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Abstract

The interest in the clustering of time series has been growing, being used in the most varied areas
and revealing relevant information about the system under consideration. The basis of time series
clustering is on defining a metric capable of evaluating the similarity between two series. These can
be done using the time series directly, from where the features are extracted in order to compare
them or even comparing models built from the raw data. In this study a distance to evaluate the
similarity between time series is presented. This will be focused on evaluating the distance between
multivariate short time series with missing values. The metric will then be combined with known
clustering methods, such as the K-means algorithm and the Hierarchical clustering algorithm. The
different combinations of methods and distances, named from Combo A to Combo F, are used in several
datasets. However, the focus of this study is to apply them into medical data, that is characterized by
short and incomplete time series, usually due to the high costs associated with medical tests or even
due to ethical constraints. The database used in this study refers to cancer patients from Hospital
de Santa Maria and it consists in a small database with few patients and many missing data. The
implemented algorithm using the proposed metric revealed a good performance in the majority of the
tests, which suggests that this distance function is a suitable metric to evaluate the distance between
incomplete short time series.
Keywords: Clustering, K-means Algorithm, Hierarchical Clustering Algorithm, Short Time Series,
Distance Functions for Time Series, Multivariate Time Series

1. Introduction
Clustering of time series is today one important and
growing research area since it has been shown effec-
tive in providing useful information in various do-
mains such as engineering, business, finance, eco-
nomic, health care, to government. Stated in [1]:
”time-series data is one of the most common

forms of data encountered in a wide variety of
scenarios such as the stock markets, sensor data,
fault monitoring, machine state monitoring, envi-
ronmental applications or medical data.”

Time series data are a sequence of data points
in time order. However, distinctions can be made
whether the data is discrete-valued or real-valued,
uniformly or non-uniformly sampled, univariate or
multivariate, and whether data series are of equal
or unequal length, [2] requiring different processes
to cluster the data.

Even with all the peculiarity of the time series
data type the goal of clustering is the same, hence
the algorithms used are very similar. Which means
that is possible to modify the existing algorithms
used for static data.

Regarding health care, several biomarkers can
be evaluated over time to check the patient health
state. The identification of patterns in these
biomarkers among patients can be useful to opti-
mize the treatment, where clustering plays an im-
portant role. However, medical data in not easy
to obtain, since the collection of this is sometimes
limited by the pain tolerance of the patients and by
the necessity of sophisticated and expensive devices.
Therefore, most of medical datasets are character-
ized by short time series with missing data. Cluster-
ing datasets with these characteristics is a very dif-
ficult task. After all, the conventional distances are
not capable of defining a precise distance between
time series, becoming even more difficult when there
are missing data. Hence, defining a similarity to
compare short time series data is a key point.

Having this said, the aim of this thesis is to de-
velop a clustering algorithms for short multivari-
ate time series in order to find groups with the
same characteristics that may be applied in a large
variety of situations, among which is the support
to doctors diagnosis and consequently the patient
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treatment. A distance function capable of evalu-
ating the distance between time series is proposed.
This distance is then combined with existent clus-
tering methods, evaluating its performances in dif-
ferent datasets.

This paper will be structured as follows: Section
2 the clustering algorithms and the metrics are de-
scribed, as well as the cluster validation indexes. In
Section 3 the datasets are presented. Section 4 the
implemented algorithm is explained. Section 5 the
results obtained for the three data sets are showed.
In Section 6 it is discussed the performance of the
proposed metric, along with some future work.

2. Time Series Clustering
Clustering time series has the same objective as
clustering other data types, finding groups of simi-
lar elements within the data. However, the charac-
teristics named above have to be take into account.
The presented study aims to cluster short multi-
variate time series, applying and studying different
metrics performance when clustering the raw time
series data with different algorithms.

Before presenting the clustering algorithms and
the similarity metric to be applied in times series,
let us formally define these datasets. A Time series
is represented as Sj = {x1, x2, ..., xT }, T represents
the length of the time series and xi is the observed
variables, where the subscript i represents the time.
The time is defined by t = {t1, t2, ..., tT } where ti is
the observation time of the variable xi. x is consider
a vector n×1 where n represents its dimensionality.
Note that when n ≥ 2 the time series is multivari-
ate. With this notation let us define the dataset
as D = {S1, ..., Sj , ..., SN} where its dimension is
n × T ×N , with N representing the number of el-
ements present in the dataset, hence, we define Sj
the jth data element, a matrix of dimensions n×T

2.1. Clustering algorithms
2.1.1 K-means algorithm

One of the most known clustering algorithm, the k-
means, developed in [3], is going to be used in this
study. K-means is a simple partitioning clustering
algorithm, that by minimizing an objective function
it groups similar data elements into NC groups.
The objective function is usually defined as the total
distance between the elements and the respective
cluster center, equation (1), being vk the center of
the kth cluster, Sj the jth data element and d(Si, vk)
the distance between them.

J =

N∑
i=1

c∑
k=1

uj,k · d(Sj , vk), (1)

K-means is an iterative process that is initialized
with arbitrarily initial cluster centers. The distri-
bution of objects among clusters and the updat-

ing of cluster centers are the two main steps of the
K-means algorithm. The iterative process between
these two steps is stopped when the objective func-
tion does not suffer variations greater then the stop-
ping criteria. In a summarized manner, the stan-
dard K-means algorithm can be resumed in the fol-
lowing:

1. Choose the number of clusters, NC, between 2
and N and initialize the cluster centers v.

2. Distribute the elements to the closest center
and obtain matrix with equation.

3. Update the cluster centers v by using equation
(2).

vk =

∑N
j=1 uj,k · Sj∑N
j=1 uj,k

, (2)

4. Compute ∆ =‖ vit − vit−1 ‖, if ∆ > ε go to
Step 2, if not the solution is achieved.

Notice that, in the case of time series, the clus-
ter center is also a time series. In this work the
partition matrix is assumed to have a hard parti-
tion, meaning that uj,k only assumes the value 1,
if the elements belongs to the cluster, and 0, if the
elements does not belong to the cluster.

A k-means disadvantage is that the number of
clusters must be specified. This imposes the pos-
sibility that the optimal number of clusters for a
specific dataset is not known before the clustering
process so that k-means will produce a sub-optimal
clustering result [4].

2.1.2 Agglomerative Hierarchical cluster-
ing algorithm

Hierarchical clustering is a method with the objec-
tive of building a hierarchy of clusters. Consists in
creating relations between the objects according to
the distance between them. This method can be di-
vided in two different approaches, the agglomerative
and the divise. The agglomerative (bottom-up),
that merges the elements starting from the closest
elements. The divisive (top-down), that starts to
divide the furthest data. To decide which element
is merge to another several linkage methods can be
used, such as:

• Single linkage, where the distance between
two clusters is defined as the shortest distance
among all their member objects.

• Complete linkage, where the distance be-
tween two clusters is defined as the longest dis-
tance among all their member objects.

• Average linkage, where the distance between
two clusters is defined as the average distance
among all their member objects.
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A disadvantage the hierarchical clustering algo-
rithms is often referred as the inability to adjust,
which means that, once two clusters are merged or
divided the decision can not be undone. However,
hierarchical algorithms are deterministic, providing
the same clustering results in every run.

2.2. Similarity metrics for Time Series Data
Due to the unique structure of time series datasets it
becomes hard to define a distance between two time
series d(Sx, Sy), with Sx = {x1, ..., xT } and Sy =
{y1, ..., yT }. However, the most common distances
can also be applied to time series.

2.2.1 Euclidean Distance

One of the most common metrics is the Euclidean
distance, that in mathematics is the distance be-
tween two points in Euclidean space. Equation (3)
show the general formula for the Euclidean distance
between the n-dimensional points x and y, where
x{j} is the value of the jth dimension.

d(xi, yi) =

√
(x

{1}
i − y{1}i )2 + ...+ (x

{n}
i − y{n}i )2, (3)

The Euclidean distance is one example of a metric
that is only capable of quantifying the dissimilarity
between the attributes at the same instant, i.e. this
metric does not take into account the temporal or-
der and the length of sampling intervals.

The distance between two-time series is then
computed as the sum of the distances found be-
tween all the corresponding temporal points. Equa-
tion (4) translates the distance between the ele-
ments Sx and Sy

de(Sx, Sy) =

T∑
i=1

d(xi, yi), (4)

2.2.2 Distance for Short Time Series

In [5] a metric to evaluate the distance between
short time series is proposed. This distance is ca-
pable of capture differences in the shapes by using
the temporal information. It is consider that, be-
tween two temporal points, the time series has a
linear behavior, which means that for a time series
Sx = {x1, ..., xi, xi+1, ..., xN} with the correspond-
ing vector time = {t1, ..., ti, ti+1, ..., tN} the vari-
able x can be described as a linear function between
two temporal points by x(t) = mi,xt + bi,x, where
ti ≤ t ≤ ti+1.

mi,x =
xi+1 − xi
ti+1 − ti

, (5)

The distance is then defined as the euclidean dis-
tance between the slopes of the two-time series be-
ing compared.

In this area, after testing the metric [5], the
author found that the performance compared to
more conventional metrics, such as the Euclidean,
was better when clustering unevenly sampled short
time-series data.

Cruz [6] tested also this metric and improved it
by not only comparing the slopes between two con-
secutive temporal points, but also by introducing
a component to compare the slopes between non-
consecutive temporal points. Resulting in equation
(7) to compute the slopes. L is the leap between
temporal points, e.g. if L = 2 the first slope com-
puted is between t1 and t3.

m(L)i,x =
xi+L − xi
ti+L − ti

, (6)

Resorting to the previous modifications the pro-
posed metric results in equation (7).

dSTS(Sx, Sy) =

=

√√√√√T−1∑
i=1

(
m(1)i,y −m(1)i,x

)2
+ ... +

(
m(T )1,y −m(T )1,x

)2, (7)

2.2.3 Trajectory distance

In this thesis a the proposed metric is based in a
metric used in [7] where it was used to cluster tra-
jectories.

Here, the objective is to measure the distance be-
tween two-time series by evaluating the similarity
between its segments. A time series segments is
a link between temporal points, where X1 and Y2,
in Figure 2.2.3, represent the segments to be com-
pared.

This distance is a combination of three compo-
nents, a parallel distance, a perpendicular distance
and an angular distance. Figure 2.2.3 illustrates
the three different components making its percep-
tion easier. Notice that this segments do not corre-
spond to the segments showed in the previous met-
ric dSTS . The segments defined for the trajectory
distance are spacial segments and not temporal seg-
ments of the time series. Being easier to visualize
these in a multivariate time series.

Figure 1: Distance components between two seg-
ments, figure from [7].

The first component is the perpendicular dis-
tance, dp, defined by equation (8) which is the
Lehmer mean of order 2. Suppose the projection
points of the points xi and xi+1 onto Yi are pi and
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pi+1, respectively. l⊥1 is the Euclidean distance be-
tween xi and pi; l⊥2 is that between xi+1 and pi+1.

d⊥ =
l2⊥1 + l2⊥2

l⊥1 + l⊥2
, (8)

Using the projection points of the points xi and
xi+1 onto Yi, pi and pi+1, respectively. l‖1 is the
Euclidean distances between pi and yi. Likewise,
l‖2 is the euclidean distance between pi+1 and yi+1.
The parallel distance between Xi and Yi is defined
in equation (9) as the minimum value between l‖1
and l‖2

d‖ = min(l‖1, l‖2), (9)

The last distance is defined by the angular dis-
tance between Yi and Xi, equation (10). Here,
‖ Xi ‖ is the length of Xi, and θ is the smaller
intersecting angle between Yi and Xj .

dθ =‖ Lj ‖ ·sin(θ), (10)

Regarding the missing variables, the projection
points pi and pi+1 used in the first two compo-
nents are calculated using vector operations such
as the angle θ as shown in equations (11a), (11b)
and (11c).

Pi = yi + u1 · −−−−→yiyi+1

u1 =
−−→yixi · −−−−→yiyi+1

‖ −−−−→yiyi+1 ‖2
, (11a)

Pi+1 = yi + u2 · −−−−→yiyi+1

u2 =
−−−−→yixi+1 · −−−−→yiyi+1

‖ −−−−→yiyi+1 ‖2
, (11b)

cos(θ) =
−−−−→yiyi+1 · −−−−→xixi+1

‖ −−−−→yiyi+1 ‖‖ −−−−→xixi+1 ‖
, (11c)

Once introduced all of the needed variables e can
finally define the distance between two line seg-
ments in equation (12), where ω are the weights as-
sociated with each component.We set these weights
equally to 1 in default.

d(Yi, Xi) = ω⊥ · d⊥(Yi, Xi) + ω‖ · d‖(Yi, Xi) + ωθ · dθ(Yi, Xi),
(12)

In [7] the distance function dTD was proven to be
symmetric. The importance of the symmetry con-
dition relies on the avoidance of the ambiguity of
the clustering result. If this condition is not satis-
fied, different results can be achieved depending on
the clustering order.

The distance between two time series is given by
the average of the distances of all the line segments,
equation (13), where NL = T − 1 represents the
number of line segments defined in the time series.

dTD(Sy, Sx) =

∑NL
i=1 d(Yi, Xi)

NL
, (13)

In this distance, a variation is proposed based
on the idea presented in [6] that used leaps to in-
crease the amount points from the time series be-
ing compared. Hence, using the same adaptation

the result is equation (7). The modification done
to equations (11a) resulting in the equations (14a)
(a), (b), (c) and (15), where L is the leap between
temporal points. Notice that NL is now define by∑L=T
L=1 NLL

Pi(L) = yi + u1 · −−−−→yiyi+L

u1 =
−−→yixi · −−−−→yiyi+L

‖ −−−−→yiyi+L ‖2
, (14a)

Pi+L(L) = yi + u2 · −−−−→yiyi+L

u2 =
−−−−→yixi+L · −−−−→yiyi+L

‖ −−−−→yiyi+L ‖2
, (14b)

cos(θ)(L) =
−−−−→yiyi+L · −−−−→xixi+L

‖ −−−−→yiyi+L ‖‖ −−−−→xixi+L ‖
(14c)

dTDL(Sy, Sx) =

=

∑NL1
i=1 di(Yi, Xi)(L = 1)

NL
+ ...+

∑NLL
i=1 di(Yi, Xi)(L = T )

NL
,

(15)

The first mode of this distance will be referred
as Trajectory distance with no leaps, dTD, fol-
lowing the same logic the second mode is referred
as Trajectory distance with leaps, dTDL.

This distance function is defined by the average
distance between all the segments. In this case all
the distances between the existent and defined seg-
ments are computed and then the average is calcu-
lated, meaning that the distance function is capa-
ble of comparing two elements with missing values.
Preforming this average by dividing the sum of the
distances between slopes by the number of segments
is the same as saying that the distance between a
non defined segment and another segment (defined
or non defined) is always zero.

2.3. Clustering Validation

Since clustering is mainly an unsupervised learning
problem it is necessary to find a way to validate the
partitions after clustering. Otherwise, it would be
difficult to make use of different clustering results.

In this study four internal clustering validation
measures are used. The Root-mean-square stan-
dard deviation, the R-squared, defined in [8].

Once achieved a clustering results with NC clus-
ters being Ci the ith clusters and vi the respective
cluster center. The following indexes can be com-
puted. It is important to notice that in the hierar-
chical clustering there are no cluster centers defined,
hence these are the mean of the elements within the
cluster.

R-squared is given by the difference between
the sum of the squared difference between the each
element and the database center, and the sum of
the squared difference between clusters centers and
its elements, divided buy the total sum of the first
squares of the whole data set. Equation (16) mea-
sures then the degree of difference between clusters,
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where V is the data center, calculated by the mean
of all the elements.

RS =

∑
S∈D ‖ S − V ‖

2 −
∑NC
i

∑
S∈Ci

‖ S − vi ‖2∑
S∈D ‖ S − V ‖2

, (16)

Root-mean-square standard deviation is a
measure of the pooled sample variance of all the
attributes. Hence, equation (17) measures the ho-
mogeneity of the formed clusters.

RMSSTD =

√∑
i

∑
S∈Ci ‖ S − vi ‖

2

n
∑
i(Ni − 1)

, (17)

For these two indexes the optimal number of clus-
ters NC is given by the elbow value, that is com-
puted by the greatest difference between two suc-
cessive slopes [9].

3. Datasets Description
In this section the datasets used are explained.
These are all time series once the objective is to
develop an efficient clustering algorithm for time
series.

3.1. Pen Tip Trajectories
A dataset used to test the algorithm is a dataset
used for a PhD study on primitive extraction using
HMM based models by Ben H Williams at School
of Informatics, University of Edinburgh, found in
[10].

This dataset consists in multiple labeled samples
of pen tip velocity trajectories recorded. All sam-
ples were recorded with the same tablet and are
from the same writer. Only characters with a single
’PEN-DOWN’ segment are included in this data,
hence only 20 letters are considered. The data is
composed by 2858 character samples, N = 2858.
Each character sample is a 2-dimensional pen tip
velocity trajectory associated with the force applied
on the tablet screen. In this case S is a three di-
mensional time series, n = 3, representing the three
variables, x = {Vh, Vv, P enT ipForce}. The data
has been numerically differentiated and Gaussian
smoothed, with a sigma value of 2.

Regarding the length, character segmentation
was performed using a pen tip force cut-off point,
hence there is no specific length of the time series.
It is of interest that this length T becomes even
throughout all the samples, hence the writing time
warped so it can be assumed that every letter takes
the same time to be written. The resulting length
is equal to the smallest found. With this modi-
fication the distances that cannot handle uneven
length, such as the euclidean distance, can be ap-
plied.

Since the aim of this study is to develop a method
capable of cluster short time series with a few ele-

Table 1: Reduced Pen tip velocity trajectory
dataset description.

Letter a b c d e
Number of instances 17 14 14 16 19

Figure 2: Multivariate time series artificial data,
σ = 0.1.

ments, only a few elements of this dataset are going
to be used. Table 1 show the samples to be used.

To test the metrics in short time series only four
temporal points will be used T = 4. The classifi-
cation of each letter is verified, using it to evaluate
the algorithm performance.

3.2. Artificial Dataset
To test the trajectory distance performance when
dealing with missing values present in multivariate
time series, an artificial dataset was generated us-
ing four different groups of distinct continuous func-
tions. 10 elements are obtained from each group
by adding an error with a standard deviation of
σ = 0.1. This intents to create a dataset constituted
by four distinguished clusters, that, if there were no
missing values, any clustering method was capable
of distinguish these. This results in a dataset with
N = 40, T = 6 and n = 3. The four groups of
trajectories are plotted in figure 3.2.

In the first test 48 values from the data were
deleted from the 720 total values. In the following
tests the number of missing values was increased.

3.3. Cancer Patients Time Series Data
Finally, the medical dataset under consideration is
a bone metastatic patients dataset from Hospital
de Santa Maria of Centro Hospitalar Lisboa Norte
E.P.E. in Lisbon (Portugal), also studied in [6].
This data can be translated as biomarkers time se-
ries of the patients that are being medically fol-
lowed. The study is performed in patients with an
advanced stage of cancer, meaning that they have
already bone metastasis. Hence, these will be the
bone biomarkers that will show the treatment ef-
fect as explained in [11]. Although the initial data
set was composed by 161 patients, the final viable
set was reduced to the samples of 26 patients. The
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Figure 3: Flow chart of the implemented algorithm.

main reason behind the drastic reduction was the
missing data of the majority of the patients. Be-
sides, from the initial 161, the sample was divided
in 100 with Breast cancer, 26 with Prostate can-
cer and 11 Kidney cancer. Since the Breast cancer
data had a higher number of samples it was the
one chosen to be analyzed. However, from those
100, 7 patients had no information regarding the
extra metastases development, 21 had no informa-
tion regarding one or more variables and 46 had
other missing data. In a first approach, only the a
complete medical history, resulted a set of N = 26
patients, with n = 1 corresponding health trajecto-
ries and a length of T = 6. Latter a dataset with 75
breast cancer patients is used with missing values
are used, removing only 25 from the 100 patients
that had insufficient data.

4. Implementation

The clustering algorithm was implemented using
MATLAB R©. The code was structured in order
to be easy the to change the input dataset if this is
in the pre-defined format n× T ×N , where n ≥ 1,
T ≥ 1 and 1 ≥ 1. Figure 4 shows the flow chart
of the program, where the first block represents the
function where the dataset is arranged to be in the
format n× T ×N so the clustering method can be
correctly preformed.

The computation of these clusters is represented
in the flow chart, Figure 4, by a grey box since
the process depends on the choice of the algorithm
and the distance to be used. After achieving the
solution clustering is validated making use of some
internal clustering validation measures that will be
explained latter in this chapter.The different com-
binations of clustering algorithms and the distance
metrics are all possible are named from A to F as
presented in table 2.

It is important to refer that, since the k-means
algorithm solution depends on its initialization, this
algorithm solution is computed R = 100 times by
default, selecting the solution that presents a lower
J , equation (1).

Table 2: Algorithm/Distances combinations nomi-
nation.

Hirarchical K-means
Euclidean
distance

Combo A Combo B

Trajectory distance
with no leaps

Combo C Combo D

Trajectory distance
with leaps

Combo E Combo F

Table 3: Combo D confusion matrix, for T = 4.
Letter A B C D E

A 17
B 3
C 10
D 5 11
E 19

5. Results
5.1. Pen Tip Trajectory Dataset
This problem will be considered supervised cluster-
ing. Hence, a confusion matrix, where it is pre-
sented the solution of the classification problem,
will be used to evaluate the algorithm performance.
The overall accuracy for every combo was computed
using equation (18). Table 5 presents the values of
accuracy for each method. The precision was also
computed and the valued lead to the same results,
hence the results are omitted. The confusion ma-
trix presented correspond to the best and the worst
results, from Combo F and Combo D, respectively
in the Tables 4 and 3

ACC =

∑Number of letters
i=1 TPi

N
, (18)

It can be seen that the when dealing with very
short time series the trajectory distance with leaps
is the one that shows a better accuracy.

5.2. Artificial Dataset
Here only the k-means algorithm will be used, since
it was noticed that in hierarchical clustering can-
not cluster the groups correctly. This behavior was
expected since that this method is assuming the dis-
tance between a non defined segment and another
segment (defined or non defined) always zero. In
this algorithm this assumption can put 2 elements
close together if their percentage of missing values is
high. Since this algorithm is unable of undoing the
merging process this combination does not produce
a good clustering result.

The percentage of missing values was then incre-
mented as showed in table 6. Table 7 presents the

Table 4: Combo F confusion matrix, for T = 4.
Letter A B C D E

A 17
B 13 1
C 14
D 6 10
E 19
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Table 5: 5 letters overall accuracy.
Combo Accuracy

Combo A 81.25
Combo B 87.5
Combo C 82.5
Combo D 76.25
Combo E 81.25
Combo F 91.25

Table 6: Artificial dataset with missing values for
σ = 0.2 N = 40 T = 6 and n = 3.

Number of
missing values

Elements
with missing

values

Element
with more

missing values
48 30 16.7%
72 35 27.7%
96 38 27.8%
120 40 38.9%
144 40 38.9%

clustering shows the number of the elements clus-
tered with elements from other groups, the F in
Combo D for 20% of missing values represents the
algorithm failure in clustering the datasets.

The results show that Combo D and Combo F
are capable of clustering the groups with a 6.7%
of missing values. Combo F shows a better per-
formance, being capable of recognizing the groups
for a maximum of 14.2% of missing values. For
the higher number of missing values it can be seen
that the elements that are clustered with a differ-
ent group and Combo D fails completely for 20% of
deleted values. Taking the third example of 16.7%
of missing values it was noticed that the elements
that aren’t grouped correctly are ones that present
a bigger percentage of deleted values. The elements
with the ID 5, 7, 25 and 29 are not clustered in
the correct group in both of the algorithms. Ta-
ble 8 shows the respective information about the
percentage of missing values in these elements. In
addiction to these Combo D also failed in five more
elements.

It is also important to notice that when only one
of the n values of xni is missing this distance consid-
ers that the whole xi is missing, which is a negative
aspect of this method of dealing with missing val-
ues in multivariate time series. The case of element
5, represented in table 9. It was verified having at
least 5 missing values all divided by the temporal
points, becoming impossible for this metric to define
the segments. Hence for this elements the distance
is zero between any other.

Table 7: Number of miss classifications for Combo
D/F.

Missing (%) Combo D Combo F
11.0% 1 0
14.2% 4 0
16.7% 9 4
20.0% F 2

Table 8: Elements with
biggest percentage of
missing values for the
dataset with 120 miss-
ing.

ID Missing(%)
5 27.8
7 27.8
25 38.9
29 27.8

Table 9: 5th Element
of the dataset with 120
missing.
i x{1} x{22} x{3}

1 0.14 NaN 0.04
2 -0.01 NaN -0.02
3 0.06 0.53 0.19
4 NaN 0.56 0.38
5 0.05 NaN 0.56
6 0.01 NaN 0.92

Table 10: Optimal number of clusters for the 26
patients dataset.

Index Combo C Combo D
RS 3 4

RMSSTD 6 4
CH 3 4
DB 3 4

Index Combo E Combo F
RS 3 5

RMSSTD 6 5
CH 3 5
DB 3 5

5.3. Medical Data

First the medical data used includes only the 26
patients that do not have missing values. The solu-
tions were obtain for a number of clusters from 2 to
7. The optimal number of clusters is then extracted
according to each index, presented in table 10.

This data was also clustered in [6] using the met-
ric described by equation (7) for NC = 4, that was
proven to be the optimal number of clusters using
the Xie Beni index that is described in [9]. The
result of this clustering is presented in Figure5.3
where the red line represents the clusters centers.

Figure 5.3 plots the results for the algorithms us-
ing the k-means clustering algorithm using the tra-
jectory distance with no leaps, Combo C. It can
be noticed that the clustering results are different
from the ones presented in Figure 5.3. However it
can be seen that there are some similarities between
cluster 4 from Figure 5.3 and cluster 4 from Figure

(a) Cluster 1 (b) Cluster 2

(c) Cluster 3 (d) Cluster 4

Figure 4: Clustering results achieved in [6] for the
26 patients dataset.
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5.3. In the solution obtained for this algorithm four
singletons, clusters with only one elements, were ob-
tained. These match with the four elements with a
more distinct behaviors.

(a) Cluster 1 (b) Cluster 2

(c) Cluster 3 (d) Cluster 4

(e) Cluster 5 (f) Cluster 6

Figure 5: Clustering results achieved with Combo
C for the 26 patients dataset.

For Combo D, Figure 5.3 shows the four clusters
achieved. Comparing the results with Figure 5.3 is
noticeable that the clusters achieved are different,
where the results obtained with Combo E are not
capable of recognizing the same pattern observed in
[6] In cluster 3, it can be noticed that this algorithm
it is not capable of distinguish some elements with
have different. Besides from this cluster the three
other clusters achieved for Combo E exhibit well
defined pattern within the each cluster. In this so-
lution, singletons are present, cluster 2 and cluster
3, once once more containing the two more distinct
elements, that correspond, respectively, to same el-
ements of cluster 6 and cluster 5 from combo D
solution.

The same cluster representation was done for the
results obtained with Combo E in Figure 5.3. With
this algorithm the similarity between its solution
and the one plotted in Figure 5.3. Cluster 1 of Fig-
ure 5.3 is very similar to the Cluster 1 found in
Figure 5.3, the same can be said about Cluster 4
from figure 5.3 and Cluster 4 from figure 5.3.

Figure 5.4 shows the results obtained for Combo
F. In these solution the same 3 singletons found
in Figure 5.3 are found. Comparing the six clusters
obtained for Combo D with the six clusters obtained
bye this solution, it can be noticed that they are
very similar. revealing the same patterns present in
the dataset.

In general, the results obtained for the metrics

(a) Cluster 1 (b) Cluster 2

(c) Cluster 3 (d) Cluster 4

Figure 6: Clustering results achieved with Combo
D for the 26 patients dataset.

(a) Cluster 1 (b) Cluster 2

(c) Cluster 3 (d) Cluster 4

(e) Cluster 5 (f) Cluster 6

Figure 7: Clustering results achieved with Combo
E for the 26 patients dataset.
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(a) Cluster 1 (b) Cluster 2

(c) Cluster 3 (d) Cluster 4

(e) Cluster 5

Figure 8: Clustering results achieved with Combo
F for the 26 patients dataset.

Figure 9: Clustering results achieved in [6]for the
75 patients dataset.

dTD and dTDL present clusters with distinct shapes,
revealing patterns present in the data.

5.4. Incomplete Medical Data

Finally the breast cancer patients will be consid-
ered. It is important to notice between this patients
there are four that have 5 from the 6 points missing.
Which means that the trajectory distance metric is
not defined for these, hence only 75 of the 79 breast
cancer patients will be considered.

Only the two implemented combinations possi-
ble capable of dealing with missing values are used,
Combo D and Combo F, that use the k-means algo-
rithm with the trajectory distance without and with
leaps, respectively. The solutions were compute for
R = 200.

In this case the number of clusters is NC = 4
and it was chosen to compare the results from [6],
presented here as Figure 5.4.

Figure 5.4 The Clustering result for Combo D
show that even with missing values the algorithm

(a) Cluster 1 (b) Cluster 2

(c) Cluster 3 (d) Cluster 4

Figure 10: Clustering results achieved with Combo
D for the 75 patients dataset.

(a) Cluster 1 (b) Cluster 2

(c) Cluster 3 (d) Cluster 4

Figure 11: Clustering results achieved with Combo
F for the 75 patients dataset.

is capable of finding the most different elements
present in the data. However the clusters are not
defined as the ones showed in Figure 5.4.

The clustering results for Combo F are showed in
Figure 5.4, where it can be see that this combina-
tion of metric algorithm achieves a solution where
most of the elements are in Cluster 2. This cluster-
ing solution does not show the patterns revealed in
figure 5.4

For the incomplete medical dataset the achieved
results show for the distances dTD and dTDL are
different from the ones achieved in [6]. Even though
it is possible to see that the trajectory distance with
no leaps is capable of finding some patterns present
in the data.

6. Conclusions

The several results lead us to concluded that the
proposed metric is an adequate distance function to
cluster multivariate short time series showing good
results either when applied in k-means algorithm
or the in hierarchical clustering algorithm. How-
ever it was also verified that the proposed metric
has a high computational cost when compared to
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order metrics, not recommending this metric for
large datasets. The computational cost impact of
including the calculus of the components associated
with all the leaps possible was even more noticeable,
hence this component is only recommended for very
short time series.

In the cancer patients dataset it was possible to
see that the proposed metrics have different cluster-
ing results, indicating different optimal number of
clusters. However it is possible to see that the for
the complete dataset it was capable of recognizing
some patterns. When clustering data with missing
data the trajectory distance with no leaps, associ-
ated with the k-means algorithm, was capable of
finding distinct pattern in the data. On the other
hand, when using the trajectory distance with leaps
the obtained solution was not capable of recognizing
the same patterns, clustering most of the elements
in one cluster.

To conclude, it can be said that the proposed
metric was capable of measure the similarity be-
tween short multivariate short time series. These
metric also showed a high flexibility, once it can
be applied to multivariate and univariate time se-
ries with or without missing data. Its performance
can also be adjusted according to the dataset under
consideration by changing the influence of the three
components that compose this metric.

Further development of the proposed metric
should focus on using different strategies to deal
with the missing values since the method does not
produces good results when applied with hierarchi-
cal clustering algorithms. Some strategies such as
optimal completion strategy should be tested along
with the proposed metric [12].

In this work was demonstrated that the proposed
distance function can achieve good results in mul-
tivariate time series which means that adding more
biomarkers in future studies can be useful. Per-
haps the presence of other biomarkers in the med-
ical dataset would help to improve the clustering
results.
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