscles, globe and surrounding fatty tissues) has been 

shown to behave as a slow and overdamped second-order system with a long time constant of 

about 200 𝑚𝑠 (23). The eye itself is surrounded by a fluid and fatty tissues, making it a sluggish 

overdamped mechanical system, even though the eye is extremely fast while moving from an initial point 

to a desired one. This fluid prevents any static friction, and it´s therefore considered that at rest, the eye 

has zero friction. Later on we will explain how the brain overcomes the mechanical sluggishness of the 

plant in order to generate extremely fast and precise eye movements. 

2.2. Eye orientation rules 

Eyes don´t look around arbitrarily. For centuries, oculomotor experts have tried to define and precisely 

describe the movements and orientations of the eye. The orientation of the eye can be predicted by 

assuming that the trajectory from the primary direction to the intended gaze point follows a geodesic 

(shortest path between two points on the surface of a sphere). The primary direction is the normal vector 

to Listing’s plane (see below). Moreover, it was found that these movements obey certain rules even 

during the trajectory, which can be well described as single-axis rotations of a fixed body. To get a better 

understanding of these concepts, we must first explain some basic eye laws, which were already 

formulated in the 19th century by Von Helmholtz, based on careful observations and experiments 

performed by Donders and Listing. 

Donders’ Law 

Donders’ law states that the torsional component of the eye’s orientation (𝑥) only depends on the 

pointing direction of the visual axis (𝑦,𝑧), no matter how the eye arrived at that gaze direction. For 

example, suppose we first look forward and then look up, and as an alternative, we first look to the side, 

and then reorient the eyes until we reach our desired upward gaze position. Donders’ law then tells us 

that the 3D angular orientation of the eye will be the same for both situations (24). Donders’ law is thus 

formalized (in quaternion terms) as: 

 𝑞𝑥 = 𝑓(𝑞𝑦 , 𝑞𝑧)  𝐷𝑜𝑛𝑑𝑒𝑟𝑠′ 𝐿𝑎𝑤 (2-1) 

 

with 𝑓() a particular function, defining the 2D surface within the 3D space of orientations, and (𝑞𝑥 , 𝑞𝑦 , 𝑞𝑧) 

the three Cartesian coordinates of the associated eye-orientation quaternion (see below, for more details 

on this algebraic representation). 
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Listing’s Law 

Listing’s law may be interpreted as a further specification of Donders’ law. It is applicable for the eye 

when looking at infinity (i.e. >1.5 m away) and with the head not moving and upright (25). In the 

appropriate frame of reference (when +x is the primary direction), so-called Listing’s coordinate system, 

it simply says that: 

 𝑞𝑥 = 0  𝐿𝑖𝑠𝑡𝑖𝑛𝑔′𝑠 𝐿𝑎𝑤 (2-2) 

 

Listing therefore proposed that all admissible eye orientations lie in a plane (Listing’s Plane), for which 

the torsional component is zero (19) (22).  

Listing’s Law has later been verified through numerous psychophysical experiments with monkeys and 

humans. The monkey/human would sit in a chair with the head restrained, and saccadic and smooth-

pursuit eye movements would be recorded at a 1000 Hz sampling rate, while the subject was looking 

around the laboratory room (26).   

Figure 2.5 shows the results of one of those experiments with a monkey. Looking at the frontal view of 

the eye-position data (the rotation-vector 𝑌𝑍 plane, see also below, for conventions), we note that the 

monkey looked all across its oculomotor range (between about [0 to +50] degrees vertically, and [-40 to 

+40] degrees horizontally). What is interesting is that the side view and the top view show virtually zero 

torsion, meaning that all the recorded points lay in a well-defined plane 𝑅𝑥 = 0. The monkey’s head was 

tilted downwards by 15° to align the horizontal semi-circular canals with the room’s horizontal plane, and 

the data were rotated such that they are expressed in Listing’s coordinates, allowing the eye to be in 

conformity with Listing’s plane (which is about 15° looking upwards). If the monkey’s head was straight 

and the tests repeated, the side and top view would show also a straight line but with a slope. 

 

Figure 2.5: Experimental verification of Listing’s law in a rhesus monkey. Measures are in half-radians where 0.1 
half-radian corresponds to about 10 degrees. Note that the components correspond to the coordinates of the 

rotation vectors: 𝑟𝑧 (rotation about z-axis); 𝑟𝑦 (rotation about the y-axis); 𝑟𝑥 (rotation about x-axis). The centre of 

the monkey’s oculomotor range is about 30 degrees below the primary position (which is at zero) (27) 
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2.3. Saccades Properties 

Since only a small part of the eye, called fovea, is able to provide high-resolution vision, the oculomotor 

system has to move the fovea as quickly and as accurately as possible from one target to another to 

ensure it is looking at the desired location. 

During this movement, vision becomes blurred (9) (19). For this reason, the movement duration must 

be at its minimum to allow for sufficient fixation time. At peak velocities exceeding 500 𝑑𝑒𝑔/𝑠 (8), the 

saccadic eye movement (or saccade) is among the fastest that the human motor system can produce 

(in monkeys, peak velocities reach even up to about 1200 𝑑𝑒𝑔/𝑠  (26)). 

The high visual acuity of the fovea allows the analysis of a small part of the visual field. The human eye 

can only see sharply within 1 − 2° around the central fixation point (9) (10). This means that we couldn´t 

identify an object or a person just by starring at them since the object wouldn´t fit within the foveal visual 

frame. What actually happens when we visually explore an object, is that we constantly make saccades. 

Even while fixating a small dot, the eye still makes tiny movements (both slow and saccadic, called 

micro-saccades), in order to continuously stimulate new photoreceptors in the fovea (10). The quick 

saccadic movements allow the visual system to gather high-quality, detailed information from different 

parts of the object during the fixation periods between saccades. 

Figure 2.6 illustrates how the eye typically behaves while staring at a face. The eye jumps quickly from 

one point to another until enough information is gathered. Note that only the most conspicuous parts of 

the face are really fixated several times (the eyes, nose, and mouth), whereas the homogeneously lit 

surfaces of the hair and face are not even looked at. The fixation time (i.e., the inter-saccadic intervals) 

range on average from 200 𝑚𝑠 to 300 𝑚𝑠, while the saccade itself takes between 20 𝑚𝑠 to 100 𝑚𝑠 (23), 

depending on its size. This means that on average, the brain programs about 3 to 4 saccades per 

second (>10000 per hour) to acquire information from the visual environment. 

 

Figure 2.6: Early recording of saccadic eye movements. Note that saccades land on conspicuous high-contrast 
locations in the picture that provide most information about the picture’s content: the mouth, nose and eyes. 

These saccades are driven autonomously, and involves clever selection and decision mechanisms in the brain (6) 
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Control of the plant 

The short movement durations of saccades are somewhat surprising, considering the fact that the 

oculomotor plant (eye muscles, globe and surrounding fatty tissues) form a viscous, overdamped system 

with a long time constant of about 200 𝑚𝑠 (23). This low-pass time constant greatly exceeds the typical 

saccade duration. The Laplace transformation of the plant transfer function has been described by a 

second order overdamped system, with one real-valued zero, and two real-valued negative poles (23): 

 
𝐻(𝑠) = 𝐶

(𝑠𝑇𝑍 + 1)

(𝑠𝑇1 + 1)(𝑠𝑇2 + 1)
 

(2-3) 

 

where 𝑇2 = 20, 𝑇𝑍 = 70 and 𝑇1 = 200 𝑚𝑠 and 𝐶 a scaling factor that depends on the three time 

constants. This model follows from a mechanical approximation in which two Voigt elements (an 

elasticity with a parallel viscosity) act in parallel. 

It is possible, by applying linear systems theory, to predict that a simple step-like input signal at the 

motor neurons won´t produce a saccade with a duration below 200 𝑚𝑠. As 𝑇1 = 200 𝑚𝑠 is the longest 

time constant, about two to three time constants specify the minimum duration of the model’s step 

response (28). In other words, if the brain would program a step-like innervation of the motor neurons 

to drive the plant, and taking the movement duration until steady state, a saccade would last at least 

between 200 − 400 𝑚𝑠 which would be far too slow for efficient scanning of the visual field.  

Accounting for the model of equation (2-3), and supposing (for simplicity) that the ideal saccade can be 

approximated by a step-output (see Figure 2.7), i.e. 𝐸(𝑠) = 𝑅/𝑠, with 𝑅 the saccade amplitude, the 

Laplace representation of the desired motor neuron input 𝑀(𝑠) is calculated as follows: 

 
𝑀(𝑠) =

𝐸(𝑠)

𝐻(𝑠)
= 𝐶−1  

𝑅

𝑠

(1 + 𝑠𝑇1)(1 + 𝑠𝑇2)

(1 + 𝑠𝑇𝑍)
    

(2-4) 

 

Back-transformation to the time domain then yields the following control signal of the motor neurons (for 

t>0): 

 
𝑚(𝑡) =

𝑅

𝐶
(
𝑇1𝑇2

𝑇𝑧

𝛿(𝑡) +
(𝑇1−𝑇𝑍)(𝑇𝑧 − 𝑇2)

𝑇𝑧
2

 𝑒
−

𝑡
𝑇𝑧 + 𝑈(𝑡))   

(2-5) 

 

where 𝑈(𝑡) is the unity-step. This result describes a pulse-slide-step input signal, which has been 

experimentally verified by neural recordings in the abducens nucleus (the motor neurons that innervate 

the LR muscle) of the monkey. 

Figure 2.7 shows the response of a single abducens neuron PSTH (peri-saccadic time histogram) for 

11 identical saccadic eye movements. Note the high reproducibility of the saccadic eye movements, and 

the extremely short duration (about 50 𝑚𝑠), which, indeed, makes a good approximation of a step output. 

The pulse-slide-step input signal of the motor neurons (all abducens neurons fire in synchrony for this 

saccade) makes the eye travel faster, by overcoming the viscous forces without compromising speed 
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and accuracy. Note that these saccadic movements are controlled in an open loop with respect to vision 

by the neural control, as the saccade is much faster than the visual processing time (first visual 

responses after ~100 𝑚𝑠 at the cortex).  

 

 

Figure 2.7: Recording of a oculomotor neuron muscle in macaque monkey for 11 rightward saccades (23) 

The oculomotor plant may be considered in good approximation as a time-invariant linear system, i.e. 

with constant parameters (equation (2-3)). However, as explained below, the neuron signals carrying 

the brain’s saccadic command, betray a nonlinear control system (19).  

2.4. Neural control of saccadic eye movements 

As described above, saccades are extremely rapid eye movements that direct the fovea fast and 

accurately to a desired goal. The kinematic properties of saccades are very characteristic, and are a 

defining feature of these movements. They are collectively known as the ‘main sequence’ relations. The 

main sequence describes how the movement duration (𝐷) and peak velocity (𝑉𝑝𝑒𝑎𝑘) depend on the 

saccade amplitude (𝑅), and these are usually modelled by the following equations: 

 𝐷(𝑅) = 𝑎𝑅 + 𝑏   and   𝑉𝑝𝑒𝑎𝑘(𝑅) = 𝑉𝑚𝑎𝑥(1 − 𝑒−𝑘𝑅)    (2-6) 

 

with 𝑎, 𝑏, 𝑉𝑚𝑎𝑥, and 𝑘 constants (subject-dependent). Thus, saccade duration increases in a straight-

line fashion with amplitude, whereas the peak velocity saturates at 𝑉𝑚𝑎𝑥~600 − 700 𝑑𝑒𝑔/𝑠 for large 

(𝑅 > 25 − 30 𝑑𝑒𝑔) amplitudes. Another kinematic property is that the acceleration phase of saccades is 

roughly the same for all amplitudes, at about 17 − 25 𝑚𝑠. The increase in saccade duration is therefore 

mostly due to the deceleration phase of the saccade. As a result, saccade velocity profiles are positively 

skewed, and the skewness increases (roughly linearly) with the saccade amplitude.  
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It is important to note that these relations betray a nonlinearity in the saccadic system: for a linear 

system, the movement duration and skewness should be constant, independent of saccade amplitude, 

and the peak velocity should increase linearly with amplitude. It is currently believed that this nonlinear 

behaviour optimizes a speed-accuracy trade-off in the system: because the retina has a poor resolution 

in the periphery, the perceived location of visual targets is noisy and uncertain, and the system needs 

to minimize both its movement duration and its fixation time to acquire as much visual information from 

the environment as possible. Theoretical studies (29) have indicated that the main-sequence behaviour 

is an optimal movement strategy. 

The nonlinear characteristic of the saccadic system is usually attributed to a nonlinear (saturating) input-

output property of the pulse generator (through burst cells) in the brainstem (see Figure 2.7, where the 

pulse is shown). These burst cells are thought to be driven by a dynamic motor error signal (the 

difference between the desired goal for the eye and the current eye displacement) and their output 

represents the desired velocity of the eye. The step signal in the motor neuron pulse-step (Figure 2.7) 

is obtained by neural integration of this velocity signal. The figure below shows a simplified version of 

the model proposed by David A. Robinson (30) that explains how the system is driven by internal position 

feedback from the integrator to reach its goal (the desired orientation of the eye). Although modern 

models have challenged some of the details of the original Robinson model, it still serves as a nice 

conceptual framework to study and understand the neural basis of saccadic eye movement generation. 

 

Figure 2.8: The Robinson model for saccadic eye movements (30) 

In Figure 2.8, a target on the retina at 𝑠0 is first transformed into a head-centred desired eye position 𝑒ℎ, 

by adding the initial position of the eye 𝑒0. The desired position is continuously compared with the actual 

eye position 𝑒(𝑡), and the motor error 𝑚(𝑡), drives the nonlinear (saturating) pulse generator. The latter 

has a high gain and is under inhibitory control from pause cells. The pulse generator can fire only when 

the pause cells are stopped by a brief internal trigger signal. Once the pulse is generated to move the 

eye, it in turn inhibits the pause cells. The pulse output is a velocity signal that is integrated to current 

position by the neural integrator. Together, the (scaled) pulse and the integrated step form the pulse-

step drive of the motor neurons to control the overdamped plant. The internal feedback guarantees that 

the saccade ends on the desired target. 
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2.5. Mathematics for 3D rotations 

To describe eye orientations in three dimensions, we will use a head-fixed right-handed Cartesian 

coordinate system with its origin in the centre of the eye, as demonstrated in Figure 2.3. There are many 

methods to describe a 3D rotation of a rigid body. Here, we will present only the ones that have been 

particularly useful to oculomotor applications. 

Fixed-axis rotations of an arbitrary vector 

A fixed-axis rotation of a vector, 𝑣, over an angle 𝛼 (in radians) around an unitary axis �̂� is given by (22): 

 

 𝑅(�̂�, 𝛼)𝑣 = (𝑣 ∙ �̂�)�̂� + sin(𝛼) (�̂� × 𝑣) − cos (𝛼)�̂� × (�̂� × 𝑣) (2-7) 

 

Note that ∙ is the scalar product and × is the vector cross product. 

Because we are dealing with a fixed-axis rotation, only 𝛼 is a function of time. Consequently, the angular 

velocity of 𝑣 spinning around the rotation axis �̂� is a vector given by: 

 𝜔(𝑡) ≡ �̇�(𝑡)�̂� (2-8) 

The angular velocity is linked to the rotation 𝑅(�̂�, 𝛼(𝑡))𝑣 by the following kinematic relation: 

 �̇�(�̂�, 𝛼(𝑡))𝑣 ≡ 𝜔(𝑡) × 𝑅(�̂�, 𝛼)𝑣 (2-9) 

where �̇�(�̂�, 𝛼(𝑡))𝑣 is the tip velocity of 𝑣 that rotates around �̂�. 

Quaternions 

Quaternions are 4D complex algebraic entities, which turn out to be very useful to describe consecutive 

rotations of a body in a 3D environment. Instead of having to use the rotation matrices that correspond 

to the product of three nested rotations with the often-used Euler angles, one only needs the rotation 

axis quaternion and multiply it by the point that will be altered. It has the ability to store not only the 

vector’s unitary axis of rotation (3 degrees of freedom) but also its rotation angle. A quaternion is thus 

described as a four dimensional, complex vector (31). 

In general, a quaternion 𝑞 is defined by: 

 𝑞 = ( 𝑞0,�⃗� . 𝐼  ) = (𝑞0, 𝑞1𝑖 + 𝑞2𝑗 + 𝑞3𝑘) (2-10) 

where  𝑞0 is a scalar and �⃗�  is a vector.  𝐼 = [𝑖, 𝑗, 𝑘] is a vector which components are complex numbers 

corresponding to the cardinal axes of the coordinate system (𝑥, 𝑦, 𝑧) which follow the following rules: 

𝑖2 = 𝑗2 = 𝑘2 = −1, 𝑖𝑗𝑘 = −1, 𝑖𝑗 = 𝑘, 𝑘𝑖 = 𝑗, 𝑗𝑘 = 𝑖. Without any loss of generality, we can normalize the 

quaternion (𝑙𝑒𝑛𝑔𝑡ℎ = 1), after which we can parametrize its four components as follows: 

 𝑞0 = 𝑐𝑜𝑠
𝛼

2
        and       �⃗�  = 𝑠𝑖𝑛

𝛼

2
�̂�   (2-11) 
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Note that 𝛼 is the absolute angle of rotation in radians and �̂� is the unitary vector of the axis of rotation 

(‖�̂�‖ = 1). Below, it will become clear why the quaternion is described this particular way. 

The multiplication of two quaternions results in a new quaternion, but it is noncommutativity (𝑞𝑝 ≠ 𝑝𝑞). 

It follows from the definition above, that the product of the quaternions 𝑞 = 𝑞0 + �⃗�  and 𝑝 = 𝑝0 + �⃗�  is 

given by: 

 𝑞𝑝 = (𝑝0𝑞0 − �⃗� ∙ �⃗� ) + (𝑝0�⃗� + 𝑞0�⃗� + �⃗� × �⃗� ) (2-12) 

 

In order to rotate a given vector 𝑣, 𝛼 radians around an axis �̂�, one must first know the inverse 𝑞−1 which 

is given by: 

 
𝑞−1 =

𝑞∗

‖𝑞‖2
 

(2-13) 

 

where  𝑞∗ = (𝑞0,−�⃗�  ) and ‖𝑞‖2 = 𝑞0
2 + ‖𝑄‖2. 

It can be readily shown the rotated vector 𝑣′ will then be equal to: 

 𝑣′ = 𝑞𝑣𝑞−1 = 𝑅(�̂�, 𝛼)𝑣 (2-14) 

In equation (2-14), vector 𝑣 is being rotated 
𝛼

2
 during the first product, and another 

𝛼

2
 during the second 

one. Note that this will only be true because of two reasons: 

 The quaternion was constructed taking into account half of the desired angular rotation 𝛼 

 The quaternion 𝑞 is unitary and fully parametrized ‖𝑞‖ = √𝑞𝑞∗ = √𝑞0
2 + 𝑞 ∙ 𝑞 = 1 

 𝑣 was transformed to a quaternion with 𝑣0 = 0 in order to use quaternion multiplication rules 

As shown in equation (2-14), it is possible to identify a quaternion 𝑞 with the rotation 𝑅(�̂�, 𝛼)𝑣. Using the 

same logic, the time derivative of the quaternion, �̇� = 𝑑𝑞/𝑑𝑡 corresponds to the coordinate velocity of 

the rotating vector. The relation between the coordinate velocity and the angular velocity around the 

rotation axis is given by equation (2-15): 

 
�̇� =

𝜔𝑞

2
=

1

2
(𝑞0𝜔 + 𝜔 × 𝑄) 

(2-15) 

 

The angular acceleration of the body becomes: 

 
�̈� =

1

2
(�̇�𝑞 + 𝜔�̇�) =

1

2
(𝑞0�̇� −

𝜔2

2
𝑄 + �̇� × 𝑄) 

(2-16) 

 

Rotation Vectors 

There is alternative non-redundant parameterization of 3D rotations that is described by only three 

numbers, instead of four, and has been denominated in the oculomotor literature as the rotation vector. 
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Provided by the Euler-Rodrigues coordinates, the rotation vector becomes quite useful during saccades 

in Listing’s plane, since it can be mathematically shown that these follow straight lines in 3D rotation-

vector space when viewed as fixed-axis rotations. The rotation vector 𝑟 and its inverse 𝑟−1 are defined 

by (27): 

 𝑟 ≡
𝑄

𝑞0
= tan (

𝛼

2
) �̂�     and     𝑟−1 = −𝑟 (2-17) 

 

Making use of the rules for quaternion multiplication (equation (2-12)), it then follows that the combined 

result of rotation 𝑟1 followed by a second rotation 𝑟2 is given by (note the order in which the multiplication 

is written): 

 
𝑟2 ∘ 𝑟1 =

𝑟1 + 𝑟2 + 𝑟2 × 𝑟1
1 − 𝑟1 ∙ 𝑟2

 
(2-18) 

 

Note that on this case, ∘ symbolizes the (noncommutative) product of rotation vectors. Using equation 

(2-15), one can also find the equivalent relations for the coordinate velocity and angular velocity, using 

rotation vectors: 

 
�̇� =

1

2
(𝜔 + 𝜔 × 𝑟 + (𝜔 ∙ 𝑟)𝑟) 

(2-19) 

  

Conversion between Euler angles and Quaternions 

All measured data in this thesis report were collected from an accelerometer on our eye model, and 

these were provided in the form of conventional  𝑍𝑌𝑋 Euler-angles. Euler angles constitute a set of three 

consecutive nested (passive) rotations (through a so-called ‘gimbal’ system) in order to describe any 

orientation of a rotated body with respect to the starting orientation. The 𝑍𝑌𝑋 format indicates that in the 

system used, the data are described by i) first a horizontal rotation (yaw) of the body around an earth-

fixed vertical (z) axis, by angle theta (𝜃); ii) then, a vertical rotation of the body (pitch) around the rotated 

horizontal (y’) axis, by angle phi (𝜙); and iii) finally, a rotation around the double-rotated frontal (x’’) axis 

(roll) over angle psi (𝜓).  Thus, the final orientation of the body is determined by the multiplication of 

these three subsequent (nested) rotations (passive rotations): 

 𝑅𝑜𝑡 = 𝑅𝑜𝑡𝑥′′𝑅𝑜𝑡𝑦′𝑅𝑜𝑡𝑧  (𝑝𝑎𝑠𝑠𝑖𝑣𝑒) = 𝑅𝑜𝑡𝑧𝑅𝑜𝑡𝑦𝑅𝑜𝑡𝑥  (𝑎𝑐𝑡𝑖𝑣𝑒) (2-20) 

 

where 𝑅𝑜𝑡𝑧, 𝑅𝑜𝑡𝑦 and 𝑅𝑜𝑡𝑥 are the rotation matrices corresponding to the three earth-fixed cardinal axes. 

The right-hand part of the equation says that when reversing the order of the passive rotations, the 

multiplication becomes an active rotation (rotation of the body in a fixed reference frame). 

Because of having all the raw data in Euler angle notation, it is important to know how to convert Euler 

angles to Quaternions, and vice versa. 
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The following expressions transform a Quaternion into the three Euler angles (31): 

 
𝑟𝑜𝑙𝑙 𝜓 = arctan 

2 × (𝑞0 × 𝑞1 + 𝑞2 × 𝑞3)

1 − 2 × (𝑞1
2 + 𝑞2

2)
 

 
𝑝𝑖𝑡𝑐ℎ 𝜙 = arcsin (2 × (𝑞0 × 𝑞2 − 𝑞3 × 𝑞1)) 

 

𝑦𝑎𝑤 𝜃 = 𝑎𝑟𝑐𝑡𝑎𝑛
2 × (𝑞0 × 𝑞3 + 𝑞1 × 𝑞2)

1 − 2 × (𝑞2
2 + 𝑞3

2)
 

 

(2-21) 

The inverse can also be done by converting the Euler angles into its equivalent Quaternion (31): 

 
𝑞0 = cos (

𝜓

2
) cos (

𝜙

2
) cos (

𝜃

2
) + sin (

𝜓

2
) sin (

𝜙

2
) sin (

𝜃

2
) 

 

𝑞1 = sin (
𝜓

2
) cos (

𝜙

2
) cos (

𝜃

2
) − cos (

𝜓

2
) sin (

𝜙

2
) sin (

𝜃

2
) 

 

𝑞2 = cos (
𝜓

2
) sin (

𝜙

2
) cos (

𝜃

2
) + sin (

𝜓

2
) cos (

𝜙

2
) sin (

𝜃

2
) 

 

𝑞1 = cos (
𝜓

2
) cos (

𝜙

2
) sin (

𝜃

2
) − sin (

𝜓

2
) sin (

𝜙

2
) cos (

𝜃

2
) 

(2-22) 

 

Using the formula that describes 𝑞1 in Euler angles (equation (2-22)), we can give a description of 

Listing’s plane as a function of the Euler angles by simply letting 𝑞1 = 0. The roll angle (𝜓) will then be 

forced to be: 

 

 

𝜓 = 2 × tan−1 (
𝑠𝑖𝑛

𝜙
2

× 𝑠𝑖𝑛
𝜃
2

𝑐𝑜𝑠
𝜙
2

× 𝑐𝑜𝑠
𝜃
2

)   𝐿𝑖𝑠𝑡𝑖𝑛𝑔′𝑠 𝐿𝑎𝑤 (𝐸𝑢𝑙𝑒𝑟) 

(2-23) 

 

Figure 2.5 shows Listing’s plane in Rotation Vector notation. If it were to be plotted in Euler angles 

notation, it would look similar to Figure 2.9 (see below). Note that in Figure 2.9 the torsional component 
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doesn’t follow a straight line like a plane anymore. Instead, it is part of a 2D surface that is twisted. For 

this reason, it’s easier to use rotation vectors notation to demonstrate and verify Listing’s plane. 

 

 

Figure 2.9: Listing’s Law expressed in Euler angles notation. In this case, unlike rotation vectors, the vertical 
component refers to pitch (𝜙), the horizontal component refers to yaw (𝜃), and the torsional component refers to 

roll (𝜓) 

2.6. Describing Listing’s Law and Saccades by Rotation Vectors 

Eye positions 

In this thesis report, eye orientations (also called: eye positions) are represented using Euler-angles as 

well as rotation-vectors, in which the Cartesian coordinates are initially taken as world-fixed. Later, when 

Listing’s plane has been determined, the head-fixed reference frame will be expressed in Listing’s 

coordinates (also known as the primary reference frame) in which the origin 𝑟𝑃 = 0 is called the eye’s 

primary position. At the start of an experiment, the actual primary position is not yet known, and the 

origin is arbitrarily taken as the straight-ahead direction in the laboratory frame of reference, which 

corresponds approximately with the centre of the oculomotor range: 𝑟𝐶 = (𝑟𝑥 , 𝑟𝑦 , 𝑟𝑧) = 0.  

Any orientation of the eye, say 𝑟 =  𝑟𝐴, is now to be understood as a (virtual) rotation from the origin of 

the reference frame to the current orientation. Indeed, applying equation (2-18): 𝑟𝐴 = 𝑟𝐴 ∘ 𝑟𝐶. Note that 

this description doesn’t say anything about the actual trajectory that the eye took to reach that 

orientation. 
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After having recorded many different eye orientations across the oculomotor range, the joint set of eye 

positions will be distributed in 3D rotation-vector space. According to Listing’s law, however, the 3D 

cloud of eye positions will be confined to a plane, called Listing’s plane. In the laboratory reference frame 

this plane could in principle take any orientation in 3D space, and would in general be described by: 

 𝑎𝑟𝑋 + 𝑏𝑟𝑦 + 𝑐𝑟𝑧 = 0 (2-24) 

 

with (𝑎, 𝑏, 𝑐) the plane’s normal vector and 𝑎2 + 𝑏2+𝑐2 = 1. 

For monkeys and humans, it is typically found that 𝑏 = 0, so that the plane seems rotated in the Lab’s 

xz-projection (see Figure 2.10). The normal vector to this plane, 𝑝 = (𝑎, 0, √1 − 𝑎2), indicates the 

direction of the eye’s primary position. This normal vector makes an angle of 𝛾 = 𝑎𝑡𝑎𝑛
𝑎

√1−𝑎2
 in the 𝑋𝑍 

plane with the x-axis, as shown in Figure 2.10. By back-rotating the plane around the y axis over an 

angle – 𝛾 will align the plane to the primary reference frame in which all torsional eye orientations will be 

zero (Listing’s Law: 𝑟𝑥 = 0; see Figure 2.5). 

 

Figure 2.10: Eye orientations in 𝑌𝑍 (left) and 𝑋𝑍 (right) projections of a monkey making spontaneous saccades in 

the light where the unit is half-radians. Data are expressed in the laboratory reference frame, with the origin at 
straight ahead (note that the monkey’s head is pitched 15 degrees downward, so that the lab’s straight ahead 

means looking 15 degrees up for the monkey; hence the oculomotor range is not symmetric with respect to the 
origin in the y-direction, but the centre is at ~15 degrees down (𝑟𝑦 at about +0.15). The 𝑋𝑍 plot nicely shows 

Listing’s plane, which appears to be rotated about the y-axis by about 15 degrees. Thus, the primary position is at 
about 30 degrees upward with respect to the centre of the oculomotor range (see Figure 2.5) (32) 

Eye movements  

Next, it is useful to parametrize a saccadic eye movement. A saccade takes the eye from its initial 

orientation, say 𝑟𝐴, to its final orientation, 𝑟𝐵. Both positions are constrained by Listing’s law, so that (in 

the primary reference frame): 𝑟𝐴 = (0, 𝑟𝐴𝑦 , 𝑟𝐴𝑧) and 𝑟𝐵 = (0, 𝑟𝐵𝑦 , 𝑟𝐵𝑧). We next consider a saccade (this 

assumption is based on experimental evidence) as a single-axis rotation of the eye. This means that the 

saccade vector, 𝑟𝐴𝐵, points along the angular velocity vector (see above, for the conceptual description 

of this quantity) of the eye. The direction of this vector is determined in the following way (33): 

 𝑟𝐴𝐵 ∘ 𝑟𝐴 = 𝑟𝐵 ↔ 𝑟𝐴𝐵 = 𝑟𝐵 ∘ 𝑟𝐴
−1 ≈ 𝑟𝐵 . 𝑟𝐴 + 𝑟𝐴 × 𝑟𝐵 = 𝑑𝐴𝐵 + 𝑟𝐴 × 𝑑𝐴𝐵 (2-25) 
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where 𝑑𝐴𝐵 is the difference vector between 𝑟𝐵 and 𝑟𝐴 (i.e., the vector pointing from A to B in Listing’s 

plane). Note, that although 𝑟𝐴 and 𝑟𝐵 are constrained to Listing’s plane, 𝑟𝐴𝐵 typically is not, because the 

cross product introduces a torsional component: 

 𝑟𝐴𝐵,𝑥 = 𝑟𝐴,𝑦𝑟𝐵,𝑧 − 𝑟𝐴,𝑧𝑟𝐵,𝑦  (2-26) 

 

Because the saccade can be considered as a single-axis rotation, it can be shown that all intermediate 

positions of the saccade between A and B also lie in Listing’s Plane, and also lie along straight line of 

the difference vector. 

2.7. Transient Response of a Linear Time Invariant System 

A Linear System is a system where output is described by a convolution between the input and the 

system’s impulse response: 𝑦(𝑡) = ∫ ℎ(𝜏)𝑥(𝑡 − 𝜏)𝑑𝜏
∞

0
 with ℎ(𝜏) the impulse of the linear system (related 

to the transfer characteristic through Laplace transformation). 

All linear systems obey the superposition and homogeneity principles (34). If two inputs 𝑥1(𝑡) and 𝑥2(𝑡) 

produce outputs 𝑦1(𝑡) and 𝑦2(𝑡), respectively, then, a linearly scaled superposition of inputs 𝑥1(𝑡) +

𝑥2(𝑡) will produce the output 𝑦1(𝑡) + 𝑦2(𝑡). Also, if an input is multiplied by a constant 𝑎𝑥1(𝑡) the output 

will also be multiplied by the same constant 𝑎𝑦1(𝑡). More importantly, this states that the duration of the 

output is independent of the input amplitude. 

A Time invariant system is a system for which the parameters of ℎ(𝜏) do not depend on time (34). For 

instance, the results of today should be the same as tomorrow if the input is the same. If the system 

takes in a signal 𝑥1(𝑡) and the output is 𝑦1(𝑡), it’s response to the time-shifted input 𝑥1(𝑡 + 𝛿) will be the 

same time-shifted response 𝑦1(𝑡 + 𝛿). 

Saccades are very fast movements of the eye, whereby the plant can be characterized as a 2nd order 

filter. The biological plant (equation (2-3)) is highly overdamped (low pass), yet, our robotic model 

implementation (described in Chapter 3) results to be slightly underdamped. To analyse the response 

of such system, some basic notions are needed.   

Figure 2.11 shows a 2nd order response to a step input, 𝑆𝑡, where, the parameters are used to classify 

the response in terms of speed, accuracy and maximum deviation. Note that these parameters can also 

be used to describe higher order responses. The maximum or peak overshoot 𝑀𝑃 is the maximum 

deviation of the response compared to its steady state 𝑥𝑠𝑠 and is defined by equation (2-27). This 

maximum, happens at the peak time 𝑡𝑝. Do realise that 𝑥𝑖 stands for initial position which, in case of 

Figure 2.11 is equal to zero (28): 

 
𝑀𝑃% =

𝑀𝑝

𝑥𝑠𝑠 − 𝑥𝑖

 
(2-27) 
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Figure 2.11: Transient Response of an underdamped 2nd order System (28)  

The settling time 𝑡𝑠 is the time that the system needs to confine oscillations within user defined values. 

These values are percentage deviations relative to the steady state value. For our analysis, we’ll use a 

2% confinement. 

The rise time is the interval that the system’s response takes to rise from 10% to 90% of its final value 𝑥𝑠𝑠. 

A different parameter is the Delay time 𝑡𝑑. It is the duration since the stimulus onset at  𝑔(𝑡 = 0) until 

the response reaches 50% of its steady state value. With the delay time, we quantify how long the 

system takes to react to the input signal. 

2.8. Systems Identification 

We will apply two different types of analysis to scrutinise and model the results obtained during this 

project. We will use Bruno Damas (35) algorithm for static analysis and MatLabTM   system identification 

toolbox to analyse the dynamics. 

The Bruno Damas algorithm is used to estimate generic input-output relations in a real-time online 

fashion. The method is based on a generalized expectation-maximization approach to fit an infinite 

mixture of linear experts (IMLE) to an online stream of data samples (35). It allows one to determine a 

function based only on the input and output data. The data is read only once and afterwards the function 

is created. This function can either obtain the input value based on the output but also the other way 

around. It even determines the amount of solutions a certain input has. 

It will be used to relate the steady-state input motor angles to the corresponding eye position. This way, 

we´ll be able to know in real time what motor configuration is needed to acquire a certain target direction. 

MatLab® is a commercial programming environment for numerical computation, visualization and 

programming. Among others, we will use the system identification toolbox that allows an effective 

determination of a system’s transfer function by simply introducing the input/output and the sampling 

time. 
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3. Building the Prototype 

3.1. Design Choices 

In the nineteenth century, many mechanical models of eye movements were created. These apparatus, 

called ophthalmotropes, were developed to gain a better understanding of how the eye rotates during 

eye movements. 

Reute (1845) developed the first mechanical model of the eye and called it ophthalmotrope. The eye 

was suspended in gimbals which allowed it to rotate about an axis that was perpendicular to the first 

axis. Since this method did not allowed the eye to comply with Listing´s Law when moved to a tertiary 

position (positions with both horizontal and vertical components), Reute built a second model 

represented in Figure 3.1.  

 

Figure 3.1: Reute’s first (left) and second (right) ophthalmotrope (36) 

The second model is anatomically more similar to the human eye than the first. It has all six oculomotor 

muscles and Reute even included the Trochlea where the Inferior Oblique passes through. This allowed 

the eye to roll making it possible to follow Listing´s plane (36). 

Wundt (1862) built the most sophisticated model of the nineteenth century (see Figure 3.2). It had all 

the anatomical variables Reute’s second model had and furthermore, it also had physiological variables 

such as muscles forces. These forces were represented by springs and weights. 

Nowadays, scientists perform experiments on animals, like monkeys and cats. They apply electric 

current to a specific group of neurons in the midbrain, of which they know that it will produce a particular 

saccadic eye movement. Meanwhile, they measure the eye position and the action potentials coming 

from other neurons. In other experiments, the monkey follows visual targets projected on a screen. 

Again, neuronal activity in midbrain and brainstem can be recorded, together with the 3D eye orientation. 
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Figure 3.2: Wundt’s ophthalmotrope where the muscle forces are represented by springs and weights (36) 

When discussing design choices for this project, the first idea that came along was to simplify the 

complex human eye anatomy and use a spherical ball that was placed on three electrically powered 

rollers. These rollers would be displaced in such a way that each would be responsible for either a yaw, 

pitch or roll rotation. 

The main advantage of this model was that it was very easy to build, although it lacks the biological 

similarities. With this scenario, we could not replicate the oculomotor muscles setup neither understand 

its constraints. Since the goal of the project is to comprehend more about the human eye and how it 

moves the way it does, we took a different approach. 

The criteria were to make the model with enough similarity to the human eye, without making it too 

complex or expensive to build. It should also allow to measure the muscle forces, just like in Wundt’s 

ophthalmotrope. A step by step description of how the mechanical model was built is described in the 

next section. 

3.2. Mechanical Components 

The idea came from a human shoulder joint and demonstrated with Lego® joints. The goal was to use a 

ball joint that could rotate freely and two simple pieces of Lego® proved that the model could work. A 

semi sphere would be attached to the top end of the joint and served as the eyeball. Afterwards, some 

springs attached to electrically powered motors would pull the eyeball in a similar way as oculomotor 

muscles pull the eye. 
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After some research, it was found that the most practical ball joints available on the market were the 

ones used in camera tripods. A vanguard tripod from Fnac® (37), Figure 3.3, was acquired as it provides 

unrestricted rotation with minimal drag. 

 

Figure 3.3: Vanguard tripod with ball joint 

The eye ball was designed as a semi sphere that would connect with the vanguard ball joint in the same 

way cameras are attached. It´s diameter was to be as large as the 3D printing machine allowed (20 ×

15 × 15 𝑐𝑚). There were two reasons for taking this size of the model. The first one was that the ball 

joint was big and had a total radius of 7 𝑐𝑚 which makes it impossible to make a semi sphere with a 

smaller radius than this and still have the centre of rotation in the centre of the joint. Subsequently, the 

drag forces would also be less in magnitude as we enlarged the sphere due the increasing torque when 

pulling the sphere. 

 

Figure 3.4: 3D printed semi sphere that would serve as eyeball  

The final design of the semi sphere, Figure 3.4, was reached after several iterations and the 2D drawing 

is available in appendix A. Printing in a 3D machine means that the part has to have a solid base so that 

the machine is able to start actually building it. Otherwise, it would just roll away. The newly designed 

part had the advantage of being compatible with not only the ball joint, but also two LPMS sensor and 
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one video camera that could be attached in the future. Figure 3.5 shows the semi sphere (green) 

attached to the ball joint. 

 

Figure 3.5: Attachment of the semi sphere to the ball joint 

The reader may also notice the sphere has two holes. The purpose of these holes is to incorporate the 

USB cables needed for the sensor and the camera and also make the part lighter. Since the goal is to 

make this artificial eye move as fast as it can, it’s imperative to have a low momentum of inertia for less 

energy consuming accelerations therefore, lighter is better. The printer also doesn’t fill the interior of the 

part in order to save raw material. Instead, it creates a honeycomb arrangement (visible in Figure 3.5) 

providing a lightweight yet strong structure.  

Before mounting the motors that would serve as the controllers for the eye muscles, a supporting 

structure, compatible with the tripod, had to be designed. Some small aluminium profiles from 

MakerBeamTM were available at the lab. These profiles are convenient and simple to use. Though, a 

compatibility problem appeared since it was not possible to directly attach the aluminium structure to 

the tripod without any extra component. To solve this, another 3D part that would be attached to the 

tripod was printed (green) as shown Figure 3.6. In fact, this component is divided by two, A and B, which, 

with the help of six screws, are compressed against each other, securing themselves to the tripod. The 

2D drawings are made available in appendix A. At the top of the printed part there is an aluminium plate 
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where the beams are screwed in. The plate was milled on its edges so that the special beam screws 

could fit through. Its purpose is to connect the beams to the newly printed part. 

 

Figure 3.6: Compatibility part (top and bottom) attaching the aluminium structure to the tripod 

The beam structure suffered considerable changes and rethinking. It had to support three motors that 

would act as three controls for antagonistic pairs of muscles. All three motors had to be arranged in 

such a manner that their pulling directions would resemble to the real oculomotor anatomy described in 

the previous chapter, and more importantly, these motors should not interfere with each other’s 

movement as this could severely damage the model. Also, the structure had only one supporting point 

(connection with the tripod) and we had to ensure that it remained rigid to avoid oscillations. 

In order to mount the motors to the structure, six small aluminium plates (6 × 1.5 𝑐𝑚) were machined 

and drilled since the motors had no parts that could be used to attach them to the beams. 

At this point, the idea was to use elastics that would be inserted within the small holes of the semi sphere 

and also attached to the motors. They would serve in pairs, making use of agonist and antagonist muscle 

actions as described in chapter 2, and be disposed in the following order: 

 Superior and Inferior Rectus (SR & IR) – accountable for respectively “up and in” and “down 

and in” eye movements. 

 Superior and Inferior Oblique (SO & IO) – this pair produces a “down and out” and “up and out” 

eye movements respectively. 

 Medial and Lateral Rectus (MR & LR) – producing “to the nose” (Adduction) and “away from the 

nose” (Abduction) eye movements respectively. 

For this to happen, the pulling direction of the Superior and Inferior Rectus/Oblique would have to make 

an angle with the forward direction, just like the real muscles do, as shown previously in Figure 2.2. The 

solution that was found was to cross the elastics meaning that the left motor, for example, would be 

connected to the right part of the eyeball.  
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Crossing the cables caused another problem. The elastics were rubbing against each other and creating 

friction. Also, the eye´s torsional movement was favoured to the side that uncrossed the strings. 

The first approach to overcome this difficulty was to make a part from delrin plastic which would serve 

as a plane. The self-lubricant material had holes where the elastics would go through aligning them with 

the desired directions. This proved to be a bad solution as the friction generated between the plastic 

and the elastic was unacceptable creating errors of more than 20°.  

Another idea was to use “metal holes” instead of plastic ones. The friction coefficient between metal and 

fibrous elastic is lower than the previous setup. Two modified eye screws, top and bottom, were used 

for this purpose and screwed into the previously designed delrin plastic piece as seen in Figure 3.7. 

With these, the eye could have a torsional component without the cables interfering with each other. 

 

Figure 3.7: Modified eye screws aligning the elastics. The screws are inserted in the delrin plastic part 

Finally, six elastics were inserted in the eyeball and fixed to three aluminium plates (20 × 2 𝑐𝑚) which 

were screwed against the motors. These plates made puling more effective because a small rotation of 

the motor would represent a larger pulling distance. This way, we reduced the amount of rotation of 

each motor which reduced the risk of the arms touching the structure. The elastics were secured to the 

plates using washers and a self-strangulating technique. This proved to be useful since it allowed to 

adjust the elastic tension more easily. Table 3-1 lists all the parts and materials used to build the 

prototype. 
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Table 3-1: List of all the parts used to build the eye model prototype 

Part Quantity Part Quantity 

Vanguard Tripod (37) 1 Aluminium adaptor 
plate for motor 

6 

𝟓 𝒎𝒎 screw 1 Dynamixel MX-64 
Actuators (38) 

3 

3D printed eye 1 Aluminium motor arm 3 

3D printed adaptor 2 Elastics 6 

Aluminium adaptor 1 Delrin support 2 

𝟑 𝒎𝒎 long screws 
with nuts 

8 Modified eye screw 2 

CM 900 embedded 
board (38) 

1 LPMS-CU sensor (39) 1 

MakerBeamTM Toolkit 1 Washer 6 

 

3.3. Assembled System 

The final system is displayed below in Figure 3.8.The following configuration has the two vertical motors 

in the background (nº 1 and 3). This way, the interaction between the horizontal (nº 2) and vertical 

motors is minimum, avoiding possible damage to the system, yet maintaining their distance to the eye 

similar. The six cables (elastics) connect the motor arms to the eyeball (semi sphere). Also, the vertical 

cables (attached to the vertical motors), go through the modified eye screw in order to recreate the real 

muscles angle (23°) which can be modified by sliding the delrin plastic part forward (increases de angle) 

or backward (decreases the angle). The cable tension can be adjusted using the washers. The LPMS-

CU accelerometer rests at the tip of the eyeball and will record its spatial position as a function of time. 

 

Figure 3.8: Assembled system: 1- Motor nº1 (IO &  SO); 2- Motor nº2 (MR & LR); 3- Motor nº3 (SR & IR); 4- Motor 
aluminium arms; 5- Two out of six washers; 6- Compatibility part (3D printed adaptor); 7- Top modified eye screw; 

8- LPMS-CU accelerometer sensor; 9- 3D printed eyeball 
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3.4. Mass Moment of Inertia 

The second moment of inertia of a body is a measure used to define the amount of resistance the body 

offers to any change in its angular velocity. It works the same way as the mass does for linear 

acceleration and its relation with the torque 𝑀 and angular acceleration 𝛼 is similar to Newton’s Second 

Law of motion since, 𝑀 = 𝐼𝛼 where 𝐼 is the body’s moment of inertia. 

The moment of inertia of a body with respect to its axis of rotation is calculated from equation (3-1) (40): 

 
𝐼 = ∫𝑟2𝑑𝑚 

(3-1) 

 

where 𝑟 is the distance of a differential element of mass 𝑑𝑚 to the axis of rotation. 

 

Figure 3.9: Hemispherical body axis 

Thus, the moment of inertia of the homogeneous solid hemispherical body (Figure 3.9) using equation 

(3-1) is given by: 

 

 
𝐼 =

1

2
𝜌𝜋 ∫ 𝑦4𝑑𝑧

𝑅

0

 

 

(3-2) 

 

Since 𝑦2 = 𝑅2 − 𝑧2 where 𝑅 is the radius, we can simplify to: 

 
𝐼 =

1

2
𝜌𝜋 ∫ (𝑅2 − 𝑧2)2𝑑𝑧

𝑅

0

=
4

15
𝜌𝜋𝑅5 

 

(3-3) 

Note that 𝜌 is 
𝑀

𝑉
=

𝑀
2

3
𝜋𝑅3

. Replacing, it finally follow that 𝐼 =
2

5
𝑀𝑅2 ≡ 𝐼𝑦𝑦 = 𝐼𝑥𝑥 = 𝐼𝑧𝑧. 
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For a shell hemispherical body, where all the mass is confined to a thin wall 𝑡 that is small compared to 

the radius 𝑅, the moment of inertia is simply obtained by subtracting from the moment of inertia of 

equation (3-3) the solid inner hemispherical body with radius 𝑅 − 𝑡: 

 
𝐼 =

4

15
𝜌𝜋(𝑅5 − (𝑅 − 𝑡)5) 

 

𝐼 =
4

15
𝜌𝜋(𝑅5 − (𝑅5 − 5𝑅4𝑡 + ℎ𝑖𝑔ℎ𝑒𝑟 𝑜𝑟𝑑𝑒𝑟 𝑡𝑒𝑟𝑚𝑠)) ≈

4

3
𝜌𝜋𝑅4𝑡 

(3-4) 

 

In this case, the mass 𝑀 of the shell is approximately equal to its area times the thickness times the 

density 
4𝜋𝑅2

2
𝑡𝜌. Finally, and replacing the density into equation (3-4), we obtain the expression that gives 

us the moment of inertia for a hollow hemispherical body: 

 
𝐼 =

2

3
𝑀𝑅2 

 

(3-5) 

 

3.5. Control Architecture  

The input to a mechanical system fully determines its response. Our design has two major components: 

the dc motors, each controlled by an input voltage signal, and the actual plant (the ‘muscles’ and the 

eye ball), responding with a 3D rotational movement. To understand and control the motion of the latter 

according to the principles described in chapter 2 (e.g. Listing’s law behaviour), we would have to identify 

the parameters and dynamics of either subsystem. In that way, we might in principle predict the required 

inputs for the motors for any desired eye-movement trajectory in 3D.  

Engineering models of the oculomotor system specify that to generate a saccadic eye movement, 

neurons must produce two different types of muscle forces: (i) a pulse, which controls the velocity of the 

eye movement, and overcomes the velocity-dependent frictional force of globe and muscle. (ii) a step 

that holds the eye position after the movement ends, as shown in Figure 2.7, which compensates for 

the static elastic restoring forces of the muscle. 

In our model, the voltage input command to the motors is determined by a PID controller that receives 

a position step command. In addition, we can set the velocity limit at which the actuators rotate as a 

parameter. The motor’s output serves as an input to the elastics (muscles). Figure 3.10 shows the motor 

output signal, as a step response of the actuators (in red). Note that this response will serve as an input 
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for the cables, and it is much different from the driving input step (blue). In what sense this driving signal 

approaches the situation of the natural eye will be investigated. 

 

Figure 3.10: Step response of a single Dynamixel motor 

As we will see later on, the actuator is not a linear system because of the saturation. Therefore, the 

response to a single step, like in Figure 3.10 is not sufficient to characterize its dynamics. An 

approximate model of the motor is shown in Figure 3.12. It was derived using the typical differential 

equations ((3-6) and (3-7)) of DC actuators. The full electrical model of a DC motor is illustrated in Figure 

3.11. 

 

Figure 3.11: Electrical model of a DC motor 

From Figure 3.11 we see that 𝑉𝑅 = 𝑅𝑖, 𝑉𝐿 = 𝐿
𝑑𝑖

𝑑𝑡
 and 𝑉𝑚 = 𝐾𝑣𝜔. Using Kirchhoff’s rule for a closed circuit, 

we can say that:  

 
𝑉 = 𝑅𝑖 + 𝐿

𝑑𝑖

𝑑𝑡
+ 𝐾𝑣𝜔 

(3-6) 

 

The actuator’s torque is proportional to the current, 𝜏 = 𝐾𝑡𝑖, and is also proportional to the angular 

acceleration, 𝜏 = 𝐽
𝑑𝜔

𝑑𝑡
. From this, we derive: 

 
𝐾𝑡𝑖 = 𝐽

𝑑𝜔

𝑑𝑡
 

(3-7) 
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Using equations (3-6) and (3-7), we can construct the complete model (see Figure 3.12) of a DC motor. 

The controller is not known but it will be estimated in Chapter 4. This model may be used later on to 

analyse the total oculomotor system’s response so that the actuator’s role can be identified and 

accounted for. 

 

Figure 3.12: Approximation of the DC motor model and control system of the Dynamixel actuator 

 

3.6. Software Architecture 

More than one software package was used to control our model. Despite not being the simplest solution, 

it is the only possible one since some of the components that are being used, such as the LPMS sensor, 

are not compatible with Linux. Furthermore, the embedded CM 900 board that is used to control the 

motors uses its own Arduino-like platform provided by RobotisTM. 

Visual Studio 2015 was used to run the main C++ program. Boost libraries (41) were installed so that 

communication via serial USB port with the motors became possible. The LPMS-CU libraries (39) were 

also downloaded and compiled. The main C++ program sends and receives information via USB to the 

motors. Just after receiving data (position, velocity and force) from the motors, the program reads the 

position of the eyeball from the accelerometer, records it, and starts the loop yet again. Figure 3.13 

(below) shows a flow diagram of how the components are connected to each other. 

The serial USB communication is the process that is the most time consuming during each loop. The 

Arduino platform has to read the commands (position inputs) that are being given, process these 

commands and finally return the motor status by writing that information to the serial port. This takes on 

average between 10 − 15 𝑚𝑠. Conceivably, this will restrict the sample frequency when making the 

dynamical analysis. 
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Figure 3.13: Flow diagram of the entire system+control 
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4. Results 

4.1. Empirical Observations 

In order to have a better understanding on the mechanical responses of our oculomotor system, we 

performed a series of test experiments. The goal was to identify how particular physical parameters of 

our prototype affected its performance. 

We fixated parameters such as the motor distance to the eyeball (30 𝑐𝑚), and the six points of insertion 

of the elastics (‘eye muscles’) on the semi sphere (the vertical cables were placed 30° away from the 

vertical plane of symmetry see annex A), so as to reduce the number of external control variables to 

two: i) The resting elastic tension, which is the tension applied to the cables when the eye is in the 

resting position (the amount of antagonistic co-contraction, when looking forward), and (ii) the actuator’s 

velocity threshold limit. This latter parameter was either forced to be the same constant for all three 

motors, or by approximating it to a function that depended on the actuator’s position, and hence on the 

eye’s orientation. 

The data in this section is presented in Euler angles due to its simplicity to visually understand the eye’s 

spatial orientation. Each time we use Euler angles, the horizontal component refers to a rotation around 

the z-axis (𝜃), the vertical component is a rotation around the y’-axis (𝜙), and the torsional component 

is a rotation around the x’’-axis (𝜓). 

 

4.1.1. Effect of cable Tension 

The amount of static friction of the ball joint proved to have a greater effect than expected. As a result, 

a small motor change produced little or no deviation of the eye. This meant that a single eye position 

could have more than one motor configuration. This automatically meant that, Donders’ Law, according 

to which a gaze position is unique no matter the starting position, would not be obeyed.  

The simplest solution to deal with this problem was to increase the elastic tension of all six muscles that 

hold the eyeball. By increasing the cable tension, we secured the eye more firmly onto its desired 

orientation. This tension had to be significantly increased so that the eye, when in a stationary position, 

could maintain its orientation even if any disturbance was applied. Looking at Figure 4.1 (𝑌𝑍 plane), 

Figure 4.2 (𝑋𝑌) and Figure 4.3 (𝑋𝑍), it becomes obvious that the increase of the cable’s tension had a 

significant impact on the precision of the straight-ahead eye orientation. In all three figures, the blue 

dots, which represent the points recorded with the high-tension setup, are clearly closer to the forward 

gaze direction at (0,0,0) degrees (marked with a cross), i.e. they were more accurate. More importantly, 

the blue dots were also much closer to each other than the red dots, indicating a higher precision. This 

result was true for all three directions, albeit that the effect was less for the torsional (𝜓) component by 

a factor of ~2.0 - 2.5. This experiment was performed by manually applying disturbances to the eye 

when in its resting position, and then recording its final state. 
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Figure 4.1: Effect of tension in the YZ plane. Horizontal component is yaw (𝜃) and vertical component is pitch (𝜙)  

 

Figure 4.2: Effect of tension in the XY plane. Torsional component is roll (𝜓) and vertical component is pitch (𝜙) 

 

Figure 4.3: Effect of tension in the XZ plane. Torsional component is roll (𝜓) and horizontal component is yaw (𝜃) 
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Even though the error window of the eye’s alignment shrunk from ±15° to less than ±5°, it had a 

detrimental impact on the oculomotor range. When trying to make a big single motor rotation (±25°), the 

resistance offered by the other actuators resulted in bending of the aluminium arms, which, for this 

reason, was considered as a structural limitation of our system. Consequently, this solution diminished 

the oculomotor’s range from the full ±40° to approximately ±30°.  

The implications of a higher co-contractive muscle tension on the dynamic behaviour of the system were 

also considerable. These tests were performed by inserting a step input to the motors and recording 

simultaneously motor position and eye position.  

The vertical motors, Superior/Inferior Rectus/Oblique (SR & IR and IO & SO), were initially at 

position −17°. A position step input made these motors travel, at the same time, to position +17° whilst 

the eye’s and motor’s current location were being measured and recorded. The Medial and Lateral 

Rectus pair (MR & LR) remained unchanged since, during a pure vertical movement of the eye, only the 

Superior Rectus and the Inferior Oblique muscles contract. In Figure 4.4 and Figure 4.5, two vertical 

saccades were documented with the same motor angle displacement, but at different muscle tensions. 

Both figures show the Euler vertical component of the eye’s orientation. Note that this rotation follows 

the +𝑦 notation (right-hand rule) described in chapter 2, Figure 2.3. This is why an upward movement 

corresponds to a downward vertical component. The difference of these two saccades is that the 

elastic’s tension in Figure 4.5 is higher than in Figure 4.4. 

 

Figure 4.4: Eye orientation and motor configuration during a vertical upward saccade with low cable tension. 

Vertical component is pitch (𝜙). Note the large overshoot and subsequent return movement for this condition 

 

The first change due to higher tension was that the system’s time response diminished, making it 

quicker. Instead of having a 120 𝑚𝑠 movement duration, as obtained with the loose strings, the new 
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delay time 𝑡𝑑 became substantially faster to just under 90 𝑚𝑠. Note that the motor speed for both 

saccades was exactly the same since, in both figures, the motors got at the desired position at the same 

time, in roughly 130 𝑚𝑠.  

Also notice that the vertical component in Figure 4.4 has two major differences compared to the vertical 

component of Figure 4.5. The eye´s net displacement, the absolute difference between the final position 

minus the initial position (|𝑦𝑓 − 𝑦𝑖|), is only 20°, whereas the tighter-tension setup led to a displacement 

of over 40°. This is primarily caused by the weight of the semi sphere which caused the loose elastics 

to stretch considerably without an associated movement. This also explains why there is nearly a 10° 

offset between the two configurations initial positions considering the fact that the initial motor position 

was the same for both. 

 

Figure 4.5: Eye orientation and motor configuration during a vertical saccade with high cable tension. Vertical 

component is pitch (𝜙). Note that the overshoot and return movements have nearly disappeared, and that the 

total movement duration is reduced 

 

The amount of overshoot also decreased considerably. The model, after a quick saccadic movement 

and before the strings were tightened, had an overshoot of almost 100%. This was primarily due to the 

semi sphere’s angular momentum, which is large compared to the loose elastic’s potential energy. By 

increasing the tension, we also increased the muscle’s potential energy needed to stop the eye after a 

rapid rotation. This change in tension was sufficient to decrease the amount of overshoot to less 

than 10%. 

4.1.2. Velocity Limit 

The Dynamixel actuators MX-64 cannot be operated using direct velocity control. This means that it´s 

not possible to define an exact speed at which the motor should deliver force. Instead, the actuators 
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had a threshold velocity limit. This parameter can be specified by the user. The motor will accelerate 

until it reaches this present peak velocity, after which it will maintain a constant speed. The acceleration 

is implicit as it varies with the threshold value. The higher this value, the higher the acceleration. 

Since high tension of the cables was necessary to keep the system precise and accurate, this was the 

only setup used to test the effect of changes in the velocity saturation levels.  

Figure 4.6 shows four dissimilar vertical Saccades (top panel), generated with the same position step 

input (central panel), and muscle tension, but with different fixed speed limits.  The speed limit was set 

to 135, 265, 340 and 680 𝑑𝑒𝑔/𝑠, respectively. The vertical component of the eye’s orientation was 

recorded alongside with the motor’s current position and speed. 

 

Figure 4.6: Eye orientation, motor position, and speed of four vertical upward saccades of the same amplitude 
where vertical component is pitch (𝜙), with the only difference of each being the actuator’s threshold (Th) limit. 

Note that only data for one of the vertical actuators is shown since they were both identical for pure vertical 
saccades. The horizontal actuator is supressed (not activated) (LR & MR) because it remained at rest during the 

entire movement 

Note that the red line of the vertical component in Figure 4.6, even though it isn´t the fastest response 

(265 𝑑𝑒𝑔/𝑠), has roughly the same settling time, approximately 200 𝑚𝑠, as the yellow (340 𝑑𝑒𝑔/𝑠) and 

purple (680 𝑑𝑒𝑔/𝑠) traces. This trace has practically no overshoot since the eye is travelling at a lower 

speed, which reduces its angular momentum. While looking at each motor speed, we can infer that the 

fastest saccades, purple and yellow, didn´t actually reach the present threshold speed unlike the blue 
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trace, where it´s clearly visible that the actuator accelerated and then maintained a constant speed of 

approximately 135 𝑑𝑒𝑔/𝑠. The fact that the purple line is always above the others demonstrates that the 

motor’s acceleration varies systematically with the threshold parameter.  

We can therefore infer that if we want a faster saccade, only increasing the actuator’s speed will not 

improve the eye’s settling time. To reduce this value, one should not only increase the speed but also 

control it during the trajectory, in order to minimize overshoot. 

4.1.3. Velocity Control 

It became obvious that if we want a fast saccade, the actuators should be quick enough to meet the 

demand. The problem is that these high speeds generate sufficient angular momentum to overcome the 

damping forces and therefore, overshooting occurs.  

One solution to this problem relies on the eye’s ability to reach the desired position with lower speeds. 

In order to do this, the threshold parameter, which controls the max speed of the actuators, was set to 

follow either a linear, quadratic or cubic pattern as shown in Figure 4.7. 

 

Figure 4.7: Velocity Limit patterns 

The goal was to make the speed of the actuators diminish more rapidly than before so that the eye 

wouldn´t overrun the goal position. The actual function during the tests had a minimum velocity set 

to 33 𝑑𝑒𝑔/𝑠. The reason for this minimum is because below this value, the actuators would rotate very 

slowly, making the duration of each saccade unrealistic.  

Again, three saccadic movements were performed with the only difference between them being their 

threshold constraint which, in this experiment, was a variable depending on the actuator’s position. For 

all movements, the initial threshold parameter was set to the highest possible value defined by the 

actuators, 680 𝑑𝑒𝑔/𝑠. The results are shown in Figure 4.8 and it´s possible to see that the motor speed 

of the cubic recording (in yellow) starts decreasing sooner than the quadratic (red) and linear (blue) lines 
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as expected. On the other hand, the linear recording maintains a higher speed for a longer period of 

time. This is reflected on the vertical component as the eye overshoots the target because it had too 

much speed to dissipate. The cubic approximation has the reverse problem. Due to its early and rapid 

deceleration, the eye actually stops and bumps back before slowly making its way towards the goal 

position. However, the quadratic approximation (red) is fairly successful absorbing the eye’s energy. Its 

motor velocity falls between the linear and cubic simulations and balances just the right amount of speed 

in order to avoid overshooting the desired gaze point.  

 

Figure 4.8: Eye orientation, motor speed and position of three Saccades with the only difference of each being the 
way in which the actuators velocity threshold (Th) limit was reduced during the trajectory. This parameter was 

altered according to either a linear (blue), quadratic (red) and cubic (yellow) function. The initial threshold was set 
at 680 deg/s. Vertical component is pitch (𝜙) 

 

Even though the motor, for the quadratic saccade, takes longer to reach the goal position, it proves to 

be more effective regarding the eye’s vertical component reducing the settling time to 120 𝑚𝑠 instead of 

the previous 190 𝑚𝑠 of an uncontrolled saccade with max speed of 680 𝑑𝑒𝑔/𝑠 which can be seen in 

Figure 4.6. 
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4.2. Static System Identification 

In order to identify our oculomotor system, we aimed to construct a mathematical model that would allow 

us to predict how the system would settle in its steady state for different inputs of the three motors. In 

other words, we should create a map of the 3D motor step inputs and the corresponding steady-state 

outputs (3D eye orientation), with the purpose of creating a function that could relate these variables. 

The first test regarding this matter was done as follows. All three motors were moved to every possible 

position, at a certain discretization of the inputs, within their range from the initial starting position at 

straight ahead. As described before, this range was limited by the ball joint of the tripod, which cannot 

rotate more than 40°, and it was also limited by the high muscle tensions which, as will be demonstrated, 

reduced the eye’s orientation range to ±30° with respect to straight ahead. By moving the motors, the 

muscles were pulled, which caused the eyeball to make a pure rotation in three-dimensional space. The 

LPMS-CU accelerometer sensor was placed on the eyeball in order to determine the eye´s spatial 

orientation (see Chapter 3). Each time the motor configuration changed to a new command, the program 

would read and record the eye´s steady-state orientation for that particular motor configuration. During 

this, we also recorded the static effort of each motor to maintain its position. After going through all 

positions, we could thus draw a map of all possible eye orientations. In total, 1859 configurations were 

tested. The vertical actuators ranged between ±24° and the horizontal between ±20° with 4° steps. 

Figure 4.9, Figure 4.10 and Figure 4.11 show all the recorded steady-state eye fixations depicted across 

all 𝑋𝑌, 𝑋𝑍 and 𝑌𝑍 planes. Again, we chose to show the data in Euler angles notation, so it becomes 

clear to the reader what the eye orientation is. This will not affect our capability to find Listing’s plane 

since at this stage, we are merely documenting all positions within our model’s oculomotor range. 

Although not immediately appreciated from the planar views, the points are part of a volume in space 

(similar to a twisted cube), as shown later on in Figure 4.12. It is possible to verify the ±30° oculomotor 

range from the 𝑌𝑍 plane view. The eye cannot look further than about 30° right, left, up or down. 

 

Figure 4.9: Oculomotor range within the 𝑌𝑍 plane. Horizontal component is yaw (𝜃) and vertical component is 

pitch (𝜙). Each recording is represented by a blue dot 
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Figure 4.10: Oculomotor range within the 𝑋𝑌 plane. Torsional component is roll (𝜓) and vertical component is 

pitch (𝜙). Each recording is represented by a blue dot 

 

Figure 4.11: Oculomotor range within the 𝑋𝑍 plane. Torsional component is roll (𝜓) and Horizontal component is 

yaw (𝜃). Each recording is represented by a blue dot 

The odd shape depicted in Figure 4.10 is an indication that our system’s variables depend on each 

other. As we increase the vertical component, the torsional component’s range contracts. The same 

happens in Figure 4.11 though with a smaller gain. 

Apart from this, we can also tell that our system as it is, doesn’t obey Donders’ Law, and consequently, 

Listing’s Law either. For an arbitrary 2D gaze direction (i.e., horizontal + vertical component), our system 

can produce many torsional components. This means that our system, unlike the real eye, has in fact 

three position degrees of freedom for stationary fixations. Note that to specify an eye direction or gaze 
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point, we only need two components, horizontal and vertical, and Donders’ law holds that the torsional 

component should be uniquely fixed for each gaze direction. 

All data collected incorporate all potential orientations that our model eye is able to reach. We consider 

that these orientations encompass a wide variety of different planes in the 3D space. We therefore 

wondered whether one of such imaginary planes could correspond to our system’s “Listing’s plane”. 

Note that this plane can only be found as a “plane” format in either quaternion or rotation vectors 

notation, as explained in chapter 2. The equivalent plots of Figure 4.9, Figure 4.10 and Figure 4.11, 

expressed as rotation vectors, are shown below in Figure 4.12. 

 

Figure 4.12: Oculomotor range within the 𝑌𝑍, 𝑋𝑌, 𝑋𝑍 plane and 3D (colours are height-𝑅𝑧) expressed in rotation 

vectors notation. Units are in half-radians where 0.1 half-radians corresponds to about 10 degrees. 𝑅𝑧 is a rotation 

around the z-axis, 𝑅𝑦 is a rotation around the y-axis, and 𝑅𝑥 is a rotation around the x-axis 

4.2.1. Search for Listing’s plane 

To relate these rotation vectors to a particular plane, we parametrized a general plane by 𝑅𝑥 = 𝑑 +

𝑏𝑅𝑦 + 𝑐𝑅𝑧. Where 𝑑 represents the offset of the plane relative to the straight ahead configuration (0,0,0), 

and 𝑅𝑥, 𝑅𝑦 and 𝑅𝑧 are the rotation vector components of all fixation points. Note that by defining a plane 

in such a way, we neglect all alternative planes for which 𝑅𝑦 = 0 and 𝑅𝑧 = 0. In our case, these latter 

solutions wouldn’t make much sense since they would basically mean that the eye wouldn’t have any 
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vertical or horizontal component, respectively. We performed a brute force search through the parameter 

space of 𝑑, 𝑏, and 𝑐. To that end, the parameters were varied as follows 𝑑 = [−0.15, 0.15] (0.03 steps), 

𝑏 = [−3.60, 3.60] and 𝑐 = [−3.60, 3.60] (0.2 steps), in order to produce 15059 different hypothetical 

planes. To select data points for each particular plane, we next imposed a maximum angular distance 

tolerated from any measured fixation point to the plane in question. 

The distance of a point (𝑥1, 𝑦1, 𝑧1) in rotation vector notation to a plane (𝑅𝑥 + 𝑏𝑅𝑦 + 𝑐𝑅𝑧 + 𝑑 = 0) is 

given by equation (4-1) (33): 

 

 
𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 =

|𝑥1 + 𝑏𝑦1 + 𝑐𝑧1 + 𝑑|

√12 + 𝑏2 + 𝑐2
 

(4-1) 

 

 

This search was performed in Matlab. The program takes all the points from the data that we gathered, 

calculates their distance relative to the plane and stores the ones that meet the 3° distance criteria. This 

is done for all 15059 planes. We also attached to each plane characteristics the total amount of effort 

the motors had to produce to reach all the points englobed around the plane in question. This effort was 

normalized for each plane by taking into account the number of selected points, 𝑁, associated with that 

particular plane. It can range from 0 (minimum motor torque) to 1024 (maximum motor torque) and was 

calculated using equation (4-2): 

 

𝐸𝑓𝑓 =
∑

𝑒𝑓𝑓

3
𝑁

 

(4-2) 

 

where 𝑒𝑓𝑓 is a single motor effort corresponding to one measure of the 𝑁 points. Each measure has 

three motor efforts associated, one for each of the three actuators. 

The plane with the absolute minimum total effort (𝐸𝑓𝑓𝑚𝑖𝑛 = 164 𝑝𝑒𝑟 𝑚𝑜𝑡𝑜𝑟) turned out to correspond 

to 𝑑 = 0, 𝑏 = 0 and 𝑐 = 2, indicating that the minimum-effort plane equation is given as 𝑅𝑥 = −2𝑅𝑧 and 

thus, the plane normal vector �⃗� = (
√5

5
, 0,

2√5

5
) lays within the 𝑋𝑍 plane. However, this information doesn’t 

really tell us anything about how close or far away in the effort space the other planes are disposed, 

neither if the absolute minimum is a well or valley type. To be sure, we displayed the parameters of all 

planes with zero offset (𝑑 = 0) in a 3D view (Figure 4.13) where 𝑏 and 𝑐 constitute the grid at the base 

and the effort corresponds to the height above the grid. The offset (𝑑) is set to zero since an absolute 

increase of this parameter resulted in planes with fewer points included, and with a higher average effort 

per motor. 
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Figure 4.13: Surface representing the plane coefficients 𝑏 and 𝑐 vs the motor effort to accomplish the points of 

each plane. The plane is defined as 𝑅𝑥 = 𝑑 + 𝑏𝑅𝑦 + 𝑐𝑅𝑧. In this case, the offset 𝑑 is equal to zero 

 

Looking at Figure 4.13, may note some symmetry, which is somewhat expected since our model was 

designed to have two planes of symmetry. There are two absolute minima with a valley shape at roughly 

𝑏 = 0 and when 𝑐 ≥ 2 or 𝑐 ≤ −2. Two absolute maxima are reached when 𝑐 = 0 and 𝑏 = ±3.60.  

A contour plot represented in Figure 4.14 makes the analysis easier to the reader. The absolute minima 

solutions seem to be a geometrical property of the model where the motor effort to keep the desired 

spatial orientation is minimized by applying loads of torsion. The plane 𝑅𝑥 = −2𝑅𝑧 doesn’t even cover 

the entire oculomotor range since in Figure 4.11 we clearly see that the horizontal and torsional range 

is ±30°. We would have to be able to produce torsional rotations of up to 60° in order to have a gaze 

direction for which horizontal component is 30° and that isn’t possible. Nonetheless, there is another 

minimum, a relative minimum in this case, which might just be what we are looking for. The surface in 
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Figure 4.13 denotes a well type of minimum at 𝑏 = 0 and 𝑐 = 0, confirmed in Figure 4.14, and its motor 

effort is 𝐸𝑓𝑓 = 208. As a comparison, the maximum effort of all planes is 𝐸𝑓𝑓𝑚𝑎𝑥 = 345. 

 

Figure 4.14: Contour plots of Figure 4.13. The traces represent the average effort for each plane defined by the 
coefficients 𝑏 and 𝑐 

This means that the straight-ahead direction of our system could at the same time correspond to the 

primary position thus, already included in the 𝑅𝑥 = 0, plane or in other words, Listing’s plane. This could 

actually make some sense because the straight ahead direction is the position for which our eye is at 

its resting position and the motor effort is at its minimum. The fact that all six muscles produce 

approximately the same amount of force and are inserted symmetrically along the eye globe edges 

could explain this result. 

This newly discovered plane (𝑅𝑥 = 0) is plotted in Figure 4.15 (rotation vector notation) and Figure 4.16 

(Euler angle notation) in order to confirm its validity as a solution for our search with a substantial number 

of points. Figure 4.15 shows that the plane has enough points (348 points) to cover a considerable range 

of ±25° with respect to the straight-ahead position. In the side and top views we can see that the 

maximum displacement of the torsional component never exceeds our criteria of 3°~0.03 ℎ𝑎𝑙𝑓 𝑟𝑎𝑑𝑖𝑎𝑛𝑠. 

It is also clear that these selected points respect both Donders’ Law in good approximation (each gaze 

direction has one and only torsional component) and Listing’s Law (the torsional component not only is 

a function of the vertical and horizontal components but also lie in a plane). Note the similarities of Figure 

4.16 with Figure 2.9 where the amount of torsion (roll 𝜓) instead of being zero like the rotation vector 

notation, is part of a twisted plane. Nevertheless, each vertical and horizontal component corresponds 

to a narrow range of torsional components. 
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Figure 4.15: Frontal, top and side view of the plane 𝑅𝑥 = 0. A 3° criteria was used to choose the points that satisfy 

the plane’s condition. Units are in half-radians where 0.1 half-radians corresponds to about 10 degrees. 𝑅𝑧 is a 

rotation around the z-axis, 𝑅𝑦 is a rotation around the y-axis, and 𝑅𝑥 is a rotation around the x-axis 

 

Figure 4.16: Euler notation of the plane 𝑅𝑥 = 0 showed in Figure 4.15. Vertical component is pitch (𝜙), Horizontal 

component is yaw (𝜃) and Torsional component is roll (𝜓) 
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4.2.2. Steady-state Controls in Listing’s plane 

Using Bruno Damas algorithm, we tried to replicate the discovered plane where 𝑅𝑥 = 0. The idea was 

to make the eye look at random directions and then record its spatial orientation. These directions were 

computed with the algorithm so that the torsional component was zero. The algorithm, after learning the 

input and output map of all data presented in Figure 4.12 is able to not only predict what spatial 

orientation a particular motor configuration will generate, but also its inverse. In this situation, we were 

using the inverse function. Our input to the function was a desired eye orientation (where 𝑅𝑥 = 0) and 

the function would return each motor position. One must be careful when determining any inverse 

function since it could result in more than one solution. This wasn’t the case for our system since for 

every data point analysed, we obtained only one motor solution corroborating the rare existence of dead 

zones analysed in section 4.1.1. 

The resulting plane is exhibited with rotation vectors notation in Figure 4.17. Although not being perfect, 

it definitely shows similarities of a plane where 𝑅𝑥 = 0 (see Figure 4.15). The ~10° deviations could be 

explained with the difficulty of achieving a certain torsional component since this is the component that 

is affected the most by the dead zone (see Figure 4.2 and Figure 4.3). Furthermore, the data used to 

train the algorithm was acquired in a different day that this experiment was performed and therefore, the 

elastic tension could have change and the conditions weren’t exactly the same as in the day the map 

was learned. 

 

Figure 4.17: Frontal, top and side view of the plane obtained with Bruno Damas algorithm used for static control. 

The goal was to achieve a plane where 𝑅𝑥 = 0. Units are in half-radians where 0.1 half-radians corresponds to 

about 10 degrees. 𝑅𝑧 is a rotation around the z-axis, 𝑅𝑦 is a rotation around the y-axis, and 𝑅𝑥 is a rotation around 

the x-axis 
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At this point, we are able to statically control our system and force it to obey to Donders’ and Listing’s 

laws. However, Listing’s law should also be obeyed for all intermediate eye orientations during a single-

axis rotational movement trajectory between two arbitrary static orientations in Listing’s plane. During 

saccades, the eye orientations remain in the Listing’s plane even though the high speed of the eye. 

Without any control, apart from the initial and final position obtained with Damas algorithm, we 

performed and recorded saccades around the straight ahead direction which, in our system, is also the 

primary position. Four gaze directions forming a square were set and the eye moved from one to another 

clockwise (from the eye’s point of view, +x). The result is shown in Figure 4.18 and, if all points were on 

Listing’s plane, the outcome should be similar to Figure 2.5. Instead of following a straight line with 𝑅𝑥 =

0 during the saccades, the torsional component deviates from this plane. This is more noticeable in the 

𝑋𝑍 plane.  

 

Figure 4.18: Recording of saccadic movements in a square alike shape around the primary position (0,0,0). Units 
are in half-radians where 0.1 half-radians corresponds to about 10 degrees. 𝑅𝑧 is a rotation around the z-axis, 𝑅𝑦 

is a rotation around the y-axis, and 𝑅𝑥 is a rotation around the x-axis 

We will study in the next section the dynamics of our system and try to figure out what inputs should be 

given to produce saccades that comply with Listing’s plane. 
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4.3. Dynamics System Identification 

We here verify that our oculomotor model behaves as a nonlinear system. After some data analysis we 

noted that although it’s a time invariant system, it doesn’t obey the linearity (superposition) rules. In 

order for a system to be linear, it has to follow addition and homogeneity principles. A corollary from the 

superposition principle is that the movement durations of the eye should be independent of the step 

size. Figure 4.19 shows that this is clearly not the case.  

A simple experiment where four different saccades where recorded is represented in Figure 4.19. The 

inputs for these saccades were multiples of each other being 𝑠 = 9° the reference amplitude. Let’s 

analyse two types of systems, the actuator and the actual eye with the elastics. 

 

Figure 4.19: Eye orientation, motor position and speed of four Saccades where the amplitude of each step is 
multiple of s=9 degrees. Vertical component is pitch (𝜙) 

 

The first impression about the actuator system (input is a step position and output is the motor position) 

is that obeys the superposition principle. When the input is tripled the steady-state output is multiplied 

by the same factor. Moreover the sum of two signals 𝑠 + 2𝑠 will be equal to 3𝑠 at least, in the steady 

state. The problem, however, is the time-evolution of the responses. The movement duration, as we 

increase the amplitude for each saccade, instead of being constant, increases. We can identify the origin 

of this dynamic property by looking at the motor velocity signals in Figure 4.19. The first indicator is that 
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the peak velocity isn’t doubling or tripling when the step input is doubled or tripled, which it should were 

the system to be linear. Note also that the velocity never reaches the saturation point, as the threshold 

parameter was set to 680 𝑑𝑒𝑔/𝑠 for all saccades. Also, the velocity peak, or maximum, should be 

growing vertically instead of shifting to the right. The actual problem is that the acceleration saturates 

meaning that for all four saccades, the motor’s angular acceleration is at its maximum (at least at the 

beginning of the larger movements). This is confirmed because the velocity lines for 2s, 3s and 4s lie 

on top of each other, for example, yellow and purple are practically the same until just before the end 

when yellow is almost reaching the desired position. 

For eye + elastics system (input is the motor rotation, and output is the eye orientation) it looks like we 

may consider it as a Linear Time Invariant System. The Superposition principle is respected and even 

though it seems like each response’s time duration isn’t constant, this is because the input is not a step 

but some higher order curve (motor position). This experiment alone is not sufficient to characterize the 

entire system, since we only evoked vertical saccades (the horizontal muscles were not activated).  

 

Figure 4.20: Horizontal (yaw) and torsional (roll) components of the vertical saccades showed in Figure 4.19. The 
amplitude of each step is multiple of s=9 degrees 

Figure 4.20 shows that the horizontal and torsional components during a purely vertical saccade make 

negligible movements, since during the saccade, they do not fluctuate more than ±2°. To simplify our 

analysis, we will break it into three different “pure” movements, Vertical, Horizontal and Torsional. We 

may approximate the system’s vertical movements to a mass with two springs and two dampers on its 

edges, like illustrated in Figure 4.21. The input 𝛽 is the motor angle and induces a joint contraction of 

both SR and IO muscles since, for a pure vertical saccade, the two actuators must rotate the same 
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angle 𝛽. The output 𝛼 refers to the eye’s vertical (pitch) component expressed in Euler angle notation. 

We will use Euler angle notation for this dynamic analysis due to the parametrization of the inputs into 

𝛽. The torsional input causes an independent roll movement (pure torsion) only if we use Euler notation. 

 

Figure 4.21: System analogy for a vertical saccade. Note that 𝐷 is the eye’s diameter, 𝐿 is the motor arm’s length 

and 𝐼 is the eye’s moment of inertia. 𝐾 and 𝐶 are the elasticity constant and the damping coefficient. Finally, 𝛽 is 

the input (motor angle of SR & IO) whereas 𝛼 stands for output (vertical component of the eye) 

The Laplace transfer function for the model in Figure 4.21 is of second order and for small angles (<

5°), may be simplified into equation (4-3). 

 
𝑇𝐹 =

𝛼(𝑠)

𝛽(𝑠)
=

2𝐿𝐾 + 2𝐿𝐶𝑠

𝐼𝑠2 + 2𝐷𝐶𝑠 + 2𝐷𝐾
 

(4-3) 

 

 

4.3.1. Vertical 

Making use of the analogy above and Matlab’s system identification tool, we determined the transfer 

functions for each of the four vertical saccades that were preformed to plot Figure 4.19. Interestingly, all 

four transfer functions resulted to be almost equal, which is in line with the hypothesis that this part of 

the System (eye + elastics) is Linear and Time Invariant. Additionally, the best fit is a second order 

system with one zero (𝑧1 = −38.45) and two poles (𝑝1, 𝑝2 = −68.85 ± 5.72𝑖). The transfer function for 

vertical saccades obtained with Matlab explains 92% of the data, and is given in equation (4-4): 

 
𝑇𝐹𝑣 =

𝜙(𝑠)

𝛽𝑣(𝑠)
=

−218𝑠 − 8382

𝑠2 + 137.7𝑠 + 4773
 

(4-4) 

 

where the static gain 𝐾𝑠𝑡 = −1.756 and 𝛽𝑣 is the vertical component input (SR & IO). In contrast to the 

real eye plant (see chapter 2), our model eye results to be slightly underdamped (𝜁 = 0.996), which is 

caused by the complex poles. Note the negative signs in the numerator relate to the right-hand rule 

convention that upward movements are associated with negative angles.  

Using the transfer function for our vertical eye-movement system, we calculated how it would respond 

to the same motor outputs generated by the inputs (𝑠, 2𝑠, 3𝑠 𝑎𝑛𝑑 4𝑠) that were used during the 
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recordings. The simulated responses were compared to the real measurements and are presented in 

Figure 4.22. 

 

Figure 4.22: Measured (black) and simulated (blue) upward Saccades. The amplitude of the reference step is 𝑠 =
9 𝑑𝑒𝑔. The means were removed for each analysis. Vertical component is pitch (𝜙) 

 

4.3.2. Horizontal 

Our eyeball model, has two symmetry planes regarding is physical properties, the horizontal and the 

vertical (midsagittal). The vertical saccades nicely follow the vertical symmetry axis (see Figure 4.20). 

We can conjecture, that the model for purely horizontal saccades is also Linear and similar to the model 

for the vertical movements. It will lay on the horizontal symmetry axis and therefore, it may be described 

by a similar physical model as in Figure 4.21. The difference, however, is that the stiffness 𝐾 and the 

damping coefficient 𝐶 will be expected to be different, as the horizontal plant will have to carry also the 

tensions from the vertical/torsional muscle pairs. In Figure 4.23 it is shown the eye orientations during 

the horizontal saccades. Note that the vertical and torsional components although not being exactly 

zero, can still be neglected (< ±3° relative to zero). 
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Figure 4.23: Eye orientation of four Horizontal Saccades where the amplitude of each step is multiple of s=6 
degrees. Horizontal component is yaw (𝜃), vertical component is pitch (𝜙) and torsional component is roll (𝜓) 

Applying the same method as the one used to determine the vertical response system, a transfer 

function was obtained for pure horizontal movements. In this case, the angle 𝛽ℎ refers to the rotation of 

the single horizontal actuator (MR & LR): 

 
𝑇𝐹ℎ =

𝜃(𝑠)

𝛽ℎ(𝑠)
=

137.3𝑠 + 3527

𝑠2 + 98.64𝑠 + 2091
 

(4-5) 

 

where  𝐾𝑠𝑡 = 1.687 and 𝜁 = 1.08. In contrast to the vertical system, the horizontal transfer function is 

slightly overdamped (damping coefficient is higher than 1) and therefore, has two real negative poles 

(𝑝1 = −30.8, 𝑝2 = −67.8). The static gain is similar to the vertical static gain which means that the steady 

state response amplitude will be roughly the same if the input amplitude is the same. 

 

4.3.3. Torsion 

Since we haven’t determined yet if our oculomotor model can be considered decoupled, both equations 

(4-4) and (4-5) are only valid for either solely vertical or horizontal movements. 

Torsion is obtained by stimulating at the same time SR & SO (intorsion) or IR and IO (extorsion). 

Considering that the eye is facing the forward direction, any torsional movement will not make the eye 

change the retinal location of the target that it is looking at. The only forces applied, apart from the ball 

joint drag, are the elastic forces which are symmetric with reference to the rotation axis. 𝛽𝑡  is the angle 

that the arms of the vertical actuators make with each other, i.e. if both rotate the same, no torsion will 
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be produced. Making use of the analysis done previously for the vertical and horizontal component, four 

torsional saccades were recorded (see Figure 4.24) in order to determine the transfer function that 

generates the pure torsional movements, equation (4-6): 

 
𝑇𝐹𝑡 =

𝜓(𝑠)

𝛽𝑡(𝑠)
=

41.24𝑠 + 1807

𝑠2 + 46.78𝑠 + 1059
 

(4-6) 

 

where  𝐾𝑠𝑡 = 1.706 and 𝜁 = 0.72. This is the most underdamped response (relative to horizontal and 

vertical) and it is due to how the cables are arranged. None of the six applies direct force on the torsional 

component, and therefore the elastic energy for a static straight ahead orientation but with a roll angle, 

is less than compared to the vertical or horizontal directions. This could be improved by increasing the 

tripod’s ball joint viscosity. 

Note that the static gain for all transfer functions is dimensionless since our input and output dimension 

is the same, degrees. 

 

Figure 4.24: Eye orientation of four Torsional Saccades where the amplitude of each step is multiple of s=6 

degrees. Horizontal component is yaw (𝜃), vertical component is pitch (𝜙) and torsional component is roll (𝜓) 

 

4.3.4. Oblique 

From the three measurements in the cardinal directions, described above, it is not trivial to predict how 

the model will behave for oblique saccades into arbitrary gaze directions. In such movements, all three 

motors will be involved. So far, we’ve been simplifying the problem by removing two of either torsional, 

vertical or horizontal components. This was done by manipulating the actuators into originating purely 
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vertical, horizontal and torsional saccades (using SR & IR and SO & IO or simply MR & LR). The inputs 

and outputs were considered to be from ℝ1 to ℝ1. As for the whole system, it means that we have only 

calculated the diagonal (𝐺11, 𝐺22, 𝐺33) of the 3 × 3 transfer function matrix. Recall that the inputs were 

parametrized from the initial three motor current positions to three motor combinations 𝛽𝑣, 𝛽ℎ and 𝛽𝑡, 

and the output is the eye’s spatial orientation defined by Euler angles (𝑍𝑌𝑋). 

Due to the complexity of characterizing all the entries of the matrix, we thus assume that the system is 

not coupled. This means that an actuator’s torsion input 𝛽𝑡 for example, will not produce nor influence 

vertical and horizontal rotations. The same would happen for vertical 𝛽𝑣 or horizontal 𝛽ℎ inputs and 

therefore, all off-diagonal elements (𝐺12, 𝐺13, 𝐺23, 𝐺21, 𝐺31, 𝐺31) are assumed to be zero. To verify if this 

approximation may apply to our system, we performed a couple of oblique saccades. 

 

Figure 4.25: Comparison of the Torsional (Tor), Vertical (Ver) and Horizontal (Hor) components of an oblique 
saccade with a linear, additive simulation (Sim). The motor rotation is the input (𝛽𝑡, 𝛽𝑣 and 𝛽ℎ). Vertical 

component is pitch (𝜙), horizontal component is yaw (𝜃) and torsional component is roll (𝜓) 

By looking at Figure 4.25 we may infer that for this example the model is able to predict the vertical and 

the horizontal components of an oblique saccade, because in both cases, the measured line (full) and 

the simulated line (dash-dotted) are practically superimposed. It means that for our system, the vertical 

and the horizontal degrees of freedom have little interaction between them and may be considered to 

be decoupled from each other. On the other hand, the same cannot be said for the torsional component. 

The simulated response is faster (reacting) and larger than the real measured response, and even the 

steady state isn’t the same. This happens because the vertical and horizontal components both have 

an effect on the torsion. In Figure 4.10, which represents the range of the eyeball in the 𝑋𝑌 plane, it 

could be observed that when the vertical component increased, the torsional range fell abruptly. This is 
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what creates the intriguing diamond-shaped pattern. Again, Figure 4.11 (𝑋𝑍 plane) also indicates that 

the torsional component range diminishes with an increasing horizontal component although, not as 

much as when varying the vertical component. 

 

4.3.5. Non-linearity 

Up to now, we characterized the dynamics of the linear part of our system (elastics + eye). The full 

system, from computer-command step input to eye-movement output, should also include the actuator’s 

dynamics. As the eye ball (at least for 1D movements) can be considered in good approximation linear 

(2nd order, slightly under- and overdamped), the latter is clearly nonlinear (see Figure 4.19). Figure 4.26 

thus provides an overall model of the system. The major nonlinearity resides in the stage before the 

motor output, while the eye/socket/muscles system may be considered linear.  

It is interesting to observe that, just like in the real saccadic system, where the nonlinearities are 

introduced by the driving neurons, our system has quite some similarities to Robinson’s saccade model 

(Figure 2.8). In fact, the velocity profiles shown in Figure 4.19 already possess the major main-sequence 

characteristics of real eye saccades: saccade duration increases with amplitude, saccade peak-velocity 

saturates with amplitude, the initial acceleration is nearly constant for all saccade amplitudes, and 

skewness of the velocity profiles increases with the amplitude. Moreover, the nonlinearity is mainly 

caused by a saturation within the motors, which are also driven by dynamic feedback of their own 

position outputs. 

 

Figure 4.26: Model of our entire system  

The step input to our system is still a crude approximation of any neural drive within the brain, and it 

would be desirable to be able to provide some further control on these signals. Especially, since our 

motors may conceptually be considered as part of the nonlinear ‘brainstem pulse generators’ shown in 

Figure 2.8.  

Unfortunately Robotis doesn’t provide the Dynamixel’s internal control and transfer functions. 

Nevertheless, we know how a typical DC motor is constructed, as depicted in Figure 3.12. Applying that 

scheme, we constructed a quantitative model in Matlab’s Simulink toolbox (see Figure 4.28), to simulate 

its responses, and compare them to the measured motor responses. We simplified the model by 
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neglecting the electrical pole (𝑅𝑎𝑡𝑒2𝐶𝑢𝑟𝑟), since it is much quicker than the mechanical pole (𝐴𝑐𝑐𝑒𝑙2𝑉𝑒𝑙). 

The simulation results with near-optimal parameters are shown in Figure 4.27. Note the similarities with 

the real motors responses of Figure 4.19 with one fixed set of parameters. In both cases, the 

acceleration saturates as a result of the voltage saturation, which limits the available output torque. This 

saturation renders the system non-linear. 

 

Figure 4.27: Rotation (above) in degrees and Speed (below) in degrees per second of the simulated actuator 

The simplified Simulink model used to produce the simulated responses is shown below in Figure 4.28. 

The inputs used were position steps. The two outputs are velocity and position of the actuator. The 

system has feedback in order to determine the angular error relatively to the goal position. The saturation 

for the torque was comprehended between ±4000 𝑁𝑚 (typical values) and the proportional controller 𝐾 

was estimated and set to 380 𝑁𝑚/°. The units of the inertia and friction constants are 𝑁−1𝑚−1 °

𝑠2 and  

𝑁𝑚
𝑠

°
 respectively. 

 

Figure 4.28: Simulink model of the actuator neglecting the electrical pole 
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Combining this analysis with our linear plant models, gives us a full model equivalent of our system and 

enables us to predict which input signals would generate the desired output saccadic movements. In 

our case, since the primary position was found to be the straight ahead orientation, corresponding to 

Listing’s plane, we can program saccade angular velocity vectors that yield zero torsional position 

components (𝑅𝑥 = 0). 

 

4.3.6. Future analysis 

What would be needed to generate arbitrary saccades that keep the eye in Listing’s plane throughout 

its trajectory?  

First, we have to consider that saccades are single-axis rotations in good approximation. This means 

that the motor outputs to the plant should be precisely scaled versions of each other throughout the 

trajectory. In the current (independent control) setup, this is not yet possible, but using the model 

identification from the present study we can start to predict the required inputs (no longer simple steps) 

that would generate the necessary cross-coupling of the motor outputs to make it generate straight 

saccade trajectories (unlike Figure 4.18). In chapter 2 we explained how the angular velocity axis should 

be programmed for a movement between any two initial (𝐴) and final (𝐵) positions within Listing’s Plane: 

𝑞𝐴𝐵 = 𝑑𝐴𝐵 + 𝑟𝐴 × 𝑑𝐴𝐵 

where 𝑞𝐴𝐵 points along the angular velocity vector, but note that the actual amplitude of the velocity is 

determined by the nonlinear pulse generator as a time-dependent function: 

�⃗⃗� (𝑡) = �̇�(𝑡) ∙ �̂�𝐴𝐵 

with �̇�(𝑡) the saccade velocity profile, and �̂�𝐴𝐵 the unity vector, which has three degrees of freedom 

(because of the outer product). 

Second, we have to analyse (either through experimental tests, through physical modelling, or through 

computational fitting), whether the plant should be driven directly by this angular velocity command, or 

by the coordinate velocity command (or by some intermediately derived signal of these two). This is not 

a trivial point because of the noncommutativity of rotations, and because the angular position is not the 

integral of angular velocity, this would only be true for one-dimensional movements. 

Indeed, from quaternion algebra we noted in chapter 2 that the relationship between these three 

quantities is given by: 

�̇� =
�⃗⃗� ∘ 𝑞

2
 

with ∘ the quaternion product, which is in fact a nonlinear operation (because of the vector product). 

Therefore, to calculate the 3D eye orientation from the angular velocity requires time integration of the 

coordinate velocity. Whether the latter is already provided by the three outputs of the motors, or whether 



 

60 
 

these motor outputs correspond to the total angular velocity of the eye needs to be established by 

experiments with the system, or perhaps can be directly derived from first physics principles.  

If it turns out that the motors provide the 3D angular velocity vector, an intermediate (nonlinear) step is 

needed between the motor outputs and the plant to integrate this signal after quaternion multiplication 

with its current orientation. 
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5. Conclusions 

The work developed in this thesis is integrated in a project funded by the European Union (Horizon 

2020, ERC Advanced Grant “ORIENT”, nr. 693400) which aims to understand the quantitative 

relationships between sensory (auditory, visual, vestibular) stimuli and the resulting behavioural 

response, such as a rapid eye-head gaze-orienting movement to visual and auditory targets. This thesis 

provides a first step within this project. The goal is to, down the line, also include the head-neck model 

and vestibular (equilibrium) into the system. 

Building an actual eye instead of making numerical simulations has its advantages and disadvantages. 

The resulting eye movement is influenced by mechanical constraints that a simulated system wouldn’t 

probably have or at least, would be difficult to foresee and implement. By making these constraints 

biologically similar to an eye, we are also studying the impact of the system’s geometry and physics on 

the control of saccadic eye movements, and how it could be responsible for the emergence of Listing’s 

Law, as an illustrative example. However, doing experiments on a prototype has its own problems. For 

once, it is very challenging to make equal conditions such as the calibration (elastic tension, ball joint 

viscosity, etc.), for every test. This will influence results whereas a simulated system will always be 

“calibrated”.  

In the static system identification section, we found a solution inferring that for the model that we built, 

Listing’s Plane could depend on the prototype’s geometry. Listing’s Plane in the real human eye has its 

normal pointing about 15 to 30° upwards relative to the straight-ahead direction (head fixed). Whether it 

is fully determined by the eye’s geometry, or because it’s the mean of all the gaze directions the eye 

makes in daily life, or even because of how the vestibular system is arranged, we don’t know for sure. 

However, our system suggests that there may be a clear relation between Listing’s plane and the 

systems geometry, if we use a criterion of the least amount of power consumed by the muscles to hold 

the eye still across the oculomotor range. Note, however, that this is just a first step: in this analysis we 

have neglected the possibility that another important criterion might be the minimization of effort to move 

the eye across the oculomotor range. Unfortunately, we could not independently drive the motors with 

different types of input signals to verify for example, whether Listing’s plane would indeed correspond 

to those eye orientations that minimize several criteria at the same time. 

When we analysed the dynamics, we disregarded the fact that our system wasn’t decoupled for its entire 

movement range. The approximation is valid for small saccadic movements, but as we increase the 

vertical or horizontal components, the torsional component gets highly affected. The complete transfer 

function would therefore require further testing, so that 𝐺12, 𝐺13, 𝐺23, 𝐺21, 𝐺31 and 𝐺32 could be 

determined. 

This first prototype was based on low cost and overall implementation simplicity. Yet, this approach 

already provided us with novel insights into the real control of such a system. For example, the effects 

of cable tension and motor position were rather difficult to predict a priori, let alone the behaviour of the 

system to determine Listing’s plane for our system.  
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However, if we were to build another prototype, we may focus more on actuators that could deliver 

controlled output velocities. The accelerometer would also have to be replaced with a more precise one. 

Moreover, we would have to make sure that this new equipment would allow us to have sampling times 

greater than 100 𝐻𝑧. 

5.1. Accomplishments 

The major achievements of this work are as follow: 

 A working mechanical prototype of a biologically inspired eye with six muscles 

 The characterization of the static map and dynamics response of the eye 

 An analysis of Listing’s law adjusted to our prototype 

 A partial systems identification of the motors and plant 

 A discussion of the similarities and differences in the control responses between the mechanical 

eye and the primate’s eye 

5.2. Future Work 

With the characterization of the non-linear part of the plant (motors), we are now able to determine exact 

inputs that will provide the response that most resembles a human saccade using, for instance, optimal 

control principles. It likely that these inputs will not be fully compatible to our motors since their control 

variables are very limited. Nevertheless, this will provide us some requirements where we could base 

ourselves in order to buy actuators that better meet the required specifications (i.e. velocity control, 

acceleration control). 

A potential solution that we came up with to deal with dynamic movements that are out of Listing’s plane 

(Figure 4.18) without explicitly solving the non-linearity, is to use the Bruno Damas algorithm. We can 

divide a saccadic movement between two gaze orientations in a number of points defining a desired 

eye trajectory. With it, we can then use the algorithm to find the motor commands for each point of the 

trajectory. All these motor commands will form the paths that each actuator should follow in order to 

produce the desired eye rotation. Performing a derivation on these curves, we can obtain the velocity 

profile for each actuator that could be used as an input command. 
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