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In large eddy simulations (LES) of radiative heat transfer, the subgrid-scale (SGS) radiative emission and
the SGS radiative absorption are two unclosed terms that arise after applying the filtering operation to
the radiative transfer equation and which represent the effect of the SGS motions on the evolution of
the resolved radiative heat flux. In the present work, a-priori tests based on direct numerical simulation
of homogeneous isotropic turbulence have been carried out. It was found that the effect of the SGS radi-
ative absorption may be neglected in LES, whereas the SGS radiative emission has to be modelled, partic-
ularly for engineering applications where the grids are generally coarse, and in flows with high
turbulence intensities. Future works should be devoted to the development of SGS models for radiative
transfer.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The numerical simulation of turbulent flows is an important
tool in the study of many engineering and natural flows such as
the ones encountered in aerodynamics, turbomachinery, combus-
tion, oceanography or astrophysics. Direct and large eddy simula-
tions (DNS/LES) are the most advanced and accurate numerical
techniques used for modelling these flows [1]. In DNS, all the rele-
vant scales of motion are solved, from the integral scale down to
the Kolmogorov micro-scale, whereas in LES, the large energetic
scales of motion are explicitly computed and the effect of the sub-
grid-scales (SGS) on the resolved scales is modelled. Although
being virtually unmatched by any other technique, DNS is not al-
ways feasible due to its high computational cost at high Reynolds
numbers, while LES can be used to compute high Reynolds number
flows at reasonable cost.

LES is fast becoming a realistic alternative to the classical sim-
ulations of reactive flows using unsteady Reynolds-averaged
Navier–Stokes equations (URANS) [2]. LES of turbulent combustion
are particularly challenging since the chemical reactions that gov-
ern the evolution of the species concentration take place at scales
of motion which are substantially smaller than the scales resolved
by the LES grid [3]. However, this difficult problem has been
addressed by numerous works in recent years and today it is pos-
sible to perform LES involving turbulent combustion in devices as
complex as a complete gas turbine combustor [4,5].
ll rights reserved.
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On the other hand, much less attention has been paid to radia-
tive transfer when LES is employed to model the flow field [6],
although it is well known that radiative transfer plays an impor-
tant role in many combustion systems such as boilers, furnaces,
internal combustion engines and rockets. The interactions between
turbulence and radiation (TRI) have been studied both theoreti-
cally and experimentally [7] and various numerical works on TRI
have been developed over the last years, using RANS [8–10], PDF
methods [11–13], and DNS [14,15]. However, in the LES frame-
work, very little is known about the interaction between the turbu-
lence and radiation, i.e., TRI for LES. Usually, in combustion
applications of LES, these interactions are either discarded alto-
gether, or included in the computations without considering any
subgrid-scale model for radiation [16–19]. To the author’s knowl-
edge, there is no work available in the literature about TRI model-
ling in LES. The only exception is the recent study from Poitou et al.
[20] in which two-dimensional a-priori tests were carried out to as-
sess the influence of the temperature auto-correlation and the cor-
relation between the temperature and the absorption coefficient
on the radiation emission of a methane–air triple flame. In that
study, simple models based on Taylor development were proposed
to reconstruct these correlations in the radiative emission, and the
radiative absorption was neglected.

The goal of the present paper is to study the influence of the
unresolved scales, or subgrid-scales of motion, on the resolved or
grid-scale radiative absorption and emission. In particular, the
present investigation is directed on assessing the relevant terms
in the filtered radiative source term. This is achieved through clas-
sical a-priori tests where the application of several filters to a DNS
data bank is used to assess several of the exact quantities involved
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in LES. It is expected that the present results will guide the future
modelling of TRI for LES.

The present work is a continuation of the previous work by
Roger et al. [21] where the filtered radiative transfer equation
(RTE) to use in LES was first studied. To simplify the analysis, com-
bustion is not considered in the present work. We use as a starting
point instantaneous fields of a passive scalar from a DNS of statis-
tically stationary (forced) homogeneous isotropic turbulence [22].
The passive scalar field is then used to define the temperature
and the chemical composition of the medium, which are decoupled
from the radiative transfer calculations in the present work. Using
these fields as input data, the thermal radiation is calculated with a
ray-tracing/correlated k-distribution method. Finally, by applying a
box or a cut-off filter to the data, classical a-priori tests are per-
formed in order to evaluate the different terms arising from the fil-
tered RTE.

This article is organized as follows. In the next section, the fil-
tered RTE to solve in LES of radiative heat transfer is described.
The new terms associated with the SGS radiative transfer and that
require modelling are identified. In Section 3, the numerical tools
for turbulence and for radiation calculations are detailed, as well
as the assumptions and the models involved in these calculations.
In Section 4, the results are presented and discussed. Finally, the
article ends with an overview of the main results and conclusions.
2. LES of thermal radiation: the filtered radiative transfer
equation

In LES, any given flow variable Q (r, t) is decomposed into a
resolved or grid-scales (GS) part Qðr; tÞ, and a residual or sub-
grid-scales (SGS) part Q 00ðr; tÞ, through a spatial low-pass filtering
operation defined as [1]

Qðr; tÞ ¼
Z

Qðx; tÞGðr� xÞdx ð1Þ

where G(r) represents the filter function. Therefore, any given flow
variable can be decomposed as

Qðr; tÞ ¼ Qðr; tÞ þ Q 00ðr; tÞ ð2Þ

The Navier–Stokes equations in the case of a viscous incompressible
flow may be written as
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Applying the filter operation, one obtains the filtered Navier–Stokes
equations
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where ui and p are the velocity and pressure fields, respectively, l is
the dynamic viscosity, q the density and sij ¼ uiuj � �ui�uj is the sub-
grid-scale stresses tensor, which describes the effect of the subgrid-
scales on the resolved scales of motion and that has to be modelled.
For instance, a subgrid-scale model frequently used for sij is the well
known Smagorinsky model [23]. In this model, the subgrid-scale
stresses tensor is closed by assuming local equilibrium between
the production and the viscous dissipation of subgrid-scale kinetic
energy, and by using an eddy-viscosity assumption,

sij �
1
3

dijskk ¼ �2mtðr; tÞSij ð7Þ
where Sij ¼ 1
2 ð@�ui=@xj þ @�uj=@xiÞ is the resolved rate-of-strain tensor,

and mt(r, t) is the turbulent eddy-viscosity which is modelled as
mtðr; tÞ ¼ ðCSDÞ2jSj. CS is the Smagorinsky model constant and
jSj ¼ ð2SijSijÞ1=2 is the norm of the resolved rate-of-strain tensor. In
isotropic turbulence the constant CS is related to the Kolmogorov
constant CK through

CS ¼
1
p

2
3Ck

� �3=4

ð8Þ

Using CK = 1.4, we get CS = 0.18.
Similarly, in LES of non-isothermal flows, in addition to the fil-

tered Navier–Stokes equations, a filtered temperature transport
equation has to be solved,
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where T is the resolved temperature field, k is the thermal conduc-
tivity, cp is the specific heat capacity and Fj ¼ Tuj � T�uj are the SGS
heat fluxes requiring modelling. When present, the effects of ther-
mal radiation arise as an additional radiative source term r � q gi-
ven by [24]

r � q ¼
Z þ1

0
jmð4pIbm � GmÞdm ð10Þ

where q is the radiative heat flux vector and Gm ¼
R

4p ImdX is the
spectral incident radiation, which is obtained by integrating Im(r,s) –
the spectral radiation intensity at point r and direction s – over
all directions. Ibm(r) is the spectral blackbody radiation intensity
and jm the spectral absorption coefficient.

The spectral radiation intensity Im(r,s) is governed by the radia-
tive transfer equation (RTE) which for an emitting–absorbing and
non-scattering medium may be written as

dImðr; sÞ
ds

¼ �jmðrÞImðr; sÞ þ jmðrÞIbmðrÞ ð11Þ

The filtered radiative transfer equation is obtained by applying a
spatial filtering operation to Eq. (11)
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where the position r and the spatial direction s were omitted for
simplicity. The terms ðjmIm � �jm

�ImÞ and ðjmIbm � �jm
�IbmÞ are the spec-

tral radiative SGS heat fluxes and have to be modelled in order to
close Eq. (12).

In the following analysis, we have focused on radiative quanti-
ties integrated over the spectrum, like the Planck mean absorption
coefficient jP and the incident mean absorption coefficient jG,

which are defined as follows

jP ¼
Rþ1

0 jmIbmdmRþ1
0 Ibmdm

ð13Þ

jG ¼
Rþ1

0 jmGmdmRþ1
0 Gmdm

ð14Þ

It was assumed that the radiation is isotropic to be consistent with
the assumption of isotropic and homogeneous turbulence, which al-
lows us to write

jG ¼
Rþ1

0 jmGmdmRþ1
0 Gmdm

�
Rþ1

0 jmImdmRþ1
0 Imdm

ð15Þ

Notice that, in practical problems, the assumption of isotropic radi-
ation is approximately valid for perfectly stirred reactors. Integra-
tion of Eq. (12) over the spectrum yields
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Integrating Eq. (11) over the spectrum and over all directions, the
following expression of the radiative heat flux is obtained after
some algebra:

r � q ¼ 4pjPIb � jGG ð17Þ

or, in the case of isotropic radiation,

r � q ¼ 4p jPIb � jGI½ � ð18Þ

Eq. (18) is similar to Eq. (17), which does not require the assump-
tion of isotropic radiation, and therefore it is expected that the con-
clusions drawn from the analysis of Eq. (18) remain valid for Eq.
(17).

The filtered divergence of the radiative heat flux, which repre-
sents the additional source term to be used in LES of flows with
radiation, is obtained by applying a spatial filtering operation to
Eq. (18)
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In Eq. (19), the terms �jP
�Ib and �jG

�I are the resolved radiative emis-
sion and absorption, respectively, while the terms ðjPIb � �jP

�IbÞ
and ðjGI � �jG

�IÞ are the SGS radiative emission and the SGS radiative
absorption, respectively, and represent the effect of the SGS radia-
tion on the resolved radiative emission and absorption. These terms
are the analogues of the SGS stresses and SGS scalar fluxes, for LES
of radiative heat transfer, and have to be modelled.

The filtered RTE may be written as follows, after expansion of
jP, jG, I and Ib on the right hand side of Eq. (16) as the sum of a re-
solved and a subgrid-scale component:
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Similarly, the filtered divergence of the radiative heat flux can be
written as:
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The terms ð�jP
�Ib � �jP

�IbÞ and ð�jG
�I � �jG

�IÞ are mathematically similar
to the Leonard stresses, ðj00P�Ib þ �jPI00bÞ and ðj00G�I þ �jGI00Þ to the SGS
cross stresses, and j00PI00b and j00GI00 to the SGS Reynolds stress. There-
fore, in this article, the terms ðj00P�Ib þ �jPI00bÞ and ðj00G�I þ �jGI00Þ are re-
ferred to as the cross SGS radiation emission, and cross SGS
radiation absorption terms, respectively, while the terms j00PI00b and
j00GI00 are referred to as the SGS Reynolds emission and SGS Reynolds
absorption.
Table 1
Details of the direct numerical simulation. The Reynolds number Rek is based on the
Taylor micro-scale. m is the molecular viscosity, kmax the maximum resolved wave
number, Sc the Schmidt number, L11 the velocity integral scale, g the Kolmogorov
micro-scale and gB the Batchelor micro-scale.

Rek m Sc kmaxg kmaxgB L11 g (�10�2) gB (�10�2)

95.6 0.006 0.7 1.8 2.1 1.24 2.8 3.3
3. Computational details

In this section, the numerical tools and the various procedures
used to estimate the turbulence and radiation quantities are de-
scribed. First, DNS of statistically stationary (forced) isotropic
velocity and passive scalar fields are carried out as outlined in Sec-
tion 3.1. The passive scalar fields from the DNS are used to generate
both the temperature and the chemical composition fields as de-
scribed in Section 3.2. These fields are then used as input data to
the radiation code, which is based on a ray-tracing/correlated
k-distribution method described in Section 3.3. Finally, a-priori
tests are carried out with the results from this code by filtering
the radiative emission jPIb and absorption jGI fields using either
a box or a cut-off filter, as described in Section 3.4.

3.1. Direct numerical simulation of statistically stationary (forced)
homogeneous isotropic turbulence

The DNS data bank used in the present work consists in the sta-
tistically steady (forced) homogeneous isotropic turbulence data
bank recently used by da Silva and Pereira [22,25]. The simulations
were carried out with a standard pseudo-spectral code in which
the temporal advancement is made with an explicit 3rd-order Run-
ge–Kutta scheme. The physical domain consists in a periodic box of
sides equal to 2p and using N = 192 collocation points in each spatial
direction. The simulations were fully dealised using the 3/2 rule.
Both the velocity and scalar large scales were forced in order to sus-
tain the turbulence using the method described by Alvelius [26]. The
forcing was imposed on three wave numbers concentrated on kp = 3,
for both the velocity and scalar fields. It is designed to inject kinetic
energy and scalar variance during the simulation at a rate that bal-
ances the instantaneous viscous dissipation rate e and the scalar dis-
sipation rate eh. Therefore, the velocity and the passive scalar fields
are statistically stationary. Notice that the forcing affects only a very
small wave number region associated with the larger scales of mo-
tion, i.e., it does not affect the scales near the cut-off wave number
associated with the filtering procedure used in LES.

Moreover, as described in Ref. [22], it was checked that both the
large and the small scales of motion comply with the strong resolu-
tion requirements needed in DNS, e.g., Lbox > 4L11, where Lbox is the
size of the computational domain and L11 is the integral scale of
the velocity field, and kmaxg > 1.5 and kmaxgB > 1.5, where kmax is
the maximum resolved wave number and g = (m3/e)1/4 and gB = Sc1/

2 are the Kolmogorov and the Batchelor micro-scales, respectively,
and Sc is the Schmidt number. Table 1 lists the most relevant phys-
ical and computational parameters of the simulation. The data bank
used here consists in 40 instantaneous passive scalar fields corre-
sponding to a Schmidt number equal to Sc = 0.7. Notice that due to
the low wave number forcing these 40 passive scalar fields are sta-
tistically equivalent. For this simulation, the Reynolds number based
on the Taylor scale is Rek = u’k/m = 95.6, where k2 ¼ hu02i=hð@u=@xÞ02i
is the Taylor micro-scale, u0 ¼ hu02i1=2 is the root-mean-square of the
velocity fluctuations, and m is the kinematic viscosity. As shown in
Ref. [22], velocity and scalar spectra display a �5/3 range which
shows the existence of an inertial range region. Therefore, this sim-
ulation is already representative of a high Reynolds number flow, in
the sense that it features the most important characteristics of tur-
bulence, such as a dissipation rate independent from the viscosity
and the well known Kolmogorov–Obukhov �5/3 inertial scaling
law of the energy and scalar variance spectra. More details on this
simulation are given in Ref. [22].

3.2. Generation of temperature and species concentration fields from
the DNS data bank

In order to generate the temperature and species concentration
fields for the RTE computations, we use the passive scalar fields
from the above DNS of isotropic turbulence. This is a good approx-
imation, since the Prandtl number of major species in combustion



Table 2
Statistical moments of the temperature field computed from Eq. (23). The values
determined without correction of the temperature field (Tmin = �1, Tmax = +1) are
compared with the corrected temperature field (Tmin = 300 K, Tmax = 2500 K), as used
in the present work.ffiffiffiffiffiffiffi
hT 02i
p
hTi (%) Tmin Tmax hTi (K)

ffiffiffiffiffiffiffiffiffiffi
hT 02i

q
(K)

hT 03i
hT 02i3=2

hT 04i
hT 02i2

10 �1 þ1 1500 150 0.155 3.15
10 300 K 2500 K 1500 150 0.155 3.15
20 �1 þ1 1500 300 0.155 3.15
20 300 K 2500 K 1500 300 0.149 3.12
30 �1 þ1 1500 450 0.155 3.15
30 300 K 2500 K 1497 440 0.0523 2.75
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flows is also near 0.7. However, as in classical DNS of isotropic tur-
bulence, the DNS data bank used here is made of fluctuating veloc-
ity and passive scalar fields with zero mean value. This fact raises
problems for the RTE computations, since a temperature field with
zero mean makes no sense. For this reason, a procedure had to be
developed in order to bridge the DNS and the RTE computations.
This procedure is described here.

The present analysis is intended to be representative of the tur-
bulence as found, e.g., at the far field of a turbulent jet. At present,
the direct effects from combustion in the computations are
excluded, and only the turbulence characteristics from the gas
phase, after the chemical reactions have been completed, are taken
into account. Kinematic similarity between the two flows, i.e., be-
tween the isotropic and the turbulence jet fields could be assumed
to generate a turbulent velocity field from isotropic turbulence,
which is representative of a jet at the far field. With this approxi-
mation, the velocity field for the jet, u(r), could be obtained from
the velocity field given from the isotropic turbulence, uDNS(r), using
the root-mean-square from the isotropic and jet fields hu02DNSðrÞi and
hu02ðrÞi, respectively,

uðrÞ ¼ hui þ uDNSðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
hu02i
hu02DNSi

s
ð22Þ

Similarly, for the temperature field, the instantaneous temperature
field T(r) at point r used in the radiation calculation is determined
from the DNS passive scalar/temperature field according to [21,27]:

TðrÞ ¼ hTi þ TDNSðrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hT 02i
hT 02DNSi

s
ð23Þ

where hTi and hT 02i are the mean value and the variance of the tem-
perature prescribed for the radiation calculations, and hT 02DNSi is the
variance of the passive scalar/temperature field computed from the
DNS. The molar fractions of the absorbing species are obtained sim-
ilarly. Notice that in isotropic turbulence, the time-averages are
equivalent to spatial-averages, which allows the evaluation of the
mean value or variance of a given flow quantity using only one sin-
gle instantaneous field.

As described above, our goal is to analyze TRI for LES down-
stream of the reaction zone at the far field of a turbulent jet. There-
fore, three values of the ‘‘temperature turbulence intensity”ffiffiffiffiffiffiffiffiffiffi
hT 02i

q
=hTi = 10%, 20%, and 30%, which are typical of the ones found

in flame jets [28], have been used. Moreover, a mean temperature
of hTi = 1500 K, which is also a typical temperature found in flame
jets, was used. Using these reference values, and the passive scalar/
temperature fields from the DNS data, the instantaneous tempera-
ture fields for the radiative computations were calculated with the
aid of Eq. (23).

However, this procedure raises some problems. For instance,
negative temperatures may appear in some flow points, which is
clearly unphysical. Furthermore, it was observed that the tempera-
ture exceeds the adiabatic flame temperature of the hydrocarbons
usually encountered in combustion devices for some flow points.
In order to overcome this shortcoming, minimum and maximum
allowed temperatures were prescribed: Tmin = 300 K, and Tmax =
2500 K, respectively, i.e., the minimum temperature of the system
has been fixed to the atmospheric temperature, while the maximum
temperature has been chosen to be near a typical maximum temper-
ature for hydrocarbon flames. Whenever the temperature T(r) given
by Eq. (23) is beyond these limits, it is set equal to the nearest of
these prescribed values, e.g., the temperature at flow points where
the local temperature T(r) obtained from Eq. (23) is T(r) < Tmin is
set to T(r) = Tmin, and to T(r) = Tmax at flow points where T(r) > Tmax.

Notice that this correction is satisfactory as long as the statistics
of the temperature field are not significantly modified by the pre-
scribed values, i.e., as long as the correction affects only a small
fraction of the total number of points from the data. This is indeed
the case, and it can be checked in Table 2, which shows the mean,
variance, skewness and flatness of the temperature field obtained
from Eq. (23). The values determined without correction of the
temperature field are compared with the corrected temperature
field considering Tmin = 300 K and Tmax = 2500 K (as used in the
present work). As can be seen, the skewness and flatness factors
are not substantially affected by the limits set for T(r), which gives
confidence in the procedure used to generate T(r).

3.3. Radiative transfer calculations

The integral form of the RTE along a line of sight may be written
as [24]

ImðsÞ ¼ Imð0Þ exp �
Z s

0
jmðs0Þds0

� �
þ
Z s

0
jmðs0ÞIbmðs0Þ

� exp �
Z s

s0
jmðs00Þds00

� �
ds0 ð24Þ

Eq. (24) has been discretized by dividing the optical path into ele-
ments and interpolating the temperature and chemical composition
from the DNS data using cubic splines. The integrals in Eq. (24) are
numerically estimated using Simpson’s rule. The integration over
the spectrum has been performed using the correlated k-distribution
method [29]. In this method, the spectrum is divided into narrow
bands such that the Planck function remains approximately constant
within each band, and the absorption coefficient is reordered within
every band into a smooth monotonically increasing function. The
averaged radiation intensity over a band takes the following form

IDm ¼
1
Dm

Z
Dm

Imdm ¼
Z 1

0
IðkÞf ðkÞdk ¼

Z 1

0
IðgÞdg ð25Þ

where f(k) is the probability density function of the absorption coef-
ficient in the considered band and g(k) is the cumulative k-distribu-
tion function. The integral in Eq. (25) is evaluated using Gaussian
quadrature, which yields the following relation for a mixture with
only one participating species

IDmi
¼
XNQ

j¼1

xjIDmi ;jDmi ð26Þ

where xj is the quadrature weight, NQ is the number of quadrature
points and IDmi ;j is the radiative intensity for the ith band and for
quadrature point j. The parameters needed for the correlated
k-approximation are taken from the data of Soufiani and Taine [30].
The total radiation intensity is evaluated as

Rþ1
0 Imdm �

PNb
i¼1IDmi

.
The radiation intensity along the boundary was assumed to be

equal to zero in [27]. However, this boundary condition is not con-
sistent with that used in DNS. Therefore, periodic boundary condi-
tions were used in the present work to be consistent with the
boundary conditions used in DNS. Periodic boundary conditions
were also used for the radiation calculations in the DNS study of



Table 3
Details of the standard conditions used in the radiative transfer calculations.

Tmin Tmax <T> < XCO2 >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
< T 02 >

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
< X02CO2

>
q

s
ffiffiffiffiffiffiffiffiffiffi
<T 02>
p
<T>

300 K 2500 K 1500 K 0.5 300 K 0.1 10 20%

Fig. 1. Lines of sight of the radiation calculation.
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Deshmukh et al. in [15]. The periodicity was enforced by setting
Im(0) = Im(L) where L is the length of the radiation domain. Physi-
cally, the periodic boundary conditions imply that, for a given
direction, the radiation intensity entering the domain is equal to
the radiation intensity leaving the domain, i.e., the medium is in
radiative equilibrium. These conditions are present, for example,
in well-stirred reactors. Another example where radiative equilib-
rium prevails, and therefore conditions are approximately periodic,
is an optically thick medium, in which local emitted radiation is
absorbed by the medium within a very short distance. The use of
periodic boundary conditions in the RTE stems directly from the
periodic DNS data of isotropic turbulence. It permits the definition
of several important physical quantities, and especially a detailed
assessment of the three-dimensional energy spectrum function,
which turns out to be an important quantity for the physical anal-
ysis in LES framework. Other non-periodic flows, e.g., turbulent
jets, will be the subject of future work.

Although radiation from H2O could easily be included in the cal-
culations, only radiation from CO2 is considered in this work in or-
der to reduce computational requirements. Moreover, even though
combustion is not taken into account in the present work, the tem-
perature and the CO2 molar fraction are supposed to be fully corre-
lated, which is consistent with the laminar flamelet combustion
model, often employed to model turbulent reactive flows. Due to
this approximation, the passive scalar field from the DNS serves
to generate both the temperature field and the CO2 molar fraction
used in the RTE computations.

The conditions assumed for the standard radiative transfer
calculations are summarized in Table 3. The length L of the radia-
tion domain is defined in order to satisfy the prescribed optical
thickness of the medium s estimated through s ¼ jPð< T >;
< XCO2 >ÞL. Apart from being used to prescribe the size of the do-
main for the radiative transfer calculations, the optical thickness
of the medium does not enter the computations. The physical
parameters used for the DNS of homogeneous isotropic turbulence
and for the RTE computations are characteristic of those encoun-
tered in many reactive flows.

In the case of homogeneous isotropic turbulence, the statistical
data computed from a time series of a scalar along a single optical
path parallel to a coordinate axis are identical to the statistical data
calculated from all optical paths parallel to the coordinate axes at a
given time, as illustrated in Fig. 1. The statistical data reported in
Section 4 were obtained using all the available optical paths paral-
lel to the coordinate axes, which are statistically indistinguishable,
yielding 6 � N2 optical paths, where N = 192 is the number of col-
location points from the DNS.

3.4. Filtering procedure

The present work uses classical a-priori tests to assess several
terms from the filtered RTE. In particular, the filtered radiative
absorption and emission terms that have to be modelled in LES
of radiative heat transfer will be investigated. Two filter types with
several filter sizes are used in the a-priori tests. The first filter con-
sists in the box or top-hat filter, which is defined by

Gðx� yÞ ¼
1=D if jx� yj < D=2
0 otherwise



The spectral cut-off filter is also used. It is defined in the Fourier
space as
ĜðkÞ ¼
1 if k < kc ¼ p=D
0 otherwise



Notice that in the present work, the filtering operation has been ap-
plied without sampling, i.e., the a-priori tests are done in the DNS
grid.

Five different filter sizes were used with D = md, where d is the
size of the DNS grid and m = 2, 4, 8, 16 and 32. As shown in [22],
the filter sizes D/d = 2, 4 are placed in the dissipation range, while
D/d = 8 and 16 are representative of the inertial range region. The
filter with D/d = 32 is clearly in the energy-containing range. In
practice, LES should be carried out using D/d = 8 or 16.

In order to show the location of the filters in the radiative heat
transfer quantities, Figs. 2 and 3 show the three-dimensional (spa-
tial) spectra of the filtered emission term jPIb obtained with the
box and cut-off filters, respectively, using several filter sizes. The
spectra correspond to the standard conditions (cf. Table 3).

The most important contribution for the emission term comes
from the low wave number range of the spectrum. Indeed, the
most important values for jPIb correspond to the wave numbers
around k = 2 to 4. It is this important fact that makes it feasible
to model this term using the LES approach, since in LES the dynam-
ics of the low wave number range are explicitly computed, while
high wave numbers, being less important, can be modelled. More-
over, notice that, as expected and in agreement with the known
characteristics of these filters, the box filter affects all the wave
number range, while the cut-off filter affects only wave numbers
above a given cut-off wave number. Finally, notice that the effects
of the filter affect the smaller wave numbers for D/d = 32, i.e., this
filter size affects scales that should be resolved in a practical LES.
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Fig. 2. Spectra of the filtered radiative emission term jPIb for various filter sizes using the box filter.

10
1

10
2

10
−2

10
−1

10
0

10
1

10
2

10
3

10
4

10
5

10
6

 

 

Fig. 3. Spectra of the filtered radiative emission term jP Ib for various filter sizes using the cut-off filter.

Table 4
Ratio of unresolved to resolved radiative emission and absorption terms – RjP Ib

and
RjG I – obtained from a-priori tests using box and cut-off filters and several filter sizes.

Filter D = 2d D = 4d D = 8d D = 16d D = 32d

RjP Ib
ð%Þ Box 0.205 0.920 2.87 6.56 11.6

RjP Ib
ð%Þ Cut-off 9 � 10�5 0.108 1.25 4.32 8.82

RjG Ið%Þ Box 0.00564 0.0276 0.101 0.377 1.03
RjG Ið%Þ Cut-off 9 � 10�5 9 � 10�5 0.00382 0.0781 0.534
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4. Results and discussion

4.1. Mean values of the SGS radiative emission and SGS radiative
absorption terms

In LES of radiative heat transfer, there are two new terms that
arise from the filtering operation applied to the RTE, and that re-
quire modelling. These are the SGS radiative emission
ðjPIb � �jP

�IbÞ and the SGS radiative absorption ðjGI � �j;G
�IÞ terms.

It is important to assess the relative importance of these terms
compared to the resolved radiative emission �jP

�Ib and the resolved
radiative absorption �jG

�I that are available at the LES grid points.
For this purpose we define two non-dimensional numbers,

RjP Ib
¼ hjPIb � �jP

�Ibi
h�jP

�Ibi
ð27Þ

RjGI ¼
hjGI � �jG

�Ii
h�jG

�Ii
ð28Þ
where the brackets h i represent ensemble-average. Table 4 shows
RjP Ib

and RjGI for the standard conditions, whose physical parame-
ters are listed in Table 3. The results were obtained using either a
box or a cut-off filter, and several filter sizes. Important conclusions
can be drawn from this table.

As expected, the SGS contain a relatively small fraction of the
total radiative emission and absorption, i.e., the most important
values of radiative emission and absorption are associated with
the resolved scales of motion. A similar situation is observed for



M. Roger et al. / International Journal of Heat and Mass Transfer 52 (2009) 2243–2254 2249
many other important flow variables such as the velocity and tem-
perature fields, and it is ultimately this fact that permits the mod-
elling of turbulent flows using the LES technique. Recall from Ref.
[22] that the filters D/d = 2, 4 correspond to the dissipation range
in the temperature spectra, and are therefore not interesting for
LES, while the filters D/d = 8 and 16 are near or at the inertial range
region, which represents the ideal place for the implicit LES filter to
be in classical SGS models. Finally, the filter D/d = 32 is clearly
placed in the energy containing scales of motion, which is too large
for accurate LES for the velocity and temperature/scalar fields. Nev-
ertheless, it is interesting to consider this filter here as it could be
used in LES of radiative heat transfer in which one could choose a
coarser grid than the LES grid used for the velocity and tempera-
ture/scalar fields, in order to reduce the computational cost of
the radiative heat transfer computations.

Also, as expected, one can see that the relative importance of
the SGS contribution to the total radiative emission and absorption
terms increases with the filter size, and the SGS emission and
absorption terms are higher for the box than for the cut-off filter.
This last result is a well known fact observed in a-priori tests car-
ried out on the momentum equations [31].

In the present work, we are interested in analyzing those fea-
tures of the radiative heat transfer that are relevant for physical
space, i.e., LES using finite difference or finite volume codes, since
this procedure is more often used in LES of turbulent flows for
engineering applications. Therefore, in the remainder of this work,
we will focus on the results obtained using the box filter, since this
filter is implicitly associated with the discretization using central
differences in finite volume codes [32].

Table 4 further shows that the SGS terms associated with the
radiative absorption are much less important than the SGS terms
associated with the emission. For instance, using a box filter with
D/d = 32, 11.6% of the emission and only about 1% of the absorption
lie at the SGS. In agreement with this, the spectra of the (total)
radiative emission and radiative absorption terms displayed in
Fig. 4 show that, for high wave numbers, the emission term has
more associated ‘‘energy” than the absorption term. This can be ex-
plained by the fact that the emission of radiation depends only on
the local physical properties, whereas the absorption depends on
the physical properties along the considered optical path. Conse-
quently, the emission term is more sensitive to local fluctuations
of the temperature. This fact suggests that in future LES models
for the filtered RTE, more attention should be given to the model-
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Fig. 4. Spectra of the (total) emission jPIb and absorption jGI terms in the
ling of the SGS emission terms, as they play a more important role
in the evolution of the resolved thermal radiation.

4.2. Influence of the temperature turbulence intensity

The results from the previous section correspond to the stan-
dard case where the temperature turbulence intensity was set toffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
< T 02 >

p
= < T > = 20%. However, in many reactive flows the tur-

bulence intensity can reach much higher values, e.g., it is not
uncommon to find turbulence intensities of 30% or higher in flame
jets [28]. Since an increase in the turbulence intensity is directly
linked with an increase of the level of SGS energy in the flow (for
a given grid size), it is important to assess the influence of this tur-
bulent intensity on the ratio of SGS to resolved radiative emission
and radiative absorption. To analyze this, Figs. 5(a) and (b) show
values of RjP Ib

and RjGI , respectively, for several filter sizes and tem-
perature turbulence intensities, using a box filter.

The temperature turbulence intensity has a strong influence on
the mean SGS radiative emission and SGS radiative absorption, as
shown by the increase of both RjP Ib and RjG I with

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
< T 02 >

p
=

< T >. For instance, for D/d = 16, an increase of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
< T 02 >

p
= < T >

from 20% to 30% doubles the value of RjP Ib from 6% to 12%. Forffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
< T 02 >

p
= < T >¼ 30% and D/d = 32, RjP Ib

reaches the extremely
high value of 20%. Notice, however, that the relative importance
of the SGS absorption terms is quite small in all cases. In the present
results, RjGI is less than 2% even for the largest filter size D/d = 32
and highest temperature turbulent intensity

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
< T 02 >

p
= < T > =

30%, which again suggests that this term may be neglected in LES
of radiative heat transfer. Therefore, we conclude that the effect
of the temperature turbulence intensity is to increase (greatly)
the relative importance of the unknown SGS terms in LES of radia-
tive heat transfer.

4.3. Analysis of the Leonard, cross, and Reynolds SGS radiation terms

In classical LES based on the momentum equations, it is cus-
tomary to decompose the filtered stresses tensor uiuj into the Leon-
ard, cross and Reynolds SGS stresses. In the present work, we
analyze the terms resulting from a similar decomposition applied
to the filtered radiative emission jPIb and to the filtered radiative
absorption jGI; as indicated in Eqs. (20) and (21). By applying the
Reynolds averaging operator to these terms, and using a similar
0
1

present isotropic turbulence data bank, for the standard conditions.
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Fig. 5. Ratio of SGS to resolved emission and absorption (RjP Ib
and RjG I) for several filter sizes and temperature turbulence intensities (10%, 20% and 30%) using a box filter.

Table 5
Normalized mean values of the Leonard, cross and Reynolds SGS radiation emission
terms for several filter sizes using a box filter.

D = 2d D = 4d D = 8d D = 16d D = 32d

h�jP
�Ibi=hjPIbi 1.00206 1.00929 1.0296 1.0702 1.131

hj00P�Ibi=hjPIbi �1.40 � 10�5 �0.00342 �0.0111 �0.0209 �0.0290
h�jPI00bi=hjPIbi �2.04 � 10�5 �0.00344 �0.0111 �0.0209 �0.0291
hj00PI00bi=hjPIbi �0.00202 �0.00243 �0.00733 �0.0284 �0.0734
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decomposition of the terms into Leonard, cross, and Reynolds
terms, the following relations are obtained:

hjpIbi ¼ h�jp
�Ibi þ hj00P�Ibi þ h�jPI00bi þ hj00PI00bi ð29Þ

and

hjGIi ¼ h�jG
�Ii þ hj00G�Ii þ h�jGI00i þ hj00GI00i ð30Þ

The Leonard terms, �jP
�Ib and �jG

�I, represent the interactions between
the resolved scales that contribute to jPIb and jGI, respectively, and
therefore can be explicitly computed in LES. The cross terms
j00P�Ib þ �jPI00b and j00G�I þ �jGI00 represent the interactions between the
resolved and the unresolved terms, while the SGS Reynolds terms
j00PI00b and j00GI00 represent the interactions between the unresolved
quantities. Consequently, neither the cross nor the SGS Reynolds
terms can be obtained from the resolved quantities, and need to
be modelled in LES.

Tables 5 and 6 display the mean values of the SGS Leonard,
cross, and Reynolds emission and absorption terms, normalized
by hjPIbi and hjGIi, respectively, for several filter sizes using a
box filter.
Table 5 shows that, in agreement with the previous results, at
least concerning mean values, the contribution of the cross SGS

radiative emission terms hj00P�Ib þ �jPI00bi and of the Reynolds SGS

radiative emission terms hj00PI00bi for the filtered radiative emission

hjPIbi is quite small. In particular, we see that h�jP
�Ibi � hj00P�Ibiþ

h�jPI00bi þ hj00PI00bi, e.g., the sum of the cross and Reynolds SGS emission
terms accounts for only about 7% of the total filtered emission
hjPIbi for D/d = 16. Notice that even when considering filter sizes
characteristic of the energy-containing range, the sum of these



Table 6
Normalized mean values of the Leonard, cross and Reynolds SGS radiation absorption terms for several filter sizes using a box filter.

D = 2d D = 4d D = 8d D = 16d D = 32d

h�jG
�Ii=hjGIi 1.0000564 1.000276 1.00110 1.00379 1.0104

hj00G�Ii=hjGIi �2.51 � 10�4 �3.53 � 10�4 �7.26 � 10�4 �0.00179 �0.00367
h�jGI00i=hjGIi �2.46 � 10�4 �1.31 � 10�4 �2.78 � 10�4 �0.00143 �0.00345
hj00GI00i=hjGIi �5.14 � 10�5 �5.42 � 10�5 �9.85 � 10�5 �5.70 � 10�5 �0.00327
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terms reaches only about 13%. Table 5 shows also that for the lar-
ger filter sizes, which are important for LES, the SGS Reynolds
emission term is slightly more important than the cross SGS radi-
ative emission terms, although the relative importance of these terms
is comparable. Therefore, future LES models developed to close the
filtered radiative emissionjPIb have to take into account the influence
of both the SGS cross and the SGS Reynolds emission terms.

Concerning the absorption, Table 6 confirms again that all the
SGS terms contributing to the filtered radiative absorption are in-
deed very small, e.g., the sum of the terms hj00G�Ii þ h�jGI00i and
hj00GI00i accounts for only about 1% of the filtered radiative absorp-
tion jGI for the largest filter size D/d = 32. Moreover, the cross
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Fig. 6. Instantaneous profiles of the normalized SGS emission (a) and SGS a
and Reynolds terms display very similar magnitudes. This suggests
that one may be tempted to neglect the influence of the SGS
absorption in LES of radiative heat transfer.

However, one should be careful in generalizing conclusions.
Since the instantaneous values of the flow quantities are used dur-
ing the LES calculations, it is important to analyze how these aver-
aged results translate into instantaneous data.

In order to analyze this issue, Figs. 6(a) and (b) present instan-
taneous profiles of the normalized SGS radiative emission and
absorption terms, respectively, along a line of sight, which shows
the type of fluctuations that may occur. The local coordinate along
the line of sight was denoted by s (L is the size of the computational
0.6 0.8 1
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bsorption (b) terms along a line of sight, using a box filter with D = 8d.
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box), and a box filter of size D = 8d has been applied. As expected,
the emission term is strongly correlated with the temperature.
Moreover, the profiles of the emission and absorption terms in Figs.
6(a) and (b) are rather similar to each other, because the medium is
in radiative equilibrium.

In this particular line of sight, the temperature has a maximum
followed by a minimum between 0.7 < s/L < 0.9. At about s/
L � 0.85, the sum of the (normalized) SGS cross and SGS Reynolds
radiative emission reaches about 50%. Clearly, the local influence
of the unknown SGS terms is important at this location. Similarly,
Fig. 6(b) shows that the sum of the SGS cross and SGS Reynolds radi-
ative absorption terms becomes significant at some flow points, e.g.,
the normalized sum for the SGS cross and SGS Reynolds radiative
absorption attains a maximum of about 25%. However, we notice
again that the influence of the SGS absorption terms is lower than
that of the SGS emission. These observations have been verified for
numerous other lines of sight chosen arbitrarily in the cubic domain.

To understand the behaviour of the SGS emission terms in the
Fourier space, Figs. 7(a) and (b) show spectra of these terms using
the box filter for D/d = 4 and D/d = 16, respectively. Notice that the
wave number associated with these filter sizes is k4d

c ¼ 24 and
k16d

c ¼ 6 [22], and the effect of the box filtering affects mainly wave
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Fig. 7. Spectra of the SGS radiative emission terms for
numbers smaller than this implicit cut-off wave number. The spec-
trum of the (total) radiative emission jPIb is concentrated at the
largest scales of motion 1 < k < 4, and displays a fast decay after
an inertial range region (4 < k < 20). Similar features are exhibited
by the temperature/passive scalar spectrum [22]. The spectra from
the filtered jPIb and from the Leonard SGS radiative emission �jP

�Ib

display similar trends. Naturally, for small wave numbers, the
spectra from these quantities are virtually identical, i.e.,
EjP Ib

¼ EjP Ib
¼ E

�jP
�Ib

, and this low wave number range is smaller
for D/d = 16 than for D/d = 4.

It is interesting to analyze the spectra from the cross and Rey-
nolds SGS emission terms, �jPI00b, j00P�Ib, and j00PI00b. Fig. 7(a) shows that
for D/d = 4, in agreement with the previous results, the SGS Rey-
nolds emission term is much smaller than the two cross terms
for the entire wave number range. In the case D/d = 16, Fig. 7(b)
shows a similar feature for most wave numbers, except at large
wave numbers where the SGS Reynolds emission terms become
more important than the cross terms. The most interesting obser-
vation displayed in these spectra concerns the peak wave number
for the cross and Reynolds SGS emission terms. Indeed, all the
spectra for these terms peak near the cut-off wave number, e.g.,
for D/d = 16, the cross SGS emission terms �jPI00b and j00P�Ib attain their
10
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10
1

the box filter and for (a) D = 4d and (b) D = 16d.
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maximum at k � 7, which is near the cut-off wave number k16d
c ¼ 6.

This suggests that any SGS model for these terms should be based
on the filtered quantities obtained near the cut-off.

4.4. Discussion

The previous results showed that the SGS radiative emission is
significantly higher than the SGS radiative absorption, and the
SGS radiative absorption seems to contain only a very small fraction
of the resolved radiative absorption. This suggests an assumption
for the modelling of the SGS radiative absorption terms similar to
the well-known optically-thin fluctuation approximation in
Reynolds averaging, which states that the local spectral radiation
intensity is weakly correlated to the local absorption coefficient:
hjmImi � hjmihImi [24]. According to this assumption, the filtered
radiative absorption term can be approximated by the following
relation:

jGI � �jG
�I ð31Þ

Analysis of the correlation coefficient between jGI and �jG
�I was

undertaken for several filter sizes. It was observed that the correla-
tion coefficient is quite insensitive to changes in filter size and is al-
ways greater than 99%, which further supports this approximation.
This should be tested in a-posteriori tests, i.e., in LES of radiative heat
transfer, since, as shown before, local values of the SGS absorption
terms may be significant. Notice, however, that the radiative
absorption is a non-local term and therefore, if needed, a SGS model
for this term could be particularly difficult to derive.

On the other hand, it has been shown that the SGS radiative
emission terms must be modelled, particularly for LES in coarse
meshes, as the ones commonly found in engineering applications
and for flows with large temperature turbulent intensities. Since
the SGS emission is dominated by local flow variables, it is plausi-
ble to assume that it can be modelled with a SGS model similar to
the SGS models currently used to model the SGS scalar fluxes or the
SGS stresses associated with LES of the temperature or velocity
fields, respectively. Another approach consists in adapting to the
LES context some models usually used for RANS simulation of
the RTE [6]. For instance, the SGS radiative emission may be mod-
elled by assuming a SGS probability density function, e.g.,

jPIbðr; tÞ ¼
Z Tmax

Tmin

jPðTÞIbðTÞpðT; r; tÞdT ð32Þ

where p(T, r, t) is the SGS probability density function of the tem-
perature in the case where the temperature is fully correlated with
the species concentration. Similarly to the presumed PDF approach
for TRI in RANS [8,33], a probability density function is introduced
to model the effects of the SGS of the emission. This SGS probability
density function approach has already been applied in LES model-
ling of combustion [34]. These aspects should be investigated in fu-
ture works.

Another issue that deserves future investigation is soot radia-
tion. It is well known that although the contribution of soot to
thermal radiation is generally small in methane flames and moder-
ate in propane flames, soot radiation often dominates over gas
radiation in strongly sooting flames, e.g., ethylene or acetylene
flames. However, in contrast to temperature and species molar
fractions, soot volumetric fraction cannot be expressed as a unique
function of a passive scalar (e.g., mixture fraction), using a state
relationship. Therefore, the DNS code needs to be extended to com-
pute soot volumetric fraction.

5. Conclusions

In the present work, a-priori tests were carried out in order to
investigate the relative importance of the unknown SGS terms aris-
ing from the spatial filtering operation applied to the radiative
transfer equation, and that have to be modelled in LES involving
important radiation effects. The unknown unclosed terms of the
filtered radiative source term are the SGS radiative emission
ðjP Ib � �jP

�IbÞ and the SGS radiative absorption ðjGI � �j;G
�IÞ, and

represent the effect of the SGS radiation on the evolution of the
resolved divergence of the radiative source term.

The study used classical a-priori tests to extract the exact terms
involved in LES of RTE through a spatial filtering operation applied
to fields originated in a DNS of isotropic turbulence. Instantaneous
fields of temperature and species concentration from the DNS were
rescaled to represent data from the far field of a turbulent jet
downstream of the flame front. A ray-tracing method was used
to solve the RTE along lines of sight in the DNS grid.

The analysis of their spectra has shown that the most impor-
tant values of both the SGS radiative emission and the SGS radi-
ative absorption are concentrated at the large scales of motion.
This makes the LES approach feasible for radiative heat transfer
computations. Moreover, these terms can be decomposed into
Leonard, cross, and SGS Reynolds terms, which are similar to
the terms derived from the filtered momentum equations. The
SGS cross and SGS Reynolds terms, which are much smaller than
the Leonard terms, display similar orders of magnitude. Their
spectra show that they peak near the implicit cut-off filter, which
indicates that any SGS model for these terms must be defined in
terms of quantities dominated by scales of motion near the impli-
cit LES filter.

Using a box filter, which corresponds to the discretization pro-
cedures most frequently used in engineering applications, the
mean SGS radiative emission and the mean SGS radiative absorp-
tion represent about 7% and 0.4%, respectively, of the mean re-
solved radiative emission and radiative absorption for a
temperature turbulence intensity of 20% and a filter size charac-
teristic of the inertial range region of the temperature field (D/
d = 16). Notice however that the local and instantaneous values
of these terms can be substantially higher, which means that
the local ‘‘dynamics” of the RTE will be even more affected by
these terms. Thus, the magnitude of the SGS radiative emission
term is similar to the magnitude of the SGS stresses from the
momentum equations, whereas the SGS radiative absorption
terms revealed to be much smaller. This result suggests that in
many applications, the SGS radiative absorption terms may be ne-
glected, i.e., these terms may be modelled by simply assuming
jGI � �jG

�I.
The effects of the filter type, filter size and temperature turbu-

lence intensity were studied in the SGS radiative emission and
SGS radiative absorption terms. Using a cut-off filter, the SGS terms
tend to be smaller than when using a box filter, but the trends with
the filter size and temperature turbulence intensity are the same:
both the SGS radiative emission and SGS radiative absorption
increase substantially with the filter size and temperature turbu-
lence intensity. Thus, the relative importance of the SGS unknown
terms in LES of radiative heat transfer increases for LES in coarser
meshes, as the ones currently used in engineering applications, and
for flows with high turbulence intensity, such as jets and wakes,
which are often encountered in combustion devices. This makes
the modelling of these terms very important in LES of radiation.
This topic should be addressed in future works.
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