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Abstract  

In complex decision making situations, the need for tools to support both problem structuring and 

multi-criteria evaluation of decision alternatives arises. This study proposes a new tool – Multicriteria 

Cognitive Map (MCM) – to help constructing a multicriteria evaluation model. A MCM combines, in a 

coherent and integrated way, Cognitive Mapping and concepts and methods from Multicriteria Decision 

Analysis, supporting both problem structuring and the evaluation of decision alternatives. Developing a 

MCM integrates two recursive phases: a first phase to structure the problem by capturing the issues and 

their systemic relationships in a means-ends network, whereby each node represents a concept/idea 

and each means-ends link between two nodes represents influence; and a second phase to determine 

the impact that alternatives (means) have in the values (ends) of the decision makers. This latter phase 

uses the MACBETH (Measuring Attractiveness by a Categorical Based Evaluation Technique) approach to 

measure the strength of the influence of each means-end link. In order to illustrate the applicability and 

usefulness of the MCM tool to evaluate decision alternatives, a small but intuitive example of an 

evaluation model is described, as well as it is reported a real application of MCMs in the process of 

constructing a health index based on a multicriteria evaluation model structure. 

1. Introduction  

Multicriteria value measurement tools have been extensively used to build evaluation models, which 

often take a given set of alternatives and evaluation criteria as the starting-point in model building [5]. 

Nevertheless, it has been recognized that a very demanding and challenging task when building an 

additive evaluation model is to help the decision-maker to structure the model [6, 7, 8], in particular 

constructing a set of criteria and associated descriptors to be used in the evaluation of a set of decision 

alternatives. Within this frame, several authors have been applying Problem Structuring Methods 

(PSMs), in particular Cognitive Maps (CM), in the process of constructing a multicriteria evaluation 

model [5, 9, 10, 11, 12] to help decision-makers to deal with complexity. In spite of the reported success 

of combining CMs with multicriteria value methods in real decision aiding contexts, theoretical and 

practical challenges still remain. In fact, the transition from a CM to a multicriteria additive model is a 

challenging step as the two methods are based on distinct modelling rules [16, 17]. In particular, an 

additive model is based on the assumption of preference independence [18], whereas, a cognitive map 

allows a greater flexibility by modelling issues and their systemic relationship in a means-ends network 

[16, 17], where a single node can influence several others [20] and no preference independence 

conditions apply.  
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This article proposes  a tool – Multicriteria Cognitive Map (MCM) - that combines, in a coherent and 

integrated way, Cognitive Maps and concepts and methods from Multicriteria Decision Analysis (MCDA), 

with the aim of determining the impact that alternatives (means) have in the values (ends) of the 

decision-makers (DM). Developing the MCM tool required the use of an alternative structure to the 

additive value model framework, so as to model synergies and interactions between different 

evaluation aspects through a straightforward process, with the multilinear model proposed by Keeney 

and Raiffa [21] being extended for use within a MCM tool. The MCM tool is shown to be useful in two 

contexts, namely to evaluate decision options or to generate inputs for an additive evaluation model 

when there is preference dependence among different evaluation aspects, a situation which often 

occurs in real-world problems. The potential of the MCM tool to provide insights and a better 

understanding than the isolated use of both approaches is discussed in this article.  

The article is structured as follows: section 2 briefly reviews approaches that seek to evaluate decision 

options using the cognitive map structure; section 3 presents the MCM tool; examples to illustrate the 

applicability and usefulness of MCMs are outlined in section 4; and section 5 reflects about the practical 

use of the MCM tool and presents some concluding remarks.  

2. Literature Review 

It has been reported that there is not a consensus about the definition of “cognitive map” in the 

literature [22]. This section characterises the topology of cognitive maps and describes the main 

features of approaches that have been using structures similar to cognitive maps to evaluate options.  

2.1. Cognitive Maps 
 

The term “cognitive map” has been used with different meanings in various disciplines and was 

originated from the ideas of Tolman (1948) [23] who wished to study the stimulus-response model of 

rats [24]. An example of a cognitive map is depicted in figure 1.  

 
Fig. 1 – An example of a cognitive map designed by Kosko [4]. 
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In its most consensual definition, a cognitive map is a collection of nodes linked by some arcs [25]. 

However, as Marchant ([26], pp. 626) stated “if we look closer at the meaning of the nodes and links, we 

can see that there are crucial differences between the various authors”. For example, for Tolan, a 

cognitive map was a geographical map in the mind, whereas, Axerold use the term to indicate an 

external representation of the content and structure of an expert’s knowledge on a given topic [22]. To 

Axerold (see [27]), nodes in a cognitive map represent variables and links represent causality; and one 

can have positive or negative links, with a positive (negative) link from variable a to b meaning that an 

increase of a will cause an increase (decrease) of b. From a different perspective, due to the 

controversial meaning of causality, Montibeller et al. [17] and Cossette and Audet [28], proposed that 

links denote believed influence; in this interpretation, positive and negative influences can be observed: 

a positive connection (+) indicates that an increase in the means node leads to an increase in the effect 

node, whereas a negative (-) connection indicates that an increase in the means node leads to a 

decrease in the effect node [14, 29]. The form of cognitive mapping most applied to problem structuring 

[25] has been proposed by Eden, in which a CM is made up of constructs (nodes) linked to form chains 

(shown by arrows) of action oriented argumentation, indicating the direction of implication assumed by 

the belief system [30]. To Eden a cognitive map is not a map of cognition, but a map designed to aid 

cognition [22]. More recently, Montibeller et al. [17] have defined a cognitive map as a network where 

each node represents a concept/idea and each link between two nodes represents causality, influence 

or implication. We find this interpretation of CM as more useful to capture the different views regarding 

cognitive mapping in the context of developing evaluation models and adopt it in this article. 

 

Independently of the definition in use, typically, a common feature of CMs is that they are characterized 

by a hierarchical structure [1, 23], which can be broken by the presence of circular relations and can be 

applied to represent (1) subjective knowledge, i.e., to depict the structure of a problem according to the 

beliefs and concerns of the DM [30]; or (2) objective knowledge about reality by modelling variables and 

existing relationships [17].  

 

2.2. Cognitive Maps and evaluation models 

CMs have been widely applied in several contexts to help structuring problems and, departing from 

CMs, several approaches have emerged that, by ameliorating the capability of making inferences in the 

map, have supported the evaluation of decision options. In a review of literature, we have searched in 

ISI Web of Knowledge, Science Direct and Google Scholar databases for studies using “cognitive map”, 

“causal maps”, “means-ends network” and “mental models” and found several approaches that directly 

employ the map structure for evaluating options. These approaches can be grouped in two main fields, 

according to the use of a topological analysis, and to the strength of each means-end link (see figure 2). 

To understand the advantages and disadvantages of each approach, a description of the respective key-

features is detailed below.  
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Fig. 2 – Reviewed studies grouped according to the approach in use 

A common way of providing some information about which options are more influential on decision-

makers' goals is by performing a topological analysis of the CM. For instance, one could analyse the 

potency of an option [1], i.e., the number of goals that each option influences. This approach raises 

issues as it provides a low level of causal inferences [16] (e.g. one can have several options equally 

potent but with different added value for the DM). In order to overcome this limitation, several authors 

have attempted to extend the power of inference of cognitive maps by analysing the strength of links. 

The key idea behind these approaches is that the strength of each means-end link is able to provide 

richer recommendations by providing a higher level of inference in comparison to the use of topological 

information. Some of these approaches are:  

DEMATEL and WINGS: DEMATEL method is especially practical and useful for visualizing the 

structure of complicated causal relationships with maps [2]. The map shows the relations between 

the components of the system and distinguishes the causes from the effects by constructing a 

structure (network) presenting these two groups separately. The DEMATEL method asks the DM to 

quantify with verbal scores the intensity of an influence, which is typically converted to a numerical 

value with the application of a likert-scale [3], with a fuzzy function [31] or with the ANP approach 

[32, 33]. Decision alternatives are the bottom level of the network and are directly compared, which 

can lead to situations in which an inappropriate alternative is chosen, even if it is the best alternative 

[34] (e.g. it can be the best alternative of unattractive alternatives). Michnik [3] proposed WINGS, an 

approach derived from DEMATEL, which includes both the influence and importance of the system 

components. Both approaches only consider positive links between nodes.  

 

Fuzzy Cognitive Maps (FCM): FCMs were invented by Kosko [4] in order to improve DM’s ability to 

understand the dynamic behaviour of CM. The main feature of this method is the ability to classify 

the strength of causal links with qualitative labels. Qualitative labels are then converted into causal 

weight in the [-1;1] range: typically, this is performed by applying likert-scales [35] or fuzzy functions 

[36]. Nevertheless, few studies (e.g. [37] [38] [39] [40]) specify the process of converting a qualitative 

label to a causal weight in the range of [-1;1]. Additionally, FCMs are typically applied to analyze the 

dynamic behavior of a system (FCMs allows to consider circular loops), and not to evaluate a set of 

decision options.  

 

Bayesian Causal Maps (BCM): BCMs combine the strengths of CMs and Bayesian Networks and 

reduce the limitations of both – a BCM is a network-based representation of DM’s cognition and, 

simultaneously, a graphical representation of DM’s knowledge based on probability theory [13, 14, 

41]. In a BCM, each node is represented by a variable with a set of possible states and each link is 

Approaches that 

employ the CM to 

evaluate options 

Approaches based on 

topological analysis 

Approaches based on the 

strength of the links 

 Potency of options [1]  DEMATEL/ WINGS [2] [3] 

 Fuzzy Cognitive Maps [4] 

  Bayesian Cognitive  

Maps  [13, 14] 

  Qualitative Probabilistic 

Network [15] 

 Reasoning Maps [16, 17] 

 Decision Maps [19] 
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represented as conditional probabilities. Therefore, the main advantages of this approach are the 

ability to represent relationships between variables more comprehensively than a Bayesian network 

or a CM and the possibility to model and analyse different scenarios [13, 14]. The main disadvantage 

of this approach is the inherent difficulty of determining conditional probabilities. The idea of 

modelling the cognitive map’s links with probabilities was also proposed by Welmann [15] with the 

Qualitative Probabilistic Network (QPN) method, where a random variable is associated with each 

node and links denote probabilistic relation among variables rather than precise numeric 

distributions. QPN also allows to model synergies between means nodes [42, 43] and is particularly 

useful in planning under uncertainty. Nevertheless, the potential for information loss due to the 

incomplete specification of probabilities [43] is one of the main drawbacks of this approach.  

 

Reasoning Maps: Reasoning Maps are a decision support tool which enables a multicriteria 

evaluation of decision options using a CM structure [16, 17]. The evaluation is only addressed in 

qualitative terms, i.e. DMs are asked to describe the strength of links and performance of options 

applying a qualitative scale and this information is aggregated with a qualitative operator across the 

network [16, 17]. Reasoning Maps are very intuitive and simple to apply, but the reduced degree of 

differentiation afforded by a qualitative scale may result in a limited degree of discrimination of 

alternatives as the tool does not allow a quantitative rank of them. Comes et al. [19] have also 

proposed a merge between CM and multicriteria evaluation – Decision Map - although they did not 

impose causal inference mechanisms or aggregation as used by Reasoning Maps. Decision Maps 

seem to be more suitable to structure the flow of information and to support decision-making under 

fundamental uncertainty, by generating descriptions of different possible scenarios. 

 

Table 1 provides an overview of these approaches, with analyses showing that: 

 All of the approaches reflect about the type of information elicited; as Montibeller et. al ([16], 

pp.788) state, “usually the more quantitative information is elicited, the higher the power of 

inference of the evaluation tool, but the higher the cognitive demands placed in the decision-

makers”. In fact, the process of eliciting information through a simple and transparent process 

is a crucial step to gain the DM’s confidence in model results. Ideally, one should have a tool 

that, on the one hand, elicits through a simple and transparent process qualitative information 

about the strength of the links, and, on the other hand, a tool that provides the power of 

inference provided by quantitative information. DEMATEL and FCMs attempt to pursue this, 

but the process of converting qualitative to quantitative information is not transparent.  

 Not all of the analysed approaches are suitable to evaluate decision alternatives (e.g. FCM and 

Decision Maps). Additionally, the ones that allow for a multidimensional evaluation of 

alternatives, as DEMATEL, compare alternatives directly, a feature that can lead to the choice 

of an inappropriate option, even if it is the best option (e.g., it can the best of a set of 

unattractive options); the exception is the Reasoning Map approach that employs a user-

defined qualitative scale to measure the performance of decision options. 

 The process of building the map and eliciting information with DM is only addressed by 

Reasoning Maps and BCMs. Building the map according to the concerns and knowledge of DM 

is a crucial step to guaranty the commitment of the DM with the model outputs.  

 There are few reports about real-world interventions using these approaches (except FCMs and 

DEMATEL), being hard to appraise how successful they are in supporting the evaluation of 

decision alternatives. 

Given this context, this study proposes an integrated tool - Multicriteria cognitive map - that, by 

modelling and analysing interrelated components, supports both problem structuring and multicriteria 

evaluation. MCM intends to overcome the limitations pointed above, by having the following features: 
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(a) asks only for qualitative information; (b) converts qualitative information into quantitative 

information with a sound theoretical approach; (c) avoids direct comparisons between alternatives by 

building a generic model; and (d) applies a simple and transparent process, potentially allowing the DM 

to gain confidence in the model results. To be useful, a MCM should be easily used for decision support, 

asking only for qualitative information, but making inference and discussion results based upon 

quantitative information.  
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Approach 
Strength of links – information 

basis/key features 
Social process 

Circular 

links 
Observations Areas of application 

DEMATEL and WINGS [2] [3] 

Asks for qualitative labels that 

are converted to quantitative 

information. This is typically 

performed by applying a likert-

scale or the ANP approach. 

The process of building the cognitive 

map is usually not addressed. 

Allows 

circularity 

Decision alternatives are 

integrated in the map which 

can lead to situations in which 

an inappropriate alternative is 

chosen. 

Widely applied in the construction of models 

involving causal relationships between complex 

factors (e.g. evaluation of suppliers [31] [31, 

44]; technology selection [45] [46]; and 

identification of key success factors [47] [48]. 

Fuzzy Cognitive Maps [4] 

Asks for qualitative labels that 

are converted to quantitative 

information; this process is not 

transparent. 

The process of building the cognitive 

map is not addressed. 

Allows 

circularity 

Suitable to analyse the 

dynamic behaviour of systems. 

Widely applied to simulate the response of the 

system when a set of activation values of its 

constituent nodes are considered (e.g. applied 

in healthcare for diagnosis and prediction of 

diseases [36, 49, 50]). 

Bayesian Causal Maps 

[13,14] 
Asks for conditional probabilities. 

The map is built according to the 

knowledge and concerns of DM, 

resorting to open interviews. 

Does not 

allow 

circularity 

Allows to model and analyse 

different scenarios. 

Few applications; typically applied to analyse an 

estimate the response of a system under 

different sources of uncertainty (e.g. analyse 

inflation in Turkey [51] and choose between 

different  investments opportunities [52]). 

Qualitative Probabilistic 

Network [15] 

Asks only for qualitative 

information, providing lower 

power of inference. 

The process of building the cognitive 

map is not addressed. 

Does not 

allow 

circularity 

Allows to model synergies 

between nodes; information 

can be loss due to the 

incomplete specification of 

probabilities. 

 

Few applications; typically applied to build 

simulation models (see [53]). 

Reasoning Map  [16, 17] 
 

Asks only for qualitative 

information, providing lower 

power of inference. 

The map is build according to the 

knowledge and concerns of DM, 

resorting to semi-structured interviews. 

Does not 

allow 

circularity 

Simple and intuitive; does not 

allow a quantitative rank of 

decision alternatives 

Few applications; applied to evaluate decision 

alternatives in different contexts [17, 54]. 

Decision Map [19] 

Does not determine the strength 

of each link. CMs are only a mean 

to structure the flow of 

information, proceeding from 

means to ends. 

The process of building the cognitive 

map is briefly addressed. 

Does not 

allow 

circularity 

Support decision-making under 

fundamental uncertainty, by 

generating descriptions of 

different possible scenarios. 

No applications found. 

 

Table 1 – Overview of the analysed approaches
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3. Multicriteria Cognitive Map 

In this section, we explain how the MCM tool makes use of concepts and methods of MCDA in a 

cognitive map structure to determine the impact that alternatives (means) have in the values (ends) of 

the decision-makers.  

3.1. Outline of the MCM tool 
 

A multicriteria cognitive map applies a multicriteria model to a cognitive map structure so as to, firstly, 

structuring the problem by capturing the issues and their systemic relationships in a means-ends 

network (cognitive map); and secondly, determining the impact that alternatives (means) have in the 

values (ends) of the decision-makers by applying the methods and concepts of multicriteria decision 

analysis, in particularly by using the MACBETH approach [55] [56] . 

 

Integrating different methods in a single tool is a challenging [57] and essential step to deal with the 

complexity of real world problems [58]. Nevertheless, according to Mingers ([57], pp. 6) , “where the 

methodologies are all from within the same paradigm there is little philosophical difficulty, is just a 

question of the most effective way of fitting the methodologies or techniques together”, avoiding the 

problem of paradigm incommensurability (for details see [58] e [57]). Mingers distinguishes between 

three main paradigms [59] each of which has been referred to by a variety of names: empirical-analytic 

(positivist, objectivist, functionalist, hard), critical (critical systems) and interpretive (subjectivist, 

constructivist, soft). The latter is probably the most well-known and the most populated in terms of the 

number of methodologies adhering to it [60]; this paradigm treats human organizations as 

fundamentally different, based on subjective meaning and interpretation [57], and tries, by a systematic 

process of intervention, to explore purposes, alleviate unease and generate learning [60]. Regarding this 

parading, Bana e Costa and Pirlot (1997, pp. 564) [61] stated that “a decision situation is, in general, an 

ill-defined entity, unclear even to the actors involved in the decision process. A constructivist 

methodological approach is therefore most appropriate for decision-aiding, in light of a new paradigm 

of learning, that should replace the old paradigm of normative optimisation (prevalent in Operational 

Research and Systems Analysis). A direct implication of the adoption of a constructivist attitude in 

decision-aid is that simplicity and interaction are fundamental tools for effective participation.” 

 

According to several authors (see, for example, [60] and [7]), CM belong to this paradigm, as they intend 

to support a group of decision-making actors and stakeholders in addressing a problematic situation of 

shared concern within a complex environment. MACBETH is a multicriteria methodology, that follows 

the constructivist principals of process consultation [55] and aims to support interactive learning about 

evaluation problems, helping to prioritize and select options in individual or group decision making 

processes [62]. Hence, from our perspective, both MACBETH and Cognitive Maps belong to the 

paradigm of constructivism paradigm, and we thus consider that they can be mixed in a theoretically 

coherent manner, within a single tool.  
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 Build a CM
 Adapt the Cognitive Map to a MCM
 Divide the MCM in sub-cognitive maps
 Verify the condition of weak difference 

independence
 Build a descriptor for each descriptor node

Structuring

Evaluating 
with MACBETH

 Build a conditional value function for each 
descriptor node

 Determine the strength of each influence 
link with MACBETH

Evaluating decision options

 
Fig. 3 - The main activities in developing the MCM tool 

 

Under the constructivist paradigm, the MCM tool must be applied within a social process, as decision 

conferences [63] or dialogue decision process [64], which will ensure the engagement and commitment 

of the DM. Nevertheless, the design of this process is not addressed in detail in this article, as we will 

focus on the technical aspects of the MCM tool.   

 

The main activities in developing the MCM tool are depicted in Figure 3 and can be divided into two 

recursive phases: structuring and evaluating with MACBETH. The structuring phase consists in: a) 

building the CM with the DM (either an individual or a group) with the aim of capturing and 

representing, in a transparent way, significant factors, knowledge and conditions that are important for 

the DM [14], helping to create a shared understanding between the group [65]; b) adapting the 

structure of a CM to the hierarchical structure of a MCM that has no negative links and circular 

relations; c)  constructing a descriptor for each descriptor node. The evaluation phase consists on 

building the value function for each descriptor node and determining the strength of each influence link.  

We propose that this latter phase uses the MACBETH (Measuring Attractiveness by a Categorical Based 

Evaluation Technique) approach to measure the strength of the influence of each means-end link, by 

asking the DM to pairwise compare the influence of the child nodes of the same parent node.  

 

Overall, the MCM tool is developed through a sequence of iterative steps, that are further detailed in 

the following sections (see table 2): (1) build a Cognitive Map; (2) adapt the Cognitive Map to a 

Multicriteria Cognitive Map; (3) divide the MCM into sub-cognitive maps; (4) build a descriptor for each 

descriptor node; (5) verify the condition of weak difference independence; (6) build a conditional value 

function for each descriptor; (7) determine the strength of each influence link with MACBETH and (8) 

evaluate options. 

 

 

 

 

 



11 
 

MCM steps 

(1) Build a Cognitive Map  
(2) Adapt the Cognitive Map to a Multicriteria Cognitive 

Map 
(3) Divide the MCM into sub-cognitive maps 
(4) Build a descriptor for each descriptor node 
(5) Verify the condition of weak difference independence 
(6) Build a conditional value function for each descriptor 
(7) Determine the strength of each influence link with 

MACBETH 
(8) Evaluate options 

 

Table 2 – Sequence of iterative steps of the MCM tool 

From a topological point of view, the MCM structure is very similar to the CM structure. Based on the 

structure of a CM (see figure 1), the multicriteria cognitive map is a hierarchical network without 

negative links and circular relations. To clarify the structure of the MCM, the following terminology will 

be adopted in the remaining of this article: a node which has no out-arrows is referred to as a head; a 

node which has no in-arrows is referred to as a descriptor node (being at the bottom of the network); 

the node that is influenced is named parent node and the node that influences is named child node.  

The basic assumptions of MCM are in line with the philosophy of problem structuring methods, being 

consistent with a view in which the system behaviour and its issues can be analysed with a model of 

interrelations between system’s components. MCMs underlying assumptions are: 

 It is possible to associate a descriptor Xi, i.e. an ordered set of plausible performance levels, to 

each descriptor node. This will allow to operationalize each descriptor node and build a value 

function vi(.) that converts the performance of each option in each descriptor node to added 

value for the DM. According to Dyer and Sarin (pp. 819, [66]) “the existence of the measurable 

function could simply be assumed unless contrary behaviour on the part of the decision maker 

is noted”.  

 It is possible to access the intensity/strength of the influence of each means-end link, Ki; a link 

between two nodes indicates that the child node influences the parent node, i.e., an increase 

of the value of an option on the child node generates an increase of the value of the option on 

the parent node. Ki reflects the "intensity of affecting" i.e. the magnitude of the influence of the 

child node on the parent node.  

 The value of an option on the parent node j, vj(.), is a function of both the value of the option 

on the respective child nodes and the intensity of the influence of the links that connect the 

child nodes to the parent node j. Hence vj(a) depicts the impact that an option a has on the 

parent node j. 

 

An illustrative example of the overall structure of the MCM tool is presented in figure 4, where the 

process of evaluating options A and B is exemplified: the map has five nodes namely two descriptor 

nodes (node a and b) and one head node (node e); the nodes are connected by arrows that represent 

influence; at the lowest level, each descriptor node is assign with a descriptor Xi that converts the 

performance of each option in added value; the value of an option on a parent node j, Vj, is a function of 

both the value of the option on the respective child nodes and the intensity of the influence of the 

arrows that connect the child nodes to the parent node j.  

 

To compute the value of options A and B on a given parent node (for example on parent node e), one 

must consider that the CM has a flexible structure, and synergies and interactions between child nodes 

may exist. Therefore, one can not assume that the value of an option on a parent node is only given by 

the sum of the values of the option on the child nodes multiplied by the intensity of the influence that 



12 
 

the child node has on the respective parent node, as this type of additive model does not account for 

the presence of interactions and synergies between the child nodes.  

 

The application of the 2-additive Choquet Integral (CI) cannot also be considered since typically only 

interactions between pairs of elements are modelled; and a more general formulation of the CI operator 

has shown to be prohibitive in many applications [67], raising some doubts about its applicability in 

modelling, in an effective way, to all the synergies and interactions present in the network. With the aim 

of addressing all type of synergies in an effective way, we chose to adapt the multilinear model 

proposed by Keeney and Raiffa [21], since, as Winterfeldt and Edwards [68] (pp. 293) state this model is 

the “true interactive difference model (…) that allows any combination of interaction terms”. Dyer and 

Sarin [66], Dyer and Lorber [69] and Beinat [70] suggested the multilinear approach as a valid alternative 

to the additive model since it can be applied under weaker independence conditions. Accordingly, we 

develop the multilinear model to evaluate options along the means–ends the network; a detailed 

explanation on how the multilinear model is used to calculate the value Vi and the strength of intensity 

Ki in figure 3 is presented in the next section. 

Vd = f( kava, k’bvb)

a b

c
d

e

g

A

B

100

0

Va = f (xa) Vb = f (xb) Vg = f (xg)

Vd = f( kgvg, kbvb)

Ka
K’b Kb Kg

Kc
Kd

Ve = f( kdvd, kcvc)

100

0

 
Fig. 4 – Illustrative example of the structure of the MCM tool, where the process of evaluating options A and B is 

exemplified.  

 

3.2. Computing multilinear value along the MCM 
 
The multilinear model allows for considering all type of synergies and interactions between the child 

nodes of the MCM, being at the same time, sufficient simple, to be applied in the complex structure of 

the MCM network. The choice of the multilinear model implicitly assumes, that the MCM presents some 

properties, that allow a multidimensional evaluation of options, namely [12]:  completeness by including 

all fundamental aspects of the problem; operational i.e. be meaningful and assessable in order for the 

DM to understand the implications of the different options; nonredundant by avoiding double counting 

of impacts; decomposable i.e. aspects of the evaluation process should be simplified by breaking it 
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down into parts; minimal i.e. problem dimension must be as small as possible; and verifies the condition 

of weak difference impendence, i.e. a node i is weak difference independent of the remaining nodes if  

the ordering of preference difference between different elements of i is not affected by the combination 

level for which the remaining child nodes are held constant (examples of tests for this property are 

provided in sub-section 3.2.3). Following a constructive attitude, the suitability of the multilinear model 

and its assumptions can be taken as a working hypothesis in building the MCM tool (for details see 

section 3.2.2). 

The application of the multilinear mode in the MCM network allows for computing the value of a given 

option on a parent node. To pursue this, we adapt the model proposed by Keeney and Raiffa [21], firstly 

to be suitable to be applied in a means-ends network; and second to allow the use of bipolar scales 

which can be useful for the application of the tool in real complex problems (Keeney and Raiffa only 

explored the multilinear model for unipolar scales). In fact, for many practical cases, scores are better 

expressed through bipolar scales [71], where it is possible to assign references of intrinsic value  that 

make objective the notion of intrinsic attractiveness of each option and promote the intelligibility of 

each element [34]. Given this, we adapted the multilinear model (see Appendix 1), whose mathematical 

elements are as follows. Let i = 1,…,n designate the child nodes of a parent node j, Xi the descriptor of 

performance of the descriptor node i and vi(.) the respective value function vi(.) that is conditional to the 

levels of the other child nodes. Let xi be the option’s performance on the child node i and vi(xi) the 

respective value score; (x1, …, xn) and (v1(x1), …, vn(xn)) are the option’s performance and value profile, 

respectively. Then, the value of the parent node j is given by: 
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    = 2 if    (  )       ϵ =1,…, n ;   = 1 otherwise.  

  ki > 0 

 

where   
  and   

  are the upper and lower reference levels respectively, and ki >0 is the strength of 

influence of the node i on the parent node j and kik is the synergic effect between node i and k. Model (1) 

can be applied in a recursively way towards the final goals of the DM, where the node j will be a child 

node of a super ordinate node with a value given by    (        )    

3.3 Structuring a MCM 

3.3.1 Building the map with the DM 

Typically two types of techniques can be employed to capture information to build a CM: structured and 

unstructured (for details see [14]). In the first technique, DMs are provided with a list of predefined 

concepts and are only asked to specify the relationships between them. Contrarily, with unstructured 

methods, a new or unfamiliar domain is explored by posing questions such as ‘‘What are the factors 

relevant to the decision?’’. In both cases, the process of eliciting information is usually done by resorting 

to individual interviews [1], where individual views are captured in a cognitive map. The final group map 

is obtained by merging several individual maps (for details about the interview and merging process see 

[1] [6]), in order to obtain a CM that represents the views of the group of decision-makers. The main 

disadvantage of this process is that the group map can be very large (800–2000 nodes) [1], which is 

unsustainable to applying a multilinear model in the cognitive map structure.  Hence, the adoption of an 

unstructured and inductive method named Oval Mapping technique (OMT) [30] is recommended for 
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building a group map as it will allow to create a shared understanding of the problem and a more 

convergent “group” view and to reduce the size of the map [30]; an individual interview is 

recommended when we are in the presence of a single DM. OMT is designed to encourage groups of 

DMs to record and publicly display their views and concerns on large oval cards and place these on a 

public wall where all can see it [72]. With this technique the map is built on the spot with the help of an 

impartial facilitator that guides all the process, helping the participants to explore how the ovals fit 

together to form chains of argument. As the material is structured in a means/ends network (cognitive 

map), new values, beliefs and assertions can emerge, helping the group to gain new insights about the 

problem [72]. Probe questions, as “why” and “how”, may play an important role during this process [17] 

as they allow to distinguish means from ends. Other questions, like “What may explain or support that 

assertion?” or “What are the implications of this particular belief?” can also contribute to the 

construction of the map [30].  During this process the map can be explored interactively allowing the 

facilitator to check for possible misunderstandings and coding mistakes.  

 

3.3.2 Adapting the Cognitive Map into a Multicriteria Cognitive Map 

After structuring the CM it is necessary to adapt it to a MCM, with the aim of applying the multilinear 

model to a means-ends structure. As was outlined before, the choice of the multilinear model and the 

assumptions necessary to its application are taken as working hypothesis in the construction of the 

MCM tool. Therefore, under a constructive perspective, a simple and interactive procedure is proposed 

with the aim of converting a CM to a MCM. This procedure takes place according to the sequence of 

figure 5: 
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Fig. 5 – Procedure to adapt the CM to a MCM 

a) Confirm that the map includes all fundamental aspects of the problem (completeness); this 

condition is guaranteed by the process of construction of the CM where it is ensured that the 

map reflects the beliefs and concerns of the DM [30].  

b) The map must be meaningful and assessable in order for the DM to understand the 

implications of the different options (operational). This will be performed by transforming the 

negative arrows into positive ones (for details see [4] and [73]), which will guarantee that the 

DM will more easily understand the influence of a means on an end node; this transformation 

should be done starting from the bottom of the map (i.e. the modification is done in the child 

node - see exemple a) in figure 5. 
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c) Ensure that the MCM has a hierarchical structure wich will guarantee that all aspects of the 

evaluation process can be simplified by breaking it down into sub-cognitive maps 

(decomposable); a sub-cognitive map is a map that represents for each end node the means  

that influence it (see figure 5e). The hierarchical structure of the MCM is obtained by 

eliminating all circular relations. The phenomenon of circularity can occur mainly for two 

reasons [74] [14]. Firstly, the existence of a loop may be a codding accident which needs to be 

corrected; or it may represent dynamic relations between variables across multiple time 

frames. Coding accidents can be corrected by clarifying the links between variables. In the 

second case, when the feedback loop implies dynamic relations, disaggregating the variables 

into two time frames can often solve the problem of circularity (see example d in figure 5). 

d) The means-ends network should not have redundant nodes, in order to avoid double counting 

of information (nonredundant). When a child node a influences two different parent nodes that 

are going to be child nodes of the same parent node d,  it is possible to determine directly the 

influence of the node a on the parent node d (note that links of influence must have the same 

sign); therefore the child nodes of the parent node d are redundant from the point of view of 

the evaluation and can be eliminated (see figure 5b).  

e) For reasons of simplicity, the network must be as small and simple as possible (minimal). With 

the aim of ensuring this property, one can use the procedure suggested by Nadkarni and 

Shenoy [13, 14] which distinguish indirect from direct relationships with the aim of helping to 

understand the nature of the relations between nodes. These authors assume that, if a node a 

affects a node c thorough b, than an arrow from a to c is redundant and increases the 

complexity of the representation (see figure 5c).  

3.3.2 Building a descriptor of performance for each descriptor node 

To each descriptor node it should be assigned a descriptor of performance – an ordered set of 

(quantitative or qualitative) plausible performance levels - based on the characteristics that allow these 

descriptor nodes to be made operational (for details about the construction of descriptors see  [34, 75, 

76]). The definition of the descriptor depends of which parent node the descriptor node is influencing. 

For instance, the descriptor node a influences a node b and a node c. However, the performance of a 

hypothetical option on node a that has a good impact on node b is different from the performance of a 

hypothetical option on node a that has a good impact on node c, which means if a descriptor node 

influences two different parent nodes, one has to construct two descriptors for the same descriptor 

node. Hence, it is necessary to build a descriptor for each descriptor node of each sub-cognitive map 

(see figure 5e).  

 

As discussed above, it is important to assign references of intrinsic value to each descriptor. 

Additionally, according to Von Winterfeld and Edwards [77] it is also useful to assign end points to the 

descriptor that are very likely to include possible future realizations. Therefore, to each descriptor at 

least four performance levels should be assigned (see figure 6): a maximum achievable level that 

traduces the level of performance of an hypothetical option on the child node that has an extreme/best 

impact on the respective parent node, indicating that an improvement of the performance of this option 

will have no added impact on the parent node; a good level indicating the desirable level of 

performance of an option on the child node that has a good/satisfactory impact on the respective 

parent node; a neutral level as the minimum desirable performance of an option on the child node that 

has neither attractive nor repulsive impact on the parent node; and a minimum achievable level as the 

level of performance of an option on the child node that has the worst impact on the parent node. From 

the four reference levels, two must be defined as the upper and lower reference levels. This choice 

depends on the context of the problem (for details see [68]).  
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Maximum
achievable

Good

Neutral

Minimum
achievable

Maximum level is set as the level of performance of the child node that has an 
extreme/best impact on the respective parent node 

A good level was set as the desirable level of performance of the child node that has a 
good impact on the respective parent node; 

A neutral level was set as the minimum desirable level of performance of the child 
node that has has a no significant impact in the parent node

Minimum level was set as the level of performance of the child node that has a bad 
impact on the parent node; 

Fig. 6 – Reference levels 

 

3.3.3 Testing for the weak difference independence condition 

In order to apply a multilinear model in the structure of the MCM, it is necessary to respect the 

condition of weak difference independence. Weak difference independence [18, 21, 66, 78] between a 

node i and the remaining nodes implies that the relative strengths of preference depends only on the 

values of the node i and not on the fixed values of the remaining nodes. Consider a parent node with n 

child nodes i (i=1,…,n). Consider that the child node 1 is weak difference independent of the other child 

nodes and, X1 is its appropriate descriptor. Then, it is possible to build a condition value function for the 

child node 1 - v1 - by holding, at an arbitrary level, the value of the other child nodes. The value function 

v1(x1, x2, … , xn) is strategically equivalent to v1(x1, x’2… , x’n) i.e. v1(x1, x’2, … , x’n) is a linear 

transformation of v1(x1, x2… , xn) [66].  

Weak-difference independence can be verified with simple and intuitive tests (for details see [79] and 

[18]). For example, consider the following test regarding child node 1: (a) through a simple protocol of 

questions, and by holding the value of the reaming child nodes on the neutral level, the DM states that 

the preference difference between option A and B is equal to the preference difference between B and 

C; (b) then, by holding the value of the remaining child nodes on the good level, the same protocol of 

questions is applied between option A and B and B and C; (c) if the condition of weak difference 

independence holds the answer in steps (a) and (b) must be the same, i.e., the preference difference 

between A and B is equal to the preference difference between B and C for all the values of the 

remaining nodes. Note that, there is no requirement of the preference difference between A and B be 

equal in both cases (see example of this condition in section 4).   

3.4 Evaluating with MACBETH 

A MCM aims not only to help the DM understanding what the problem is, but also intends to determine 

the impact that different options have in their value system, by building a value function for each 

descriptor node and determining the strength of each influence link. In order to pursue this, we propose 

using the MACBETH approach (Measuring Attractiveness by a Categorical) developed by Bana e Costa 

and Vansnick [80] and applied in several contexts [76, 81, 82, 83, 84]. The MACBETH approach is 

supported by the M-MACBETH decision support system (DSS) [85]. One of the main advantages of 

MACBETH is that it only asks for qualitative pairwise comparison judgements of the difference of impact 

between stimuli. To facilitate the comparison between stimuli, the DM is asked to choose one of the 

seven qualitative - very weak, weak, moderate, strong, very strong and extreme. Hesitation between 

two or more categories is allowed. Each time a qualitative judgment is elicited the DSS assists in 

verifying its consistency and offers suggestions to resolve inconsistencies if required. Concerning the 

construction of conditional value functions, MACBETH approach asks the DM to judge the differences of 

impact between the various performance levels of the descriptor by holding the value of the remaining 

child nodes in the lower reference level. The M-MACBETH derives a value scale from the consistent 

matrix of judgments that the DM must validate and adjust, if necessary (see an example of this process 
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in [76, 81, 82, 83, 84]). The MACBETH approach also allows assessing the intensity of each influence link. 

This is performed by pairwise comparing the influence of the child nodes of the same parent node (this 

process is detailed in section 4).  

4. Applying the MCM tool  

The MCM tool can be used in two different contexts, to evaluate decision options and to help a DM in 

the process of building an additive evaluation model. This section explains for the MCM tool in both 

cases can be used, in the first case with an illustrative case and in the second case with a real application 

of the MCM tool to assist the development of a multicriteria evaluation model. 

4.1 Evaluating options: an illustrative example 

Suppose that an individual wants to select his future car out of three alternatives (see table 3). The 

application of the MCM tool should follow the steps specified in table 2.  

Table 3 – Table of performances 

 Option A Option B Option C 

Price 10.000 € 18.000 € 25.000€ 
Efficiency 6L/100 5L/100 4L/100 
Mileage 70 000 Km 50 000 Km 0 Km 
Number of seats 4 2 4 
Luggage compartment 420 L 350 L 500 L 
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Fig. 7 – Converting a CM to a MCM. For each descriptor node the reference levels are specified.  

The application of the MCM tool begins with the construction of a CM with the key aspects that the 

decision maker considered relevant for the choice of a good car (step 1). The next step consists in 

adapting the CM into a MCM (see figure 7) – step 2. Next, the MCM must be divided into sub-cognitive 

maps, and a descriptor (see figure 8) is assigned to each descriptor node of each sub-map (steps 3 and 

4). The performance levels good and neutral are defined as the upper and lower reference levels, 

respectively. Before starting the construction of the value scale for each descriptor node, the condition 

of weak difference independence must be verified with simple and intuitive tests (step 5). An example of 

these tests is presented in table 4 (for details see [79] and [18]). After this, resorting to the MACBETH 
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approach, one can construct a conditional value function for each descriptor node of each sub-cognitive 

map with the aim of converting the performances of each option into added value (step 6). For example, 

for the node low price, the DM is requested to judge qualitatively the perceived difference in impact 

between pairs of performance levels, by holding the value of the node high efficiency  in the neutral 

level (see figure 7).  

Table 4 – Testing weak difference independence between the node low price and the node high efficiency 

Specify a cost a for car 2 such that your preference difference between car 1 and car 2 is the same as your preference difference 
between car 2 and car 3: 

Car 1 
8l/100 

25.000 € 

Car 2 
8l/100 

a? 

Car 3 
8l/100 

10.000 € 
 

Similar provide a cost b for car 2: 
Car 1 

3l/100 
25.000 € 

Car 2 
3l/100 

b? 

Car 3 
3l/100 

10.000 € 
If a=b and if it also holds true for all other values of price, then node low price is weak difference independent of the node high 
efficiency; note that weak-difference independence is not a symmetrical relationship. 

 
Fig. 8 – Descriptor of the node low price and respective value function 

 

The next stage consists in determining the strength of the influence of each means-ends link (step 7) 

with the MACBETH approach. As both neutral and good levels are already determined for each 

descriptor node, one can construct hypothetical options for each parent node whose profiles are 

combinations of the reference levels of the respective child nodes (for instance, for the parent node 

affordability the hypothetical options are defined by combining the reference levels of the child nodes 

low price and high efficiency). By pairwise comparing the impact of the options on the respective parent 

node, it is possible to determine the parameters of the multilinear model. This procedure comprises the 

following steps: 

a) Regarding the parent node affordability, the first question is phrased as follows: “how 

attractive/intense is the impact of a car that costs 15.000 € comparing with the impact of a car 

that costs 20.000 € on the node affordability?”. The DM responds with a MACBETH qualitative 

judgement - extreme. A similar question is subsequently asked for each of the other pair of 

options, thus completing the MACBETH matrix (see figure 9). The MACBETH software then 

creates a thermometer with the scores of the hypothetical options.  

b) With this information, the parameter of the multilinear model can be assessed. From the 

analysis of the parameters of the multilinear model, one can understand the relationships 

between the components of the map, namely: (i) k1=0,45 is the influence of an hypothetical 

option that has a good performance on the node low price, therefore, it traduces the intensity 

of the influence of the node low price on the node affordability. Note that if the reference 

levels of the node low price changes, than k1 also changes; (ii) an hypothetical option that has a 

good performance on the node low price has a higher impact on the node affordability than an 
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hypothetical option that has a good performance on the node high efficiency; and (iii) the child 

nodes act conjunctively (K12>0), i.e. the influence of a child node on the parent node is almost 

insignificant, but the influence of both child nodes is large. The same procedure described in 

(iv) must be performed to the parent nodes easy to park and spacious. Note that the reference 

levels of a parent node are given by the conjoint reference levels of the respective child node. 

For instance, regarding the node affordability, a good option will have a good performance on 

the nodes low price and high efficiency (see figure 9). 

c) The next step comprises the determination determine of the strength of the influence of the 

child nodes of the parent node good car. As with more than 4 child nodes, it is unaffordable for 

the DM to fulfil the MACBETH matrix we propose, as Dyer and Lober [69] and Currim and Sarin 

[79], to consider only two nodes (or super-nodes) at a time, and using the expression of the 

multilinear model for two child nodes repeatedly. Firstly, the influence of the node affordability 

is compared with the influence of the node high reliability on the node good car. Then the 

super-node affordability+high reliability is compared with the node easy to park (see figure 10). 

This process is then repeated, until the influence of each child node has been determined.  

 
Fig. 9 – MACBETH matrix and respective thermometer for the parent node affordability.  
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Fig. 10 – MCM with influences values. Note that the values of the synergies are not specified in the map. 
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Neutral  = 0

Option B  = 0,23

Option C  = 0,51

Option A  = -0.176

Good  = 1

 
Fig. 11 – Thermometer of the options accordingly to their impact in the parent node good car 

After determining the strength of the influence of each child node on the respective parent node, the 

multilinear model (4) can be applied in a recursively way to determine the impact of each option on 

each parent node (step 8). This provides a rank of the options according to their impact on each parent 

node, particularly, in the parent node good car (see figure 11). The effort  of defining the neutral and 

good in each descriptor, allows the definition of categories of intrinsic attractiveness: an option is very 

attractive when it has at least an impact on the parent node stronger than the profile “good all over”; an 

option is attractive when it has at least an impact on the parent node stronger than the profile “neutral 

all over” but less intense than the profile “good all over”; an option is unattractive if it has a weaker 

impact on the parent node than the profile “neutral all over”. The overall score clearly shows that car C 

has the strongest impact on the parent node good car and both car B and C are attractive as they have 

an overall impact on the parent node good car more intense than the profile “neutral all over” but less 

intense than the profile “good all over”. 

4.2 Using an MCM to assist an additive model: A real application 

The MCM tool was applied in a real setting to support the construction of a value based population 

health index, to be used for evaluating population health status at municipal level on multiple 

dimensions, within the scope of the R&D project GeoHealthS. The case study is briefly described, before 

accounting for the process of applying the MCM tool. 

4.2.1 Project context 

The project aimed at developing a health index to help monitoring and evaluating population health of 

municipalities on multiple dimensions, being the basis to analyse relevant health related interventions 

and the planning of health services. In this setting, a social-technical process was designed to build a 

value-based population health index that integrates the technical elements of a multicriteria value 

model, and the social elements of participatory methods, with a group of health experts with different 

objectives being involved. The first step to build the multicriteria value model consisted in structuring 

the set of evaluation criteria and corresponding performance descriptors.  Structuring the evaluation 

problem led to the value tree depicted in figure 12: the tree was organised in two main areas of 

concern, health determinants and outcomes, with these being specified by a set of evaluation aspects. 

From the set of aspects, it was necessary to specify the set of evaluation criteria on which the health 

status of the population should be appraised. During this discussion, potential synergies and 

interdependencies between several aspects emerged - in figure 12, aspects with possible synergies are 

assigned with the same colour (for example it is coloured in purple the aspects nurses and doctors in 

primary care and in green overcrowded houses and houses without hygienic conditions which, according 

to the DM, can be preferential dependent). Therefore, to test the additivity between evaluation aspects 

(for example nurses and doctors in primary care), the MCM tool was applied; in cases of non-additivity, 

this tool was also used to support the construction of a super-criterion that comprises each preferential 
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dependent aspect and whose value is a function of the value of each aspect. The application of the 

MCM tool is described in the following section.     
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Fig. 12 – Value tree. Two sub-trees where there were doubts about the verification of the condition of preference 

independence are highlighted, with the respective MCM map. 

4.2.3 Using the MCM tool to assist the construction of a health index 

A value tree can be seen as a particularly cognitive map, in which each child node influences only one 

parent node, meaning that it possible to design a single path from a child node to a higher level parent 

node. Following a constructive attitude, weak difference independence was taken as a working 

hypothesis in the construction of the value tree and the definition of the descriptors and value scales for 

each descriptor node. Therefore, given this two working hypothesis, it was possible to apply the MCM 

tool to verify the additivity condition between evaluation aspects (for example nurses and doctors in 

primary care or overcrowded houses and houses without hygienic conditions), by using qualitative tests 

with the help of the DSS M-Macbeth.  

The idea is, if two aspects (i and j) are preference independent, than: (1) the difference in attractiveness 

between an option good all over and an option that is only good on aspect i, is equal do the difference in 

attractiveness between an option that in only good on aspect j and an option neutral all over; and (2) 

the difference in attractiveness between an option good all over and an option that is only good on 

aspect j , is equal do the difference in attractiveness between an option that is only good on aspect i and 

an option neutral all over. 

Strictly speaking, the additivity test, considering only two aspects (i and j), consists of verifying that: 

                   [v(Gi,Gj)-v(Ni,Nj)] = [v(Gi,Nj)-v(Ni,Nj)] + [v(Ni,Gj)-v(Ni,Nj)]                 (2)  

where Gi and Ni are the good and neutral levels, respectively. Therefore, as the preference 

independence condition is not symmetric, it is necessary to test that: 

[v(Gi,Gj) - v(Ni,Gj)]/ [v(Gi,Nj)-v(Ni,Nj)]] = 1                             (3)  

[v(Gi,Gj)- v(Gi,Nj)]/ [v(Ni,Gj) - v(Ni,Nj)])] = 1                              (4)  
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A  4,5/100  1/100

B  4,5/100  4,5/100

C  9 /100  1/100

D  9 /100  4,5/100

 

 
Fig. 13 - Testing the additivity condition. Note that the MACBETH matrix is symmetric, which implies that both 

aspects are preference independent.  

Fig. 13 displays an example of a test for the aspects overcrowded houses and houses without hygienic 

conditions. To apply the test, firstly, qualitative judgements for the difference in attractiveness between 

four hypothetical options were made. Secondly, a set of constraints that represent conditions of 

additivity (equation (3) and (4)) were introduced into the M-MACBETH software. Thirdly, M-MACBETH 

was used to analyse whether the matrix of judgements were compatible with the additivity condition. If 

it was, as it is the case of the aspects overcrowded houses and houses without hygienic conditions, the 

MACBETH matrix will be symmetric; and both aspects can be considered as evaluation criteria whose 

weights are 0.33 and 0.67, respectively (see figure 13). Note that, the M-MACBETH DSS accepts only 

constrains regarding pairs of difference in attractiveness. 

The same procedure described before, was applied for other evaluation aspects as, for instance, nurses 

and doctors in primary care. With the same protocol of questions, it was straightforward to verify the 

non-symmetry of the MACBETH matrix and, consequently, that the additivity condition did not hold in 

this case (see figure 14). Therefore, both aspects should be grouped in a super-criterion primary care 

responsiveness, whose value is a function of the value of the aspects nurses and doctors in primary care.  

To build the value function of the super-criterion, the following steps were performed: given the 

judgements of the DM (and after removing the additivity constrains) the M-MACBETH proposed a score 

for each option that needs to be adjusted and validated by the DM; with the score of each option, and 

by applying the multilinear model, it was possible to access the weight of each aspect plus the synergic 

effect between them. In this case, 0.20 and 0.70 are the weights of the aspect nurses and doctors in 
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primary care, respectively, with a synergic effect of 0.10. Hence, the value function of the super-

criterion primary care responsiveness is given by equation (5):  

   (                ) = 

               (        )               (       )  (  )
 (     )            (        )           (       )   (5) 

 

 

 

 

Fig. 14 - Testing the additivity condition. Note that the MACBETH matrix is non-symmetric, which implies that both 

aspects are not preference independent.  

In spite of the M-MACBETH only accept conditions regarding pairs of difference in attractiveness, the 

MCM tool can test the additivity between more than two aspects, as the additivity condition can always 

be broken in conditions of difference in attractiveness between pairs of options. For example consider 

three aspects i, j and l. To apply the additivity condition, the aspects must be mutually preferential 

independent i.e. for any subset of the set of aspects it must be shown that it is preferential independent 

of its complement (and vice-versa). Therefore, to verify the condition of mutually preferential 

independent, it is necessary to verify that: 

[v(Gi,Gj,,Gl) - v(Ni,Nj,Nl)] = [v(Gi,Nj,Nl)-v(Ni,Nj,,Nl)] + [v(Ni,Gj,Nl)-v(Ni,Nj,Nl)] + [v(Ni,Nj,Gl)-v(Ni,Nj,Nl)]       (6) 

This condition can be broken into 18 equations, modelled within M-MACBETH:  

 [v(Gi,Gj,,Gl) - v(Gi,Nj,,Nl)] / [v(Ni,Gj,Gl) - v(Ni,Nj,Nl)] = 1   (7) 

 [v(Gi,Gj,Gl) - v(Ni,Gj,Gl)] / [v(Gi,Nj,Nl) - v(Ni,Nj,Nl)] = 1  (8) 

 [v(Gi,Gj,Gl) - v(Ni,Gj,,Nl)] / [v(Gi,Nj,Gl) - v(Ni,Nj,,Nl)] = 1 (9) 

  [v(Gi,Gj,Gl) - v(Gi,Nj,Gl)] / [v(Ni,Gj,Nl) - v(Ni,Nj,Nl)] = 1 (10) 

  [v(Gi,Gj,Gl) - v(Ni,Nj,Gl)] / [v(Gi,Gj,Nl) - v(Ni,Nj,Nl)] = 1 (11) 

  [v(Gi,Gj,Gl) - v(Gi,Gj,Nl)] / [v(Ni,Nj,Gl) - v(Ni,Nj,Nl)] = 1 (12) 

  [v(Gi,Gj,Nl) - v(Gi,Nj,Gl)] / [v(Ni,Gj,Nl) - v(Ni,Nj,Gl)] = 1 (13) 

  [v(Gi,Gj,Nl) - v(Ni,Gj,Nl)] / [v(Gi,Nj,Gl) - v(Ni,Nj,Gl)] = 1 (14) 

  [v(Gi,Gj,Nl) - v(Ni,Gj,Gl)] / [v(Gi,Nj,Nl) - v(Ni,Nj,Gl)] = 1 (15) 

  [v(Gi,Gj,Nl) - v(Gi,Nj,Nl)] / [v(Ni,Gj,Gl) - v(Ni,Nj,Gl)] = 1 (16) 

Options Doctors Nurses 

A 1/1000 2/1000 

B 1/1000 1/1000 

C 0.7 /100 2/1000 

D 0.7 /100 1/1000 
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  [v(Gi,Nj,Gl) - v(Ni,Gj,Gl)] / [v(Gi,Nj,Nl) - v(Ni,Gj,Nl)] = 1 (17) 

  [v(Gi,Nj,Gl) - v(Gi,Nj,Nl)] / [v(Ni,Gj,Gl) - v(Ni,Gj,Nl)] = 1 (18) 

  [v(Gi,Gj,Nl) - v(Ni,Gj,Nl)]/ [v(Gi,Nj,Nl)-v(Ni,Nj,Nl)]] = 1 (19) 

  [v(Gi,Gj,Nl)- v(Gi,Nj,Nl)]/ [v(Ni,Gj,Nl) - v(Ni,Nj,,Nl)] = 1 (20) 

  [v(Gi,Nj,Gl) - v(Ni,Nj,Gl)]/ [v(Gi,Nj,Nl)-v(Ni,Nj,Nl)]] = 1 (21) 

  [v(Gi,Nj,Gl)- v(Gi,Nj,Nl)]/ [v(Ni,Nj,Gl) - v(Ni,Nj,,Nl)] = 1 (22) 

  [v(Ni,Gj,Gl) - v(Ni,Gj,Nl)]/ [v(Ni,Nj,Gl)-v(Ni,Nj,Nl)]] = 1 (23) 

  [v(Ni,Gj,Gl)- v(Ni,Nj,Gl)]/ [v(Ni,Gj,Nl) - v(Ni,Nj,,Nl)] = 1 (24) 

If these 18 equations are verified, the aspects are mutually preferential independent, and can be 

considered as evaluation criteria in the additive model (note that the symmetry of the MACBETH, 

modelled by the equations 7-18, is a necessary but no sufficient condition); If not, with the MCM it is 

possible to aggregate all aspects into a single evaluation criterion (a super-criterion), whose value 

function is given by the multilinear model.  

In the cases of more than four aspects, it may be time consuming and impractical for the DM to fill the 

MACBETH matrix. In these cases, we recommend (as it was exemplified in section 4.1) to consider only 

two aspects at a time (for details see Dyer and Lober [69]), i.e., to test the additivity by applying 

repeatedly the multilinear model for two aspects (or two groups of aspects).  

5. Discussion 

The MCM tool has been designed with the aim of supporting both problem structuring and the 

evaluation of decision alternatives. This article has shown that MCM can serve as a decision aiding tool, 

not only in evaluation decision options, but also in exploring interdependence between evaluation 

aspects, helping the DM to build an additive value model. The proposed tool has two phases: a first 

phase to structure the problem by capturing the issues and their systemic relationships in a means-ends 

network; and a second phase where, the strength of influence links and the value of each option in each 

node are determined with the MACBETH approach.  

The original contribution of this approach is that it combines, in an integrated and coherent way, 

Cognitive Maps and concepts and methods from Multicriteria Decision Analysis. In particular, the use of 

MACBETH approach provides the power of inference of qualitative tools and the simplicity of only asking 

qualitative information. As said by Phillips [86] (pp. 89): “Words are essential, more essential than 

numbers, but a blending of the two can enable individuals and groups to achieve new depths of 

understanding which would not have been possible using either words or numbers alone.”. 

Thanks to the above features, MCM can become a valuable alternative to other methods and tools in 

building evaluation models as it was shown in the case-study, in which, the use of the MCM tool eased 

the construction of the health index by allowing to verify, with a structured and interactive process, 

additivity condition between different health aspects. Furthermore, the application of the MCM tool 

allowed to assess the value of a super-criterion that comprises several preference independent aspects, 

showing that this is a valuable tool to model interdependencies for decision aiding. Note that, in spite of 

not being properly explored, the social process involved in the application of the MCM tool contributed 

to a higher acceptance and understandable of the tool’s outputs by the DM.   
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This article focuses on the procedures to follow to build a MCM, and several theoretical and practical 

questions emerged, which suggest three main areas for future research:  

(a) First, the process of applying the MCM tool is time consuming, particularly when we are in 

presence of networks with several nodes. Therefore, if the network cannot be reduced to a 

simpler representation, the MCM tool may not be suitable. As it was shown in the case study, it 

is our belief that a MCM, as designed in this article, can assist cases in which the network is 

small and the time demanded to use the tool does not preclude its use. Hence, future research 

is required to develop further a MCM for large maps or to propose an alternative tool for other 

cases.  

(b) Second, the condition of weak difference independence may not be suitable in certain 

contexts, which will make inappropriate the use of a multilinear model. In those cases, it can be 

explored the application of the MCM tool with the Choquet Integral, in particular with the 

MACBETH global matrix [87], which would demand for weaker assumptions.  

(c) Finally, the design and development of a software tool can enhance the applicability of the tool 

by increasing the transparency of the process and facilitating the analyses of the tool’s results. 

Such a tool could ease the procedure of converting a CM into a MCM network, speed that 

process and provide more in-depth analysis of the results. Additionally, as far as we know, 

there is no software comprising, in an integrated way, both problem structuring and multi-

criteria evaluation of decision alternatives with the MACBETH approach.  

Despite the MCM tool has only been applied in one case-study, we believe that it has the potential to 

aid DM to build multicriteria evaluation models, especially in modelling interdependencies between 

several aspects, proving inputs for an additive evaluation model. Additionally, this tool showed that the 

combination of different methods in a single integrated tool can help and aid DM to deal with complex 

real world problems. 

Appendix 1 

In this section the generalization of the multilinear model for the case of using bipolar scales is explored. 

The multilinear model of Keeney and Raiffa can be written as an extension of the additive model [21]: 

   (         )  ∑      (  )
 
             (25) 

where POT designates possible other terms. The starting point to adapt the multilinear model is to 

understand the behavior of POT. As far as we know, Keeney and Raiffa only analysed the behaviour of 

POT for positive values of vi(), while it is relevant to also analyse the behaviour of POT for bipolar scales, 

and consequently for negative values of vi(). Without loss of generality, consider a parent node j with 

two child nodes with equal influence (k1=k2) and eight decision alternatives to rank (see figure 15). The 

value of an option on the parent node j is given by Eq. (26). 

                                                    (      )       (  ) +      (  ) +       (  )    (  )  (26) 

To determine the behaviour of POT, it is assumed that the behavior of the DM when faced with positive 

and negative performance is the same. Hence,  it is assumed that the “positive” and “negative” parts are 

symmetric, so that the overall score of a positive alternative C (see figure 15) is the opposite of a 

negative alternative G (see figure 15). If the DM is sensible to “positive” and “negative” scores, then 

more complex relationships need to be addressed. For this cases Grabisch proposes a bi-capacity (for 

details see [71]). However this type of models holds much more parameters than a multilinear model (a 

bi-capacity contains indeed 3
n 

[88] unknowns and the multilinear model 2
n 

– 1 [89]),  being unfeasible its 

application in the complex structure of a means-ends network. 
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Fig. 15 – Representation of eight decision alternatives A, B, C, D, E, F, G, H with the following profiles: A = (  
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where   
   was set as the good level,    

  was set as the neutral level;   
   was set as the worst level; in the axes we 

represent the impact that each option on each child node has on the parent node. 

The following case applies to each quadrant: 

First quadrant: Every DM will have a strict preference for C over A. The case of alternatives B and D is 

more delicate. The DM may consider that B and D are equally bad as A, since neither have satisfactory 

performance in both child nodes. We could say that for this DM, the child nodes act conjunctively [90], 

i.e. the influence of a child node on the parent node is almost insignificant, but the influence of both 

child nodes is large. In the extreme, the DM might think, “If just one of the child nodes is at its worst 

level, then the whole system is kind of bad.” For the multilinear model, this will mean that the score of 

alternative C is greater than the additive sum of the scores of alternatives B and D, and therefore K12 > 0. 

Another case is when the DM considers that B and D are equally good as C. In this case, the child nodes 

are considered to act disjunctively: the influence of both child nodes on the parent node is almost the 

same as the influence of the single child node. In the extreme, the decision maker might think, “If just 

one of these components is at its best level, then I’ am set.” For the multilinear model, this will mean 

that the score of alternative C is minor than the additive sum of the score of the alternative B and 

alternative D, and therefore K12 < 0.  

Second and fourth quadrants: Consider that the child nodes act conjunctively. In the extreme, the DM 

might think, “If just one of the child nodes is at its worst level, then the whole system is kind of bad” , 

i.e., alternative I is as bad as alternative E. This will mean that the score of alternative I is worse than the 

additive sum of the score of the alternative E and alternative B, and therefore K12 < 0 (note that the 

score of alternative B is positive). Alternatively, if the nodes act disjunctively, in the extreme, the 

decision maker might think, “If just one of these components is at its best level, then I’ am set”. This will 

mean that the score of alternative I is higher than the additive sum of the score of the alternative E and 

alternative B, and therefore K12 > 0 (note that the score of alternative E is negative). The same reasoning 

can be applied to option H (fourth quadrant). 

Third quadrant: According to Keeney and Raiffa, if the child nodes act conjunctively, it is possible to say 

that alternative C has a greater impact on the parent node than the additive sum of the score of the 

alternative B and alternative D (K12 > 0). Hence, it can be assumed that alternative G has a worst impact 

on the parent node than the additive sum of the scores of the alternative E and alternative F, and 

therefore K12 < 0. The score of G will be more negative than the sum of the scores of E and F. If the 

nodes act disjunctively, we can say that alternative E and F are equally bad has G. This will mean that the 

score of alternative G is higher than the additive sum of the score of the alternative E and alternative F, 

and therefore K12 > 0.  
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Therefore, the multilinear model of Keeney and Raiffa can be generalized for the case of using bipolar 

scales: 

   (         )  ∑      (  )
 
    ∑ ∑ (  )        (  )     (  )    

 
      (  )             (  )  

      (  ) (27) 

 

with,    (  
 )  = 1 and    (  

 )     

    
 (  

 , …,   
 ) = 1 and   

 (  
 , …,   

 ) = 0 

    = 2 if    (  )       ϵ =1,…, n ;   = 1 otherwise.  

  ki > 0 
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