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Abstract

Recently, unmanned multirotors have been assuming an important role in the automation of
numerous processes in different industries. The aim of this project is the design and control of an
autonomous multirotor with the ability to perform the operations associated with aircraft painting
or paint removal, under variable mass conditions. First, the concept is described, the platform is
sized and its components are selected, based on the project requirements. The platform design
allowed the identification of its structural properties, from which the multirotor has been modelled
in MatLab/Simulink. The final model consists in a coaxial octorotor with variable mass and subject
to changes in its centre of gravity and its inertia tensor. With the multirotor model defined, two
adaptive controllers were developed to cope with the changes in mass and inertia properties of the
octorotor, using a Linear Quadratic Regulator as the basis for stabilizing its attitude and position. The
first controller makes use of an Extended Kalman Filter to estimate the mass of the system at each
moment and correct the trim input accordingly. The second controller is based on the Model Reference
Adaptive Control scheme using the Lyapunov method and is used to adapt the vertical dynamics of
the octorotor. Finally, the performance of these controllers was analysed and compared.
Keywords: Multirotor, Application of Organic Coatings, Adaptive Control, Extended Kalman Filter,
Model Reference Adaptive Control

1. Introduction

Multirotors are a type of Unmanned Aerial Vehicles
(UAV) that are capable of vertical take-off and land-
ing (VTOL). This kind of UAV is also characterized
by the ability of hovering and low speed flight and
has great maneuverability. Due to these character-
istics, these aircrafts can be used in numerous ap-
plications in the military and civil domains, such as
search and rescue missions, transportation of goods,
and others. Hence, multirotors have been subject
of great interest, not only from the scientific com-
munity but also from several industries. One of the
most studied ideas has been the possibility of imple-
menting unmanned multirotors for the automation
of processes that involve high risk or cost.

In the aeronautical industry, one of the processes
where automation would have a greater impact is
the application and removal of organic coatings in
aircrafts. Nowadays, the maintenance of the air-
craft finishing system is a completely manual pro-
cess, carried out by skilled labor. This is a time
consuming process, developed in an hazardous en-
vironment. The automation of this process would

be able to reduce its execution time and the amount
of labor involved, which would lead to a reduction
in costs, and environmental and health risks.

The search for automated solutions to carry out
the application and removal of aircrafts finishing
systems has been intensifying recently [1]. The aim
of this project is to develop an autonomous multi-
rotor platform that is able, to some extent, to per-
form these kind of functions. This is carried out,
in a first stage, by designing the platform, through
the selection of the necessary components. Then,
a dynamic model of the multirotor is developed to
study the implementation of control strategies that
allow it to deal with the variable mass properties
and off-centered center of gravity that arise from
the task to be performed.

2. Platform Design
The platform was designed based on a set of require-
ments. Due to time restrictions, only the painting
process was considered. Furthermore, there are sev-
eral painting methods used in the industry, hence
it was selected only one of them. The method cho-
sen was the HVLP (High Volume Low Pressure)
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spray painting, not only because it needs lighter and
smaller equipment compared with the other meth-
ods, but also because it provides better finishing
results [2].

The platform was then designed as an au-
tonomous coaxial octorotor that would be able to
carry all the equipment in flight. The coaxial config-
uration was chosen because it allows the installation
of larger propellers.

2.1. Reference Mission

In order to limit the scope of the project, a refer-
ence mission was defined to determine the minimum
operation time and the amount of coating material
needed.

First, the area to be painted was defined as be-
ing half of the cargo compartment of a C-130 air-
craft. According to [3], this area was determined
to be Aref = 83.1m2. Thus, considering the speci-
fications of spray painting technique recommended
by several technical manuals such as [4] and [5], an
estimate of the minimum operation time was deter-
mined as being top ≈ 10min.

Knowing the area, the amount of coating material
needed was determined, considering the application
of an epoxy primer coating. Taking into account the
allowable coat thickness range [2] and the concept of
Practical Spreading Rate [6], the volume of primer
needed was defined as Vprimer ≈ 4.5L. Considering
the typical specific mass of this kind of coatings,
this volume results in a mass of mprimer ≈ 6.3Kg.

2.2. Spray Painting Equipment

To install an HVLP spray painting system on the
octorotor, the necessary equipment is [2]: an HVLP
turbine as the compressed air source, an HVLP
spray gun and a pressure feed tank as the material
container. In this project, since the aim is to have a
completely autonomous platform, a power inverter
is also needed to drive energy from a battery to the
turbine.

The turbine, the spray gun and the power in-
verter were chosen as off-the-shelf components,
based on a comparison between manufacturers. The
criteria used was mainly the weight and dimensions
of the components, and the ability to fulfill the task
at hand. In turn, the pressure tanks available on the
market did not meet the requirements imposed for
maximum weight and dimensions. As such, this
component was designed following the European
Union’s Pressure Equipment Directive (PED) [7].
In accordance with said directive, a 5L aluminum
alloy coating material container was designed hav-
ing a wall thickness of 5mm. This tank has a to-
tal height of 23cm, an external diameter of 26cm,
and its weight was estimated by SolidWorks R© in
approximately 5Kg.

2.3. Off-the-Shelf Octorotor Components
After the definition of the concept, and knowing the
weight of the painting equipment to be carried, it
was possible to choose the octorotor components.
The majority of these components is available on
the market, so they were selected off-the-shelf. The
selection process was carried out by comparing the
alternatives available for each component, based on
a set of criteria and the project requirements. The
criteria followed were specific to each component
and the details of the selection process are presented
in the original thesis document. The components
chosen for the octorotor were:

• 1 airframe GD-X8 1400 Super Frame with a
distance between motors of 140cm;

• 8 motors T-Motor U11 with the ability to pro-
duce 10Kg of maximum thrust each;

• 8 propellers T-Motor Carbon Fiber with 74cm
in diameter;

• 8 Electronic Speed Controllers (ESC) EMAX
BLHeli of 60A;

• 5 batteries GensAce Tattu with a capacity of
30000mAh at 25C - 4 for the motors and 1 for
the power inverter;

• 1 control unit PixHawk;

• 1 three-dimensional position sensor Pozyx with
centimeter precision;

• 1 wireless communication system Digi R© XBee;

2.4. Designed Octorotor Components
Even though the majority of the octorotor compo-
nents was selected off-the-shelf, there are two com-
ponents, related to the specificity of the project,
which had to be designed. These components are
a support structure where the painting equipment
would be installed and an articulated arm to orient
the spray gun with respect to the work surface. The
two components were designed as being composed
of a carbon fiber and epoxy resin composite ma-
terial as it gives them a great mechanical strength
combined with a low weight.

The support for the painting equipment consists
of a structure with two levels: the HVLP turbine
and the power inverter would be installed in the up-
per level, whereas the paint tank would go on the
lower level. Having in consideration the dimensions
and the weight of this equipment, each level con-
sists of a square plate with sides having a length of
40cm and a thickness of 5mm. This structure was
modelled in SolidWorks R© and its weight was esti-
mated in 6Kg. Figure 1 shows the representation
of the structure in SolidWorks R©.
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Figure 1: Support structure

A finite element structural analysis was also car-
ried out in ANSYS R©, to ensure that the support
structure would be able to cope with the all the
loads that it will sustain. The details of this analy-
sis are once again presented in the thesis document.

The articulated arm is used to hold and maneu-
ver the spray gun, and is divided in three parts: a
fixed base, the articulated extension and a fitting
for the spray gun with a trigger actuator. In order
to be able to hold the spray gun pointing forward
or downward, the arm has a total length of 60cm
and the moving part has a length of 33cm. This
component was also modelled in SolidWorks R© and
is shown in figure 2.

Figure 2: Articulated arm

This arm is only capable of moving in the ver-
tical plane and its movement is controlled by two
servo motors located in the second joint. The trig-
ger actuator is also a servo motor. As such, the
arm would have a total estimated weight, with the
servos, of 3.1Kg.

2.5. Final Platform

After the main components of this platform were
chosen or designed, a coaxial octorotor was ob-
tained with the ability for autonomous flight and
to perform the task of application of organic coat-
ings. In order to visualize the final platform, and
to determine its mass and inertia properties, every
component was modelled in SolidWorks R© and as-
sembled according to the concept.

Figure 3: Final platform

As mentioned before, not only is this a heavy
platform, but its total weight also varies through-
out the operation due to the decrease in the amount
of coating material present in the container. As
such, this platform was modelled considering both
extreme situations: pressure tank full (initial state,
i) and empty (final state, f). The SolidWorks R©

model allowed the determination of its weight, the
position of its center of gravity and its inertia tensor
taken at that point, respectively, for both configu-
rations:

mi = 62.8Kg, mf = 56.5Kg (1)

rGi = (0.008, 0, 0.144)[m],

rGf = (0.009, 0, 0.118)[m]
(2)

JGi =

 4.695 −0.008 −0.044
−0.008 5.851 0.001
−0.044 0.001 5.728

 [Kgm2],

JGf =

 4.209 −0.008 −0.03
−0.008 5.369 0.001
−0.03 0.001 5.693

 [Kgm2]

(3)

where m is the octorotor mass, rG represents the
position of its center of gravity and JG is its inertia
tensor taken at that point.

The motor/propeller configuration chosen has the
ability to produce a maximum thrust of around
10Kg each. This results in a maximum total thrust
of approximately 80Kg for the combined 8 rotors,
which gives a thrust margin of around 30%.

2.6. Flight Time

The octorotor uses four batteries to supply energy
to the motors. Its flight time was determined con-
sidering the batteries overall capacity and the mo-
tors total power consumption. The efficiency loss
of the motors due to the coaxial configuration was
also accounted for. Hence, it was determined that
the octorotor has a flight time of approximately 15
minutes. It was concluded that the use of the coax-
ial configuration results in a reduction of approxi-
mately 12% in flight time.
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3. Multirotor Modelling

In order to simulate the platform behaviour and to
implement the control strategies to be studied, the
system dynamics was modelled. In this project, the
multirotor modelling was carried out in two steps.
First, a conventional quadrotor was modelled, fol-
lowing the usual assumptions, mentioned in [8]. Af-
ter making the necessary adjustments, the dynamic
model of a coaxial octorotor with variable mass, off-
centered center of gravity and non-diagonal inertia
tensor was finally obtained. A simplified model,
simulating only the vertical dynamics of the mul-
tirotor with variable mass, was also determined so
that the adaptive control strategies could be eas-
ily tested and compared. Here, the final dynamic
model of the octorotor and the simplified model are
presented.

3.1. Coordinate Systems and Maneuverability

To describe the octorotor dynamics, two coordinate
systems are defined: an earth fixed frame and a
body fixed frame. The earth fixed reference frame
is defined by <I = {ONED;XI , YI , ZI} and is as-
sumed to be inertial. Its origin is fixed on the
ground and its axes point towards North, East and
Down (XI , YI and ZI respectively). The body
fixed frame, in turn, is a mobile frame defined by
<B = {OB ;xB , yB , zB} and its origin is coincident
with the multirotor geometric center. Usually, this
point coincides with the center of gravity of the
body, but here this is not the case. Both coordi-
nate systems are shown in figure 4 for the quadrotor
case.

Figure 4: Coordinate systems used

The octorotor has six degrees of freedom that can
be described by 12 states. The position of OB rel-
ative to the fixed frame, ξ = [x y z]T , and the cor-
responding linear velocities expressed in the body
frame, V = [u v w]T , describe the translational mo-
tion of the octorotor. Its attitude is described by
the Euler angles, η = [φ θ ψ]T (roll, pitch and yaw,
respectively), and the angular velocities expressed
in the body fixed frame are given by ω = [p q r]T .

To convert any vector, described in the body
frame, to the earth frame, a rotation matrix is
needed. This matrix is the product of three other
matrices (R(ψ), R(θ) and R(φ)) and is given by
[9]:

R =

cψcθ cψsθsφ − sψcφ cψsθcφ + sψsφ
sψcθ sψsθsφ + cψcφ sψsθcφ − cψsφ
−sθ cθsφ cθcφ

 (4)

with c. = cos(.) and s. = sin(.).

The octorotor is composed of four pairs of coax-
ial counter-rotating rotors (figure 5) and its attitude
(roll, pitch and yaw motions) and altitude are con-
trolled by changing the rotation speed of each one
of them individually [9], [10].

Figure 5: Numbering and rotation direction of the
rotors

3.2. Kinematic Equations

The kinematic equations of the octorotor are given
by:

ξ̇ = RV (5)

η̇ = Sω (6)

Equation 5 defines the linear velocity of the oc-
torotor in the inertial frame from its velocity ex-
pressed in the body fixed frame, where R comes
from equation 4. In turn, equation 6 describes the
relation between the derivatives of the Euler angles
and the angular velocities expressed in the body
fixed frame. Matrix S is defined as:

S =

1 sφtθ cφtθ
0 cφ −sφ
0 sφ/cθ cφ/cθ

 (7)

with t. = tan(.).

3.3. System Dynamics

The dynamics of a multirotor are usually described
using the Newton-Euler approach. In this work,
since the center of gravity of the system is displaced
from the origin of the body fixed frame, additional
terms appear in the equations of motion. Therefore,
the octorotor translational and rotational dynamics
are respectively described by [11]:

4



Fp + Fg + Fa = m
dV

dt
+ ω ×mV +

+
dω

dt
×mrG + ω × ω ×mrG

(8)

Mp +Mg +Ma = JOB

dω

dt
+ ω × JOBω+

+mrG ×
dV

dt
+mrG × ω × V

(9)

In equation 8, force due to gravity is defined as
Fg = mRT [0 0 g]T , with g = 9.81m/s2 and the
aerodynamic force is given by Fa = −Ka|Va|Va

where Ka is the aerodynamic coefficients matrix
and Va is the air speed. The total thrust force, Fp

represents the forces created by the propellers and
is given by:

Fp = [0 0 −
8∑
i=1

Ti]
T (10)

Equation 9 describes the rotational motion of the
system, where Mg = rG ×Fg and Ma = rG ×Fa.
The thrust moment, Mp is defined as:

Mp =


√
2
2 b(T1 − T2 − T3 + T4 + T5 − T6 − T7 + T8)√
2
2 b(T1 + T2 − T3 − T4 + T5 + T6 − T7 − T8)
−Q1 +Q2 −Q3 +Q4 +Q5 −Q6 +Q7 −Q8


(11)

The position of the center of gravity in the body
frame changes, as stated previously, with the to-
tal mass of the octorotor. As such, it was assumed
that the components of the vector rG change lin-
early with the mass of the octorotor, taking into
account the values obtained for the initial and final
states (equations 1 and 2). Furthermore, as it can
be seen in equation 3, the inertia tensor taken at
the center of gravity also changes with the mass of
the octorotor. This variation was also assumed lin-
ear. The matrix JOB represents the inertia tensor
taken at OB and is obtained from JG applying the
Huygens-Steiner theorem [12].

3.4. Actuators Dynamics
The actuation system of the octorotor is composed
by the eight rotors, each of them composed by one
motor and one propeller. The motors take as in-
put the voltage from the batteries and convert it to
angular velocity. In this work, the actual input for

each motor is δi =
Vmi

Vb
, which is the voltage sup-

plied to the motor, normalized by the total voltage
of the batteries. The dynamics of the motors were
then modelled as a second order system, with the
usual parameters of brushless DC (Direct Current)
motors [9].

On the other hand, propellers convert the angular
velocity of the motors to a thrust force, Ti, and
moment, Qi that can be described by equations 12
and 13 [13].

Ti = CT ρAhR
2
hΩ2

i (12)

Qi = CQρAhR
3
hΩ2

i (13)

where Ah represents the rotor disk area, Rh is
the propeller radius, and CT and CQ represent its
thrust and moment coefficients, respectively.

3.5. Simplified Model

A simplified model was developed in order to study
the implementation of the adaptive control strate-
gies and compare their performance when dealing
with changes in the mass of the system. This model
was derived considering a rigid body of variable
mass m with its motion restricted to the vertical
axis. The forces acting on the body are limited to
the gravity force, in this case given by Fg = −mg
and a force U , that represents the total thrust of
the system.

As it is the case for the octorotor, the mass
of this system varies between two known values,
mf ≤ m ≤ mi. In order to expedite the manipula-
tion of the model when implementing the adaptive
controllers, a new variable was introduced, defined
by Θ =

mf

m . Having that in consideration, the dy-
namics of the simplified model can be described as:

ẇs = −g +
1

mf
ΘU (14)

where ws is the body’s linear vertical velocity.

3.6. Linearized Octorotor Model

The linearization of the octorotor model was carried
out by implementing the first order Taylor series
expansion to the dynamic equations of the system
around an operating point. This operating point
was considered as the hover situation.

The model was linearized considering the offset
between the center of gravity and OB , and with the
non-diagonal inertia tensor, so that the adaptive
controllers could be implemented.

Considering the state vector as x = [V ,ω, ξ,η]T

and the input vector as u = Ω =
[Ω1,Ω2,Ω3,Ω4,Ω5,Ω6,Ω7,Ω8]T , the linearized
system is defined as:

ẋ = AGx+BGu (15)

where matrices AG and BG are defined as the Ja-
cobian of the nonlinear dynamics equations around
the operating point.
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4. LQR Controller
As a basis for the implementation of the adap-
tive control strategies on the octorotor model, a
12 states Linear Quadratic Regulator (LQR) con-
troller was designed. This is an optimal controller
that was used to close the loop, stabilizing the atti-
tude of the octorotor and controlling its horizontal
motion. First, the LQR was designed to control
the 12 states of the system. After that, the adap-
tive controllers were implemented in the model as
altitude control loops.

Considering the state-space system of the octoro-
tor model described by equation 15, the LQR con-
trol problem consists in finding the optimal control
action u = −KLQRx that minimizes a cost func-
tion, representing the control signal energy, given
by [14]:

JLQR =
1

2

∫ ∞
0

(xTQLQRx+ uTRLQRu)dt (16)

where QLQR and RLQR are the positive-definite
weighting matrices.

Hence, the gain matrix is defined as KLQR =

RLQR
−1BG

TP , with P being the solution of the
algebraic Riccati equation [14]. Matrices QLQR

and RLQR are determined using the Bryson’s
method [10], followed by an iterative process to ar-
rive to the desired results.

After the LQR gain matrix was determined, it
was adjusted to account for the actuation dynam-
ics and the result was applied to the pseudo-inverse
of the allocation matrix [15], M+, in order to ob-
tain the normalized voltage, δi, for each motor. For
the coaxial octorotor, the allocation matrix, M , is
given by:

M =


1 1 1 1 1 1 1 1
1 −1 −1 1 1 −1 −1 1
1 1 −1 −1 1 1 −1 −1
−1 1 −1 1 −1 1 −1 1


(17)

As such, an LQR controller was obtained to stabi-
lize and control the 12 states of the octorotor model,
described by:

∆ = ∆0 −M+ 1

Ga(0)
KLQR(x− x0 − xref ) (18)

where ∆0 is the trim input vector, x0 is the trim
state vector, xref is the reference input vector and
Ga(0) is the static gain of the actuation system.

5. Adaptive Control Strategies
In order to deal with the variable dynamics of the
octorotor, two adaptive control approaches were

conceived. The first strategy makes use of an Ex-
tended Kalman Filter (EKF) to estimate Θ at each
moment and then uses that information to adapt
the trim input accordingly. Alternatively, the sec-
ond controller uses the Model Reference Adaptive
Control (MRAC) scheme following the Lyapunov
method to adapt the vertical dynamics of the sys-
tem. These controllers were tested using the simpli-
fied model described earlier and were then applied
to the octorotor model as an altitude control loop
in the final controller.

5.1. State-Space Simplified Model
To implement the aforementioned controllers to the
simplified model, it was necessary to write it in
state-space formulation. Considering the state vec-
tor of this model as xs = [ws hs]

T and the input
as us = U , and choosing the operation point as the
hover situation with mass mf , the resulting system
is given by:[

ẇs
ḣs

]
=

[
0 0
1 0

] [
ws
hs

]
+

[ 1
mf

0

]
us (19)

where hs denotes the altitude of the system.

5.2. EKF with Trim Input Adaptation
The EKF is a modification of the conventional
Kalman Filter. While the Kalman Filter is an es-
timation method that allows for the estimation of
the instantaneous state of a linear dynamic system
affected by white noise, the EKF is applied in situ-
ations where the state dynamics or the observation
dynamics of the system are nonlinear [16]. In this
case, the system is linearized about the current es-
timates.

The simplified model, that corresponds to the
vertical dynamics of the octorotor, has a nonlinear
state dynamics, whereas its observation dynamics is
considered to be linear. As such, the discrete model
can be described by equation 20.

xk+1 = f(xk, uk) + vk, yk = Cxk + nk (20)

where vk is the process noise with covariance Qk,
nk is the measurement noise with covariance Rk

and C is the observation matrix. Since the aim
is to estimate Θ to know the mass of the system
at each moment, the state vector was modified to
include this variable as xk = [wk hk Θk]T .

Initially, the EKF, through f , uses the current
state estimate, x̂k|k, to predict the future state,
x̂k+1|k, propagating it afterwards using C. At this
point, the estimate covariance is also determined:

P k+1|k = F kP k|kF
T
k +Qk, F k =

∂f

∂x

∣∣∣∣
x̂k|k,uk

(21)

6



with F k being the Jacobian of f around the current
estimate.

Then, the Kalman gain, which represents the
weight placed on the measurement relative to the
process dynamics prediction in the state estimate
update stage, can be computed:

Kk+1 = P k+1|kC
T (CP k+1|kC

T +Rk)−1 (22)

The Kalman gain allows for the state estimates
and its covariance to be updated, based on a com-
parison between the measurement, yk+1, and the
filter prediction:

x̂k+1|k+1 = x̂k+1|k +Kk+1(yk+1 −Cx̂k+1|k),

P k+1|k+1 = (I −Kk+1C)P k+1|k
(23)

where I is the appropriate dimension identity ma-
trix. Since the sensors were not modelled in this
work, the measurement comes directly from the
model of the system.

Considering the aforementioned, the EKF takes
as inputs the vertical position, the vertical veloc-
ity and the total thrust force (needed to update
the states according to equation 14) of the system
and estimates the new dynamics, including Θ. Af-
ter that, a controller, based on the gain-scheduling
approach, uses the instantaneous value of Θ to lin-
earize the simplified model around the new oper-
ating point and compute an appropriate LQR gain,
Km(Θk). This controller also adapts the trim input
according to the new mass of the system.

u0,k = mkg =
mf

Θk
g,

uk = u0,k −Km(Θk)(x̂k − xkref )
(24)

with xkref describing the vertical position reference.

5.3. MRAC - Lyapunov Method
MRAC is an adaptive control scheme in which the
basic principle is to build a reference model that
specifies the desired performance of the controller.
Then an adjustment mechanism compares the sys-
tem output with that of the reference model and
adapts the controllers parameters so that the error
is driven to zero [17].

In this work, the MRAC scheme is designed fol-
lowing the Lyapunov method. This method uses
Lyapunov’s stability theory to determine the ad-
justment law while ensuring the stability of the
control system. As such, Lyapunov design con-
sists in finding a Lyapunov function, V (x, t), with
continuous partial derivatives, that is positive defi-
nite and the derivative of which is negative (semi-
)definite [18]. This function is chosen as depending

on the controller parameters and the parameter ad-
justment law is determined in such a way that the
second condition is satisfied. Here, the MRAC con-
troller was designed as having only one adjustable
parameter, ϑ.

The dynamics of the simplified model is described
by equation 14 and can be written in state-space
formulation as equation 19, with a variable mass m
instead of mf . Since the aim is for the controller
to be able to control the vertical dynamics of the
system in the presence of variable mass properties,
the reference model was defined as:

ẋm = Amxm +Bmxr, with

Am =

[
0 0
1 0

]
−
[ 1
mf

0

]
Km and Bm =

[ 1
mf

0

]
Km

(25)

In this equation, xr is a vector that specifies the
reference altitude for the system and Km is the
LQR gain of equation 24 for Θ = 1, which means
m = mf . Thus, the reference model describes the
simplified model dynamics stabilized for a constant
mass.

After, the control law was defined, with the ad-
justable parameter ϑ adapting the inner loop con-
troller. This law is given by:

u = ϑuc, with uc = Km(x− xr) (26)

Here, uc is the inner loop control signal that sta-
bilizes the system for a constant mass. Then, ϑ ad-
justs this signal to the variable dynamics of the sys-
tem. Considering this, the closed loop state equa-
tion takes the form:

ẋ = (A− ϑBKm)x+ ϑBKmxr

= Ac(ϑ)x+Bc(ϑ)xr

(27)

whereAc(ϑ) andBc(ϑ) are the closed loop matrices
depending on the parameter ϑ. The system output
follows exactly the reference model output if there
is a parameter value, ϑ0, for which the following
relation holds [19], [20]:

Ac(ϑ0) = Am, Bc(ϑ0) = Bm (28)

In order to minimize the error between the system
behaviour and that of the reference model, defined
here as e = x−xm, the error equation was derived:

ė = ẋ− ẋm = Ax+Bu−Amxm −Bmxr

= Ame+ (A− ϑBKm −Am)x+ (ϑBKm −Bm)xr

= Ame+ Ψ(ϑ− ϑ0)

(29)
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Finally, a Lyapunov function was chosen so that
the adjustment law could be defined [18]:

V (e, ϑ) =
1

2
(γeTPe+ (ϑ− ϑ0)2) (30)

where γ is the adaptation gain of the controller and
P is a positive definite matrix that is the solution
of the Riccati equation for gainKm. Therefore, the
derivative of this function is given by:

V̇ (e, ϑ) =
γ

2
(ėTPe+ eTP ė) + (ϑ− ϑ0)ϑ̇

= −γ
2
eT Q̂e+ (ϑ− ϑ0)(ϑ̇+ γΨTPe)

(31)

where the last equality uses the result of equation
29 and comes from the application of the Lyapunov
equation to matrix Am. This equation is given by
ATP +PA = −Q̂ and Lyapunov’s stability theory
states that, as long as A is stable, and P is a pos-
itive definite symmetric matrix, Q̂ is also positive
definite and symmetric [18]. To obtain a negative
definite derivative of V , the adjustment law for ϑ
was chosen as:

ϑ̇ = −γΨTPe (32)

which results in V̇ = −γ2e
T Q̂e, confirming the

function’s negative definiteness.

6. Simulation Results

In this section, the final controllers implemented on
the octorotor model are presented and their per-
formances are discussed, based on the simulations
carried out.

6.1. LQR Controller with EKF and Trim Input
Adaptation

The first control system implemented makes use of
the 12 states LQR controller to stabilize the atti-
tude of the octorotor and control its translational
motion, through the feedback law of equation 18.
Then, to adapt the system to the variable mass
properties, the adaptive controller adjusts the trim
input vector ∆0.

The adaptive controller of equation 24, imple-
mented on the simplified model, was adjusted to
the octorotor control system as a trim input adap-
tation mechanism. Instead of determining a new
gain depending on the instantaneous mass of the
system, the control is totally carried out by the
12 states LQR, and the EKF estimates of Θ are
used to compute the new equilibrium thrust force,
F0(k) = mkg, with mk =

mf

Θk
. After that, using

the actuation dynamics, this force is used to deter-
mine the vector ∆0(k). The block diagram of this
controller is shown in figure 6.

Figure 6: LQR controller with EKF and trim input
adaptation

To test the performance of this controller, a
simulation was carried out where the octorotor is
initially at rest, with Θ = Θi, rG = rGi and
JG = JGi. Then, a reference input vector is set
to xref = [0 0 0 0 0 0 1 2 − 1 0 0 0] and, after the
system stabilizes in the reference position, a step
mass reduction of 10% is introduced. The results
are shown in figures 7 and 8.

Figure 7: Position control with variable mass
(EKF)

Figure 8: Estimation of Θ and trim input variation

As it can be seen in figure 7, the control system
stabilizes the position of the octorotor according to
the reference input. The mass variation introduced
causes an altitude loss of approximately 14cm, from
which the system recovers in less than 5s. The lon-
gitudinal position, x, presents a static error of about
30cm due to the offset in the position of the center
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of gravity. In figure 8 it can be seen that the EKF
estimates Θ correctly. As such, the trim input is
adjusted accordingly.

6.2. LQR Controller with Lyapunov-based MRAC

In this control system, the LQR is used to stabi-
lize the attitude of the octorotor and control its
horizontal motion. As such, the first row of ma-
trix KLQR, corresponding to the altitude control
action, was suppressed. The MRAC controller was
then introduced as an altitude control loop. Since
the simplified model represents the vertical dynam-
ics of the octorotor, there was no need to perform
significant changes in the controller. The main dif-
ference is that the MRAC control signal, which is
a force, is converted to an appropriate control in-
put using the actuation dynamics and added to the
control signal vector coming from the LQR, before
applying it to matrix M+. The block diagram of
this control system is shown in figure 9.

Figure 9: LQR controller with Lyapunov-based
MRAC

The performance of the controller was tested us-
ing the same simulation conditions as before. The
results are presented in figures 10 and 11.

In figure 10 it can be seen that in the horizontal
position control, the performance of the control sys-
tem is the same as in the previous case, since this
part is carried out by the LQR controller. With
respect to the altitude control, the mass loss does
not have an impact as significant as before, mainly
because the adjustment mechanism starts acting as
soon as the altitude error appears. As such, the
altitude loss is about 2cm. On the other hand,
as shown in figure 11, the MRAC controller is not
able to drive the error to zero in the simulation
time frame, because the adjustment is more grad-
ual. Nevertheless, the error is less than 1cm and
can therefore be neglected. In figure 11 it is also
shown the evolution of the normalized voltages for
each motor, that are changed to compensate for the
mass loss.

Figure 10: Position control with variable mass
(MRAC)

Figure 11: Altitude error and normalized voltages
variations

7. Conclusions
The aim of this thesis was to design an autonomous
multirotor that was capable of performing the ap-
plication or removal of organic coatings in the aero-
nautical industry, and to develop and compare two
adaptive control strategies that would allow the sys-
tem to deal with disturbances in its mass properties.

With regard to the platform design, its compo-
nents were selected based on initial requisites de-
fined by a reference mission. In order for this to
be a fully autonomous system, it has to be able to
carry all the painting equipment, the dimensions
and weights of which are very significant. This im-
plies the acquisition of expensive components for
the multirotor and even so, low flight times are
achieved.

The octorotor dynamics was modelled without
the usual assumptions on the center of gravity po-
sition and the inertia tensor. The implemented
control strategies were able to stabilize the octoro-
tor in these conditions and with variations in its
mass. It was concluded that the adaptive controller
that used the EKF to estimate the mass and then
adapt the trim input produced a faster response
to the mass variations, but was more significantly
affected by it, when compared with the Lyapunov-
based MRAC.

From the work presented here, some develop-
ments can be made. For example, it would be im-
portant to search for more accurate position sensors
for the platform than the ones considered in this
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work, since this is a very meticulous task that re-
quires extremely accurate positioning. Besides that,
this sensors should be modelled in order to make a
more realistic model of the octorotor. It would also
be useful to construct a platform prototype, in or-
der to test different control systems in real flight.
Another important improvement would be the de-
velopment of control systems that would be able to
adapt the entire octorotor dynamics to this kind of
mass and inertia disturbances. Finally, it would be
interesting to study the economic viability of this
concept and its impact on the industry.
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