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The filtered radiative transfer equation has been solved without subgrid-scale model and compared to a-
priori estimations from direct numerical simulation of statistically stationary homogeneous isotropic tur-
bulence. The importance of the large eddy simulation non-resolved scales on the thermal radiation is
analysed in this academic case. The influence of the mean and variance of temperature of the system
on the subgrid-scale correlations is studied. It is shown that the turbulence–radiation interaction (TRI)
is greater for low-temperature flows, where the radiative transfer is lower. Moreover, the strongest sub-
grid-scale correlations, which are the temperature self-correlation and the absorption coefficient-tem-
perature correlation, have opposite effects, which suggests that it is better to neglect both correlations,
instead of modelling only one. Therefore, the assumption of neglecting the TRI in LES leads to good pre-
dictions. Three-dimensional filtering effects, as well as the grid influence on non-local quantities, such as
the radiation intensity, are also analysed. These effects have a local influence, but are negligible in the
tested cases.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Radiative transfer plays a significant role in turbulent reactive
flows, and turbulence–radiation interaction (TRI) effects are rele-
vant in most cases [1]. The TRI has generally been investigated
using Reynolds-averaged Navier-Stokes (RANS) methods [2], prob-
ability density function approaches [3,4] and recently Direct
Numerical Simulation (DNS) [5–7]. Although DNS is a powerful
tool to provide fundamental insight on turbulent flows [8], it is
too computational expensive for practical applications, and is re-
stricted to moderate Reynolds numbers and/or simple geometries.
In this context, and with the increase of computer power, large
eddy simulation (LES) is becoming an attractive approach to
achieve high accuracy at an affordable computational cost for solv-
ing moderately complex problems of practical usefulness in the
Computational Fluid Dynamics and combustion communities [9].

To the authors’ knowledge, few work has been done so far to
simulate the TRI in LES of reactive flows. Poitou et al. [10] have
made an a-priori study from DNS of a reactive shear layer to eval-
uate the TRI from the emission part of radiation and have tested
models based on Taylor development to reconstruct the correlation
between the temperature and the absorption coefficient in a flame.
Recently, Coelho [11] investigated the relevance of the TRI in San-
ll rights reserved.
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ger), pedro.coelho@ist.utl.pt
dia flame D in the LES framework. He used a stochastic model to
generate a time-series of turbulent scalar fluctuations along optical
paths of the flame and solved the filtered radiative transfer equa-
tion (RTE) along these paths by applying a one-dimensional filter-
ing operation. In this study, various approximations based on an
assumed subgrid-scale probability density function are tested to
model the subgrid-scale fluctuations of thermal radiation. It is
shown that the relevance of the TRI in LES framework is smaller
than in RANS calculations, and consequently an extension of the
optical thin fluctuation approximation should be a judicious choice
in LES. In the studied flame, the average relative error of the filtered
radiative intensity is below 0.3%.

Thermal radiation has been coupled to LES of combustion sys-
tems in [12–15]. In these studies, the filtered radiation quantities
have been estimated without subgrid-scale (SGS) models, i.e., the
TRI effects have been simply neglected. The present study is a contin-
uation of previous works [16,17] where the filtered RTE was studied.
A conclusion of these works was that neglecting the subgrid-scale
influence on the thermal radiation is a good assumption under var-
ious physical conditions, e.g., when the turbulence intensity is below
20%, when the medium is not optically thick, and if the filter size re-
mains in the low-inertial range of the kinetic energy spectrum. These
conclusions have been drawn from a-priori estimations from DNS
(or filtered DNS) of homogeneous isotropic turbulence. However,
the filtered RTE was not solved in these studies.

The present study reports an evaluation of the assumption used
in [12–15], that consists in neglecting the influence of the unre-
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solved scales over the resolved-scale radiative heat transfer. For
this goal, LES without any SGS model of thermal radiation has been
carried out, i.e., the filtered RTE has been solved without account-
ing for the subgrid-scales influence on the radiative quantities. The
results obtained have been compared to the reference DNS calcula-
tions, and to a-priori estimations in order to analyse the role of the
unresolved scales (or SGS) of motion. The influence of the subgrid-
scale correlations is identified and analysed, as well as the effect of
the three-dimensional filtering and the grid influence, in order to
shed some light about a SGS modelling for thermal radiation. These
two last issues were not previously investigated, while the first one
was not studied in the framework of LES, taking DNS as reference.

The radiative heat transfer has been calculated by using a ray-
tracing/correlated k-distribution method. The simplest possible
turbulent flow configuration, statistically steady (forced) homoge-
neous isotropic turbulence without combustion, has been chosen
in order to give fundamental insight about TRI.

This article is organized as follows. In the next section, the fil-
tered RTE is described, and the hypothesis involved by neglecting
the SGS influence in radiative heat transfer are presented. In Sec-
tion 3, the numerical tools for turbulence and radiation calcula-
tions are detailed. In Section 4, the results are presented and
discussed. Finally, the article ends with an overview of the main re-
sults and conclusions.

2. The filtered radiative transfer equation

2.1. The filtered radiative intensity

The RTE in the case of an emitting-absorbing and non-scattering
medium may be written as [18]:

dIm
ds
¼ �jmIm þ jmIbm ð1Þ

where m is the wavenumber, Im the spectral radiation intensity, s the
coordinate along the optical path, jm the spectral absorption coeffi-
cient and Ibm the Planck function. In LES, the large turbulent motions
are directly represented whereas the effect of the small scale mo-
tions is modelled [8]. A low-pass filtering operation is performed
so that the resulting filtered quantity can be adequately resolved
on a coarser grid. Thus, any given flow variable Q can be decom-
posed into a grid-scale part Q , and a subgrid-scale part Q 00:
Q ¼ Q þ Q 00. The filtered RTE is obtained by applying the spatial fil-
tering operation to the RTE:

dIm
ds
¼ �jmIm þ jmIbm

¼ ��jmIm � jmIm � �jmIm
� �

þ �jmIbm þ jmIbm � �jmIbm
� �

ð2Þ

The terms in parentheses, jmIm � �jmIm
� �

and jmIbm � �jmIbm
� �

, need to be
modelled in order to close the filtered RTE. They represent the effects
of the unresolved scales on the monochromatic radiative intensity.

The simplest way to close Eq. (2) is to suppose that the subgrid-
scale fluctuations of thermal radiation are negligible, i.e., the terms
jmIm � �jmIm
� �

and jmIbm � �jmIbm
� �

are neglected in the filtered RTE. In
this assumption, the filtered RTE may be written as

dIm
ds
’ ��jmIm þ �jmIbm ð3Þ

In the case of a medium composed by a mixture of H2O and CO2, it is
further assumed that Ibm ’ IbmðTÞ and �jm ’ jmðT;XCO2 ;XH2OÞ, i.e., the
temperature self-correlation is neglected as well as the correlation
between the absorption coefficient and the temperature/chemical
composition.

In this study, we have focused on radiative quantities integrated
over the spectrum, such as the Planck-mean absorption coefficient
jP and the incident mean absorption coefficient jG, which are de-
fined as follows

jP ¼
Rþ1

0 jmIbmdmRþ1
0 Ibmdm

ð4Þ

jG ¼
Rþ1

0 jmGmdmRþ1
0 Gmdm

¼
Rþ1

0 jmImdmRþ1
0 Imdm

ð5Þ

where Gm is the spectral incident radiation. The second equality in
Eq. (5) only holds for isotropic radiation, as in the present analysis.
In this case, the equation for the total filtered intensity may be writ-
ten as:

dI
ds
¼ �jGI þ jPIb ¼ ��jGI � jGI � �jGI

� �
þ �jPIb þ jPIb � �jPIb

� �
ð6Þ

The assumption of isotropic radiation simplifies the physical prob-
lem presented in the remainder of this study. In practical problems,
this assumption is approximately valid for perfectly stirred reactors.
Furthermore, Eq. (6) is similar to Eq. (2), which does not require the
assumption of isotropic radiation, and therefore it is expected that
the conclusions drawn from the analysis of Eq. (6) remain valid
for Eq. (2).

2.2. The filtered divergence of the radiative flux

The divergence of the radiative heat flux may be expressed as
[18]:

r � q ¼
Z þ1

0
jmð4pIbm � GmÞdm ð7Þ

Assuming isotropic radiation, we can rewrite the divergence of the
radiative heat flux in the following form

r � q ¼ 4p½jPIb � jGI� ð8Þ

Applying the filtering operation to Eq. (8) yields

r � q ¼ 4p jPIb � jGI
� �

¼ 4p �jPIb þ jPIb � �jPIb

� �
� �jGI � jGI � �jGI

� �� �
ð9Þ

and in the case where subgrid-scale fluctuations are neglected:

r � q ’ 4p �jPIb � �jGI
� �

ð10Þ
’ 4p jPðT;XCO2 ;XH2OÞIbðTÞ � �jGILES

� �
ð11Þ

where the filtered absorption �jGILES is given by the resolution of Eq.
(3) and from Eq. (5). In Eq. (6) or (9), the terms depending on jP and
Ib will be referred to as the emission terms and those depending on
jG and I as the absorption terms of the filtered RTE.

3. Computational details

In this section, the method used to solve the filtered RTE is de-
scribed as well as the procedure employed to obtain the a-priori re-
sults. Both procedures have as a starting point the instantaneous
fields of a passive scalar obtained from DNS of statistically station-
ary (forced) homogeneous isotropic turbulence. In Section 3.1, the
DNS calculations are detailed and it is explained how the passive
scalar field is used to define the temperature and the chemical
composition of the medium. The DNS and the radiative transfer
calculations are decoupled. Although radiation from H2O could
easily be included in the calculations, only radiation from carbon
dioxide is considered here in order to reduce computational
requirements. This is sufficient for our main goal in this paper,
namely to investigate the TRI in the context of LES.

For the LES, a spatial filtering operation is applied to the tem-
perature and to the species concentration fields. The new coarser
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grid used in the LES is defined according to the filter size, as de-
scribed in Section 3.2. In Section 3.3, the ray-tracing/correlated k-
distribution method used to solve the filtered RTE is presented. Fi-
nally Section 3.4 presents a brief description of the methodology
used to obtain the filtered DNS results, which will be used as refer-
ence in Section 4.
3.1. Direct numerical simulation of homogeneous isotropic turbulence

In the present work, the Navier-Stokes equations are solved for
an incompressible, constant property flow. A simple transport
equation is also solved along with the Navier-Stokes equations to
determine the evolution of a passive scalar field. The equations
are numerically integrated with direct numerical simulation
(DNS). The DNS is carried out using a standard pseudo-spectral
scheme for spatial discretization, and the temporal advancement
is made with an explicit 3rd order Runge-Kutta scheme. The pas-
sive scalar field has a Schmidt number equal to 0.7. The physical
domain is a cubic box of size 2p. The simulations use 1923 colloca-
tion points, and were fully dealised using the 3/2 rule.

The large scales of both the velocity and the scalar fields were
forced in order to sustain the turbulence, using the method de-
scribed in [19]. The forcing was imposed on three wave numbers
concentrated on kp ¼ 3 for the velocity and the scalar field. It con-
sists in injecting kinetic energy and scalar variance during the sim-
ulation at a rate that approximately balances the instantaneous
viscous and passive scalar dissipation rates. After an initial tran-
sient at the start of the simulation, both the velocity and passive
scalar fields reach a statistically stationary state. The forcing affects
only a very small wave number region associated with the large
scales of motion, and not the inertial range region that is used in
the a-priori tests.

Table 1 lists some of the flow parameters, namely the Reynolds
number based on the Taylor micro-scale, Rek, the velocity integral
length scale, L11, and the Kolmogorov micro-scale, g. The molecular
viscosity is m and the maximum resolved wave number is kmax. The
skewness S and flatness F factors of the velocity derivative are sim-
ilar to the ones found in high Reynolds number turbulence. More-
over, the energy and scalar variance spectra (not shown) exhibit an
inertial range with about one decade, and furthermore the Rey-
nolds number based on the Taylor micro-scale is close to 100.
These results show that at least the inertial and dissipative ranges
of scales of motion from the present simulation are characteristic
of the flow in mixing layers, jets, and wakes, at the far field and
at moderate Reynolds numbers. More details on this DNS data
bank can be found in [20,21].

The data obtained from homogeneous isotropic turbulence sim-
ulations in the cubic box are rescaled into the radiation domain by
assuming kinematics similarity between the two flows [17,20].
This assumption yields the following expression of the instanta-
neous temperature field T used in the radiative heat transfer calcu-
lations as a function of the DNS temperature field TDNS

TðxÞ ¼ hTi þ TDNSðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
hT 02i
hT 02DNSi

s
ð12Þ

Here, hTi is the time-averaged temperature, and hT 02i and hT 02DNSi
are the variance of the temperature fields prescribed for the radia-
tion calculations and computed from DNS, respectively. A similar
Table 1
Physical and computational parameters of the DNS of isotropic turbulence.

Rek m Sc kmaxg L11 g S F

95.6 0.006 0.7 1.8 1.24 2:8� 10�2 �0.49 4.63
procedure is used to rescale the instantaneous species concentra-
tion field of the absorbing species. This rescaling from DNS data
to radiation calculations should be manipulated carefully, espe-
cially in cases where the fluctuation intensities are large. At some
points, the temperature is beyond the physical range. In those
cases, we may assume that TðxiÞ ¼ Tmax in points where the tem-
perature exceeds the maximum possible temperature of the sys-
tem, which is assumed to be Tmax ¼ 2500 K (and the same for
points xj where TðxjÞ is lower than Tmin ¼ 300 K). This assumption
remains acceptable as long as the statistics of the temperature field
are not significantly modified, which is the case if the temperature

turbulence intensity, defined by
ffiffiffiffiffiffiffiffiffiffi
hT 02i

q
=hTi, does not exceed 30%

for hTi ¼ 1500 K [17]. In the case where
ffiffiffiffiffiffiffiffiffiffi
hT 02i

q
=hTi ¼ 20%, the

mean temperature hTi (in K) may belong to the interval
1000 6 hTi 6 1800.

3.2. LES without SGS of thermal radiation

To calculate the radiative transfer quantities in LES framework,
a filtering operation is applied to the temperature and the species
concentration fields. In this study, we are interested in analyzing
those features of the radiative heat transfer that are relevant in
the physical space, i.e. LES using finite difference or finite volume
codes, since this procedure is more often used in LES of turbulent
flows for engineering applications. Therefore, the box filtering
operation has been chosen, since this filter type is implicitly asso-
ciated with the discretization using central differences or finite
volume codes [22]. The box filter function is defined such that Q
represents the quantity Q averaged over a cell of volume D3 (where
D is the filter size) :

Q ¼ 1
D3

Z Z Z
D3

Qðx; tÞdx ð13Þ

The temperature T and the CO2 molar concentration XCO2 , obtained
from DNS, are filtered using Eq. (13) in order to obtain T and XCO2 .
After this, the filtered quantities are used as input in the radiative
transfer calculations described in Section 3.3. Five different filter
sizes were used with D ¼ md, where m ¼ 2;4;8;16 and 32 (d is
the mesh size in the DNS grid). The filtered radiation quantities
were estimated in two different grids, namely the initial DNS grid
(with a control volume of size d3) and a coarser grid with a control
volume equal to D3, like it is usually done in LES.

In practice, LES should be carried out using D=d ¼ 8 or 16 which
correspond to the filter sizes located at the inertial range region of
the kinetic energy spectrum in the present simulations [21]. In the
following, the results obtained with the filter size D=d ¼ 16 are
emphasized because they are more representative of the implicit
filter sizes used in practical engineering applications [21].

3.3. Radiative transfer calculations

The ray-tracing method is used for the radiation calculations. It
consists in solving the RTE, along a line of sight, in its integral form,
which may be written as [18]

ImðsÞ ¼ Imð0Þ exp �
Z s

0
jmðs0Þds0

� �
þ
Z s

0
jmðs0ÞIbmðs0Þ

� exp �
Z s

s0
jmðs00Þds00

� �
ds0 ð14Þ

Eq. (14) has been discretized by dividing the optical paths into ele-
ments and interpolating the temperature and chemical composition
using cubic splines. This interpolation is used to compute the inte-
grals in Eq. (14), which are numerically evaluated using Simpson’s
rule, to guarantee that the order of accuracy in the evaluation of
the radiation intensity is similar to that of DNS. When the LES with-
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out SGS models is carried out, the interpolations are applied on the
filtered temperature and on the filtered chemical composition
fields, whereas when DNS or filtered DNS are considered, this inter-
polation is applied on the T and XCO2 fields.

Periodic boundary conditions were employed in the present
work to be consistent with the boundary conditions used in the
isotropic DNS. These conditions have also been used in the study
of Deshmukh et al. [6] and in [17]. The periodicity was enforced
by setting ImðLÞ ¼ Imð0Þ where L is the length of the radiation do-
main. Physically, the periodic conditions imply that the medium
is in radiative equilibrium. As long as the optical thickness is not
small (like in the cases discussed in the following), these boundary
conditions have no significant effect on the thermal radiation sub-
grid-scale fluctuations.

The integration over the spectrum has been done using the cor-
related-k distribution method (CK approximation) [23]. In this
method, the spectrum is divided into narrow bands such thatRþ1

0 Imdm ’
PNb

i¼1IDmi
, and the absorption coefficient is reordered

within every band into a smooth monotonically increasing func-
tion. The averaged radiation intensity over a band takes the follow-
ing form

IDm ¼
1
Dm

Z
Dm

Imdm ¼
Z þ1

0
IðkÞf ðkÞdk ¼

Z 1

0
IðgÞdg ð15Þ

where f ðkÞ is the probability density function of the absorption
coefficient in the considered band and gðkÞ is the cumulative k-dis-
tribution function. The integral in Eq. (15) is evaluated using a
Gaussian quadrature, which yields the following relation for a med-
ium with one absorbing species

IDm ¼
XNb

i¼1

XNQ

j¼1

xjIDmi ;jDmi ð16Þ

where xj is the quadrature weight, NQ is the number of quadrature
points, and IDmi ;j is the radiative intensity for the ith band and for the
quadrature point j. The parameters needed for the CK approxima-
tion are taken from the data of Soufiani and Taine [24]. It was as-
sumed that the temperature and the absorbing species are fully
correlated, which is consistent with the laminar flamelet combus-
tion model.

3.4. A-priori calculation of thermal radiation

The procedure used to obtain the a-priori results from the fil-
tered DNS is the same as the one described in [17]. The radiative
transfer equation is solved by the ray-tracing/CK method and the
radiative quantities such as the intensity I, the absorption jGI or
the emission jPIb, are then filtered according to Eq. (13) using a
box filter of size D ¼ md, with m ¼ f2;4;8;16;32g. In this way, it
is possible to obtain all the filtered quantities (like for instance,
concerning the radiative emission, jPIbDNS or �jPIbDNS), which will
serve as a reference for the study of the role of various subgrid-
scale correlations (see Section 4).
4. Results and discussion

In this section, the results obtained from LES without subgrid-
scale model are compared to the DNS and to the a-priori (or filtered
DNS) results. In the remainder of the paper, it is implicit that LES
refers to LES without subgrid-scale model.

The standard radiative transfer calculations were carried out
assuming that the mean temperature of the medium is 1500 K
and the mean molar fraction of CO2 is 0.5. The root mean square
(rms) of temperature and carbon dioxide molar fraction are
300 K and 0.1, respectively. These values of the rms correspond
to a temperature turbulence intensity, defined by
ffiffiffiffiffiffiffiffiffiffi
hT 02i

q
=hTi, equal

to 20%. The length L of the radiation domain is defined in order to
satisfy the prescribed optical thickness of the medium s, estimated
from s ¼ jPðhTi; hXCO2 iÞL, and which is set equal to 10. In the fol-
lowing calculations, these standard values remain unchanged un-
less other values are indicated.

An example of instantaneous radiation intensity fields is pre-
sented in Fig. 1. Fig. 1(a) displays the field calculated from DNS,
whereas Fig. 1(b) and (c) display the fields obtained from filtered
DNS in the DNS grid and in the coarse LES grid, respectively. The
fields calculated from LES are presented in Fig. 1(d) (in the DNS
grid) and in Fig. 1(e) (in the LES grid). It can be observed that the
instantaneous radiation intensity field obtained from the filtered
DNS is close to the LES one. As expected, the maximum and the
minimum values of I are attenuated in comparison with the DNS.
But it is not obvious if the instantaneous field from filtered DNS re-
mains closer to the DNS than the LES. Moreover, comparing the
fields obtained in the two grids, it is observed that the grid has
an influence on the results. These observations are investigated
below.

Fig. 2 displays the radiation intensity along a line of sight cho-
sen arbitrarily from the DNS ðIDNSÞ, from the LES ðILESÞ and from
the filtered DNS ðIDNSÞ. The size of the filter is D ¼ 16d and the fil-
tering operation is three-dimensional. Three main observations
can be made from this figure.

The first observation concerns the comparison between the
DNS, the LES and the filtered DNS. In this particular line of sight,
the profile of the radiative intensity calculated by LES ðILESÞ is closer
to the DNS ðIDNSÞ than the filtered DNS ðIDNSÞ. This unexpected
behavior is only observed for a few lines of sight, i.e., it is not a gen-
eral trend in the system. This behavior is explained by the three-
dimensional filtering effects, as shown and discussed in
Section 4.1.

The second observation made from Fig. 2 is that the LES tends to
underestimate the filtered radiative intensity in comparison with
the filtered DNS, i.e., ILES < IDNS. This tendency is general and ob-
served in the whole domain. This is explained by the influence of
the SGS correlations, which are neglected in the LES, as discussed
in Section 4.2.

Finally, a last observation concerns the influence of the grid.
When local quantities are considered, like for instance the velocity
field or the chemical composition, or in the case of thermal radia-
tion, like the blackbody intensity, the Planck-mean absorption
coefficient or the radiative emission, the coarse LES grid is well-
adapted to the filtering operation and to the size of the filter.
But, if non-local quantities are considered, i.e., quantities that de-
pend on properties along the optical path, such as the radiation
intensity or the radiative absorption, the change of the grid may
cause additional errors in the results. In Fig. 2, the observed differ-
ence between the values of ILES in the DNS grid with those obtained
in the LES grid is observed at some points of the line of sight (for
instance, between s

L ¼ 0:3 and 0.6 or between s
L ¼ 0:7 and 0.8). This

difference is quite small for this particular line of sight. However,
the issue about the grid influence is addressed and discussed in
Section 4.3.
4.1. Three-dimensional filtering effects

The box filtering operation consists in averaging a given quan-
tity in a volume of size D3. This is well-adapted to finite volume
codes, which are the most frequently encountered in engineering
applications. However, this volume averaging procedure may in-
duce unexpected results when non-local and directional quantities
are considered, such as the radiation intensity, as mentioned
above.
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Fig. 1. Contours of the normalized instantaneous radiative intensity fields in a ðy; zÞ plane. (a) Displays results obtained from DNS (IDNS=hIDNSi). (b) and (c) Display results from
filtered DNS, in the DNS and in the LES grids, respectively. Calculations from LES are shown in (d) in the DNS grid, and in (e) in the LES grid. The filter size is D ¼ 16d for (b–e).

M. Roger et al. / International Journal of Heat and Mass Transfer 53 (2010) 2897–2907 2901
Three-dimensional filtering has been applied in Fig. 2. In the
multi-dimensional filtering operation, the filtered quantities de-
pend on the local properties along the considered line of sight
and along the neighbouring lines of sight. Fig. 3 displays a sche-
matic of the box filtering operation in two dimensions. The neigh-
bouring lines of sight have an influence on the values of the filtered
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Fig. 2. Normalized radiative intensity profiles along a line of sight from DNS ðIDNSÞ, LES ðILESÞ and filtered DNS ðIDNSÞ. The results are displayed in the DNS and in the LES grids.
The filter size is D ¼ 16d.
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quantities. The radiation intensity at every node of the LES grid and
along the line of sight under consideration is affected by all the grid
nodes within the volume defined by the filter size and centred at
the corresponding LES grid node. Even though three-dimensional
filtering effects are expected and may seem obvious, they are
responsible for the fact that in Fig. 2, jIDNS � ILESj < jIDNS � IDNSj,
which might seem surprising. However, this trend is not general,
as demonstrated in Fig. 4 for another line of sight, along which
jIDNS � ILESj > jIDNS � IDNSj. The different behavior of the filtered radi-
ation intensity profiles for different lines of sight is essentially due
to the three-dimensional filtering effects, as shown in Fig. 5. In this
figure, the radiation intensity profiles are displayed along the same
line of sight considered in Fig. 2, except that the filtering operation
is now one-dimensional, i.e., it is applied only along the considered
line of sight. In this case, jIDNS � ILESj > jIDNS � IDNSj, showing that the
different trend in Fig. 2 is indeed a consequence of the three-
dimensional filtering.

All the results reported in the following sections were obtained
using a three-dimensional filter, since this is predicted in LES of the
Navier-stokes equations.
Δ = mδ m = 8

Fig. 3. Schematic representing the box filtering operation (in two dimensions). The LES gr
circles.
4.2. Influence of the subgrid-scale correlations on the thermal
radiation

In the present LES, all the subgrid-scale correlations have been
neglected, namely the temperature self-correlation, i.e., T4 ’ T4,
the absorption coefficient-blackbody intensity correlation (analo-
gous to the absorption coefficient-temperature correlation), i.e.,
jmIbm ’ �jmIbm and the absorption coefficient-radiation intensity cor-
relation, i.e., jmIm ’ �jmIm. The absorption coefficient self-correlation
is smaller than the others, i.e., �jP ’ jPðT;XCO2 Þ, and will be ignored
in the present analysis. The comparison of the LES with the filtered
DNS may give some indications about the relevance of these sub-
grid-scale correlations on the estimated thermal radiation.

Tables 2 and 3 display comparisons of mean values obtained
from LES and from filtered DNS. The angle brackets hi represent
time-averaged quantities. In the present case, where statistically
steady homogeneous isotropic turbulence is considered, the
time-averaged and the space-averaged quantities are equal. Thus,
the mean values presented in these tables are estimated from a
space-averaging of the quantities over all the computational
considered

δ

id nodes are represented by squares whereas the DNS grid nodes are represented by



Fig. 4. Normalized radiative intensity profiles along a different line of sight, from DNS ðIDNSÞ, LES ðILESÞ and filtered DNS ðIDNSÞ. The results are displayed in the DNS and in the
LES grids. The filter size is D ¼ 16d.

Fig. 5. Normalized radiative intensity profiles along a line of sight (same as in Fig. 2) from DNS ðIDNSÞ, LES ðILESÞ and filtered DNS ðIDNSÞ. The filtering operation is one-
dimensional. The results are displayed in the DNS and in the LES grids. The filter size is D ¼ 16d.

Table 2
Ratio of mean values obtained from LES to mean values obtained from filtered DNS for
the radiation intensity and the blackbody intensity.

D=d 2 4 8 16 32

hIbðTÞi=hIb;DNSi 0.998 0.991 0.974 0.939 0.881

hILESi=hIDNSi 0.995 0.993 0.978 0.949 0.906

Table 3
Ratio of mean values obtained from LES to mean values obtained from filtered DNS for
the radiative emission and absorption.

D=d 2 4 8 16 32

h�jPIbDNSi=hjPIbDNSi 1.002 1.009 1.029 1.069 1.136

hjPðT;XCO2 ÞIbðTÞi=hjPIbDNSi 1 0.998 0.995 0.987 0.975

h�jGIDNSi=hjGIDNSi 1 1 1.001 1.004 1.010
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domain at a given instant. All the grid nodes of the LES mesh have
been used to compute the mean values.

Table 2 presents the ratios of the mean radiation intensity cal-
culated by LES to the mean radiation intensity obtained from fil-
tered DNS, for various filter sizes. The same ratio is given for the
blackbody radiative intensity. The mean blackbody intensity ratio
allows to evaluate the influence of the subgrid-scale temperature
self-correlation on the results, recalling that hIbðTÞi=hIb;DNSi ¼
hT4i=hT4i. This ratio is clearly less than 1, showing that the sub-
grid-scale temperature self-correlation tends to increase the fil-
tered blackbody intensity. In the case of a box filter, where a
filtered quantity is equal to the arithmetic mean of the considered
quantity over the points within the volume defined by the filter
width, it is easy to demonstrate that T4=T4 is always less than or
equal to one, as shown in [11]. The effect of the non-resolved scales
of the temperature field on the resolved blackbody intensity be-
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come apparent through the following expansion of the filtered
blackbody intensity,

Ib;DNS ¼
rT4

p
’ rT4

p
1þ 6T 002

T2
þ 4T 003

T3
þ T 004

T4

 !
ð17Þ

where it is assumed that T ¼ 0 and T 00 ¼ 0 (which is exact for a cut-
off filter), and the temperature is decomposed as the sum of a re-
solved ðTÞ and a subgrid-scale component ðT 00Þ [10]. The term that
involves the third power of the temperature is generally negligible,
while the second and the fourth terms on the right hand side of Eq.
(17) are both positive. Therefore, the subgrid-scale temperature in
the LES tends to increase the resolved blackbody intensity. For
D ¼ 16d, a significant increase (of about 6%) is observed.

Concerning the radiative intensity, the results in Table 2 con-
firm the second observation made previously from Fig. 2, i.e.,
hILESi=hIDNSi < 1 which means that the calculations from LES tend
to underestimate the radiation intensity. When D=d ¼ 2;4 and 8,
the mean radiation intensity estimated by LES is very close to
the filtered DNS. But when D=d ¼ 16, the difference between the
two filtered radiative intensities exceeds 5%. It should be noted
that it is not possible to identify the effect of a particular SGS cor-
relation from this ratio. In fact, according to the filtered RTE solved
by the LES without accounting for the SGS contributions (cf Eq. 6),
it is the combined effect of all the SGS correlations that is high-
lighted in hILESi=hIDNSi.

In Table 3, results concerning the radiative emission and the
radiative absorption are presented. It is observed that
h�jPIbDNSi=hjPIbDNSi is greater than 1. Since hjPIbDNSi ¼ h�jPIbDNSiþ
hðjPIbDNS � �jPIbDNSÞi, the term into parenthesis, which accounts
for the time-averaged SGS absorption coefficient-temperature cor-
relation, is negative and contributes to decrease the time-averaged
filtered emission hjPIbDNSi. On the other hand,
hjPðT;XCO2 ÞIbðTÞi=hjPIbDNSi is lower than 1. Therefore, the time-
averaged SGS correlations in the emission term, which are fully ig-
nored in the product hjPðT;XCO2 ÞIbðTÞi, are positive, i.e.,
hðjPIbDNS � jPðT;XCO2 ÞIbðTÞÞi > 0. The SGS temperature self-correla-
tion and the SGS absorption coefficient self-correlation are both ig-
nored when hjPðT;XCO2 ÞIbðTÞi is considered instead of h�jPIbi. Since
the contribution of the SGS absorption coefficient self-correlation
is marginal, it may be concluded that the SGS temperature self-cor-
relation is responsible for the sign change of the SGS correlations. It
can be further concluded that the SGS absorption coefficient-tem-
perature correlation and the SGS temperature self-correlation have
opposite signs. The opposite effect of the SGS correlations and the
Fig. 6. Influence of the temperature variance on the ratio hIL
improved prediction of hjPIbi obtained when all the SGS correla-
tions are ignored (the ratio on the second row is closer to unity
than the ratio on the first row of Table 3) imply that it is better
to neglect all SGS correlations, instead of modelling only one in
LES. These results confirm the a-priori study of Poitou et al. [10]
where the filtered emission estimated with a SGS model only for
the temperature self-correlation yields worst results than the fil-
tered emission estimated without any SGS model.

Regarding now the filtered radiative absorption, Table 3 shows
that the ratio h�jGIi=hjGIi is higher than 1. Therefore, the absorption
coefficient-radiation intensity SGS correlation tends to decrease
the filtered radiative absorption, but its influence on the radiative
absorption seems to be weaker than the influence of the other
correlations.

Influence of the variance and of the mean temperature on the SGS
correlations. Fig. 6 displays the influence of the temperature vari-
ance on the filtered radiative intensity. The mean temperature is
fixed at 1500 K. The ratio hILESi=hIDNSi decreases with the increase
of hT 02i, as expected. This figure confirms the a-priori results pre-
sented in [17], i.e., the temperature turbulence intensity has a
strong influence on the importance of the subgrid-scale correlation
in LES of radiative heat transfer. When the temperature turbulence
intensity exceeds 20%, the subgrid-scale fluctuations become

important, e.g., when
ffiffiffiffiffiffiffi
hT 02i
p
hTi ¼ 30% and D ¼ 16d, the difference be-

tween ILES and IDNS reaches 10%.
Fig. 7 shows the influence of the mean temperature hTi on the

radiative intensity. These results were obtained for a constant tem-

perature turbulence intensity
ffiffiffiffiffiffiffiffiffiffi
hT 02i

q
=hTi fixed at 20%. The ratio

hILESi=hIDNSi increases with hTi, which means that the combined ef-
fect of all the subgrid-scale correlations tends to decrease with the
increase of the mean temperature. This supports the assumption
which consists in neglecting the TRI in LES, since TRI effects seem
to be more significant in systems where the mean temperature is
relatively low, i.e., when the radiative heat transfer is less
important.

The influence of the mean temperature on the filtered emission
and absorption, is displayed in Figs. 8 and 9, respectively, for vari-

ous filter sizes, and for a constant
ffiffiffiffiffiffiffiffiffiffi
hT 02i

q
=hTi equal to 20%. Fig. 8

shows that the influence of the absorption coefficient-temperature
SGS correlation is more important for larger values of hTi, i.e., the
ratio h�jPIbDNSi=hjPIbDNSi increases with hTi. Moreover, the ratio
hjPðT;XCO2 ÞIbðTÞi=hjPIbDNSi, which is lower than 1, increases and
ESi=hIDNSi. The mean temperature hTi is fixed at 1500 K.



Fig. 7. Influence of the mean temperature on the ratio hILESi=hIDNSi. The temperature turbulence intensity
ffiffiffiffiffiffiffi
hT 02i
p
hTi is fixed at 20%.

Fig. 8. Influence of the mean temperature on the ratios hjPðT;XCO2 ÞIbðTÞi=hjP Ibi and h�jP Ibi=hjP Ibi. The temperature turbulence intensity
ffiffiffiffiffiffiffi
hT 02i
p
hTi is fixed at 20%.
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gets closer to 1 when hTi increases. This reveals that the SGS
absorption coefficient-temperature correlation tends to compen-
sate the temperature self-correlation (constant) as the time-aver-
aged temperature increases, since these correlations have
opposite signs on average, as formerly discussed. Therefore, the
predictions obtained by simply ignoring all the SGS correlations
are more accurate for high value of hTi, e.g., when hTi is equal to
1800K. This confirms that the TRI effects on the filtered radiative
emission are more important at low mean temperature, and there-
fore the subgrid-scale correlations are more important at low-tem-
perature, when the radiative heat transfer is lower. In Fig. 9, the
ratio hjGIDNSi=hjGIDNSi increases with hTi, but remains close to 1.
For instance, when D ¼ 2d and D ¼ 4d, the influence of the sub-
grid-scale on the radiative absorption is too small to be character-
ized by h�jGIDNSi=hjGIDNSi, which is equal to 1 in both cases. The
correlation between the absorption coefficient and the radiation
intensity is less significant than the other SGS correlations. If
hTi ¼ 1000 K, this correlation tends to increase the filtered radia-
tive absorption, i.e., h�jGIDNSi=hjGIDNSi < 1, while if hTi ¼ 1500 K or
1800 K, the ratio is greater than 1. However, this influence remains
small, which confirms previous results in [11,17], where it is sug-
gested that the optically thin fluctuation approximation usually as-
sumed in RANS applications should be appropriate to LES.
4.3. Influence of the grid on the radiation intensity

In Fig. 2, it was observed that the grid has an influence, although
quite small, on the radiation intensity. It can be seen that in the
common nodes of the LES and the DNS grids, the radiation inten-
sity from filtered DNS ðIDNSÞ remains equal in both grids, as ex-
pected. But, the LES results exhibit a difference in the LES grid
and in the DNS grid. This difference, observed only for non-local
quantities, such as the radiation intensity or the radiative absorp-
tion, highlights the influence of the grid.

The normalized difference ðIDNS � ILESÞ=hIDNSi between the radia-
tion intensity from filtered DNS and from LES, in both LES and DNS
grids, is shown in Fig. 10. The filter size is D ¼ 16d, and the line of
sight is the same as in Fig. 2. It is shown that the coarser grid affects



Fig. 9. Influence of the mean temperature on the ratio h�jGIi=hjGIi. The temperature turbulence intensity
ffiffiffiffiffiffiffi
hT 02 i
p
hTi is fixed at 20%.
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ILES at some points, like for instance when s=L 2 ½0:3;0:5� or
s=L 2 ½0:8;0:9�. The difference jIDNS � ILESj is higher in the LES grid
than in the DNS grid. The radiation intensity is a non-local quantity
and consequently the error due to the lack of subgrid-scale model-
ling spreads and changes along an optical path. Moreover, due to
the three-dimensional effect, the influence of the neighbouring lines
of sight increases this error at some points and decreases it at others.

However, the overall influence of the grid is quite small. The
computations show that hIDNS � ILESiDNSgrid=hIDNS � ILESiLESgrid ¼ 0:997
for D ¼ 16d, which is much closer to 1 than the ratio hILESi=hIDNSi
(equal to 0.946 in the same conditions), which describes the SGS
correlation effects. Similar trends were found for other lines of
sight. Therefore, the influence of the grid may be neglected in fu-
ture TRI modelling.

5. Conclusion

The turbulence–radiation interaction in the LES framework was
studied by solving the filtered RTE without any SGS model and by
comparing the predictions with filtered DNS results from statisti-
Fig. 10. Difference between filtered DNS and LES for the radiation
cally stationary (forced) homogeneous isotropic turbulence. Previ-
ous LES of radiating flows neglected the influence of the SGS on the
radiative heat transfer. The consequences of this assumption were
analysed in order to shed some light on future SGS modelling of
thermal radiation.

The SGS correlation effects have been studied. The temperature
self-correlation and the absorption coefficient-temperature corre-
lation were evaluated. The temperature self-correlation, which in-
creases the filtered radiative emission, is stronger than the
absorption coefficient-temperature correlation, which decreases
the filtered emission. This opposite effect implies that it should
be better to neglect both correlations instead of modelling only
one. The SGS correlation between the radiation intensity and the
absorption coefficient is weaker.

The study of the influence of the mean and variance of the tem-
perature has shown that the TRI effects are more significant when
temperature fluctuations are higher and low-temperature systems
are considered. This supports the conclusion drawn in [11], which
states that TRI in LES is less significant than in the RANS context. In
fact, the radiative heat transfer is lower in low-temperature
intensity along a line of sight. The size of the filter is D ¼ 16d.
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systems and consequently the need for subgrid-scale modelling of
TRI is lower. However, the combined effect of all the SGS correla-
tions leads to an error on the filtered radiation intensity higher
than 5% when the mean temperature is equal to 1500 K, the tem-
perature turbulence intensity is 20% and when the implicit filter
is located at the inertial range of the kinetic energy spectrum,
which is typical of engineering applications. These physical condi-
tions can be encountered in many engineering systems, with high
temperature fluctuations, which imply a bigger influence of the
TRI. In these cases, subgrid-scale models should be developed.

The influence of the three-dimensional filtering has also been
studied. The multi-dimensional box filtering operation of a non-lo-
cal radiation quantity (such as the radiation intensity or the radia-
tive absorption) implies that this quantity depends not only on the
physical properties along the line of sight, but also on the physical
properties along the neighbouring lines of sight, which are located
in the same volume defined by the box filter size. This may signif-
icantly modify the local radiation intensity. However, no general
tendency is observed, suggesting that this effect can be ignored
in future SGS modelling. The influence of the grid on the non-local
quantities has also been quantified, and remains weaker than the
SGS correlation effects.

The analysis proposed in the present study is based on an idea-
lised physical configuration, i.e. statistically steady forced homoge-
neous isotropic turbulence, in order to clarify the analysis and give
fundamental insight on the relevance of the TRI in LES framework.
Therefore, care should be taken in extrapolation of the present con-
clusions to practical reactive flows. The extension of this analysis
to more realistic cases will be the purpose of future work, as well
as the development of efficient SGS models for thermal radiation,
with the objective of including radiative heat transfer calculations
in LES of reactive flows.
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