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Abstract. An analysis of turbulence–radiation interaction (TRI) in statistically
stationary (forced) homogeneous and isotropic turbulence is presented. A direct
numerical simulation code was used to generate instantaneous turbulent scalar
fields, and the radiative transfer equation (RTE) was solved to provide statistical
data relevant in TRI. The radiation intensity is non-Gaussian and is not spatially
correlated with any of the other turbulence or radiation quantities. Its power
spectrum exhibits a power-law region with a slope steeper than the classical
−5/3 law. The moments of the radiation intensity, Planck-mean and incident-
mean absorption coefficients, and emission and absorption TRI correlations are
calculated. The influence of the optical thickness of the medium, mean and
variance of the temperature and variance of the molar fraction of the absorbing
species is studied. Predictions obtained from the time-averaged RTE are also
included. It was found that while turbulence yields an increase of the mean
blackbody radiation intensity, it causes a decrease of the time-averaged Planck-
mean absorption coefficient. The absorption coefficient self-correlation is small
in comparison with the temperature self-correlation, and the role of TRI in
radiative emission is more important than in radiative absorption. The absorption
coefficient–radiation intensity correlation is small, which supports the optically
thin fluctuation approximation, and justifies the good predictions often achieved
using the time-averaged RTE.
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1. Introduction

Most flows of practical relevance are turbulent. In some of them, radiative heat transfer plays
an important role, e.g. in most combustion systems (furnaces, boilers, engines, etc) and in fire.
It was found several decades ago that there is an interaction between turbulence and thermal
radiation, i.e. turbulence influences thermal radiation and vice versa. As an example, the heat
flux incident on a surface and coming from a radiative source at a given mean temperature
depends on the temperature fluctuations rather than just on the mean temperature. Presently, it
is widely accepted that this interaction yields a significant increase of the radiative heat fluxes in
comparison with laminar flows [1, 2]. It has been reported that turbulence–radiation interaction
(TRI) may enhance mean radiation levels by more than 100% in comparison with estimates
based on mean scalar properties, i.e. mean temperature and molar fraction of chemical species
(see e.g. [3]). The main reason for this phenomenon is the strong nonlinearity between the
radiative emission and temperature. However, our knowledge about TRI is still limited. As
a consequence, TRI is often ignored in numerical simulations or accounted for by assuming
that it is only due to the influence of temperature fluctuations on the emissive power of the
medium.

Thermal radiative transfer is generally calculated using the radiative transfer
equation (RTE). For a non-scattering medium, this equation expresses the variation of the
radiation intensity along an elementary optical path as the difference between emission and
absorption of radiation along that path, as outlined in section 2.4. The emission is proportional to
the blackbody radiation intensity, while the absorption is proportional to the radiation intensity.
The proportionality factor for both emission and absorption is the absorption coefficient of the
medium, which physically represents the inverse of the average distance travelled by a photon
until it is absorbed in the medium.
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An approach to account for TRI in Reynolds-averaged Navier–Stokes (RANS) simulation
of turbulent flows with radiative transfer consists in the solution of the time-averaged RTE
with the mean radiation intensity as the dependent variable [1], [4]–[10]. Still, it is difficult
to model the correlation between fluctuations of the radiation intensity and fluctuations of the
absorption coefficient of the medium, which appears in the time-averaged form of the RTE. This
correlation is generally ignored, assuming that the individual eddies are homogeneous, optically
thin and statistically independent. This is the so-called optically thin fluctuation approximation
(OTFA) [11], which has been used in most of RANS calculations that account for TRI. The
error of this approximation is largely unknown. It has been claimed that the error introduced by
this approximation is small, even if it does not hold for wavelengths in the vicinity of the centre
of the most important absorption bands of radiatively participating gaseous species. A model
has recently been proposed [12] to avoid the OTFA by approximating the correlation between
fluctuations of the incident radiation and fluctuations of the absorption coefficient. It is based
on the assumption that the diffusion approximation holds for optically thick eddies. However,
only limited evaluation has been performed, particularly in the range where eddies are neither
optically thick nor optically thin.

A powerful method to account for the TRI consists of the solution of the RTE for
instantaneous values of scalars (temperature and species concentrations). This requires a
sufficiently large number of solutions based on instantaneous scalar distributions to ensure
statistically meaningful results. Moreover, the instantaneous scalar distributions are not
available in RANS, and need to be generated in such a way that the mean values, variance and
relevant spatial and temporal auto-correlations and cross-correlations are satisfied. Stochastic
models for the generation of time series of scalar distributions have been developed for this
purpose [3], [13]–[15]. The large number of realizations implied by the stochastic methods
prevents their application to practical engineering calculations.

Most numerical studies dealing with TRI have been carried out in the framework of RANS.
In fact, apart from the recent studies by Poitou et al [16], Coelho [17] and Roger et al [18],
large eddy simulations generally neglect TRI [19, 20], even though there is no guarantee of the
accuracy of this procedure.

Advances in computer power have allowed the direct numerical simulation (DNS) of the
exact Navier–Stokes equations. Although DNS is a powerful tool to provide fundamental and
reliable insight on turbulent flows, it can only be applied to simple geometries and low to
moderate Reynolds number flows, because of the high computational requirements. Therefore, it
cannot be used in present engineering calculations. Homogeneous isotropic turbulence consists
in the simplest possible flow configuration, in which the Navier–Stokes equations are solved in
a cubic domain with periodic boundary conditions in the three spatial directions. Instantaneous
fields from DNS of isotropic turbulence show the existence of intense vorticity regions in the
form of tubes (‘worms’) with radii and length of the order of the Kolmogorov and integral
scales, respectively [21, 22]. DNS of isotropic turbulence has been used to study some detailed
aspects of turbulence physics, and to develop and assess turbulence models. Moreover, some
works used DNS of isotropic turbulence to study fundamental issues related to combustion, e.g.
the analysis of flamelets in premixed turbulent combustion [23].

A theoretical study of the influence of thermal radiation on thermal turbulence spectra in the
case of homogeneous and isotropic turbulence was presented in [24]. TRI in a homogeneously
turbulent medium was reported in [14], but a stochastic model rather than DNS was used to
generate the instantaneous scalar fields. Recently, DNS was used to investigate TRI in simple
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premixed and diffusion combustion systems. Wu et al [25] investigated an idealized statistically
one-dimensional (1D) turbulent premixed laminar flame. They found that the temperature
self-correlation is the dominant contribution to TRI only for optically thin media, but even in
this case, the absorption coefficient–Planck function and the absorption coefficient–intensity
correlations are not negligible. All these correlations are significant at intermediate values
of optical thickness. Deshmukh et al [26] studied a statistically homogeneous isotropic
decaying turbulent non-premixed system, while Deshmukh et al [27] considered a statistically
1D decaying turbulent non-premixed system. The contributions from the three individual
correlations mentioned above have been computed, and all of them have been found to be
important in intermediate to large values of the optical thickness of the medium, although their
relative contribution is a function of the optical thickness.

In the present study, the influence of the optical thickness, mean and variance of the
temperature and the molar fraction of the radiatively participating species on radiation statistics
and correlations is investigated in a homogeneous and isotropic turbulent medium. This follows
a preliminary study [28] where statistical data of the radiation intensity field were reported for
conditions typical of the region downstream of a turbulent jet diffusion flame where turbulence
is approximately homogeneous. A classical pseudo-spectral code for the simulation of isotropic
turbulence in non-reactive flows [29] is used, which allows the computation of forced and freely
decaying isotropic turbulence by means of DNS of the full Navier–Stokes equations and the
transport equation for a passive scalar.

Combustion is not considered in the present work, so that the instantaneous scalar field
computed from DNS is used as input data for the radiative transfer calculations, i.e. the
instantaneous fields of temperature and molar fraction of an absorbing species are determined
from the transported scalar field, after prescribing the mean value and the variance of the
temperature and of the molar fraction of the species. Then, these instantaneous scalar fields are
used to solve the RTE, along a large number of lines of sight, in order to collect the statistical
data. In the present work, there is no influence of the radiative transfer calculations on the DNS
simulation, i.e. there is only a one-way coupling between turbulence and radiation. The goal
here is to prepare the ground for future works where the effects of the turbulent statistics on the
radiative properties of the medium will be thoroughly investigated.

A statistical narrow band model was used in [28] to calculate the radiative properties of
the medium. However, some features of the radiative calculations reported in that work were
not fully consistent with the requirements of the flow simulation, such as the definition of the
boundary conditions, and the dependence of the statistical data on the number of samples was
not investigated. These drawbacks are eliminated in the present work, which extends the analysis
to the full spectrum rather than just one band, and examines the influence of several parameters
on the radiation statistics and correlations. In addition, predictions obtained from the solution
of the time-averaged form of the RTE are included.

It is worth to point out that the physical problem addressed in the present work, which
consists of a homogeneous and isotropic turbulent medium that emits and absorbs thermal
radiation, and with periodic boundary conditions, represents an idealized situation. It is
interesting from a theoretical point of view, and may be approached, but not fully achieved,
in some practical applications, e.g. in a perfectly stirred reactor. Accordingly, caution should
be taken in the extrapolation of the results reported here to real physical problems and
conditions.
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2. Theoretical background

2.1. The Navier–Stokes equations and the spectra of turbulence

In incompressible flows of a Newtonian fluid, whose kinematic viscosity ν and density ρ are
taken as constants, the fields of velocity ui and pressure p are governed by the Navier–Stokes
equations:

∂ui

∂t
+

∂(ui uj)

∂x j
= −

1

ρ

∂p

∂xi
+ ν

∂2ui

∂x j ∂x j
. (1)

The velocity verifies an incompressible condition

∂ui

∂xi
= 0. (2)

In turbulent flows the nonlinear term on the left-hand side of equation (1) is dominant, and
is responsible for the continuous amplification and transport of velocity fluctuations, while the
molecular viscosity effects represented by the last term in (1) continually diffuse and dissipate
the energy of the fluctuations. Turbulent flows are characterized by a wide range of interacting
space and timescales in which most of the turbulent kinetic energy ui ui/2 is associated with the
large scales, while the small scales are mainly responsible by the viscous dissipation of energy.
The viscous dissipation rate is ε = 2 ν Si j Si j , where Si j = 0.5(∂ui/∂x j + ∂u j/∂xi) is the rate-
of-strain tensor. An interesting and intriguing feature of turbulent flows, for sufficiently high
Reynolds number, is the fact that the dissipation rate ε is independent of the viscosity. Indeed,
the dissipation rate is completely dictated by the large scales of motion, while the small scales
have to adjust their dynamics to the energy input from the large scales through the intensification
of the local velocity gradients.

The 3D energy spectrum E(k) describes the contribution of each wavenumber to the
turbulent kinetic energy

ui ui

2
=

∞∫
0

E(k)dk. (3)

For sufficiently high Reynolds numbers, Kolmogorov postulated the existence of an inertial
range of scales where the kinetic energy from the large scales is passed down to the small
scales. Assuming that these inertial scales are statistically isotropic, and are dictated only by the
rate of energy transfer (which must balance the viscous dissipation rate), the energy spectrum
for this range has the form

E(k) = Ckε
2/3k−5/3, (4)

where Ck is the Kolmogorov constant. This constant is close to Ck ≈ 1.6 [30].
A passive scalar field θ , which is simply advected with the flow, is governed by a simple

transport equation:

∂θ

∂t
+

∂(θu j)

∂x j
= γ

∂2θ

∂x j∂x j
, (5)
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Table 1. Details of the DNS. The Reynolds number Reλ is based on the
Taylor micro-scale, ν is the molecular viscosity, kmax the maximum resolved
wavenumber, Sc the Schmidt number, L11 the velocity integral scale, η the
Kolmogorov micro-scale and ηB the Batchelor micro-scale.

Reλ ν Sc kmaxη kmaxηB L11 η(×10−2) ηB(×10−2)

95.6 0.006 0.7 1.8 2.1 1.24 2.8 3.3

where γ is the scalar diffusivity. The scalar variance θ 2/2 is associated with a scalar spectrum
Eθ(k) through

θ 2

2
=

∞∫
0

Eθ(k)dk. (6)

Assuming the existence of an inertial range for the scalar field in a situation where it is
only advected by the velocity fluctuations—the inertial-convective range—the scalar spectrum
is given by

Eθ(k) = CCOεθε
−1/3k−5/3, (7)

where CCO is the Corrsin–Obukhov constant, εθ = γ G j G j is the scalar dissipation rate and
G j = ∂θ/∂x j is the scalar gradient. Typical values are close to CCO ≈ 0.6 [30].

2.2. DNS of homogeneous isotropic turbulence

The DNS data bank used in the present work consists in a statistically steady (forced)
homogeneous isotropic turbulence simulation used by da Silva and Pereira [29, 31]. The
simulations were carried out with a standard pseudo-spectral code in which the temporal
advancement is made with an explicit 3rd order Runge–Kutta scheme. Details about the DNS
solver may be found in [32]. The physical domain consists in a periodic box of side equal
to 2π and using N = 192 collocation points in each spatial direction. Aliasing errors were
removed using the 3/2 rule. Both the velocity and scalar fields were forced in order to sustain the
turbulence using the method described in [33]. The forcing was imposed on three wavenumbers
concentrated on kp = 3, both for the velocity and for the scalar fields. It is designed to inject
kinetic energy and scalar variance during the simulation at a rate that more or less balances
the instantaneous viscous dissipation rate ε and the scalar dissipation rate εθ . Therefore, after an
initial transient, the velocity and the passive scalar fields reach a state where they are statistically
stationary and statistically equivalent. The forcing affects only a very small wavenumber region
associated with the large scales of motion. As described in [31], it was checked that both the
large and the small scales of motion comply with the strong resolution requirements needed in
DNS: Lbox > 4L11, where Lbox is the size of the computational domain and L11 is the integral
scale of the velocity field, and kmaxη > 1.5 and kmaxηB > 1.5, where kmax is the maximum
resolved wavenumber, η = (ν3/ε)1/4 and ηB = Sc−1/2η are the Kolmogorov and the Batchelor
micro-scales, respectively, and Sc is the Schmidt number. Thus, the size of the computational
domain does not affect the largest flow structures, and a good resolution of the dissipative scales
was ensured, following Pope [34]. Table 1 lists the physical and computational parameters
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of the simulation. The data bank used here consists in 40 instantaneous passive scalar fields
corresponding to a Schmidt number equal to Sc = 0.7. For this simulation, the Reynolds number
based on the Taylor scale is Reλ = urmsλ/ν = 95.6, where λ2

= 〈u′2
〉/〈(∂u/∂x)′2

〉 is the Taylor
micro-scale, urms = 〈u′2

〉
1/2 is the root-mean-square (rms) of the velocity fluctuations, and

ν is the kinematic viscosity. As shown in [31], velocity and scalar spectra display a −5/3
range, which shows the existence of an inertial range region. Therefore, this simulation is
already representative of a high Reynolds number flow, i.e. it features the most important
characteristics of turbulence, such as a dissipation rate independent from the viscosity and
the Kolmogorov–Obukhov −5/3 inertial scaling law of the energy and scalar variance spectra.
More details on this simulation are given in [31].

2.3. Framework of radiative transfer calculations

The radiative transfer calculations were performed also using a cubic box. However, it is not
convenient to take the side of this box equal to 2π , as is the flow domain. In fact, in order to
carry out the parametric study reported in section 3, it is useful to define the temperature and
the chemical composition of the medium, from which the absorption coefficient is computed,
independently from the optical thickness of the medium. The optical thickness is the integral of
the absorption coefficient along the direction of propagation of radiation. In the present work,
the medium is statistically homogeneous and isothermal, and its optical thickness is taken as the
Planck-mean absorption coefficient in the absence of turbulent fluctuations multiplied by the
length of the side of the cubic domain. Therefore, this length is not prescribed, but is instead
determined from the selected optical thickness of the medium, temperature and molar fraction
of the absorbing species.

The medium is assumed to be a mixture of CO2 and radiatively transparent species,
e.g. N2. The temperature and the molar fraction of CO2 were assumed to be fully correlated.
Although this assumption is not strictly true, since the diffusion coefficient of CO2 may be
slightly different from the thermal diffusion coefficient, it is justified by the experimental data
in many reactive flows, which reveal a strong correlation between the temperature and molar
fraction of the species, and by the Burke–Schumann theory for diffusion flames [35]. It is
also consistent with combustion models that relate the instantaneous thermochemical state of
the gaseous mixture to a single scalar, typically mixture fraction, e.g. the laminar flamelet
model [36]. Even though combustion is not considered in the present work, the properties of
the medium are typical of those found downstream of the flame region in combustion systems.
Hence, a single passive scalar transport equation is solved using DNS. The computed data for
this passive scalar may be used to define the instantaneous fields of temperature and CO2 molar
fraction.

The instantaneous field of a passive scalar calculated in the DNS code must be rescaled
into the radiation domain to provide the instantaneous fields of temperature and molar fraction
of CO2. To accomplish this goal, the mean and the variance of temperature and of the molar
fraction of the absorbing species were prescribed in the radiative transfer simulations, and
kinematic similarity was assumed. Therefore, the instantaneous temperature field used in the
radiation computations, Trad(Ex), was determined using the instantaneous temperature field from
the DNS data, TDNS(Ex), as follows:

Trad(Ex) = T̄ rad(Ex) + TDNS(Ex)

√
T ′2

rad/T ′2
DNS, (8)
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Figure 1. Equivalence between temporal and spatial statistics under homo-
geneous and isotropic turbulence.

where T̄ rad(Ex) is the mean temperature at point Ex , and T ′2
rad and T ′2

DNS are the variances of the
temperature fields from the radiation and from the isotropic turbulence simulation, respectively.
Similarly, the molar fraction of the absorbing species, xCO2 , is obtained as follows:

xCO2,rad(Ex) = x̄CO2,rad(Ex) + xCO2,DNS(Ex)

√
x ′2

CO2,rad/x ′2
CO2,DNS. (9)

The radiative transfer calculations use these instantaneous fields as input data, and consist in the
integration of the RTE along the lines of sight, followed by a statistical analysis of the results
obtained. Under the conditions of statistically stationary, homogeneous and isotropic turbulence,
an ergodic hypothesis is assumed, where spatial, temporal and ensemble averages are equivalent.
Therefore, the statistical data computed from a time series of scalar data along a single optical
path parallel to a coordinate axis are identical to the statistical data calculated from all optical
paths parallel to the coordinate axes at a given time, as illustrated in figure 1. The statistical
data reported in section 3 were obtained from the DNS data using all the available 1922 optical
paths parallel to a coordinate axis, which are statistically indistinguishable. All the optical paths
start from one of the six faces of the cubic domain and are normal to that face. This means
that 6 × 1922

× Nt ≈ 2.2 × 105
× Nt samples are used to obtain the results described below, Nt

being the number of instantaneous fields considered.

2.4. Radiative transfer calculations

The RTE for an emitting, absorbing and non-scattering medium may be written as [37]

dIν

ds
= −κν Iν + κν Ibν, (10)

where Iν is the spectral radiation intensity, Ibν the spectral blackbody radiation intensity, κν

the spectral absorption coefficient and s the coordinate along the direction of propagation of
radiation. The subscript ν stands for the wavenumber. The governing equation for the total

New Journal of Physics 11 (2009) 093001 (http://www.njp.org/)

http://www.njp.org/


9

radiation intensity may be expressed as

dI

ds
= −κG I + κP Ib, (11)

where I and Ib are the total radiation intensity and the total blackbody radiation intensity,
obtained from integration of Iν and Ibν over the whole spectrum, respectively. The total
blackbody radiation intensity is proportional to the fourth power of temperature, the
proportionality constant being the Stefan–Boltzmann constant. The Planck-mean and the
incident-mean absorption coefficients, κP and κG respectively, are defined as follows:

κP =

∞∫
0

κν Ibνdν

/ ∞∫
0

Ibνdν, (12a)

κG =

∞∫
0

κνGνdν

/ ∞∫
0

Gνdν, (12b)

where Gν is the spectral incident radiation, defined as the integral over all directions of the
spectral radiation intensity. If the radiation intensity does not change with the direction, which
is valid on a statistical basis in the case of a homogeneous and isotropic medium, as in the
present work, different directions are statistically indistinguishable, and κG may be expressed as

κG =

∞∫
0

κν Iνdν

/ ∞∫
0

Iνdν. (13)

The following definitions have also been used in equation (11):

κP Ib =

∞∫
0

κν Ibνdν, (14a)

κG I =

∞∫
0

κν Iνdν. (14b)

Integration of equation (10) along a line of sight, in the case of a non-scattering medium,
yields [37]

Iν(s) = Iν(0) exp

−

s∫
0

κν(s
′)ds ′

 +

s∫
0

Ibν(s
′)κν(s

′) exp

−

s∫
s′

κν(s
′′)ds ′′

 ds ′. (15)

As is usual in simulations of isotropic turbulence, periodic boundary conditions were used in
the present DNS. Consistency between the DNS and the radiative transfer calculations requires
that periodic boundary conditions should also be used in the radiative transfer calculations if the
DNS data are taken as an input. Specifically, this periodic boundary condition requires that the
radiation intensity entering the calculation domain at s = 0 is equal to the leaving intensity at
s = L , L being the length of the side of the cubic domain. Therefore, the medium is in radiative
equilibrium and Iν(L) = Iν(0) for any optical path parallel to the coordinate axes. Accordingly,
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the radiation intensity entering the domain is calculated from this condition. Such a condition,
which was also used in [26, 27], is actually found in real radiative transfer problems in the limit
of a transparent medium or of a homogeneous and isothermal optically thick medium. It is also
approximately found in well-stirred reactors.

The radiative properties of the medium were evaluated using the correlated k-distribution
(CK) method [38]. The parameters of the CK method were taken from the tabulated data by
Soufiani and Taine [39]. Hence, equation (15) is written as

Ii,1νk (s) = Ii,1νk (0) exp

−

s∫
0

ki,k(s
∗)ds∗

 +

s∫
0

ki,k(s
∗)Ib,1νk (s

∗) exp

−

s∫
s∗

ki,k(s
∗∗)ds∗∗

 ds∗,

(16)

where ki,k is the absorption coefficient associated with the ith quadrature point and the kth band,
Ii,1νk is the spectral radiation intensity integrated over the kth band for the ith quadrature point
and 1νk is the kth wavenumber interval length. The periodic boundary condition is enforced by
setting Ii,1νk (L) = Ii,1νk (0). The total radiation intensity is calculated as

I =

Nb∑
k=1

NQ∑
i=1

ωi Ii,1νk , (17)

where ωi is the quadrature weight, NQ the number of quadrature points and Nb the number of
bands. The integrals in equation (16) were numerically evaluated using Simpson’s rule, and the
parameters of the CK method were interpolated from the tabulated data using cubic splines in
order to keep the order of accuracy of the radiative calculations consistent with the order of
accuracy of the DNS solver.

2.5. Time-averaged form of the RTE

The time-averaged form of equation (11), which needs to be solved in RANS, is given by

d Ī

ds
= −κ̄G Ī − κ ′

G I ′ + κP Ib. (18)

The second term on the right-hand side of equation (18) is neglected if the OTFA is employed.
In order to investigate the importance of TRI, it is useful to define the following diagnostic
quantities:

RIb = Ib(T̄ )/ Ī b = T̄ 4/T 4, (19a)

RκG = κG

(
T̄ , x̄CO2

)
/κ̄G, (19b)

RκP = κP

(
T̄ , x̄CO2

)
/κ̄P, (19c)

Rk I = κ̄G Ī/κG I , R∗

k I = 1 − Rk I = κ ′

G I ′/κG I , (19d)

Rk Ib = κ̄P Ī b/κP Ib, R∗

k Ib
= 1 − Rk Ib = κ ′

P I ′

b/κP Ib, (19e)

ρk I =
κ ′

G I ′√
κ ′2

G I ′2

. (19 f )

New Journal of Physics 11 (2009) 093001 (http://www.njp.org/)

http://www.njp.org/


11

The temperature self-correlation, which may also be defined as T 4/T̄ 4, is quantified by RI b ,
while the Planck-mean and incident-mean absorption coefficient self-correlations are quantified
by Rk P and RkG , respectively. The relevance of the absorption coefficient–radiation intensity and
absorption coefficient–temperature correlations are quantified by R∗

k I (or Rk I ) and R∗

k I b
(or Rk I b),

respectively.

2.6. Prediction of the radiation intensity and radiation statistics

In the next section, the statistical results obtained from the solution of the RTE along a
sufficiently large number of optical paths, using the instantaneous scalar data from DNS, are
compared with the solution of the time-averaged form of the RTE. If the OTFA is employed and
the CK model is used, the total time-averaged radiation intensity is computed as follows [8]:

Ī (s)=
∑

k

∑
i

ωi Ī i,1νk (s)=
∑

k

∑
i

ωi

[
Ī i,1νk (0) exp

(
−k̄i,ks

)
+
(
ki,k Ib,1νk

/
k̄i,k

)(
1− exp

(
−k̄i,k s

))]
.

(20)

The derivation of equation (20) requires that k̄i,k does not change along the optical path between
0 and s, which is true in the present case, because the medium is statistically homogeneous.

A similar equation expressed in terms of the mean absorption coefficients, which will be
useful for the discussion of results, is obtained from integration of equation (11) along a line of
sight:

Ī (s) = Ī (0) exp
(
−k̄Gs

)
+

(
k Ib

/
k̄G

)(
1 − exp

(
−k̄Gs

))
. (21)

Since the medium is statistically homogeneous and the boundary conditions are periodic,
equation (20) may be written as

Ī (s) =

∑
k

∑
i

ωi Ī i,1νk (s) =

∑
k

∑
i

ωi ki,k Ib,1νk

/
k̄i,k, (22)

and equation (21) is simplified as

Ī (s) = k Ib

/
k̄G . (23)

The mean values of the absorption coefficient and emission term may be estimated from
integration of the instantaneous values of these quantities weighted by a probability density
function (pdf). Here, it is assumed that the passive scalar has a Gaussian pdf. Indeed, the
pdf of the passive scalar field from the present DNS is very close to Gaussian, as is attested
by the skewness and flatness factors (Sθ = 0.015 and Fθ = 3.15). This agrees with the results
from numerous other DNS of isotropic turbulence with passive scalars, e.g. [30, 40]. Moreover,
this assumption is consistent with the commonly assumed clipped Guassian pdf shape for the
mixture fraction in turbulent reactive flows [35]. It must be stressed, however, that in many
situations the pdf of the scalar field is highly non-Gaussian. A well-known example is the
passive scalar pdf near the edge of a free shear flow, where the scalar has different values inside
and outside the shear layer. For relatively low values of the Reynolds number, the mixing near
the shear layer edge is governed by the intermittent nature of this interface and the scalar pdfs
exhibit a so-called ‘marching behaviour’, where the pdf maximum moves as one moves across
the shear layer [41].

The blackbody radiation intensity is only a function of temperature, while the absorption
coefficient depends on the temperature and on the molar fraction of CO2. Since the mean value
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and the variance of these scalars are prescribed and the scalars are fully correlated, the time-
averaged radiation intensity is computed as follows:

Ī =

∑
k

∑
i

ωi ki,k Ib,1νk

/
k̄i,k =

∑
k

∑
i

ωi

Tmax∫
Tmin

ki,k

(
xCO2, T

)
Ib,1νk (T )p(T )dT

Tmax∫
Tmin

ki,k

(
xCO2, T

)
p(T )dT

, (24)

where

xCO2 = x̄CO2 +
(
T − T̄

) √
x ′2

CO2

/
T ′2, (25)

and p(T ) is the pdf of the temperature, whose shape is assumed to be Gaussian, as stated above.
The mean blackbody radiation intensity and the Planck-mean absorption coefficient may

be estimated as follows:

Ī b =
σ T 4

π
=

σ

π

Tmax∫
Tmin

T 4 p(T )dT , (26)

κn
P =

Tmax∫
Tmin


∞∫
0

κν Ibν dν

∞∫
0

Ibν dν


n

p(T ) dT =

Tmax∫
Tmin


∑

k

∑
i

ωi ki,k Ib,1νk∑
k

Ib,1νk

n

p(T ) dT, (27)

with n = 1. Higher order moments of the Planck-mean absorption coefficient, namely the
rms, (κ ′2

P )1/2, the skewness, κ ′3
P /(κ ′2

P )3/2 and the flatness, κ ′4
P /(κ ′2

P )2, may be estimated using
equation (27) and noting that

κ ′2
P = κ2

P − κ̄2
P, (28a)

κ ′3
P = κ3

P − 3κ2
P κ̄P + 2κ̄3

P, (28b)

κ ′4
P = κ4

P − 4κ3
P κ̄P + 6κ2

P κ̄
2
P − 3κ̄4

P . (28c)

The emission term of the time-averaged form of the RTE is estimated as

κP Ib =

∑
k

∑
i

ωi ki,k Ib,1νk =

∑
k

∑
i

ωi

Tmax∫
Tmin

ki,k(xCO2, T )Ib,1νk (T )p(T ) dT . (29)

3. Results and discussion

In this section, we analyse the variables governing the radiative heat transfer such as its topology,
one point statistics and spectra. To the author’s knowledge, this paper presents the first detailed
characterization of these quantities in isotropic turbulence. It is well known that in studies of
turbulence physics, the detailed characterization of the governing flow features such as the
vorticity, pressure or viscous dissipation rate has allowed the development of important tools,
which led directly to the development of turbulence models for the subgrid scales of motion or
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the evolution of spectral closures. One of the objectives of the present work is to present and
analyse similar features for the radiative transfer quantities with the goal to analyse potential
new directions for modelling TRI.

In the second part of this section, we assess the influence of several parameters such as
the optical thickness of the medium, mean temperature of the medium or the variance of the
temperature in the statistics of the TRI governing variables. Before this, it is important to
describe the physical parameters of the reference calculations.

3.1. Description of the standard properties of the medium

Radiative transfer calculations were carried out assuming that the mean temperature of the
medium is 1500 K, and that the medium is a mixture of CO2 and radiatively transparent species,
the mean molar fraction of CO2 being 0.10. The rms of temperature and of CO2 molar fraction
were taken as 150 K and 0.01, respectively, and the optical thickness of the medium is equal
to τ = 1. These values were chosen to represent physical conditions, which are typical of the
far-field self-preserving region of a turbulent reacting jet, downstream of the location where
combustion has taken place. We label this case as the standard radiative transfer calculation
(SRTC), and we will use it as a reference for comparisons throughout this paper. The values of
rms are relatively small, and larger values are often found in combustion applications. However,
if higher values are chosen, local instantaneous temperatures or molar fractions obtained from
rescaling DNS data by means of equations (8) and (9), respectively, may be unrealistic, since
scalar fluctuations in DNS are unbounded. For example, the temperature may exceed typical
adiabatic flame temperatures of hydrocarbons burning in air at atmospheric conditions or local
instantaneous molar fractions may decrease below zero. Although such unphysical values could
be prevented by prescribing limits to the range of allowable temperatures and molar fractions,
this would modify the statistical data generated from DNS. Therefore, to prevent unrealistic
local instantaneous temperatures or molar fractions to appear, and to preserve the statistical data
from DNS, the relatively low rms values given above were considered in the present paper.

Figure 2 shows the normalized values of the mean (non-dimensionalized by the blackbody
radiation intensity), rms (non-dimensionalized by the mean radiation intensity), skewness and
flatness of the radiation intensity leaving the computational domain as a function of the number
of instantaneous fields

Ī
/

Ib(T̄ ), (I ′2 )1/2
/

Ī , I ′3
/
(I ′2 )3/2, I ′4

/
(I ′2 )2. (30)

The results plotted in figure 2 show that Nt = 1 is sufficient to accurately determine the
normalized mean and rms of the radiation intensity, but is not enough to obtain statistically
independent results for the skewness and flatness. However, when Nt exceeds 20–25 the
influence of Nt on the results becomes marginal. The pdfs of the radiation intensity and of
the Planck-mean absorption coefficient, which are given in figure 3 for Nt = 10, 20, 30 and
40, confirm the good convergence of the results for Nt = 40. Therefore, we conclude that the
statistics for these variables are well converged when Nt = 40 and all the subsequent analysis
was carried out using Nt = 40 instantaneous fields.

3.2. Characterization of the radiative transfer variables in isotropic turbulence

We start the characterization of the radiative heat transfer variables in isotropic turbulence by
using instantaneous contour plots taken at one of the boundaries of the computational domain.
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Figure 2. Radiation intensity as a function of the number of instantaneous fields.
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Figure 3. Pdfs of the radiation intensity and Planck-mean absorption coefficient
as a function of the number of instantaneous fields, Nt .
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Figure 4. Instantaneous contour plots of temperature, blackbody radiation
intensity and Planck-mean absorption coefficient at one of the boundaries of the
computational domain.

Figure 4 shows instantaneous contour plots of temperature, blackbody radiation intensity and
Planck-mean absorption coefficient.

The temperature field shows the existence of sharp gradients across lengths of the order of
the integral scale L11, and displays the well-known ‘ramp-cliff’ structures typical of the passive
scalar fields in turbulent flows and that are generated by the tearing effect of the large scale
vortices [22]. Not surprisingly the blackbody radiation intensity displays a similar structure
since the blackbody radiation intensity is proportional to the fourth power of temperature, and
therefore these two variables are strongly correlated, as suggested by their contour plots. The
Planck-mean absorption coefficient depends on T and on the molar fraction of CO2. In the
present work, the molar fraction of CO2, like the temperature field, is obtained directly from the
passive scalar field generated from the DNS data. It follows that both T and the molar fraction
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Figure 5. Instantaneous contour plots of incident-mean absorption coefficient
(κG) at one of the boundaries of the computational domain for four values of
the optical thickness of the medium: (a) τ = 0.1, (b) τ = 1.0, (c) τ=10 and
(d) τ = 100.

of CO2 are strongly correlated, which leads to the strong correlation between κP and T that can
be seen in the figures. However, since κP decreases with the increase of T (for the range of
temperature and for the species under consideration), we observe a strong negative correlation
between these quantities, i.e. T (or Ib) and κP are anti-correlated. The contour plots support this
conclusion.

The contour plots of the incident-mean absorption coefficient are shown in figure 5 for
several values of the optical thickness of the medium τ . For small values of τ (τ = 0.1 or 1.0),
κG shows no apparent relation with any of the other flow variables (see figures 5(a) and (b)).
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Figure 6. Joint pdf of the incident-mean absorption coefficient and temperature
as a function of the optical thickness of the medium: (a) τ = 0.1, (b) τ = 1.0,
(c) τ = 10 and (d) τ = 100.

This can be explained by the fact that κG depends on the local temperature and molar fraction
of CO2, but also on the properties along the optical path, due to its dependence on Iν (see
equation (13)). However, for large values of the optical thickness of the medium (τ = 10 or
100), the effect of the local temperature dominates and κG displays a topology similar to the
temperature field (compare figures 4(a) and 5(d)). This fact can be attested by the correlation
coefficients between these quantities, which take the values of 0.75, 0.98 and 0.99 for τ = 1.0,
10 and 100, respectively. The corresponding joint pdfs are shown in figure 6 and support this
conclusion.
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Figure 7. Instantaneous contour plot of radiation intensity at one of the bound-
aries of the computational domain.

Figure 7 shows an instantaneous contour plot of radiation intensity for the SRTC, at one of
the boundaries of the computational domain. This quantity displays no significant correlation
with any one of the other variables. In fact, in contrast to Ib, the radiation intensity at a grid
node depends on the temperature and CO2 molar fraction at all upstream grid nodes along the
optical path, and not only on local properties. The structures of I exhibit coherence over a large
fraction of the flow domain, i.e. over a distance significantly larger than the integral scale for
the velocity and scalar fields, which here is about one-fifth of the box size. This suggests that a
relatively coarse mesh might be sufficient to give a sufficiently good description of this variable
in numerical simulations of TRI, i.e. a grid coarser than the corresponding grid needed to carry
out an accurate DNS or LES of the associated turbulent velocity and scalar fields.

3.3. The spectra of thermal radiation variables

The existence of power laws has proved extremely important in the context of the turbulence
theory and it is plausible that the application of the classical tools from isotropic turbulence
theory in this context might help to obtain universal laws of the radiation intensity that are
useful for future TRI modelling studies, e.g. Soufiani [24] analysed the effects of radiation on
the evolution of the temperature field in isotropic turbulence.

If a power law I ∼ k−α were to exist, this would allow the development of subgrid-scale
models for the RTE. Kounalakis et al [3, 42] measured temporal (1D) power spectra from the
radiation intensity in a turbulent reacting jet at x/D = 50, 90 and 130. Their results showed that
the slope α of the power spectra of the radiation intensity decreases slowly with the downstream
distance, and for x/D = 130 they found a power law close to −5/2, i.e. somewhat steeper
than the classical −5/3 law from the turbulence related quantities. No satisfactory explanation
was given for this behaviour. It was argued that the radiation intensity is affected by the broad
range of space and timescales that exists along the optical path, but is dominated by the highest
temperatures along that path. Since the temperature field exhibits a −5/3 inertial range, they
argued that the radiation intensity should obey a similar law.
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Figure 8. Spectra computed using a 2D plane taken from a single instantaneous
field. Lines with slopes of −5/3, −5/2 and −1 are also shown for comparison.
(a) Spectra of temperature, blackbody radiation intensity, radiation intensity,
Planck-mean absorption coefficient and incident-mean absorption coefficient.
(b) Spectra of the incident-mean absorption coefficient as a function of the
optical thickness of the medium, τ . The temperature spectrum is plotted again
for comparison.

One-dimensional frequency spectra of the radiation intensity downstream of a turbulent jet
flame were also reported by Zheng et al [43] and by Zheng and Gore [44]. Their results reveal
the existence of a power-law region, but unfortunately the spectral slopes were not measured
or discussed. However, one can see from their data that different flames show different spectral
slopes for the same axial position, which implies that the spectrum of I does not depend only on
the kinematic and temperature characteristics of the jet. Using a turbulent jet flame at a larger
Reynolds number than in the references above, Kounalakis et al [13] observed a large −5/3
inertial range region spanning about two decades in the spectra of the radiation intensity. No
explanation was given, however.

As illustrated by the works referenced above, no systematic study of this problem exists
at present. In the present work, we used a DNS data bank to compute 2D spatial spectra of the
radiation intensity and other quantities governing radiative heat transfer, such as the temperature,
blackbody radiation intensity, Planck-mean and incident-mean absorption coefficients. The
spectra are displayed in figure 8(a). In order to facilitate comparisons, all the spectra were
non-dimensionalized to show similar values for the wavenumber k = 1. These spectra were
computed using 2D planes averaged over 40 fields.

All the spectra exhibit an energy-containing region, an intermediate region, and a final
region where the energy decreases with a nearly exponential decay. Note that it is this fact,
i.e. the higher radiative energy is associated with small wavenumbers (large scales), that makes
possible the development of ‘large-eddy simulations’ of the radiative heat transfer [18].

As expected from the above discussion the spectral shapes of the temperature, blackbody
radiation intensity, and Planck-mean absorption coefficient are very similar and display the
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Planck-mean absorption coefficient and incident-mean absorption coefficient.
A Gaussian pdf is also shown for comparison. All the pdfs were obtained using
Nt = 40 instantaneous fields.

characteristic (although short) inertial range with a −5/3 power law. For intermediate and high
wavenumbers the incident-mean absorption coefficient has significantly less energy. It seems
that the effect of the non-local contribution is to smooth out the energy from the intermediate
and high frequencies from κG . This ‘pseudo-dissipation’ effect caused by the contribution of
non-local physics is even more intense in the radiation intensity. Indeed, one clearly sees
in figure 8(a) that the spectral distribution of I displays comparatively less energy than the
other variables over the entire wavenumber range, again showing the less stringent resolution
requirements for the radiation intensity as compared with other flows variables, such as the
temperature field, which exhibits stronger spatial gradients.

The present results show a power-law region for the radiation intensity. The figure suggests
that the spectral slope is closer to −5/2 than to the classical −5/3 observed for turbulence-
related quantities. A similar result was observed also by Kounalakis et al [3]. We verified
that this result is relatively insensitive to the optical thickness, since radiation intensity spectra
obtained with several values of the optical thickness did not show an appreciable change in this
spectral slope (not shown). On the other hand, κG did show a marked sensitivity to the optical
thickness, as shown in figure 8(b). The spectra of κG tend to a power law near −5/3 as the
optical thickness increases, i.e. it seems that a classical power law of −5/3 is recovered as the
non-local effects decrease (the spectrum of the temperature field is also shown for reference).
It is possible that under different conditions, e.g. under smaller non-local effects, the spectrum
of the radiation intensity might be close to −5/3. Recall that Kounalakis et al [13] observed a
−5/3 power law for the spectrum of the radiation intensity for a high Reynolds number turbulent
jet flame. At present no explanation for this behaviour exists. Due to its importance, this issue
should be pursued in future works.

To conclude the characterization of the statistical properties of the variables governing the
radiative heat transfer, figure 9 displays the pdfs of temperature, blackbody radiation intensity,
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radiation intensity, Planck-mean absorption coefficient and incident-mean absorption coefficient
for the SRTC. A Gaussian pdf is also shown for comparison. All the pdfs were obtained using
Nt = 40 instantaneous fields.

It is well known that the pdf of a passive scalar field, such as the temperature, is very nearly
Gaussian in isotropic turbulence [30, 45]. More precisely, the temperature (like the velocity
field) is slightly subGaussian, and the higher the order of spatial derivatives applied to these
quantities the further distant they are from the Gaussian pdf [30, 45]. The nonGaussian nature of
the velocity and temperature fields is a well-known fact from turbulence studies and is connected
with the presence of a temperature variance (and kinetic energy) cascade from the large down
to the small scales of motion. It is interesting to analyse the shape of the pdfs of the variables
governing the radiative heat transfer as this will give guidelines for the development of subgrid-
scale models for TRI. Figure 9 shows indeed that the temperature is very nearly Gaussian,
and the same is true of the Planck-mean absorption coefficient, as expected, since it depends
only on the passive scalar field from the DNS used to define both the temperature and the
CO2 molar fraction. The blackbody radiation intensity, on the other hand, deviates significantly
from the Gaussian shape although being also completely defined by the passive scalar field
from the DNS. The shape of this pdf shows that the probability of finding values of Ib greater
than the mean value is significantly more important than the probability of finding values of
Ib smaller than the mean value, and this explains why the skewness factor of Ib is greater than
zero. The explanation lies in its definition through equation (26) where the fourth power of
the temperature field increases significantly the importance of the most intense local values of
temperature. The pdfs of incident-mean absorption coefficient and radiation intensity have local
and non-local effects in their definition, as described above, which tend to smooth the local
spatial gradients and act as an additional spatial filter or ‘pseudo-dissipation’. This may explain
why these quantities still exhibit a non-Gaussian shape with a positive skewness, although with
a smaller value than that of the blackbody radiation intensity. Note that, in agreement with the
results above, we observed that the pdf of κG approaches a Gaussian shape as the non-local
effects decrease.

3.4. Assessment of the influence of the properties of the medium on the TRI

3.4.1. Influence of the optical thickness of the medium. Figure 10(a) shows statistical data for
the radiation intensity, normalized as in figure 2, as a function of the optical thickness of the
medium. These results were computed from the DNS data, as described in section 2.2, taking
Nt = 40. Figure 10(a) also shows the normalized time-averaged radiation intensity predicted
from equation (24).

The change of the optical thickness of the medium was accomplished by modifying the
size of the radiation domain, while keeping κP(T̄ , x̄CO2) unchanged. Another option, which has
also been tested, is to fix the size of the domain and to modify x̄CO2 . However, while the first
option allows the analysis of a wide range of optical thicknesses, which spans over three orders
of magnitude, the second one requires a much narrower range. In fact, unphysical negative or
greater than unity values of xCO2 may appear when equation (9) is applied if x̄CO2 is close to
zero or close to one, respectively. The limited range of xCO2 implies a limited range of optical
thicknesses. Moreover, the results obtained exhibit similar trends no matter whether the optical
thickness changes due to the variation of the size of the domain or due to the variation of x̄CO2 .
Accordingly, only the results obtained in the first case are reported below. Note that the flow
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Figure 10. Statistics of the radiation intensity as a function of the optical
thickness of the medium.

domain for the DNS calculations, as well as the effective length scale of the turbulence, remain
unchanged.

Since x̄CO2 is fixed while varying the size of the domain, the mean radiation intensity
does not change with the optical thickness, as concluded from equation (24) and shown in
figure 10(a). The statistical data exhibit a small change of Ī , which may be attributed to
statistical errors, but the predictions based on the solution of equation (24) do not. The rms of the
radiation intensity increases marginally when the optical thickness of the medium changes from
0.1 to 100. The skewness is different from zero, i.e. the pdf is slightly asymmetric and shifted to
the right, as formerly observed in figure 3. The flatness is just a little above 3, which means that
at least concerning the levels of intermittency the pdf is very close to Gaussian. These moments
of the radiation intensity also remain approximately constant when the optical thickness varies,
while keeping κP(T̄ , x̄CO2) unchanged.

Figure 10(b) shows the influence of the optical thickness on several correlations defined
in equation (19). The predictions of RI b , RκP and R∗

k I b
, which were obtained making use of

equations (26)–(29), are also shown. The marginal variation of the reported quantities with the
optical thickness is expected, since neither T̄ nor x̄CO2 has been changed. It can be seen that
RI b < 1, i.e. turbulent fluctuations cause an increase of the mean blackbody radiation intensity
in comparison with laminar flows, as is widely known [2]. In the present case, the increase is
only about 6%, because the prescribed rms of temperature is just 10% of the mean temperature.
However, it has been shown that temperature fluctuations of ±20% increase the mean blackbody
radiation intensity by 24%, while temperature fluctuations of ±30% yield an increase of more
than 50% [46]. Fluctuations of this order of magnitude may be found in combustion systems.
The prediction of RI b based on an assumed Gaussian scalar pdf is rather satisfactory. The
prediction of RkP is not as accurate as observed for RI b . In fact, even though the error in the
prediction of RkP is lower than 2%, the predictions yield RkP < 1, in contrast to the statistical
data, which give RkP > 1. Despite of this, the influence of TRI in κ̄P is rather small for the
studied conditions, as concluded from both the statistical data and the predictions.
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It was mentioned above that κP and Ib, which are local quantities, are anti-correlated.
Therefore, κ ′ I ′

b < 0, yielding R∗

k I b
< 0, in agreement with figure 10(b). The predictions obtained

from equations (26)–(29) reproduce this behaviour. In contrast to Ib, the radiation intensity is
not a local quantity, but depends on the temperature and species concentrations along the optical
path. As a consequence of this, the correlation between the incident-mean absorption coefficient
and the radiation intensity is expected to be small. The results show that Rk I b is indeed small,
ranging between −0.013 for an optical thickness of 0.1 and −0.006 for an optical thickness of
100, which justifies the OTFA.

Further insight into this issue is provided by the correlation coefficient between the
incident-mean absorption coefficient and the radiation intensity, ρk I , shown in figure 10(c). The
joint pdf between these two variables for selected values of the optical thickness of the medium
is shown in figure 11. Both figures reveal a clear trend towards an increase, in absolute value,
of ρk I when the optical thickness of the medium decreases. This trend may seem surprising,
since it would be expected that the correlation coefficient approached zero in the limit of an
optically thin medium. This is the reasoning underlying the OTFA, which is supported, e.g. by
DNS results reported in [25]. Moreover, the correlation coefficient, in absolute value, is actually
higher than one might expect, since the radiation intensity is not a local quantity.

The explanation for the behaviour reported above is probably related to the nature of the
problem under investigation. In fact, since the medium is homogeneous and isothermal, if there
were no turbulent fluctuations, equation (16) could be written as

Ii,1νk (s) = Ii,1νk (0) exp(−ki,k s) + [1 − exp(−ki,k s)]Ib,1νk . (31)

This yields Ii,1νk (s) = Ib,1νk if the periodic boundary condition is enforced. Therefore,
the radiation intensity tends to the blackbody radiation intensity if there are no turbulent
fluctuations. Moreover, the blackbody radiation intensity and the Planck-mean absorption
coefficient are strongly correlated, since they depend only on local properties. Although Ii,1νk (s)
is actually different from Ib,1νk due to turbulence, it is not substantially different, because the
medium is statistically homogeneous and isothermal, and so ρk I is likely to be higher than in
non-homogeneous and/or non-isothermal media. In addition, it can be shown that if s → 0 and
Ii,1νk (0) is set equal to Ii,1νk (s), then Ii,1νk (s) given by equation (16) tends to Ib,1νk (s). Hence,
in the limit of an optically thin medium with periodic boundary conditions, ρk I is expected to be
high, which explains the observed increase in absolute value of ρk I when the optical thickness
of the medium decreases.

3.4.2. Influence of the temperature of the medium. Figure 12 shows the influence of the mean
temperature of the medium on the radiation statistics and relevant TRI correlations. The rms of
temperature was also changed to keep T ′2/T̄ 2 constant. The optical thickness of the medium
is maintained equal to unity. Since the Planck-mean absorption coefficient depends on the
temperature, it will change, and therefore the size of the domain changes as well to keep the
optical thickness constant.

The mean radiation intensity decreases if the temperature increases, in agreement with the
results in [14], and this trend is correctly predicted from equation (24) with the assumption of
a Gaussian scalar pdf. The main contribution to Ī comes from the 4.3 µm band of CO2. If the
temperature increases, the fraction of blackbody radiative energy emitted in this band is lower,
as a result of Wien’s law. This justifies the observed evolution of Ī (T ). The influence of the
temperature on the rms of the radiation intensity is marginal. In addition, figure 12(a) shows
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Figure 11. Joint pdf of the incident-mean absorption coefficient and radiation
intensity as a function of the optical thickness of the medium: (a) τ = 0.1,
(b) τ = 1.0, (c) τ = 10 and (d) τ = 100.

that the skewness and the flatness are close to those found for standard conditions, except at
T̄ = 1650 K, where both the skewness and the flatness indicate that the pdf of the radiation
intensity is not as close to a Gaussian as in the other cases.

Figure 12(b) shows that κ̄P decreases with the increase of the temperature, as pointed out
above. Still, the rms of κP does not change significantly. The skewness and the flatness are
close to 0 and 3, respectively, for temperatures greater than or equal to 1200 K. However,
they significantly depart from those values, which hold for a Gaussian pdf, at T̄ = 900 K.
Nevertheless, the prediction of the moments of κP remains quite satisfactory if the pdf of
temperature is taken as Gaussian.
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Figure 12. Statistics of radiation intensity as a function of the mean and rms
of the temperature of the medium (constant ratio of the mean to the rms of the
temperature).

Figure 12(c) shows that RI b is constant, as expected, since T ′2/T̄ 2 does not change, and
the predictions closely match the value obtained from DNS. However, the prediction of RκP

is not so good, as also found in section 3.4.1, even though the trend is correctly reproduced.
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The variation of R∗

k I b
may be explained noting that, making use of equation (23), the following

relations hold:

R∗

k Ib
= 1 −

κ̄P Ī b

κP Ib

= 1 −
κ̄P

κ̄G

Ī b

Ī
= 1 −

RkG

RkP

1

RIb

Ib

(
T̄

)
Ī

. (32)

The ratio RκG /RκP is approximately independent of the temperature, while RI b is constant.
Moreover, Ib(T̄ )/ Ī increases with the increase of T̄ , as shown in figure 12(a), and so R∗

k I b

decreases when T̄ increases, in agreement with the results shown in figure 12(c). The negative
values of R∗

k I b
are expected, as discussed in section 3.4.1. Figure 12(c) also shows that R∗

k I and
R∗

k I b
behave similarly, although the values of R∗

k I are quite low, as expected. The correlation
coefficient ρk I exhibits a similar trend, but with a stronger temperature dependence.

Figure 13(a) shows the influence of the mean temperature of the medium, leaving the rms of
temperature unchanged (150 K), on the moments of the radiation intensity. The mean radiation
intensity decreases if the temperature increases, as observed also when both the mean and the
rms of temperature were changed. This evolution is well predicted using equation (24). In the
present case, Ī/Ib(T̄ ) achieves higher values for mean temperatures equal to 900 and 1200 K,
because the intensity of turbulent temperature fluctuations, estimated as rms(T )/T̄ , is higher and
increases with the decrease of the mean temperature. This is also the reason why the normalized
rms of the radiation intensity decreases with the increase of the mean temperature. The skewness
and flatness are also higher for mean temperatures below 1500 K. The evolutions of Ī/Ib(T̄ ) and
rms(I )/ Ī as a function of the mean temperature are in agreement with the results of Kritzstein
and Soufiani [14].

The mean and rms of κP, shown in figure 13(b), display the expected trend, which can be
explained using the same arguments given above, namely the anti-correlation between κP and T ,
and the increase of intensity of temperature fluctuations for lower temperatures. The skewness
and flatness have a more irregular behaviour, but all the moments are satisfactorily estimated
using equations (27) and (28), particularly the lowest ones.

The evolutions of RI b and RκP as a function of the temperature, plotted in figure 13(c),
reveal that both quantities depart from unity as the intensity of the temperature fluctuations
increases. However, while turbulent fluctuations contribute to increase Ī , they yield a decrease
of κ̄P in comparison with laminar flows. Therefore, RI b and RκP exhibit opposite evolutions
as the temperature changes. The evolution of R∗

k I b
, which is not significantly influenced by

the temperature, is reasonably well estimated from equations (26)–(29), even though it is
not monotonic. This is a consequence of the different behaviour of the various terms in
equation (32). Hence, while Īb and κP Ib increase with the increase of the temperature, as well as
Ib(T̄ )/ Ī , κ̄P has as an opposite trend, as well as RκG /RκP and 1/RI b . The values of R∗

k I are about
−0.01, with a marginal influence of the mean temperature, while ρk I is negative and increases
in absolute value with the increase of the mean temperature. These evolutions are identical to
those reported in the previous case, where both T̄ and rms(T ) were changing.

3.4.3. Influence of the variance of the temperature. The influence of the variance of
temperature is shown in figure 14. In this case, T̄ = 1500 K, and so the intensity of temperature
fluctuations is changing. The increase of the temperature fluctuations yields an increase of both
the mean and rms of radiation intensity, as expected [2, 14]. The increase is about 3% for
the mean radiation intensity if the turbulence intensity is 10%. The predictions based on the
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Figure 13. Statistics of the radiation intensity as a function of the mean temp-
erature of the medium.

time-averaged RTE reproduce the observed trend. The skewness of the radiation intensity
increases with the increase of the rms of temperature, while the flatness does not exhibit a
monotonic behaviour, but it is close to 3, as in the case of a Gaussian pdf. Figure 14(b) shows
that κ̄P is approximately constant, while rms(κP) increases with the increase of rms(T ), even
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though this is hardly visible in the figure. The skewness and flatness of κP change in a non-
monotonic way, which is fairly well reproduced using equations (27) and (28).

The temperature self-correlation becomes more important as the intensity of temperature
fluctuations increases, as revealed by RI b in figure 14(c). The theoretical predictions based on
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equation (24) provide excellent agreement. The κP self-correlation (RκP) is very close to unity,
i.e. it plays a negligible role in TRI, while the κG self-correlation is not so close to unity, but it
still is of secondary importance in comparison with R∗

k I and R∗

k I b
. The correlation R∗

k I b
increases

in absolute value with the increase of rms(T ), and may be predicted with good accuracy using
equation (29). The observed trend may be explained using equation (32). In fact, RκG /RκP is
approximately independent of rms(T ), while 1/RI b increases and Ib(T̄ )/ Ī decreases if rms(T )

increases. However, figures 14(a) and (c) show that the variation of 1/RI b is greater than that of
Ib(T̄ )/ Ī , and so the second term on the right of equation (32) increases with rms(T ), and it is
greater than unity. This explains the evolution of R∗

k I b
shown in figure 14(c).

The low values of R∗

k I are consistent with the results reported for the previous cases.
The increase of R∗

k I in absolute value, as a consequence of the increase of the temperature
fluctuations, is also consistent with the increase, in absolute value, of the correlation coefficient
ρk I , as shown in figures 14(c) and (d).

3.4.4. Influence of the variance of the molar fraction of CO2. The influence of the variance
of xCO2 is illustrated in figure 15. The mean value of xCO2 was set to 0.1. Hence, for a
given instantaneous temperature, the corresponding instantaneous molar fraction of CO2, and
therefore the absorption coefficient, which is proportional to xCO2 , will be higher than in standard
conditions if T > T̄ and lower in the opposite case, as concluded from equation (25). This
implies that the range of values of radiative emission, in the numerator of equation (24), will be
larger than in standard conditions. The mean radiative emission increases with the increase
of rms(xCO2), because the instantaneous radiative emission at temperatures greater than T̄
contribute the most to the mean. The values in the denominator of equation (24) may either
increase or decrease, depending on the band and quadrature point under consideration, but the
variation of the denominator is smaller than that of the numerator. Therefore, the mean radiation
intensity is expected to increase with rms(xCO2). The results in [14] and the predictions based
on equation (24) confirm this behaviour, which is supported by the DNS data, as shown in
figure 15(a). The rms of the radiation intensity remains approximately unchanged, and so do the
skewness and the flatness.

Figure 15(b) shows that κ̄P and rms(κP) are approximately constant, while the skewness and
the flatness change significantly, these changes being rather well predicted by equations (27)
and (28). If the scales were enlarged, it could be verified that both κ̄P and rms(κP) actually
decrease with the increase of rms(xCO2). In fact, the increase of rms(xCO2) yields a decrease of
the range of instantaneous values of κP, and so rms(κP) decreases. The corresponding decrease
of κ̄P is due to the relatively low values of κP at both low and high values of xCO2 in comparison
with x̄CO2 . In the former case, κP is relatively low because it is proportional to xCO2 , and this
effect prevails over the temperature dependence, and in the latter case, κP is relatively low
because the temperature is high and overshadows the role of the molar fraction of xCO2 , as
discussed in [27].

The correlations shown in figure 15 reveal that RI b does not change with rms(xCO2) as
expected, since the pdf of temperature remains unchanged. The evolution of RκP is consistent
with that of κ̄P, and is qualitatively reproduced using equations (27) and (28). In contrast to the
other cases, in the present one RκP and RκG exhibit different trends. The reason for this behaviour
is not clear. Since both RκG /RκP and Ib(T̄ )/ Ī decrease with the increase of the fluctuations of
CO2 molar fractions, while RI b is insensitive to these fluctuations, it follows from equation (32)
that R∗

k I b
increases, in agreement with the statistical data from DNS. The same trend is followed
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Figure 15. Statistics of the radiation intensity as a function of the rms of the
molar fraction of CO2.

by R∗

k I and ρk I . The values are again close to zero, which supports the OTFA and justifies the
good predictions achieved using the time-averaged RTE.

Previous research has shown that TRI is more important in reactive flows than in isothermal
flows. Therefore, an important extension of the present work will be the investigation of
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radiation statistics for reactive flows. Furthermore, the DNS data may be helpful to evaluate
the accuracy of closure models for the emission term of the RTE, which is often based on an
assumed shape for the mixture fraction pdf, and to develop a general closure model for the
absorption term of the RTE, which is not available at present.

4. Conclusions

The interaction between turbulence and radiation in statistically stationary (forced)
homogeneous and isotropic turbulence was studied. It was found that about 2 × 105 samples,
corresponding to a single instantaneous field, provide accurate results for the mean and variance
of the radiation intensity leaving the domain, but more than 20 instantaneous fields are needed to
obtain accurate values for the higher moments of the radiation intensity, as well as a converged
pdf of the radiation intensity. In all cases, the correlation between fluctuations of the absorption
coefficient and fluctuations of the radiation intensity is small, which supports the optically
thin fluctuation approximation, and justifies the good predictions achieved using the time-
averaged RTE. The main conclusions drawn from the analysis carried out may be summarized as
follows:

1. The radiation intensity is non-Gaussian and is characterized by large structures much
larger than the turbulence integral scale. It is not spatially correlated with any of the other
turbulence or radiation quantities due to its intrinsic non-local nature. The spectrum of
the radiation intensity suggests the existence of a power law close to −5/2. This is steeper
than the classical −5/3 observed in high Reynolds number turbulent jet flames. More work
is needed in order to understand the physical processes governing this spectrum and to
establish the scaling law for this variable.

2. The mean radiation intensity, normalized by the blackbody radiation intensity at the
mean temperature, decreases with the increase of the mean temperature, and increases
with the increase on the variance of temperature or variance of the molar fraction
of CO2.

3. Turbulence yields an increase of the mean blackbody radiation intensity in comparison with
laminar flows, in agreement with past work, and the temperature self-correlation becomes
more important whenever the intensity of temperature fluctuations increases.

4. Turbulence generally yields a decrease of the Planck-mean absorption coefficient in
comparison with laminar flows for the studied conditions. The Planck-mean absorption
coefficient self-correlation is not as important as the temperature self-correlation, i.e. the
former is closer to unity. Nevertheless, it was found that the Planck-mean absorption
coefficient self-correlation, RκP , decreases with the increase of temperature, is little
dependent on the variance of the temperature, and increases with the variance of the molar
fraction of the absorbing species.

5. Both κ ′

P I ′

b and κ ′

G I ′ are negative, but the role of TRI is more significant in radiative emission
(κ ′

P I ′

b) than in radiative absorption (κ ′

G I ′). This supports the OTFA and justifies the good
predictions often achieved using the time-averaged RTE. Both R∗

k I and R∗

k I b
increase, in

absolute value, with the variance of the temperature and decrease, in absolute value, with
the variance of the molar fraction of the absorbing species.
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6. Calculations based on an assumed Gaussian pdf for the temperature yield very good
predictions of the mean radiation intensity, temperature self-correlation and moments of
the Planck-mean absorption coefficient, particularly the lowest ones. Predictions of the
Planck-mean absorption coefficient self-correlation and absorption coefficient-temperature
correlation are also fairly satisfactory, and exhibit the correct trends.

Extrapolation of the conclusions of this study to other physical conditions should be cautious,
since the practical configurations and conditions may be rather different from the present ones.
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