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The behavior of subgrid-scale models near the turbulent/nonturbulent interface in jets is analyzed by
using direct numerical simulation and large-eddy simulation �LES�. The subgrid scales of motion
near this region are far from equilibrium and contain an important fraction of the total kinetic
energy. The Smagorinsky constant CS needs to be corrected near the jet edge and the method used
to obtain the dynamic Smagorinsky constant CD is not able to cope with the intermittent nature of
this region. A priori tests and LES show that near the jet edge the Smagorinsky model is superior
both to the dynamic Smagorinsky and to the gradient models. © 2009 American Institute of Physics.
�DOI: 10.1063/1.3204229�

In many free shear flows such as mixing layers, wakes,
or jets, a turbulent/nonturbulent �T/NT� interface separates
the turbulent �T� and the irrotational �or nonturbulent—NT�
flow regions.1 The T/NT interface is sharp and is continually
deformed over a wide range of scales. Important exchanges
of mass, momentum, and scalar quantities take place across
this interface in a process described as turbulent
entrainment.2 Due to its importance in many engineering and
geophysical flows, the physics of the turbulent entrainment
has been investigated in many works; however, many details
of this process remain today largely unknown.2 Recent works
showed that the turbulent entrainment appears to be caused
by small scale “nibbling” eddy motions instead of by the
large-scale “engulfing” mechanism.3,4

This raises new modeling problems in the frame of
large-eddy simulation �LES� since in LES the large scales of
motion are explicitly computed, while the effect of the small
unresolved scales is modeled by a subgrid-scale �SGS�
model.5 It is well known that important velocity fluctuations
exist in the irrotational flow region near the T/NT interface
and that these generate important Reynolds stresses near the
jet edge.1,2,6 Arguably, the details of the entrainment mecha-
nism near the T/NT interface will not affect the entrainment
rate, which is thought to be dictated by the dynamics of the
large scales of motion. There are however situations in which
the details of the small scale nibbling motions may be im-
portant. An example is the mixing of scalars near the edge of
a jet. Since the mixing rates are governed by the local veloc-
ity fluctuations, there is a concern that a deficient prediction
of the Reynolds stresses near the T/NT interface may lead to
a deficient modeling of the scalar mixing near the T/NT in-
terface and to inaccurate predictions of the mixing and com-
bustion rates in jets.7

The goal of the present work is to analyze the challenges
faced by the LES methodology near the T/NT interface in a
jet and to assess the performance of several LES models in
this region. For this purpose, direct numerical simulation

�DNS� and LES of temporally evolving turbulent plane jets
were used. The Navier–Stokes solver employs pseudospec-
tral methods for spatial discretization with �N1�N2�N3�
= �256�384�256� collocation points along the streamwise
�x� normal �y� and spanwise �z� directions and a third step
Runge–Kutta scheme for temporal advancement. The refer-
ence DNS is the same as already used by the author and
described in detail in Ref. 8. Extensive validation tests
showed that the DNS is representative of a fully developed
turbulent plane jet. The self-similar regime is obtained at
T /Tref=H / �2U1��20, where U1 and H are the initial veloc-
ity and the jet slot width, respectively, and the Reynolds
number based on the Taylor microscale � and on the root
mean square of the streamwise velocity u� is equal to Re�

=u�� /��120 across the jet shear layer.
Conditional statistics in relation to the distance from the

T/NT interface are used throughout this work. The procedure
used to obtain these statistics is similar to the one used in
several previous works2,4 and is briefly outlined here since it
was already described in detail in Ref. 8. The sketch in Fig.
1�a� shows the T/NT interface separating the turbulent and
the irrotational flow regions at the upper shear layer of the
plane jet. The T/NT interface is defined using the vorticity
norm �= ��i�i�1/2, where �i=��ui is the vorticity field
and the detection threshold is �=0.7U1 /H as in Refs. 2 and
3. The vorticity surface is indicated by a solid line, while the
T/NT interface envelope is represented by dashed lines. The
T/NT interface envelope location YI�x� is determined using a
linear interpolation along the y direction for each one of the
N1 grid points along the x direction in the original coordinate
system. A new local coordinate system �yI� is defined at the
interface location and the conditional statistics are made in
this local coordinate system. The T/NT interface is at yI=0,
while the irrotational and turbulent regions are defined by
yI�0 and yI�0, respectively. “Holes” of “ambient fluid”
that appear inside the jet are removed from the statistical
sample. Notice that here, unlike in Ref. 8, the local coordi-
nate system is always aligned in the y direction. This proce-
dure is used also for the lower shear layer and for each onea�Electronic mail: carlos.silva@ist.utl.pt.
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of the existing �x ,y� planes and the final result is averaged
over all these N3 planes. Finally, to improve the degree of
convergence of the statistics NT=11 instantaneous fields
taken from the fully developed turbulent regime were also
used. We denote these conditional statistics by � �I, whereas
� �y denotes the classical statistics computed using spatial
averaging over the �x ,z� planes.

Figure 1�b� shows conditional mean profiles of ���x��I,
���y��I, ���z��I, and ��z�I in relation to the distance from the
T/NT interface nondimensionalized by u� /�, where � and u�

are the Taylor microscale and velocity-scale associated with
the Taylor scale, respectively, inside the turbulent region, i.e.,
u�= ����1/3, where �=2�SijSij is the viscous dissipation rate.
In agreement with other numerical and experimental
works,4,7 all the vorticity components display a sharp jump at
the T/NT interface and the thickness of this jump is roughly
equal to the Taylor microscale.

The reference DNS is used to assess in a priori tests the
performance of three SGS models.5 The models analyzed
here are the Smagorinsky model with CS=0.16, the dynamic
Smagorinsky �with the constant CD computed with plane av-
eraging and clipping to ensure CD�0�, and the gradient or
nonlinear model with CA=1 /12. The separation between grid
and subgrid scales is made using a box filter. Filtered vari-
ables are denoted by an overbar, e.g., 	ij =uiuj −ui uj is the
SGS stress tensor and three filter widths were used: 
 /�
=0.4,0.8,1.6. The filter size 
 /�=0.4 is “placed” at the start
of the dissipation range, while 
 /�=0.8 is at the inertial
range. 
 /�=1.6 represents a coarse grid as often used in
industrial or geophysical applications.

Figure 2�a� gives a first impression of the challenge
faced by LES near the edge of a free shear flow such as the
plane jet used here. Conditional profiles of �	ii�I / �ui ui�I are
displayed in Fig. 2�a�. As expected �	ii�I / �ui ui�I increases
with the filter size. In classical LES the SGS kinetic energy
	ii /2 is always much smaller than the resolved kinetic energy
ui ui /2. Typical values for the ratio between the two quanti-
ties are 	ii /ui ui�10%–15%. Figure 2�a� shows that well
into the turbulent region at yI /�=6, we have indeed
�	ii�I / �ui ui�I close to 0.10 for the inertial range filter size.
However, as one approaches the T/NT interface �	ii�I / �ui ui�I

increases and attains extremely high values which are un-
typical of LES: �	ii�I / �ui ui�I�0.45 at yI /�=0.5 for 
 /�

=0.8 �inertial range�. The DNS showed that as expected 	ii

→0 as yI→−�.
As part of the turbulent entrainment mechanism, fluid

elements from the irrotational flow region must acquire ki-
netic energy as they approach the T/NT interface.6 Therefore,
one might be tempted to suggest that the turbulent entrain-
ment is a process dominated by backward energy transfer
�backscatter�, as in the early stages of transition in a jet. The
inset in Fig. 2�b� shows conditional profiles of SGS kinetic
energy production �=−	ijSij, where Sij =

1
2 ��ui /�xj +�uj /�xi�

is the resolved rate-of-strain tensor. ��0 implies a forward
energy transfer from grid to subgrid scales �backscatter oc-
curs whenever ��0�. The inset in Fig. 2�b� shows that in-
side the irrotational flow region ���I is close to zero but
remains always positive, and it acquires a roughly constant
value in the turbulent zone after a sharp jump near the T/NT
interface. Thus, the overall effect of the entrainment is one of
mean forward scatter of kinetic energy from the large to
small scales of motion, which shows a fundamental differ-
ence between the transition stages of a jet and the transition
to turbulence that takes place across the T/NT interface. In
order to fully understand what detailed mechanisms lay be-
hind the generation of SGS energy close to the T/NT inter-
face, the SGS kinetic energy transport equation should be
investigated.

Another interesting result is related to the balance be-
tween the production of SGS kinetic energy �, and the vis-
cous dissipation rate �=2�SijSij. It is well known that � and
� do not balance locally, i.e., the “local equilibrium assump-
tion” which is implicitly used in many SGS models does not
hold.9 However a “global equilibrium” is observed in most
turbulent flows ��� / ����1. Figure 2�b� shows that this is
not the case near the T/NT interface. In particular, inside the
irrotational region close to the T/NT interface at yI /�−1
the subgrid scales are far from equilibrium. This shows that
the interaction between grid and subgrid scales near the
T/NT interface is more involved than in fully developed
turbulence.

In order to assess the behavior of the SGS models near
the T/NT interface we compare the model constants for each
model with their “correct” value given by the DNS.5,10 For

FIG. 1. �Color online� �a� Sketch of the T/NT interface indicating the vor-
ticity surface �solid line� and the interface envelope �dashed lines� with the
coordinate system of the plane jet �x ,y� and the one used in the conditional
statistics in relation to the distance from the T/NT interface �yI�. The inter-
face envelope position is denoted by YI and the “hole” represents a region of
irrotational fluid inside the turbulent region. �b� Mean conditional profiles of
���x��I, ���y��I, ���z��I, and ��z�I.

FIG. 2. �Color online� Conditional profiles of SGS related quantities for
filter widths 
 /�=0.4,0.8,1.6. �a� Ratio between the SGS and the grid-scale
kinetic energy 	ii /ui ui. �b� Ratio between the SGS energy production �
=−	ijSij and the viscous dissipation rate �=2�SijSij. The inset shows the
conditional profile of the SGS energy production �.

081702-2 Carlos B. da Silva Phys. Fluids 21, 081702 �2009�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://phf.aip.org/phf/copyright.jsp



the Smagorinsky model the constant CS is calculated through

�CS
2�I= �−	ijSij�I / �2
2�S̄�Smn Smn�I. Figure 3�a� shows the con-

ditional mean profile of CS for several filter widths. In iso-
tropic turbulence by invoking local equilibrium and an iner-
tial range energy spectrum, CS=1 /��2 /3Ck�=0.16 is
obtained for a Kolmogorov constant equal to Ck=1.6. In free
shear flows the optimal value is CS=0.13 and it is this value
that is shown for reference in Fig. 3�a�. The conditional mean
profile of CS shows that inside the turbulent region yI /�=4
we have CS�0.10, which is smaller than the classical value
of CS=0.16 but agrees with numerous numerical and experi-
mental works.5,10 However, close to the T/NT interface, CS

decreases and attains CS�0.062–0.075, thus suggesting that
the classical value of CS if used may inhibit the growth of the
Reynolds stresses near the T/NT interface.1,6

Using the results from Phillips1 the asymptotic behavior
of several SGS quantities can be obtained inside the irrota-
tional flow region for yI�−L11, where L11 is the integral
scale L11=	0

�f�r�dr and f�r�= �u�x+r�u�x��I / �u2�x��I is the
longitudinal correlation function. Notice that in the irrota-
tional flow region the energy spectrum does not display a
�5/3 inertial range. Instead, it exhibits a rapid fall off in the
high wave number region, as the distance to the T/NT inter-

face increases.6 Consequently �S̄���S�, where �S�
= �2SijSij�1/2 is the rate-of-strain norm. The results from
Ref. 1 imply that the viscous dissipation rate evolves as �


−yI
−6, which gives �S̄�
−yI

−3.
The asymptotic law for the turbulent eddy viscosity can

be obtained by considering a filter size equal to the Taylor
microscale 
��, which is representative of a good LES, and
by using another result from Ref. 1 ��
−yI�. The turbulent

eddy viscosity evolves as �T

2�S̄�
−yI
−1. This decay law

is recovered in the present DNS for yI /� far away from the
T/NT interface. The SGS kinetic energy evolves as 	ii


��T /
�2
−yI
−4 and, therefore, the power law for the SGS

kinetic energy production is �
	ii�S̄�
−yI
−7, and � /�


−yI
−1 in agreement with the present results for 
 /�=0.8.

The asymptotic law for the correct value of CS is CS


�	ii�S̄� /
2�S̄�3�1/2
−yI
0, which shows that a constant value

should be recovered. Figure 3�a� shows that this value is
CS�0.06 for 
 /�=0.8, which is substantially smaller than
the classical values for isotropic turbulence or free shear

flows. This value is close however to CS=0.065, which has
been used in channel flows.5

It is interesting to discuss one important difference be-
tween the eddy viscosity in LES and in Reynols averaged
Navier–Stokes simulations �RANS�, which is denoted here
by �T

RANS. In SGS models based on the eddy viscosity as-
sumption, this quantity is defined through 	ij − �1 /3��ij	kk

=−2�TSij, where 	ij is the SGS stress tensor, whereas in
RANS the eddy viscosity is defined as �ui�uj��
− �1 /3��ij�ui�ui��=−2�T

RANS�Sij�, where �ui�uj�� is the Reynolds
stress tensor and �Sij� is the mean rate-of-strain tensor.

Using the k-� model, the eddy viscosity is given by
�T

RANS=C�k2 /�, where k= �ui�ui�� /2 �C� is a model constant�
and at the irrotational region this model is ill-defined because
�→0. One way to overcome this difficulty is to set the eddy
viscosity �T

RANS equal to a constant inside the irrotational
region.11 LES based in, e.g., the Smagorisnky model do not
suffer from this limitation because as shown in Ref. 8 � �and

therefore also �S̄�� tends to zero in the irrotational region

which means that �T�x� , t�= �CS
�2�S̄�→0 as yI→−�.
Figure 3�b� shows the conditional profiles of the dy-

namic Smagorinsky constant CD using the classical proce-
dure involving plane averaging in the �x ,z� plane �CD�y

= �LijMij�y / �MmnMmn�y and using the conditional averaging

procedure �CD�I= �LijMij�I / �MmnMmn�I, where Lij =ui uj
̂

−ui
̂ uj

̂ is the Leonard stress tensor defined with 
̂=2
, and

Mij =−2
2�22�Ŝ̄�Sij
̂− �S� Sij

̂�. The conditional dynamic con-
stant �CD�I changes quite abruptly across the T/NT interface
displaying �CD�I�0.11–0.13 for yI /��0 and �CD�I

�0.065 for yI /��0. The values found for CD inside the
turbulent region agree with several previous works.10 How-
ever, the classical procedure gives �CD�y �0.08–0.09 near
the T/NT interface −6�yI /��+6. This shows that the clas-
sical procedure is not able to distinguish between turbulent
and irrotational flow and, consequently, “mixes” information
from both regions, leading to a decrease in the average value
of CD near the T/NT interface. This might lead to an over-
prediction of the Reynolds stresses near the T/NT interface in
LES. Finally, by comparing the model constants CS and CD

we see that CD�0.09 is always smaller than CS=0.16 which
shows that the dynamic Smagorinsky model is less dissipa-

FIG. 3. �Color online� Conditional profiles of SGS model constants for 
 /�=0.4,0.8,1.6. �a� Smagorinsky constant CS. �b� Dynamic Smagorinsky constant
CD. Thin colored lines correspond to �CD�I, whereas the thick dark lines represent conditional profiles of CD based on the �CD�y with the classical plane
averaging procedure. �c� Gradient model constant CA.
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tive than the Smagorinsky model both inside the irrotational
and the turbulent regions.

The model constant CA was computed by equating the
“real” and modeled SGS energy production �. The results
displayed in Fig. 3�c� show that for 
 /�=0.8 the model con-
stant CA is roughly constant and slightly higher than the the-
oretical value of CA=1 /12 inside the turbulent region �CA�I

�0.11 for yI /��0 but falls to a constant inside the irrota-
tional region �CA�I�0.07 for yI /��0.

Starting from the filtered DNS fields at the self-similar
region several LES of plane jets were carried out with the
three models. Several grid sizes were used with Ni

LES

=Ni /�, i=1,2 ,3 and �=2,4 ,8 ,16 corresponding to an im-
plicit filter size of 
 /�=0.2,0.4,0.8,1.6. All the simulations
were run from T /Tref�20 to 25. Figure 4 shows the condi-
tional Reynolds stresses �u�2�I from the LES with �=8 and
the result from the filtered DNS. In agreement with Ref. 2,
the irrotational Reynolds stresses are very important near the
T/NT interface attaining �u�2�I /U1

2�0.014 at yI /H=0 which
is about half of the value inside the fully developed turbulent
region �u�2�I /U1

2�0.034. As expected from numerous
studies,5 inside the turbulent region yI /H�0.3 and compared
to the filtered DNS values the Smagorinsky model is too
dissipative, the gradient model does not dissipate enough en-
ergy, while the best results are obtained with the dynamic
Smagorinsky model. Near the T/NT interface −0.3�yI /H
�0.3 the Smagorinsky model is more dissipative than the
dynamic Smagorinsky model and the gradient model is the
least dissipative model. Taking the filtered DNS as the cor-
rect behavior, we conclude that the Smagorinsky model gives
better results than the dynamic model near the T/NT inter-
face of the jet. Similar results were obtained in the other
simulations.

The effects of the SGS models on the shear layer growth

rate can be assessed by comparing the jet half-widths �0.5

from the LES at the same instant. The observed differences
are very small �about 1%�, which can in part be explained by
the relatively small temporal extent of the LES but agrees
with the prevailing idea according to which the entrainment
rate is imposed by the large-scale motions, which are fully
resolved in LES, though it “acts” at the small scales. Never-
theless, the results show that �0.5

Smag��0.5
dyn Smag��0.5

grad, which
is consistent with the observed Reynolds stresses near the
T/NT interface, i.e., the gradient model spreads faster due to
its higher Reynolds stresses near the interface. Arguably,
mixing and reaction rates near the interface should be more
affected.

The present results clearly show that the classical SGS
models are unable to cope with the strong inhomogeneity of
the flow near jet edge. The sharp T/NT interface is generated
by the presence of nearby intense vorticity structures,12,13

and a detailed understanding of their effects on the interface
can be used to develop corrections to the classical SGS mod-
els near the T/NT interface. Future work will focus on the
development of corrective measures for the SGS models
based on the available theory.1,6
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FIG. 4. �Color online� Conditional streamwise Reynolds stress �u�2�I from
LES with �32�48�32� grid points using the Smagorinsky model �Smag�,
dynamic Smagorinsky �dyn Smag�, and gradient models. The conditional
Reynolds stress �u�2�I from the filtered DNS �filt DNS� is also shown for
comparison and the inset highlights the region near the T/NT interface.
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