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Abstract—This work addresses the development of trajectory
planning algorithms based on Model Predictive Control (MPC)
for autonomous surveillance applications using an Unmanned
Aerial Vehicle (UAV). In a first stage, we tackle the generation of
optimal trajectories for wildfire prevention based on a map that
characterizes the uncertainty of fire presence in a given region.
Our approach involves an algorithm designed to promote the
exploration of the map by preventing the UAV from revisiting pre-
viously covered areas. This is achieved by penalizing intersections
between the visibility regions of the UAV along its trajectory. The
algorithm is validated in the Gazebo simulator, as well as through
actual experiments conducted in an outdoor environment. In a
second stage, we consider a more complex scenario, where the
objective is to search and track a stochastic moving target charac-
terized by a time-varying probability distribution. The proposed
algorithm relies on recursive Bayesian filtering for probabilistic
systems described by Gaussian mixture distributions. Similar to
the role of the penalizations in the first problem, when the target
is outside the visibility region of the UAV, the ideal measurement
model is approximated using a grid of Gaussian distributions.
The algorithm is assessed through simple examples considering
a linear model for the target.

Index Terms—Autonomous Aerial Surveillance; Trajectory
Planning; Model Predictive Control; Gaussian Mixtures.

I. INTRODUCTION

A. Motivation
UAVs have emerged as a popular technology for au-

tonomous surveillance, offering a range of applications across
various sectors. These aerial platforms, equipped with cutting-
edge technology, can perform surveillance operations au-
tonomously, reducing the need for constant human interven-
tion. As technology advances, UAVs are on the verge of
revolutionizing the security and monitoring sectors. In such
a context, trajectory planning algorithms play a crucial role
in the execution of surveillance missions. Considering this
underlying motivation, this work aims to design algorithms for
potential application in autonomous surveillance using UAVs.

B. Literature Review
In literature, many different methods for trajectory genera-

tion have been proposed. The traditional planning algorithms,
which are primarily geometric, consist of initially creating
a spatial path from a set of path primitives, known as path
planning, and subsequently parameterizing the generated path
in time. The classical planning algorithms can be divided into
four main groups: graph-search, sampling-based, interpolating
curve, and reaction-based algorithms [1].

In many applications, generating trajectories that optimize
some performance metric is a desirable goal. Hence, trajectory
planning problems are usually formulated as optimal control
problems. However, optimal control problems are generally
nonlinear and, therefore, do not have analytic solutions. As
a result, it is necessary to employ numerical optimization
methods to solve optimal control problems. In this context,
optimization-based approaches have been applied efficiently
and have emerged as a promising approach for trajectory
generation, often surpassing the traditional methods.

Different optimization-based approaches can be derived
from a generic optimal control formulation. In the early
years, Indirect Methods were the main approach for solving
optimal control problems. These methods consist of using
the Pontryagin’s principle [2] to obtain the necessary first-
order conditions for optimality, which result in a boundary-
value problem. For particular problem formulations and simple
system models, solutions to the optimization problem may
be found efficiently. However, the boundary-value problem is
usually extremely difficult to solve.

The approach that has risen to prominence is that of
Direct Methods. Direct Methods discretize optimal control
problems to obtain Nonlinear Programs (NLPs) for which
many efficient solving techniques exist. Instead of planning
a complete trajectory offline, as in traditional optimization
approaches, Direct Methods are also suitable for online tra-
jectory generation. In this context, MPC has become one
of the most prominent online optimization techniques and
has been commonly used for online trajectory generation,
in contrast to its typical application for reference tracking
problems. Since computational resources have increased and
algorithms have become more efficient, the interest in MPC-
based approaches has been growing. Recent examples include
trajectory generation applications to robotic manipulators [3],
autonomous driving [4], and UAVs [5].

C. Organization

This document is organized as follows. Section II addresses
the UAV trajectory generation problem for wildfire prevention
based on an uncertainty map of the fire presence in a given
area. Section III considers a second problem, where the
objective is to pursue a stochastic moving target using a UAV.
Section IV summarizes the research work undertaken in this
dissertation and provides suggestions for future research.



II. WILDFIRE PREVENTION
THROUGH UNCERTAINTY MINIMIZATION

A. Introduction
Over the past few decades, wildfires have emerged as a

significant global threat. A combination of factors, including
insufficient planning, more extreme weather conditions, and a
lack of forest maintenance, has led to consecutive disasters.
As a result, these events have imposed substantial financial
burdens, claimed numerous human lives, and caused extensive
damage to forests. In light of such consecutive disasters, there
has been a growing recognition of the urgent need to find
technological solutions to prevent wildfires.

The aim of this section is to develop a trajectory planning al-
gorithm for autonomous wildfire prevention using a UAV. The
main goal is to generate optimal trajectories for surveillance
based on a map describing the uncertainty of fire presence
in a given area. To reduce the total uncertainty in the map,
the generated trajectories must guide the autonomous vehicle
through the most uncertain areas while the vehicle infers about
the existence of fire using onboard sensors.

B. Problem Description
The first topic to be defined is the uncertainty map. The

uncertainty map is a nonnegative function h : R2 ! R+
0 that

represents the a priori level of uncertainty about the existence
of fire at each position p 2 R2. Since the original uncertainty
map may not follow common models, we assume it can be
arbitrarily well approximated by a Gaussian mixture, which is
a weighted sum of Gaussian components. Consequently, for a
model with M components, the uncertainty map is given by

h(p) =

MX
i=1

wiN (p;�i;�i); (1)

where N (p;�i;�i) denotes a two-dimensional Gaussian dis-
tribution. The parameters wi > 0, �i 2 R2, and �i 2 R2�2

are, respectively, the weight, the mean vector, and the covari-
ance matrix of the ith Gaussian component. Additionally, it is
convenient to assume that this function is normalized, meaning
that the a priori volume of uncertainty in the map is one,
and, therefore, the weights verify

PM
i=1 wi = 1. A plausible

instance of an uncertainty function is shown in Figure 1.
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Figure 1: Example of an uncertainty function composed of five
Gaussian distributions.

In this work, we assume that the UAV flies at a constant
altitude and is equipped with a gimbal camera, which always
aims straight down even when the UAV performs pitch or roll
maneuvers. Consequently, at each time instant t, we assume
that the drone analyzes a given area, Br(pc), defined as a
circle centered in the UAV’s horizontal position, pc, and with
a radius of observation r, i.e.,

Br(pc) ,
�
p 2 R2 : kp� pck < r

	
; (2)

as illustrated in Figure 2. Additionally, the vehicle is assumed
to have a perfect quality of exploration, meaning that all points
within the observation radius are analyzed perfectly. This
assumption implies that, immediately after the UAV analyses
a given area, the uncertainty becomes zero for all points inside
the area covered by the UAV, and, therefore, there is no reward
in revisiting the same region.

FOV

Figure 2: Sensor Field of View (FOV) and visibility region.

The trajectory generation problem addressed in this section
can be defined as finding optimal trajectories that guide the
UAV. The trajectories should maximize an objective functional
regarding the mission goals while satisfying constraints ac-
counting for their dynamic feasibility. Hence, this problem
can be formulated as the following optimal control problem

maximize
x(:);u(:)

J [x(:);u(:)]

subject to x(0) = x0;

_x(t) = F(x(t);u(t)); t 2 [0; T ];

x(t) 2 X ; t 2 [0; T ];

u(t) 2 U ; t 2 [0; T ];

(3)

where T denotes the total flight time, x(:) : [0; T ] ! Rnx

and u(:) : [0; T ] ! Rnu denote the state and input of
the vehicle’s model described by an Ordinary Differential
Equation (ODE), and x0 is the initial state. Moreover, the
sets X and U constitute the admissible states and inputs for
the vehicle, which are derived from limits imposed by vehicle
dynamics and the surrounding environment.

Let ’ : [0; T ] ! R2 denote the vehicle’s trajectory, which
is related to the state of the vehicle by

’(t) = Cx(t); t 2 [0; T ]; (4)

where C 2 R2�nx is an auxiliary matrix that extracts the
horizontal position of the vehicle from the state. The mission



objective is to maximize the uncertainty reduction, i.e., the
difference between the uncertainty volume in the map before
and after the surveillance mission. Therefore, considering the
previous assumptions, the objective functionalJ is given by

J [' ] =
Z

Cr [' ]
h(p) dp; (5)

where the setCr [' ] is de�ned as the union of all circles of
observation along the trajectory of the vehicle,

Cr [' ] ,
T[

t =0

Br (' (t)) ; (6)

as illustrated in Figure 3.

(a) 3D illustration (b) Top view

Figure 3: Illustration of the setCr [' ].

Solving (3) is very complex since the objective functional,
as de�ned in (5), does not have a closed-form expression.
Therefore, a relaxed formulation needs to be considered. In
addition, to make the problem computationally tractable, it
also needs to be discretized. However, even after relaxing and
discretizing the problem, solving the problem globally for a
large timeT is computationally challenging. Consequently, we
consider a local approach based on MPC to approximate the
solutions of (3) while adding feedback to the control law.

C. Model-Predictive Approach

MPC involves the solution of an open-loop discrete-time
optimal control problem at each sampling timek. Each of
these optimizations results in a sequence of future optimal
control actions and future states. Only the �rst control action in
the sequence is applied to the plant, and then the optimization
is solved again at the next sampling time.

More speci�cally, at every discrete-time instantk, for a
given initial statex k , the control policy is de�ned by solving
a discrete-time optimal control problem of the form

maximize
X̂ k ;Û k

Jk (X̂ k ; Û k )

subject to x̂ k; 0 = x k ;

x̂ k;j +1 = f (x̂ k;j ; ûk;j ); j = 0 ; : : : ; N � 1;

x̂ k;j 2 X ; j = 0 ; : : : ; N;

ûk;j 2 U; j = 0 ; : : : ; N � 1;

(7)

whereN is the horizon length, the setsX andU constitute the
admissible states and inputs for the vehicle, and the function
f represents the discrete-time version of the vehicle dynamics.

The matricesX̂ k and Û k are the optimization variables and
represent the predicted state and control sequences over the
prediction horizon at time instantk, i.e.,

X̂ k ,
�
x̂ k; 0 x̂ k; 1 : : : x̂ k;N � 1 x̂ k;N

�
;

Û k ,
�
ûk; 0 ûk; 1 : : : ûk;N � 1

�
:

(8)

The input applied to the system at time instantk is given by

uk = û �
k; 0; (9)

whereû �
k; 0 is the �rst sample of the predicted optimal control

sequence at time instantk. The optimization problem in (7)
is a structured NLP, which can be solved ef�ciently using
available NLP numerical solvers.

To tackle the proposed problem, the MPC objective function
is de�ned as a combination of two objectives as

Jk (�̂ k ) = ~Jk (�̂ k ) � �P k (�̂ k ); (10)

where �̂ k , [ ^' k; 0 ^' k; 1 : : : ^' k;N ] = CX̂ k is the predicted
discrete-time trajectory of the vehicle at time instantk and
� > 0 is a scaling coef�cient. The �rst term in (10),~Jk (�̂ k ),
represents the objective of prioritizing the most uncertain areas
and is de�ned by

~Jk (�̂ k ) =
NX

j =0

Z

B r ( ^' k;j )
h(p) dp: (11)

However, this term does not consider the previously covered
areas neither the intersections between the areas of observa-
tion within the prediction horizon. Therefore, to encode the
previously covered areas and the intersections between the
areas of observation within the prediction horizon, we add
a penalization termPk (�̂ k ) to the objective function.

The penalization term has the form

Pk (�̂ k ) = PB
k (�̂ k ) + PH

k (�̂ k ); (12)

wherePB
k (�̂ k ) penalizes intersections between the predicted

circles and previously covered circles, andPH
k (�̂ k ) penalizes

intersections within the prediction horizon. Hence, assuming
that p : R2 � R2 ! R+

0 is a function that penalizes the
intersection between two circles and that' i is the position
of the vehicle at time instanti , PB

k (�̂ k ) is de�ned by

PB
k (�̂ k ) =

NX

j =1

kX

i =0

p( ^' k;j ; ' i ); (13)

andPH
k (�̂ k ) is de�ned as

PH
k (�̂ k ) =

NX

j =2

j � 1X

i =1

p( ^' k;j ; ^' k;i ): (14)

To conclude the de�nition of the objective function, it remains
to de�ne how the penalty functionp is constructed.



Prior to moving forward, it is worth noting that (11) still
does not have a closed-form expression. Nevertheless, since
the integrals are computed over circular domains, they may be
approximated through numerical methods. However, we will
typically consider examples where the radius of observation is
small when compared to the structure of the uncertainty map,
and, therefore, (11) may be well approximated by

~Jk (�̂ k ) ' �r 2
NX

j =0

h( ^' k;j ): (15)

A plausible de�nition for the penalty function would be the
intersection area between two circles, as detailed in Figure 4.
The overlap area between two circles can be computed ana-
lytically, however, it is given by a piecewise-de�ned complex
expression, posing implementation dif�culties.

Figure 4: Overlap between two circles.

Nevertheless, it is not necessary to precisely calculate the
overlap area between two circles to penalize the intersec-
tion between them. Such penalization might be achieved by
constructing a function that simply penalizes the condition
of existing intersection. Consequently, we design the penalty
function by applying an exponential penalty to the violation
of the conditionkc1 � c2k > 2r as

p(c1; c2) = exp
n



�

(2r )2 � k c1 � c2k2
�o

� 1; (16)

where 
 > 0 is a parameter that can be tuned. Additionally,
the subtraction of 1 is included so that the function has a
value of zero whenkc1 � c2k = 2 r , but it has no effect on
the optimization since it's a constant term. Figure 5 illustrates
the evolution of the penalization as a function of the distance
between the centers of the two circles.

Figure 5: Illustration of the penalty function for some values
of 
 while consideringr = 0 :5.

D. Quadrotor Motion Control

In this project, we are particularly interested in multirotor
aerial vehicles because of their agility, hovering performance,
low cost, and production ease. Moreover, in this project, a
quadrotor is available for performing experimental tests of the
proposed MPC algorithm.

We consider a dual-layer structure of motion control, as
illustrated in Figure 6. The MPC algorithm serves as a high-
level controller (trajectory planner) that generates references
for the UAV. The lower-level controller (trajectory tracker)
directly applies control inputs to the vehicle to track the
references provided by the MPC algorithm. For the purpose of
ef�ciency, the MPC algorithm considers a simpli�ed model of
the vehicle, while the lower-level controller takes into account
the full dynamic model of the quadrotor. This mismatch is not
critical for obtaining good performance in real conditions, as
long as the generated trajectories are not extremely aggressive
so that the inner-loop dynamics become visible.

Figure 6: Full motion control scheme of the UAV.

At the trajectory planning level, considering that the UAV
�ies at a constant altitude and ignoring the fast rotational
dynamics of the vehicle, the UAV might be modeled as a two-
dimensional point-mass system that follows double integrator
dynamics. Thus, the state vectorx is composed of the positions
and velocities on the horizontal plane,x = [ ' > _' > ]> , and the
control inputu consists of the acceleration on the horizontal
plane. Consequently, at the planning level, the quadrotor
dynamics take the linear form

�
_'
•'

�
=

�
02� 2 I 2� 2

02� 2 02� 2

� �
'
_'

�
+

�
02� 2

I 2� 2

�
u; (17)

where02� 2 denotes a matrix of zeros andI 2� 2 denotes the
identity matrix, both with dimension2 � 2.

The proposed motion control scheme is implemented using
a PX4 Autopilot [6]. The PX4 Autopilot provides both the
inner-loop controller and an Extended Kalman Filter (EKF) to
process sensor measurements. The MPC algorithm generates
references to be tracked by the inner-loop controller provided
by the PX4 Autopilot, while both controllers receive the
corresponding state estimates provided by the EKF algorithm.
Figure 7 illustrates the described implementation.

Figure 7: Implementation of the motion control scheme.

The PX4 controller is able to receive different kinds of
references from the MPC. In our case, we resort to high-
level references such as position, velocity, or acceleration
references, while keeping the altitude constant.
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