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Resumo

A presente dissertação aborda o desenvolvimento de algoritmos de planeamento de trajetórias, basea-

dos em controlo preditivo, para aplicações de vigilância autónoma usando um veı́culo aéreo não tripu-

lado. Numa primeira fase, aborda-se o planeamento de trajetórias ótimas para prevenção de incêndios

florestais com base num mapa que caracteriza a incerteza da presença de fogo numa determinada

região. A nossa abordagem envolve um algoritmo projetado para promover a exploração do mapa, evi-

tando que o veı́culo retorne a áreas que já foram cobertas. Isto é alcançado penalizando interseções

entre as regiões de observação do veı́culo ao longo da sua trajetória. O algoritmo é inicialmente testado

num ambiente MATLAB e posteriormente validado no simulador Gazebo, bem como por meio de testes

reais realizados num ambiente exterior. Os resultados demonstram que o algoritmo proposto é capaz

de gerar trajetórias de alta qualidade para vigilância.

Numa segunda fase, aborda-se um problema mais complexo, em que o objetivo é perseguir um

alvo móvel estocástico caracterizado por uma distribuição de probabilidade variável no tempo. O al-

goritmo proposto baseia-se em filtragem Bayesiana recursiva para sistemas probabilı́sticos descritos

por distribuições de mistura gaussiana. Semelhante ao papel das penalizações no primeiro problema,

quando o alvo está fora da região de visibilidade do veı́culo, a função ideal de medição é aproximada

usando uma grid de distribuições Gaussianas. A eficácia do algoritmo proposto é demonstrada através

de exemplos simples considerando um modelo de evolução linear para o alvo.

Palavras-chave: Vigilância Autónoma; Veı́culos Aéreos Não Tripulados; Planeamento de Trajetórias;

Controlo Preditivo; Distribuições de Mistura Gaussiana.
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Abstract

This dissertation addresses the development of trajectory planning algorithms based on Model Predic-

tive Control (MPC) for autonomous surveillance applications using an Unmanned Aerial Vehicle (UAV).

In a first stage, we address the generation of optimal trajectories for wildfire prevention based on a map

that characterizes the uncertainty regarding fire presence in a given region. Our approach involves an

algorithm designed to promote the exploration of the map by preventing the UAV from revisiting previ-

ously covered areas. This is achieved by penalizing intersections between the visibility regions of the

UAV along its trajectory. The algorithm is initially tested in MATLAB and subsequently validated in the

Gazebo simulator, as well as through actual experiments conducted in an outdoor environment. The

results demonstrate that the proposed algorithm can generate high-quality trajectories for surveillance.

In a second stage, we consider a more complex scenario, where the objective is to search and track

a stochastic moving target characterized by a time-varying probability distribution. The proposed al-

gorithm relies on recursive Bayesian filtering for probabilistic systems described by Gaussian mixture

distributions. Similar to the role of the penalizations in the first problem, when the target is outside the

visibility region of the UAV, the ideal measurement model is approximated using a grid-based Gaussian

mixture distribution. The efficacy of the proposed algorithm is assessed through simple examples con-

sidering a linear model for the target.

Keywords: Autonomous Surveillance; Unmanned Aerial Vehicles; Trajectory Planning; Model Predictive

Control; Gaussian Mixture Distributions.
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Chapter 1

Introduction

1.1 Motivation

Unmanned Aerial Vehicles (UAVs) have emerged as a popular technology for autonomous surveillance,

offering a range of applications across various sectors, from security and law enforcement to environ-

mental monitoring and disaster response. These versatile aerial platforms, often equipped with high-

resolution cameras, sensors, and cutting-edge technology, have the capacity to perform surveillance

operations autonomously, reducing the need for constant human intervention, as depicted in Figure 1.1.

By leveraging UAVs for surveillance, organizations and government agencies can monitor vast areas

with unprecedented ease and speed, enhancing their ability to respond to threats and emergencies in

real time. As technology continues to advance, the use of UAVs for autonomous surveillance is on the

verge of revolutionizing the way we safeguard our communities, assets, and natural resources, offering

a more cost-effective, precise, and adaptive approach to security and monitoring.

Figure 1.1: A drone performing a surveillance mission.

In the context of autonomous surveillance using UAVs, developing ef�cient trajectory planning algo-

rithms is a pivotal research area focused on optimizing �ight trajectories to enhance the effectiveness

and ef�ciency of surveillance missions. Trajectory planning algorithms play a crucial role in enabling

UAVs to autonomously navigate and monitor diverse environments, offering the potential for more ac-

curate and adaptable surveillance. Considering this underlying motivation, this thesis aims to develop

innovative algorithms for potential application in autonomous surveillance scenarios involving UAVs.

1



1.2 Review of Trajectory Planning

Trajectory planning, also known as trajectory generation, is a fundamental element in the execution

of autonomous vehicle missions. Designing the trajectory amounts to a complex decision-making and

control problem, where the goal is to de�ne the motion of autonomous vehicles over time in order to

accomplish some objective. Due to the growing integration and deployment of autonomous vehicles,

the demand for effective trajectory planning algorithms is signi�cantly increasing. This section aims to

provide a brief overview of the many approaches that have been proposed for trajectory planning.

1.2.1 Traditional Algorithms

The traditional planning algorithms are primarily geometric. The process consists of initially creating a

spatial path from a set of path primitives, known as path planning, and subsequently parameterizing

the generated path in time. The classical planning algorithms can be divided into four main groups:

graph-search, sampling-based, interpolating curve, and reaction-based algorithms [1, 2].

In the early works, the predominant approach involved the utilization of graph-based planners to

ef�ciently generate paths on a graph constructed by the discretization of the environment. Well-known

methods, such as the Dijkstra's algorithm, the A* algorithm, and the state lattice, have all been employed

in the �eld of trajectory planning [3, 4, 5]. Nevertheless, a signi�cant drawback of graph-based planners

is that the quality of the planned trajectories highly depends on the graph's resolution. In addition,

another limitation is that vehicle dynamics cannot be easily taken into account during planning.

Sampling-based planners and their variants have also been widely applied to trajectory planning for

autonomous vehicles. The approach consists of randomly sampling the con�guration space, looking

for connectivity inside it [6]. The two most commonly used methods are the Probabilistic Roadmap

Method (PRM) [7] and the Rapidly-Exploring Random Tree (RRT) [8]. These methods offer the advan-

tage of generating feasible trajectories for both holonomic and nonholonomic systems. The RRT can

even guarantee the asymptotic optimality of the generated path. Nevertheless, these approaches are

hindered by the high computational complexity of the sampling procedure, limiting their applicability.

Curve interpolation planners, including the Clothoid curves [9], polynomial curves [10], and spline

curves [11], have also been widely used for trajectory planning. These algorithms take a previous set of

waypoints and generate a smoother path, prioritizing factors such as trajectory continuity, vehicle con-

straints, and the environment. The advantage of curve interpolation planners is their low computational

cost, since the curve can be de�ned by only a few control points or parameters. Nonetheless, the opti-

mality of the generated trajectory cannot be guaranteed. Furthermore, as the planning process does not

consider the vehicle dynamics, a smoothing process is usually needed to re�ne the generated paths.

Intensive research has also been conducted on potential �eld methods [12]. A potential �eld is a

differentiable real-valued function whose value can be seen as energy, and its gradient can be seen

as a force. Hence, vehicles in potential �elds move along the gradient of the �eld. Due to their intuitive

problem formulation, potential �eld methods have been applied to various vehicle applications. However,

as shown in [13], integrating system dynamics and constraints remains a challenge within this approach.
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1.2.2 Optimal Control Approaches

In many applications, generating trajectories that optimize some performance metric is a desirable goal.

Hence, trajectory planning problems are usually formulated as optimal control problems. However, opti-

mal control problems are generally nonlinear and, therefore, do not have analytic solutions. As a result,

it is necessary to employ numerical optimization methods to solve optimal control problems. In this con-

text, optimization-based approaches have been applied ef�ciently and have emerged as a promising

approach for trajectory generation, often surpassing the traditional methods.

Different optimization-based approaches can be derived from a generic optimal control formulation

(see Figure 1.2). In the early years, Indirect Methods were the main approach for solving optimal con-

trol problems. These methods consist of using the Pontryagin's principle [14] to obtain the necessary

�rst-order conditions for optimality, which result in a boundary-value problem. For particular problem

formulations and simple system models, solutions to the optimization problem may be found ef�ciently.

However, the boundary-value problem is usually extremely dif�cult to solve.

Figure 1.2: Overview of optimization-based approaches.

The approach that has risen to prominence is that of Direct Methods. Direct Methods discretize

optimal control problems to obtain nonlinear programs for which many ef�cient solving techniques ex-

ist. Instead of planning a complete trajectory of�ine, as in traditional optimization approaches, Direct

Methods are also suitable for online trajectory generation. In particular, Model Predictive Control (MPC)

is a prominent method that has been commonly used for online trajectory generation, in contrast to

its typical application for reference tracking problems. Since computational resources have increased

and algorithms have become more ef�cient, the interest in MPC-based approaches has been growing.

Recent examples include trajectory generation applications to robotic manipulators [15], autonomous

driving [16], and UAVs [17]. A more detailed background on MPC is provided in the following section.

Ultimately, a third approach relies on a signi�cant property exhibited by certain systems, known as

differential �atness. This property allows the state and the input of the system to be expressed as a

function of a �at output and a �nite number of its derivatives. Such property is of particular interest

because the optimal control problem can be completely formulated in terms of the �at output. As a

result, the optimal control problem may be discretized by parameterizing the �at output, avoiding the use

of numerical integration methods. Such methods are also suitable for online trajectory generation [18].
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1.3 Background on Model Predictive Control

This section provides a more detailed background on MPC, as it is the primary technique used to address

the problems considered in this dissertation. We begin by presenting a brief overview of MPC, followed

by its general mathematical formulation, and then we discuss some details regarding the implementation

of MPC-based algorithms.

1.3.1 General Overview

Online optimization has gained signi�cant traction as the primary method for addressing control and

estimation problems in science and engineering. One of the main reasons for this is the capability to

directly account for state and input constraints within online optimization methods. MPC, in particular,

has become one of the most prominent online optimization control techniques, extensively employed

in numerous industrial applications [19]. Due to its increasing popularity, substantial efforts have been

devoted to developing a stability theory for MPC (see e.g. [20, 21]). A comprehensive overview of the

latest theoretical developments and future perspectives is available in [22].

MPC is an advanced control method that consists of a repeated real-time optimization based on a

mathematical model of a system. Based on the system model, MPC predicts the future system behavior

and determines the optimal sequence of control inputs according to some objective (see Figure 1.3).

Therefore, MPC comes with an intuitive formulation at the cost of an increased computational effort.

Because of its high computational cost, MPC has traditionally been more popular for problems where the

plant dynamics are slow enough so that the optimization can be solved ef�ciently between consecutive

sampling times. However, thanks to progress in optimization algorithms and as the computational power

of embedded control platforms increases, MPC can be employed in broader application areas [23, 24].

Figure 1.3: Simpli�ed block diagram of an MPC-based control loop.

The anticipating behavior and the fact that MPC can consider hard constraints makes this method

extremely valuable for controlling real systems. Moreover, MPC relies on mathematical models, which

are available in almost every subject. Such characteristic allows us to use the knowledge about models

and avoid the formulation of explicit control laws. In MPC, the control law is determined implicitly through

the model-based optimization. The implicit formulation, the �exibility, and the use of models are the main

advantages of MPC. Such advantages aligned with the rise of computational power are the reasons why

MPC has become one of the most popular control methods in the engineering community.
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1.3.2 Mathematical Formulation

MPC consists in solving an open-loop discrete-time optimal control problem at each sampling time.

Each of these optimizations results in a sequence of future optimal control actions and a sequence of

corresponding future states. Only the �rst control action in the sequence is applied to the plant, and

then the optimization is solved again at the next sampling time. Due to the repeated prediction and

optimization process, MPC is also known as Receding Horizon Control (RHC). Basically, the idea is that

short-term predictive optimizations achieve optimality over a long time. This intuition is based on the fact

that distant predictions may contain redundant information that is not relevant for shorter predictions.

More speci�cally, at every discrete-time instant k, for a given initial state x k of the system, the control

policy is de�ned by solving a discrete-time optimal control problem of the form

maximize
X̂ k ;Û k

Jk (X̂ k ; Û k )

subject to x̂ k; 0 = x k ;

x̂ k;j +1 = f (x̂ k;j ; ûk;j ); j = 0 ; : : : ; N � 1;

x̂ k;j 2 X ; j = 0 ; : : : ; N;

ûk;j 2 U; j = 0 ; : : : ; N � 1;

(1.1)

where N is the horizon length and Jk is a user-de�ned objective function to be maximized at each

discrete-time instant k. The matrices X̂ k and Û k represent the predicted state and control sequences

over the prediction horizon at time instant k, i.e.,

X̂ k ,
h
x̂ k; 0 x̂ k; 1 : : : x̂ k;N � 1 x̂ k;N

i
;

Û k ,
h
ûk; 0 ûk; 1 : : : ûk;N � 1

i
:

(1.2)

The sets X and U constitute the admissible states and inputs for the system, and the function f describes

an arbitrary discrete-time system. The input applied to the system at sampling time k, uk , is given by

uk = û �
k; 0; (1.3)

where û �
k; 0 is the �rst sample of the predicted optimal control sequence at time instant k.

The formulation in (1.1) describes an optimization problem that, in a general sense, may be a non-

linear optimization problem. That is the case when some of the constraints or the objective function are

nonlinear, and, in that context, the optimization problem is usually called a Nonlinear Program (NLP).

Fortunately, considerable progress has been achieved in the �eld of nonlinear optimization, and NLPs

may be solved ef�ciently using available numerical solvers. The two most used approaches for solving

nonlinear optimization problems are Sequential Quadratic Programming (SQP) and Interior Point (IP)

methods [25]. MPC algorithms may then be implemented using optimization modeling software such as

YALMIP [26] or CasADi [27], combined with a numerical solver such as the widely used IPOPT [28].
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1.3.3 Warm-Start Strategies

The optimization algorithms that can be used to solve the optimization problem in (1.1) require an initial

guess X̂ 0
k , Û 0

k as input. Selecting an appropriate initial guess is essential to obtain a fast and reliable

convergence from the optimization algorithms. Assuming that a good solution has been obtained at the

time instant k � 1, it is possible to construct a suitable initial guess for time instant k. In this context, a

warm-start strategy that is usually employed is the shifting method [29]. Shifting builds an initial guess

X̂ 0
k , Û 0

k for time instant k by shifting the solution X̂ �
k � 1, Û �

k � 1 obtained at time k � 1. Shifting assumes

that the system follows closely the predicted evolution, x̂ k � 1;1 ' x k , and is performed as

x̂0
k;j = x̂ �

k � 1;j +1 ; j = 0 ; : : : ; N � 1;

û0
k;j = û �

k � 1;j +1 ; j = 0 ; : : : ; N � 2;

x̂0
k;N = f (x̂0

k;N � 1; û0
k;N � 1):

(1.4)

The guess for the last control input û0
k;N � 1 can be selected through different approaches (see e.g. [21]).

In practice, a straightforward approach is commonly adopted, which consists of duplicating the control

input at the prediction instant N � 2,

û0
k;N � 1 = û0

k;N � 2: (1.5)

If there are no perturbations to the system, shifting provides a guess that is extremely close to the

solution of the problem. However, if there are perturbations to the system, a greater correction of the

guess is necessary. Nevertheless, if the perturbations are not very signi�cant, shifting will still provide a

guess that is close to the solution of the optimization problem.

1.3.4 Discretization Methods

Algorithms based on MPC require a discrete-time model of the system dynamics. Nevertheless, in the

problems considered in this dissertation and many other applications, the system dynamics are available

in continuous time. For that reason, in this subsection we present a few main methods that are commonly

used to discretize continuous-time systems. For the sake of simplicity, we only consider time-invariant

systems described by an explicit Ordinary Differential Equation (ODE) of the form

_x(t) = F(x(t); u(t)) ; (1.6)

but the following developments can be easily extended to the time-varying case and to implicit ODEs.

We also consider a piecewise constant parametrization of the control inputs, such that u(t) = uk , for

t 2 [tk ; tk+1 [. The restriction to piecewise constant control parameterizations is not mandatory since

there are other types of parametrizations that may also be used. However, piecewise constant controls

are the most commonly used in practice for the ease of implementation using zero-order holders.
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In the case of Linear Time-Invariant (LTI) systems, which are described by an ODE of the form

_x(t) = A cx(t) + B cu(t); (1.7)

an analytical solution for the ODE is available, and is given by the following convolution integral

x(t) = eA c t x(0) +
Z t

0
eA c ( t � � ) B cu(� ) d�: (1.8)

In this case, there is an exact discrete-time version of the system dynamics given by

x k+1 = A dx k + B duk ; (1.9)

where the matrices A d and B d depend on the sampling period, Ts, and are obtained as

A d = eA c Ts and B d =
Z Ts

0
eA c � B c d�: (1.10)

When the ODE in (1.6) is nonlinear, an analytical solution is not usually available, and numerical

integration methods need to be considered. The simplest numerical integration scheme is the Euler

method, which approximates the exact discrete-time dynamics by

x k+1 = x k + TsF(x k ; uk ); (1.11)

and provides a total accumulated error in the order of O(Ts). Nevertheless, despite its simplicity, the

Euler method usually does not yield the most ef�cient approach because it is only a �rst-order method.

In fact, many more integration techniques have been developed and are available (see e.g. [30]). One

of the most popular examples is the Runge-Kutta method of order four, which, unlike the Euler method,

results in a total accumulated error in the order of O(T4
s ). The fourth-order Runge-Kutta method approx-

imates the exact discrete-time dynamics by

x k+1 = x k +
Ts

6
(k1 + 2k2 + 2k3 + k4); (1.12)

where the variables k1; : : : ; k4 are given by

k1 = F(x k ; uk );

k2 = F(x k +
Ts

2
k1; uk );

k3 = F(x k +
Ts

2
k2; uk );

k4 = F(x k + Tsk3; uk ):

(1.13)
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1.4 Outline

The remaining chapters of this dissertation are structured as follows:

• Chapter 2 : addresses the UAV trajectory generation problem for wild�re prevention based on a

map that characterizes the uncertainty of �re presence in a given region. We propose an algo-

rithm based on MPC designed to promote the exploration of the map by preventing the UAV from

revisiting previously covered areas. The algorithm is initially tested in a MATLAB environment and

subsequently validated in the Gazebo simulator, as well as through actual experiments conducted

in an outdoor environment;

• Chapter 3 : considers a second problem, where the objective is to pursue a stochastic moving

target characterized by a time-varying probability distribution. We propose an MPC algorithm that

relies on recursive Bayesian �ltering for stochastic state-space systems described by Gaussian

mixture distributions. The ef�cacy of the proposed algorithm is demonstrated through simple ex-

amples considering a linear model for the target;

• Chapter 4 : summarizes the research work undertaken in this dissertation and provides sugges-

tions for future research avenues.
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Chapter 2

Wild�re Prevention through

Uncertainty Minimization

In this chapter, we develop a trajectory planning algorithm for autonomous wild�re surveillance using a

UAV. The main goal is to generate optimal trajectories for surveillance based on a map describing the

uncertainty of �re presence in a given territory. The effectiveness of the proposed algorithm is demon-

strated through simulations and actual experiments. While the primary focus is on wild�re prevention,

the proposed algorithm has the potential to be applied in other domains.

2.1 Introduction

2.1.1 Motivation

Over the past few decades, wild�res have emerged as a signi�cant global threat. A combination of fac-

tors, including insuf�cient planning, more extreme weather conditions, and a lack of forest maintenance,

has led to consecutive disasters. As a result, these events have imposed substantial �nancial burdens,

claimed numerous human lives, and caused extensive damage to forests. In Europe, particularly, sev-

eral countries witness an average yearly destruction of more than 50,000 hectares (ha) of land due

to wild�res, with some years surpassing 100,000 ha [31]. Among these, Portugal has been the most

severely impacted, with nearly 600,000 ha of land being burned in 2017 [32], as shown in Figure 2.1.

(a) Land burned by wild�res in Europe (b) Land burned by wild�res �res in Portugal

Figure 2.1: A look at wild�res in Europe, with an emphasis on Portugal (obtained from Statista).
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According to a study conducted by the European Commission, Portugal experienced approximately

21,000 wild�res in 2017, which resulted in 117 deaths and caused nearly 1,500 million euros in damage

costs [33, ”Super Case Study 4”]. In particular, the wild�re of Pedr ógão Grande resulted in a burned

area of roughly 45,000 acres and caused nearly 500 million euros in damage costs to the Portuguese

government [34]. This outbreak also had a signi�cant impact on the population, either directly through

the destruction of agricultural resources and private property or indirectly through the impact on public

infrastructures such as roads, energy networks, and telecommunications.

In light of such consecutive disasters, there has been a growing recognition of the urgent need to

�nd technological solutions to prevent wild�res. As a result, governments and authorities have been

interested in searching for solutions within the scienti�c community. The Portuguese government, in

particular, has been promoting scienti�c research and innovation to improve the national forest defense

system against wild�res, opening calls for research and development projects on the subject [35].

2.1.2 Objectives

The aim of this chapter is to develop a trajectory planning algorithm for autonomous wild�re surveillance

using a UAV. The main goal is to generate optimal trajectories for surveillance based on a map describing

the uncertainty of �re presence in a given area. In order to reduce the total uncertainty in the map, the

generated trajectories must guide the autonomous vehicle through the most uncertain areas while the

vehicle infers about the existence of �re using onboard sensors. The uncertainty map is assumed

to be provided by a previously developed estimation �lter that takes into account the uncertainty of

measurements from different sources of information, such as satellite images and crowdsourced data.

Figure 2.2: Framework.

2.1.3 Organization

This chapter consists of �ve main sections. Section 2.2 presents a formal mathematical description of

the problem discussed in this chapter from an optimal control standpoint. In Section 2.3, we develop

an algorithm based on MPC to tackle the problem. Section 2.4 describes the full control architecture

used to implement the proposed algorithm in a quadrotor UAV. In Section 2.5, the proposed algorithm

is tested in a MATLAB environment. Finally, in Section 2.6, we perform additional tests in a Gazebo

environment and a �nal validation in a real setting.
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2.2 Problem Description

This section presents the mathematical de�nition of the problem discussed in this chapter. We start by

introducing relevant assumptions concerning the uncertainty map and the sensing model of the UAV.

The section culminates with the formulation of the problem from an optimal control standpoint.

2.2.1 Uncertainty Map

The �rst topic to be de�ned is the uncertainty map. The uncertainty map is mathematically described by

a nonnegative function h : R2 ! R+
0 that represents the a priori level of uncertainty about the existence

of �re at each position p 2 R2. Since the original structure of the uncertainty map typically may not

follow common and well-known models, we assume that the uncertainty function can be arbitrarily well

approximated by a Gaussian mixture, which is a weighted sum of Gaussian components. Consequently,

for a model with M components, the uncertainty function is given by

h(p) =
MX

i =1

wi N (p; � i ; � i ); (2.1)

where each component is a two-dimensional Gaussian distribution de�ned by

N (p; � i ; � i ) ,
1

p
4� 2j� i j

exp
�

�
1
2

(p � � i )> � � 1
i (p � � i )

�
: (2.2)

The parameters wi > 0, � i 2 R2, and � i 2 R2� 2 are, respectively, the weight, the mean vector, and the

covariance matrix of the i th Gaussian component.

Additionally, we clarify that the uncertainty map is not originally a Probability Density Function (PDF),

so the volume of uncertainty in the map is not necessarily one. However, it is convenient to assume that

this function is normalized, meaning that the a priori volume of uncertainty is one, and, therefore, the

weights verify
P M

i =1 wi = 1 . A plausible instance of an uncertainty map is shown in Figure 2.3.

(a) Graph (b) Level curves

Figure 2.3: Example of an uncertainty function composed of �ve Gaussian distributions.

11



2.2.2 Sensing Model

In this work, we assume that the UAV �ies at a constant altitude and is equipped with a gimbal camera,

which always aims straight down even when the UAV performs pitch or roll maneuvers. Consequently,

at each time instant t, we assume that the drone analyzes a given area, Br (pc), de�ned as a circle

centered in the UAV's horizontal position, pc, and with a radius of observation r , i.e.,

Br (pc) ,
�

p 2 R2 : kp � pck < r
	

; (2.3)

as illustrated in Figure 2.4. Additionally, the vehicle is assumed to have a perfect quality of exploration,

meaning that all points within the observation radius are analyzed perfectly. This assumption implies

that, immediately after the UAV analyses a given area, the uncertainty becomes zero for all points inside

the area covered by the UAV, and, therefore, there is no reward in revisiting the same region.

Figure 2.4: Illustration of sensor FOV and visibility region.

2.2.3 Optimal Control Problem

The trajectory generation problem addressed in this chapter can be de�ned as �nding optimal trajecto-

ries that guide the UAV. The trajectories should maximize an objective functional regarding the mission

goals while satisfying constraints accounting for their dynamic feasibility. Consequently, this problem

can be formulated as the following optimal control problem

maximize
x ( :) ;u ( :)

J [x(:); u(:)]

subject to x(0) = x0;

_x(t) = F(x(t); u(t)) ; t 2 [0; T];

x(t) 2 X ; t 2 [0; T];

u(t) 2 U; t 2 [0; T];

(2.4)
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where T denotes the total �ight time, the functions x(:) : [0; T] ! Rn x and u(:) : [0; T] ! Rn u denote

the state and input of the vehicle's model described by an ODE, and x0 is the initial value of the state.

Moreover, the sets X and U constitute the admissible states and inputs for the vehicle, which are derived

from limits imposed by vehicle dynamics and the surrounding environment.

Let ' : [0; T] ! R2 denote the vehicle's trajectory on the horizontal plane, which is related to the

state of the vehicle by

' (t) = Cx (t); t 2 [0; T]; (2.5)

where C 2 R2� n x is an auxiliary matrix that extracts the horizontal position of the vehicle from the

state. The mission objective is to maximize the uncertainty reduction, i.e., the difference between the

uncertainty volume in the map before and after the surveillance mission. Therefore, considering the

previously mentioned assumptions, the objective functional J is given by

J [' ] =
Z

Cr [' ]
h(p) dp; (2.6)

where the set Cr [' ] is de�ned as the union of all circles of observation along the trajectory of the vehicle,

Cr [' ] ,
T[

t =0

Br (' (t)) ; (2.7)

as illustrated in Figure 2.5. The usefulness of the set Cr [' ] arises from the fact that each position is only

taken into account once to increase the uncertainty integration since we are assuming that the UAV has

a perfect quality of exploration.

(a) 3D illustration (b) Top view

Figure 2.5: Illustration of the set Cr [' ].

Solving the problem in (2.4) is very complex since the objective functional J , as de�ned in (2.6),

does not have a closed-form expression. Therefore, a relaxed formulation needs to be considered.

In addition, to make the problem computationally tractable, it also needs to be discretized. However,

even after relaxing and discretizing the problem, solving the problem globally for a relatively large time

horizon T is computationally challenging. Consequently, we consider a local approach based on MPC

to approximate the solutions of (2.4) while adding the possibility for feedback to the control law.
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2.3 Model-Predictive Approach

In order to address the problem de�ned in the previous section, we follow an MPC-based approach.

As described in Section 1.3, MPC involves the solution of an open-loop discrete-time optimal control

problem at each sampling time k. Each of these optimizations results in a sequence of future optimal

control actions and a sequence of corresponding future states. The �rst control action in the sequence

is applied to the plant, and then the optimization is solved again at the next sampling time.

More speci�cally, at every discrete-time instant k, for a given initial state x k of the system, the control

policy is de�ned by solving a discrete-time optimal control problem of the form

maximize
X̂ k ;Û k

Jk (X̂ k ; Û k )

subject to x̂ k; 0 = x k ;

x̂ k;j +1 = f (x̂ k;j ; ûk;j ); j = 0 ; : : : ; N � 1;

x̂ k;j 2 X ; j = 0 ; : : : ; N;

ûk;j 2 U; j = 0 ; : : : ; N � 1;

(2.8)

where N is the horizon length, the sets X and U constitute the admissible states and inputs for the

vehicle, and the function f represents a discrete-time version of the vehicle dynamics. The matrices X̂ k

and Û k are the optimization variables and represent the predicted state and control sequences over the

time horizon at time instant k, i.e.,

X̂ k ,
h
x̂ k; 0 x̂ k; 1 : : : x̂ k;N � 1 x̂ k;N

i
;

Û k ,
h
ûk; 0 ûk; 1 : : : ûk;N � 1

i
:

(2.9)

The input applied to the system at the discrete-time instant k, uk , is given by

uk = û �
k; 0; (2.10)

where û �
k; 0 is the �rst sample of the predicted optimal control sequence at time instant k. The optimiza-

tion problem in (2.8) may be solved ef�ciently using available NLP solvers.

2.3.1 Objective Function

In order to approximate the problem described in the previous section, we de�ne the MPC objective

function as a combination of two objectives as

Jk (�̂ k ) = ~Jk (�̂ k ) � �P k (�̂ k ); (2.11)

where �̂ k , [ ^' k; 0 ^' k; 1 : : : ^' k;N ] = CX̂ k is the predicted discrete-time trajectory of the vehicle at the

discrete-time instant k and � > 0 is a scaling coef�cient.
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The �rst term in (2.11), ~Jk , represents the objective of prioritizing the most uncertain areas and is

de�ned as

~Jk (�̂ k ) =
NX

j =0

Z

B r ( ^' k;j )
h(p) dp: (2.12)

However, this term does not consider the previously covered areas neither the intersections between the

areas of observation within the prediction horizon. Consequently, if the objective function was de�ned

by this term alone, the trajectories would converge to an uncertainty maximizer and remain at the max-

imizer. Therefore, to encode the previously covered areas and the intersections between the areas of

observation within the prediction horizon, we add a penalization term Pk (�̂ k ) to the objective function.

The penalization term is constructed by penalizing intersections between the circles of observation

along the trajectory of the vehicle. Two types of intersections need to be considered: intersections

between the predicted circles and circles corresponding to positions that were already covered, and

intersections between the predicted circles of observation. Thus, the penalization term has the form

Pk (�̂ k ) = PB
k (�̂ k ) + PH

k (�̂ k ); (2.13)

where PB
k (�̂ k ) penalizes intersections between the predicted circles and previously covered circles, and

PH
k (�̂ k ) penalizes intersections within the prediction horizon. Hence, assuming that p : R2 � R2 ! R+

0

is a function that penalizes the intersection between two circles and that ' i is the actual position of the

vehicle at the discrete-time instant i , PB
k (�̂ k ) is de�ned by

PB
k (�̂ k ) =

NX

j =1

kX

i =0

p( ^' k;j ; ' i ); (2.14)

and PH
k (�̂ k ) is de�ned as

PH
k (�̂ k ) =

NX

j =2

j � 1X

i =1

p( ^' k;j ; ^' k;i ): (2.15)

To conclude the de�nition of the objective function, it remains to de�ne how the penalty function p is

constructed, which is addressed in the following subsection.

Prior to moving forward, it is worth noting that the integrals presented in (2.12) still do not have a

closed-form expression. Nevertheless, since the integrals are now computed over circular domains, they

may be approximated through numerical methods such as quadrature rules [36] or simply by discretizing

the area of observation using a grid. However, we will typically consider examples where the radius of

observation is small when compared to the structure of the uncertainty map, and, therefore, (2.12) may

be well approximated by

~Jk (�̂ k ) ' �r 2
NX

j =0

h( ^' k;j ): (2.16)
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2.3.2 Penalty Function

A plausible de�nition for the penalty function p would be the intersection area between two circles, as

detailed in Figure 2.6.

Figure 2.6: Overlap between two circles.

The area of intersection between two circles centered at the positions c1 and c2, both with the same

radius r , can be computed analytically by

a(c1; c2) =

8
<

:
2r 2 arccos

�
1

2r kc1 � c2k
�

� k c1 � c2k
q

r 2 � k c1 � c2k2; if kc1 � c2k � 2r

0; if kc1 � c2k > 2r
: (2.17)

However, an expression of such complexity would be a computational bottleneck. In addition, the func-

tion in (2.17) is piecewise de�ned, posing additional implementation dif�culties. For instance, the logic

condition would have to be addressed through the Big-M notation from YALMIP [26], which serves to

convert the logic condition into a set of constraints using auxiliary binary variables and logic constraints.

Nevertheless, it is not necessary to precisely calculate the overlap area between two circles to penal-

ize the intersection between them. Such penalization might be achieved by constructing a function that

simply penalizes the condition of existing intersection. Consequently, we design the penalty function by

applying an exponential penalty to the violation of the condition kc1 � c2k > 2r as

p(c1; c2) = exp
n



�

(2r )2 � k c1 � c2k2
�o

� 1; (2.18)

where 
 > 0 is a parameter that can be tuned. Additionally, the subtraction of 1 is included so that

the function has a value of zero when kc1 � c2k = 2 r , but it has no effect on the optimization since it

is a constant term. Figure 2.7 illustrates the evolution of the penalization as a function of the distance

between the centers of the two circles.

Figure 2.7: Illustration of the penalty function for some values of 
 while considering r = 0 :5.
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2.3.3 Computational Complexity

From a computational standpoint, it is essential to assess the complexity of the proposed algorithm.

Besides the inherent complexity of the problem, determined by the structure of the uncertainty map and

the imposed restrictions, it is crucial to examine the number of terms comprising the objective function,

which directly impacts the number of evaluations that the solver must carry out. In particular, it is

worth noting that the number of terms comprising ~Jk and PH
k is determined by the prediction horizon

length. More speci�cally, the number of terms in ~Jk increases linearly with the horizon length, while PH
k

comprises N (N � 1)=2 terms and, therefore, grows quadratically with the horizon.

Besides the quadratic growth of PH
k as the horizon length increases, a signi�cant computational

burden arises from PB
k . At each time instant k, the number of terms in PB

k increases by N , meaning that

PB
k grows linearly with the �ight time assigned for the surveillance mission. One apparent solution could

involve de�ning a maximum backward horizon length NB , thereby limiting PB
k to a maximum number of

terms. Consequently, in such a case, PB
k would be given by

PB
k (�̂ k ) =

NX

j =1

kX

i = k � N B +1

p( ^' k;j ; ' i ): (2.19)

Nevertheless, if the backward time horizon is not suf�ciently long, the vehicle would possibly revisit

previously covered areas. Therefore, a better future approach revolves around developing a subroutine

that can progressively reduce the number of components in the penalization term while retaining the

information about all the previously explored regions.

Additionally, it is essential to clarify that despite the notion that the objective function grows at each

time step, the optimization solvers are constructed by allocating the necessary resources for the entire

mission duration. This decision follows from the substantial additional overhead that there would be in

building a solver at each time instant k. Hence, the number of terms in the objective function is actually

constant throughout the whole mission, with the terms regarding future time steps in PB
k being attributed

a null weight. As a result, despite potential �uctuations introduced by the problem, the computational

times are expected to remain approximately constant throughout the surveillance mission.

2.3.4 Evaluation Metric

It is necessary to establish an overall metric to evaluate the performance of the algorithm and perform

comparisons. In this context, a reliable method of assessing the quality of the generated trajectories is

computing the time evolution of the volume of uncertainty covered by the vehicle. By disregarding the

coverage between sampling times, this metric can be approximated as

H k (� k ) =
Z

S k
i =0 B r ( ' i )

h(p) dp; (2.20)

where � k , [' 0 ' 1 : : : ' k ] is the discrete-time trajectory of the vehicle until time instant k. The numer-

ical approximation of (2.20) is accomplished by discretizing the map into a grid.
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2.4 Quadrotor Motion Control

We are particularly interested in multirotor aerial vehicles because of their agility, hovering performance,

low cost, and production ease. Moreover, in this project, a quadrotor is available for performing exper-

imental tests of the proposed MPC algorithm. Therefore, this section presents the control architecture

used to implement the proposed MPC algorithm on a quadrotor aerial vehicle, as well as the dynamic

model of the quadrotor.

2.4.1 Control Architecture

We consider a dual-layer structure of motion control, as illustrated in Figure 2.8. The proposed MPC

algorithm serves as a high-level controller (trajectory planner) that generates high-level references for

the UAV. The inner-loop controller (trajectory tracker) directly applies control inputs to the vehicle to

accurately track the references provided by the MPC algorithm. For the purpose of ef�ciency, the MPC

algorithm considers a simpli�ed model of the vehicle, while the lower-level controller takes into account

the full dynamic model of the quadrotor.

Figure 2.8: Full motion control scheme of the UAV.

2.4.2 Full Dynamics

For completeness, we start by presenting the full nonlinear dynamics of a quadrotor. The nonlinear

dynamics of the quadrotor are described in the body f B g and inertial f I g frames depicted in Figure 2.9,

while assuming that the origin of f B g is coincident with the center of mass of the quadrotor.

Figure 2.9: Quadrotor reference frames.
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Let p 2 R3 denote the position of the quadrotor's center of mass in the inertial frame. Let � = [ � �  ]>

describe the orientation of the of the body frame with respect to the inertial frame, where � , � and  are

the roll, pitch and yaw angles, respectively. Let v denote the linear velocity of f B g with respect to f I g

expressed in f I g. Let ! = [ p q r]> denote the angular velocity of f B g with respect to f I g, this time

expressed in f B g. Finally, let m be the mass of the rigid object, I 2 R3� 3 the inertia matrix expressed

in f B g, and g the gravitational acceleration. The quadrotor equations of motion, based on the Newton-

Euler formalism [37], are given by

_p = v ;

m _v = � mge3 + I R B (� ) FT e3;

_� = T (� ) ! ;

I _! = � ! � I ! + � ;

(2.21)

where FT is the net thrust and � = [ � � � � �  ]> is the vector of moments applied to the UAV described in

f B g. Additionally, I R B (� ) 2 SO(3) is the rotation matrix from f B g to f I g and T (� ) 2 R3� 3 is a matrix

that converts the angular velocity to angle rates.

Assuming that the Euler angles follow the sequence of rotation Z -Y -X that is described in [38],
I R B (� ) is given by

I R B (� ) =

2

6
4

cos� cos sin � sin � cos � cos� sin  cos� sin � cos + sin � sin  

cos� sin  sin � sin � sin  + cos � cos cos� sin � sin  � sin � cos 

� sin � sin � cos� cos� cos�

3

7
5 ; (2.22)

and T (� ) is

T (� ) =

2

6
4

1 sin� tan � cos� tan �

0 cos� � sin �

0 sin� sec� cos� sec�

3

7
5 : (2.23)

The steady-state thrust and the yaw moment generated by rotor i are modeled as

FT i = K i 
 2
i ;

�  i = Ci FT i ;

(2.24)

where 
 i is the rotation speed of rotor i , and the constants K i and Ci may be determined experimentally.

The roll and pitch moments, � � and � � , result from the generated rotor thrusts and their arrangement

relative to the quadrotor's center of mass. Therefore, the net thrust and moments, for a quadrotor with

an X-con�guration, are computed through
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2

6
6
6
6
4

FT

� �

� �

�  

3

7
7
7
7
5

=

2

6
6
6
6
4

1 1 1 1

L � L � L L

� L � L L L

C1 � C2 C3 � C4

3

7
7
7
7
5

2

6
6
6
6
4

FT1

FT2

FT3

FT4

3

7
7
7
7
5

; (2.25)

where L denotes the perpendicular distance of the rotors to the x or y axis of the body frame.

To conclude, we point out that there are additional aerodynamic effects, which would increase the

complexity of the model. However, a model with such a level of precision is typically not required.

2.4.3 Simpli�ed Model

At the trajectory planning level, considering that the UAV �ies at a constant altitude and ignoring the

fast rotational dynamics of the vehicle, the UAV might be modeled as a two-dimensional point-mass

system that follows double-integrator dynamics. Thus, the state vector x is composed of the positions

and velocities on the horizontal plane, x = [ ' > _' > ]> , and the control input u consists of the acceleration

on the horizontal plane. Consequently, at the planning level, the quadrotor dynamics take the linear form

"
_'

•'

#

=

"
02� 2 I 2� 2

02� 2 02� 2

# "
'

_'

#

+

"
02� 2

I 2� 2

#

u; (2.26)

where 02� 2 denotes a matrix of zeros and I 2� 2 denotes the identity matrix, both with dimension 2 � 2.

The MPC algorithm considers this simpli�ed model of the UAV, which reduces the computational

cost of the optimization process, while the inner-loop controller processes the remaining dynamics of

the UAV. This mismatch is not critical for obtaining good performance in real conditions as long as the

generated trajectories are not extremely aggressive so that the inner-loop dynamics become visible.

2.4.4 Actuation Limits

As any other vehicle, a quadrotor is subject to limitations imposed by its actuators. In this case, the

maximum thrust magnitude of the quarotor is limited. At any time, the quadrotor should have a vertical

force to balance its weight, i.e., a force of magnitude mg. Then, it must be able to maneuver around

this equilibrium. A descent can be achieved by decreasing the vertical force that balances the weight.

However, to ascend it must be able to produce a higher thrust on the vertical direction.

In the vertical direction, the quadrotor should have available a thrust force of magnitude m(g+ amax
z ),

where amax
z 2 R+ represents the maximum acceleration along the vertical axis. Let F max

T 2 R+ be the

maximum thrust magnitude that the quadrotor can produce, and amax
xy 2 R+ be the maximum acceleration

on the horizontal plane. The maximum acceleration on the horizontal plane can be computed by

amax
xy =

q
(F max

T =m)2 � (g + amax
z )2: (2.27)

The saturation along the vertical direction must �rst be chosen, to ensure that the multirotor is capable

of maintaining its altitude. Then, the horizontal saturation is a result of the choice made about amax
z .
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2.4.5 Implementation Details

In practical terms, the proposed motion control scheme is implemented using a PX4 Autopilot [39]. The

PX4 Autopilot provides both the inner-loop controller and an Extended Kalman Filter (EKF) to process

sensor measurements. In this implementation, the MPC algorithm generates references to be tracked by

the inner-loop controller provided by the PX4 Autopilot, while both controllers receive the corresponding

state estimates provided by the EKF algorithm. Figure 2.10 illustrates the described implementation.

Figure 2.10: Implementation of the proposed motion control scheme.

As detailed in Figure 2.11, the controller supplied by the PX4 Autopilot follows a standard cascaded

architecture with several stages. Each stage is composed of a proportional or Proportional-Integral-

Derivative (PID) controller that generates references for the upcoming stage based on references pro-

vided by the previous stage. From a general perspective, the PX4 controller consists of two main control

loops: position and attitude. The position control loop commands accelerations, which are then con-

verted into attitude and net thrust references. The attitude control loop receives attitude and net thrust

references and commands low-level thrust references for the vehicle motors.

Figure 2.11: PX4 controller architecture (adapted from PX4 documentation).

With such an architecture, the PX4 controller is able to receive different kinds of references from

the MPC algorithm, from high-level references to low-level ones. In our case, we resort to high-level

references such as position, velocity, or acceleration references, while keeping the altitude constant.

The type of references used may then be adjusted given the experimental results obtained.
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2.5 Simulation Results

In this section, the ef�cacy of the proposed MPC algorithm is assessed through different simulation

examples obtained within a MATLAB environment. The objective is to analyze the behavior and per-

formance of the algorithm, as well as the quality of the generated trajectories. We begin by presenting

some simulations that illustrate the trajectories that the algorithm is able to produce. Subsequently, we

study the in�uence of some parameters on the algorithm.

2.5.1 Simulation Setup

The goal of this section is to perform an initial analysis of the behavior of the proposed MPC algorithm.

Therefore, the simulations presented in this section are performed assuming that the UAV follows ideal

double-integrator dynamics. The full nonlinear dynamics of the UAV and the PX4 inner-loop controller

are then included in the simulations and experiments of Section 2.6. At each discrete-time instant k, the

MPC algorithm is based on the following optimization problem

maximize
X̂ k ;Û k

Jk (X̂ k ; Û k )

subject to x̂ k; 0 = x k ;

x̂ k;j +1 = A x̂ k;j + B ûk;j ; j = 0 ; : : : ; N � 1;

kC0x̂ k;j k � vmax
xy ; j = 0 ; : : : ; N;

kûk;j k � amax
xy ; j = 0 ; : : : ; N � 1;

(2.28)

where the objective function Jk is obtained as described in Section 2.3, and the matrices A and B ,

corresponding to the discrete-time double-integrator dynamics (zero-order hold), are given by

A =

"
I 2� 2 Ts I 2� 2

02� 2 I 2� 2

#

;

B =

"
T2

s =2I 2� 2

Ts I 2� 2

#

:

(2.29)

The auxiliary matrix C0, given by

C0 =
h
02� 2 I 2� 2

i
; (2.30)

extracts the velocity from the state. The parameters vmax
xy and amax

xy are, respectively, the maximum

velocity and acceleration that the vehicle may achieve on the horizontal plane.

The simulation results presented in this section were obtained in MATLAB [40] using the CasADi [27]

optimization modeling toolbox, along with the IPOPT [28] numerical solver. At each sampling time, the

solution obtained at the previous step is used to set the initial guess for the current step by performing

the shifting warm-start method described in Section 1.3. All computations were executed on a single

desktop computer equipped with an Intel Core i7-6700K @ 4.00 GHz processor and 32.00 GB of RAM.

22



In the following examples, the drone starts at the position p = [1 1]> with no initial velocity, and the

radius of observation is assumed to be r = 1 m. The sampling period is Ts = 0 :1 s, the horizon length is

N = 15, and the vehicle has a maximum velocity of 4 m/s and a maximum acceleration of 4 m/s2.

2.5.2 Example 1

We begin by presenting a simple simulation where the uncertainty function is composed of only one

Gaussian component with a circular shape. The simulation results are shown in Figure 2.12.

(a) Trajectory (b) Sensor footprint

(c) Position (d) Uncertainty reduction

(e) Acceleration (f) Solver times (100 runs mean)

Figure 2.12: Simple simulation with one Gaussian component with a circular shape.

As shown in Figure 2.12 (a), initially the vehicle moves towards the maximum of the Gaussian com-

ponent. Subsequently, as a result of the penalizations applied by the algorithm, the vehicle goes to wider

areas by executing a spiral curve. The evolution of the x and y components of the position and accel-
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eration of the vehicle is depicted in Figures 2.12 (c) and 2.12 (e). Moreover, Figure 2.12 (b) illustrates

the sensor footprint of the UAV, and Figure 2.12 (d) shows the accumulation of the uncertainty volume

covered by the vehicle. In addition, we draw attention to Figure 2.12 (f), which presents the mean solver

times acquired through 100 simulations, with each iteration taking approximately 7 ms on average.

2.5.3 Example 2

We introduce another simple simulation, in which the uncertainty function consists of a Gaussian com-

ponent with an elliptical shape. As depicted in Figure 2.13 (a), the trajectory adjusts itself to the elliptical

shape of the Gaussian component. Moreover, as shown in Figures 2.13 (d) and 2.13 (f), the resulting

uncertainty reduction pro�le and the mean solver times are similar to those from the previous example.

(a) Trajectory (b) Sensor footprint

(c) Position (d) Uncertainty reduction

(e) Acceleration (f) Solver times (100 runs mean)

Figure 2.13: Simple simulation with one Gaussian component with an elliptical shape.
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