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On the local equilibrium of the subgrid scales: The velocity
and scalar fields
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Direct numerical simulations of homogeneous isotropic turbulence are used to analyze the local
equilibrium assumption between large and small scales of motion in the context of large-eddy
simulations. The local imbalance, between grid/subgrid scales transfer �of kinetic energy and scalar
variance� and molecular dissipation, increases with the Reynolds and Schmidt numbers and with the
filter size. It is shown that the correlations between SGS production and dissipation �for the velocity
and scalar fields� are higher in regions dominated by strain and where vorticity and strain are
comparably large, and smaller in regions where vorticity dominates. © 2005 American Institute of
Physics. �DOI: 10.1063/1.2104747�
The hypothesis of local equilibrium between the large
and small scales of motion in turbulent flows is one of the
most frequently used in turbulence theory and modeling. In
the context of large-eddy simulations �LES�, local equilib-
rium is often used to obtain mathematical relations and
model constants. For instance, in the Smagorinsky model the
constant Cs is obtained by assuming local equilibrium as
stated by Eq. �1� below �see, e.g., Piomelli and Chasnov1�.
Another example is the evaluation of the subgrid-scale
�SGS� energy in LES �Knaepen et al.2�.

The local equilibrium hypothesis consists of assuming
that all the kinetic energy transferred from grid into subgrid
scales is exactly balanced by the viscous dissipation

� = � , �1�

where �=−�ij�ui
� /�xj is the kinetic energy transfer between

grid and subgrid scales, �ij = �uiuj��−ui
�uj

� is the subgrid-
scale stresses tensor, and �ui

� /�xj is the filtered velocity gra-
dient. Here, �=���ui /�xj���ui /�xj� is the viscous dissipation
rate of kinetic energy. Recall that locally � can assume both
positive and negative values. When ��0, energy flows from
grid into subgrid scales �forward scatter�. Backscatter occurs
whenever ��0.

For the scalar field the expression analogous to Eq. �1� is

�� = ��, �2�

where ��=−qjGj
� is the scalar variance transfer between

grid and subgrid scales, qj = ��uj��−��uj
� is the subgrid

scale scalar flux, Gj
�=��� /�xj is the filtered scalar gradient,

and ��=���� /�xj���� /�xj� is the scalar dissipation rate.
Globally, i.e., when averaged, the approximation ex-

pressed in Eq. �1� was seen to hold in direct numerical simu-
lations of forced homogeneous turbulence �de Borue and
Orszag3�. However, de Borue and Orszag3 observed that the
correlation between the two sides of Eq. �1� is only 30%–
39%. The purpose of this Brief Communication is to analyze
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the equilibrium assumption defined by Eqs. �1� and �2�, since
it is used in many turbulence studies and subgrid-scale
models. In the context of subgrid-scale models using trans-
port equations, another form of local equilibrium was re-
cently analyzed by da Silva and Métais4 and da Silva and
Pereira.5

The numerical code used in the present simulations is a
standard pseudospectral code in which the temporal advance-
ment is made with an explicit third-order Runge-Kutta
scheme. The physical domain consists of a periodic box of
sides 2	, and the simulations were fully dealiased using the
3/2 rule. Three direct numerical simulations �DNS� of statis-
tically steady �forced� homogeneous isotropic turbulence us-
ing N=192 collocation points in each direction were carried
out. Table I lists the details of the simulations.

After an initial transient that lasts about 10Tref, where
Tref= �Vckp�−1, Vc= �P /kp�1/3, and P is the forcing intensity,6

the flow reaches a state where all the turbulence quantities
are statistically stationary. The analysis was made using ten
instantaneous fields taken from this region, separated by
about 0.5Tref. The separation between grid and subgrid scales
was made using a box filter with filter widths equal to 
m

=m
x, with m=2,4 ,8 ,16. Kinetic energy spectra show the
existence of an inertial range region of about one decade for
the simulation with Re�=95.6. The implicit cutoff wave
number for the filter with 
 /
x=16 is within that region.

Figure 1�a� shows the ratio ��� / ���, where “� �” repre-
sents an average made with ten instantaneous fields, for sev-
eral filter widths at the two Reynolds numbers considered in
this study. We see that ��� / ��� tends to 1 as the filter width
increases from 
 /
x=2 to 
 /
x=16. In particular,
��� / ����1 for Re�=95.6 and 
 /
x=16 �inertial range�, as
expected. This shows that a “global,” i.e., mean equilibrium
is indeed verified for this case, since the large scales of the
flow are in statistical equilibrium and all the effects of mo-
lecular dissipation are negligible in the inertial range. For

Re�=39.4 no inertial range exists, and therefore non-
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negligible viscous dissipation takes place at scales greater
than 
 /
x=16. This causes the actual kinetic energy trans-
ferred at each scale, 
, to be smaller than the total viscous
dissipation, i.e., ���� ���. Concerning the scalar field, we
note that ���� / ���� also tends to 1 as the filter width in-
creases for all the Schmidt numbers considered, although the
approach is slower for the smaller Schmidt number case
�Sc=0.2�.

The local equilibrium hypothesis for the velocity and
scalar fields can be analyzed looking into the correlation co-
efficients between � and � and �� and ��, respectively, as
shown in Fig. 1�b�. Here, we see that the correlation coeffi-
cient is quite high �between 70% and 83%� when the filters
are at the dissipative range region, but falls quickly with an
increase in the filter width, reaching only a modest 42% for
Re�=95.6 and 
 /
x=16. The same trend affects the scalar
field. This is not surprising considering that the molecular
dissipation �of either kinetic energy of scalar fluctuations� is
predominantly associated with the smallest scales of motion.
It follows that increasing the filter width will also increase
the implicit scale separation between � and �, and ��

and ��.
It is interesting to note that the “error” committed using

the local equilibrium approximation for the velocity field
seems to increase with the Reynolds number. For the scalar
field this error increases with the Schmidt number, compar-
ing two cases with the same Reynolds number �e.g., Sc
=0.2 and Sc=0.7�. Note, however, that the local equilibrium
hypothesis works better for the scalar than for the velocity
field. In conclusion: although the equilibrium assumption
holds in the mean or averaged sense, particularly for high

TABLE I. Details of the direct numerical simulations. Re�=u�� /�: Reynolds
molecular viscosity; kmax: maximum resolved wave number; Sc=� /�: Schmi
microscale; B: Batchelor microscale; S��� and F��� are the skewness and fl

Re� � Sc kmax  kmax B L11

39.4 0.02 3.0 4.3 2.5 1.11

95.6 0.006 0.7 1.8 2.1 1.24

95.6 0.006 0.2 1.8 4.1 1.24
FIG. 1. �a� Ratios ��� / ��� and ���� / ����. �b� Correlation coeffici
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Reynolds and Schmidt numbers, it tends to fail locally pre-
cisely at high Reynolds and Schmidt numbers.

To analyze the reasons for the failure of this local equi-
librium assumption, Figs. 2�a� and 2�b� show probability
density functions �PDFs� of � and �, and �� and ��, respec-
tively, for the simulation with Re�=95.6 and Sc=0.7. The
PDFs are conditioned on the three flow regions identified by
Horiuti:7 �1� strain dominated; �2� flat sheets �where vorticity
and strain are comparably large�; and �3� tube core �where
vorticity is predominant�. For this simulation the regions of
the flow dominated by strain, flat sheet, and tube core occupy
21%, 38%, and 41% of the flow domain, respectively.

In agreement with Horiuti,8�we observed that when the
filter is at the dissipative region �
 /
x=2�, or when an iner-
tial range region does not exist �Re�=39.4�, positive SGS
transfer ���0 forward scatter� occurs preferentially in the
flat-sheet region, i.e., PDF��0

f sheet����PDF��0
strain���

�PDF��0
tubeco���, whereas when the filter is at the inertial

range, forward scatter occurs with similar probability in re-
gions of flat sheet and high strain, i.e., PDF��0

f sheet���
�PDF��0

strain����PDF��0
tubeco��� �see Fig. 2�a��. However, for

both Reynolds numbers and all filter sizes the backward
transfer occurs preferentially on the core of the tube struc-
tures, i.e., PDF��0

tubeco����PDF��0
f sheet����PDF��0

strain���. For
the viscous dissipation �, the same figure �Fig. 2�a�� shows
that it takes place preferentially on the tube-core regions �the
same is true for Re�=39.4 not shown here�, i.e.,
PDFtubeco����PDFf sheet����PDFstrain���.

For the scalar field, we observed that the relative impor-
tance of the PDFs, i.e., PDFtubeco����, PDFf sheet����, and
PDFstrain���� is much less affected by the filter size, Rey-

ber based on the Taylor microscale and rms of the velocity fluctuations u� ;�:
ber �� is the scalar diffusivity�; L11: velocity integral scale; : Kolmogorov
of �.

10−2� B��10−2� S��u/�x� F��u/�x� S���u/�x���� / �x�2�

6.8 3.9 −0.46 +3.75 −0.55

2.8 3.3 −0.49 +4.63 −0.46

2.8 6.2 −0.49 +4.63 −0.50
num
dt num
atness

��
ents between � and �, and between �� and ��, respectively.
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nolds and Schmidt numbers, and stays more or less un-
changed �though the shape of the PDF itself does of course
change; e.g., there is more intermittency in �� as the
Schmidt number decreases�. As can be seen in Fig. 2�b�,
most forward transfer of scalar variance occurs with similar
probability along the strain-dominated and flat-sheet regions,
and the tube-core regions have a small contribution for this
transfer, i.e., PDF���0

f sheet�����PDF���0
strain �����PDF���0

tubeco����.
For the backward transfer tail ���0, it is not clear that it
occurs mainly in the tube-core region for the smallest
Schmidt number Sc=0.2 �not shown�, but as the Schmidt
number increases we observe a slow emergence of the tube-
core regions over the flat-sheet and strain-dominated regions,
i.e., PDF���0

tubeco�����PDF���0
strain �����PDF���0

f sheet����. Con-
cerning the scalar dissipation ��, the picture is very different
from the one described for the velocity field. We observed
that in all simulations the scalar dissipation occurs preferen-
tially, and with equal importance, along the strain-dominated
and flat-sheet regions PDFstrain�����PDFf sheet����
�PDFtubeco����.

Comparing the results in Figs. 2�a� and 2�b�, we can see
why the equilibrium assumption works better for the scalar
than for the velocity field: for the velocity; if most produc-
tion and dissipation tend to occur in different locations, there
can be no local equilibrium. However, even if they do occur
at the same region, as in the case of the scalar, the equilib-
rium can be weak, which shows that within the strain/sheet
regions, production/dissipation of scalar variance occur in
different locations.

Figure 3 shows correlation coefficients between �� and
��, conditioned on regions of flat sheet and tube core
�C��� ,��� f sheet and C��� ,���tubeco, respectively�. Note that
C��� ,���strain�C��� ,��� f sheet but for clarity was not in-
cluded in Fig. 3. Here, we see clearly that the correlation
between production and dissipation is always smaller within
the tube-core region than on the strain- and flat-sheet re-
gions. The same trend exists for the velocity field �not
shown�. We computed correlations conditioned on regions of
forward and backward transfer and found, not surprisingly,
that the correlation decreases in regions of backward transfer,
i.e., C�� ,����0�C�� ,����0 and C��� ,������0

�C��� ,������0 for all simulations and filter sizes. There-

FIG. 2. PDFs of �a� � and � and �b� �� and ��, conditioned on
fore, the small correlation found at the tube-core region can
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be explained by the fact that backscatter is predominant at
this region. In order to analyze this issue further, an exact
equation for the equilibrium assumption for the scalar field
can be derived from the equations governing the scalar vari-
ance D /Dt�1/2��2�� and the resolved scalar variance
D /Dt�1/2���2��:

�3�

Defining the residual scalar variance as ��=1/2��2−��2�,
an interpretation can be given for each term in Eq. �3�. The
term k1 is the local variation of ��, k2 can be seen as the

n-, flat-sheet-, and tube-core regions, for Re�=95.6 and Sc=0.7.

FIG. 3. Correlation coefficients between �� and ��, conditioned on flat-

sheet- and tube-core regions for Re�=95.6 and Sc=0.7.
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advection of ��, k3 is the molecular diffusion of ��, k4 is
the GS/SGS diffusion, and finally k5 represents the molecular
dissipation caused on the resolved scales. Clearly, at the in-
ertial range k5 is negligible. This was confirmed in our data.

The relative importance of each term in Eq. �3� for the
resulting local imbalance can be appreciated by looking into
the variance of each term in this equation and to the corre-
lations between individual terms. Focusing on Re�=95.6,
Sc=0.7 with 
 /
x=16, we observed that the terms k1 and k2

strongly dominate Eq. �3�: �k1
2�=9.37 and �k2

2�=9.13, which
is one order of magnitude greater than the highest of the
remaining variances �k3

2�=0.99 and �k4
2�=0.43. However, we

noticed that k1 and k2 are strongly anticorrelated; therefore,
the joint contribution of terms k1 and k2 for the imbalance
between �� and �� decreases significantly. In particular,
��k1+k2�2�=1.23, which is comparable to the joint contribu-
tion of terms k3 and k4, ��k3+k4�2�=1.40. The fact that
����−���2�=0.37 �i.e., much less than 1.23+1.40� means
that �anti� correlations between remaining terms, e.g., k1 and
k4, are also important. This suggests that the imbalance of the
SGS scalar variance arises from complex interactions be-
tween several physical mechanisms, i.e., with the exception
of the term k5, all terms in Eq. �3� play an important role.
Even more surprising was to see that the conditioned vari-
ances and covariances of all the terms were always smaller at
the tube-core regions than at the flat-sheet regions, e.g.,
�k1

2� f sheet=10.02, �k1k2� f sheet=−9.17, and ��k1+k2�2� f sheet

=1.34, whereas �k1
2�tubeco=7.35, �k1k2�tubeco=−6.94, and ��k1

+k2�2�tubeco=0.81. This gives us another explanation for the
imbalance being higher along the tube-core regions. Since

the terms k1 to k4 are locally “correcting” the imbalance be-
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tween �� and ��, less “activity” by them means that the flow
will take more time to adjust to local imbalances.

A final note on the influence of the filter type in the
above conclusions: Using a spectral cutoff filter, we obtained
a very low correlation level between � and � �between 10%
and 30%�, relatively independent of the Reynolds number
and filter type. This explains the failure of some models to
compute the local SGS kinetic energy, e.g., Knaepen et al.2
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