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Abstract

Small, flexible, and maneuverable robots that can perform light tasks, inspection, maintenance, and
access small places at low cost are a growing need for the thriving market of subsea exploration. Under-
water Snake Robots have the ability and efficiency to overcome what once was, a costly operation when
using Remotely Operated Vehicles (ROVs), or Autonomous Underwater Vehicles (AUVs).

Path-following is an essential problem within pipe/cable inspection as it might be required for the robot
to inspect a considerable length of pipes and cables without moving away from them in the presence of
external disturbances. By resorting to cooperative path-following, the inspection of the can be sped up
with USR working together and synchronized.

This thesis presents two models for underwater snake robots, where the influence of constant and irro-
tational ocean currents is considered. An analysis of different controllers for path following is addressed.
Moreover, a solution to the CPF problem concerning this type of robot will be divided into two steps.

Having as the main goal the coordination of the robots along a path, CPF can be decoupling into two
sub-problems: (i) The problem of the path-following mentioned above for a single vehicle and (ii) multi-a-
gent system (MAS) coordination. Simulations will support the work and, in the latter, will eventually tested
on the real robot.
Keywords: Cooperative Path Following, Underwater Snake Robot, Path Following, ILOS

1. Introduction

In recent years, there has been a substantial in-
crease in the number of subseacompanies. As
the offshore industry’s carbon footprints continue
to grow, these companies are looking at ways to
cut costs and reduce environmental impacts. The
growth in the number of subsea production installa-
tion has created a demand for subsea Inspection,
Maintenance, and Repair (IMR) operations, mak-
ing it a field of technology with enormous potential
for autonomous marine robotics to thrive.

This is where the Underwater Snake Robots
come into the game as its shape of a biological
snake makes it ideal for moving in high viscosity
environments such as water. USR is an articu-
lated structure consisting of serially connected joint
modules. Although it can mimic the eel-like mo-
tion of biological snakes, this solution has its limi-
tations. It becomes challenging to navigate in tight
areas as the entire body must move to generate
propulsive forces. Moving the whole body has a
direct impact on tasks such as Dynamic Position-
ing (DP), becoming much harder to maintain its
position. Adding thruster modules will open up a
full new range of applications as it can achieve for-
ward, backward, and sideways motion without per-
forming undulatory movements.

The aim of the work using Underwater Snakes
Robots is to design systems for motion control en-
tailing system modeling and design of algorithms
for path-following and cooperative path-following in
the presence of unknown currents. This studies
will thereby be evaluated based on system perfor-
mance analysis and numerical simulations. Line-
of-Sight approaches will be used in the USR for
path following. An approach to Virtual Holonomic
Constraitns will be carried out that will make pos-
sible to solve the maneuvering problem and there-
fore making the bridge needed for a solution of the
Cooperative Path Following in Underwater Snake
Robots.

This document is organized as follows: section
2 presents the control oriented model of the un-
derwater snake robot under the influence of ocean
currents. Section 3 presents the Maneuvering
Control Problem making use of the Virtual Holo-
nomic Constraints (VHCs) to solve it. Here the ap-
proach terrestrial snake robots in [12] is extended
to the Maneuvering Problem using VHC for Under-
water Snake Robots. Section 4 is the derivation
of a control method for coordination control of mul-
tiple underwater snake robots. The results of the
Cooperative Path Following under the influence of
constant, unknown and irrotational ocean currents
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are presented in Section 5. Finally, in section 6 the
conclusion and future work topics are presented.

2. Control Oriented Model for USR
Even though the control-oriented model is derived
from the complex model for Underwater Snake
Robots, the last model is not presented in this doc-
umented since it was not used to solve either the
problem of path-following or cooperative path fol-
lowing. The reader is then referred to the work
presented in [4] for a better insight of the complex
model. In fact a simplified derivation of the control
oriented model is presented here for completion.

Figure 1: Control Oriented Model

The simplified model consists ofN links of length
2l with mass uniformly distributed in each link so as
the CM is at the midpoint of each link. To derive the
control-oriented model the revolute joints are mod-
elled as prismatic joints that move transversal to
the direction of movement (figure 1). This approx-
imation is valid for sinusoidal gaits that follow the
following properties [5]:

Property 1. Forward propulsion, under the as-
sumption that cn > ct, is achieved through
transversal motion of the links, where cn and ct
are the drag parameters normal and tangential, re-
spectively.

Property 2. The motion of the links, under sinu-
soidal gait pattern, consists mainly of a normal dis-
placement of the CM of the links

The motion of the robot is defined with respect to
the global fixed x-y and t-n frame where the origin
of both coincide. The t-n frame is always aligned
with the direction of the robot as it is seen in figure
1. The t-axis will represent the forward direction
while the n-axis the normal direction. From the t-
n frame the velocity components of the robot are
written as forward velocity, vt and sideways veloc-
ity, vn.

The angle θ is expressed with respect to the
global axis with counter-clockwise positive direc-
tion. As the links of the doesn’t rotate w.r.t each

other they all have the same orientation, that is co-
incident with the t-n frame. θ can be defined as:

Definition 1. The orientation of the robot is given
by θ ∈ R with counter-clockwise positive direction.

The dynamic model together with the hydrody-
namic model [4] leads to the complete control-
oriented model and is given by the following equa-
tions:

φ̈ = −cn
m
φ̇+

cp
m
vt,relAD

Tφ+
1

m
DDTu (1a)

θ̈ = − 1

λ3 + 1

(
λ1θ̇ −

λ2

N − 1
vt,relē

Tφ

)
(1b)

v̇t = −cn
m
vt,rel +

2cp
Nm

vn,relē
Tφ− cp

Nm
φTAD̄φ̇

(1c)

v̇n = −cn
m
vn,rel +

2cp
Nm

vt,relē
Tφ (1d)

ṗx = vt cos θ − vn sin θ (1e)
ṗy = vt sin θ + vn cos θ (1f)

Since this model takes into consideration the
presence of constant and irrotational ocean cur-
rents the velocities are relative in the body aligned
frame: [

vt,rel
vn,rel

]
=

[
vt
vn

]
−RTθ vc (2)

with vc = [Vx, Vy]
T

3. Maneuvering Control in straight-line path using
VHC

In the following chapter the simplified dynamic
model of a planar snake is widely used in order
to address the maneuvering control problem. It is
considered that the robot is neutrally buoyant and
that it moves with planar sinusoidal gait in the pres-
ence of constant, irrational and unknown ocean
currents. Furthermore we aim to make the USR
converge to and follow a desired straight line path
and achieve a desired reachable speed after the
convergence. Moreover, the relative forward ve-
locity must comply to assumptions 1 and 2. This
section investigates the planar maneuvering prob-
lem for the USR , studied first for marine vessels in
[14].

For the resolution of this problem the ocean dis-
turbances are contemplated for a more realistic ap-
proach and those are accounted in the guidance
scheme, augmenting it with an integral action to
compensate for the steady state error that arise
from constant ocean currents. With all things con-
sidered, the control objective to be solved consists
in making the USR converge to a desired planar
path and traverse it with a desired forward velocity,
vt,rel = vd.

The path following problem will be inserted in this
section instead of dedicate a section solely to it.
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However in the master thesis from which this doc-
ument is based on, a dedicated chapter with simu-
lation results is presented and the reader is refered
there for better understanding of the problem.

Due to the fact that making the robot move ac-
cordingly to:

φi,ref = αg(i) sin (ωt+ (i− 1)δ) + φ0 (3)

in the path following problem, a different approach
is needed since the parameters presented in equa-
tion (3), α, ω, δ, directly affect the forward velocity of
the robot. As a result it is not possible to guaran-
tee that the forward velocity will reach the desired
velocity once it converges. To solve this compli-
cation the proposed feedback control strategy en-
forces VHCs.

VHC will encode the gaits studied previously on
the USR configuration, where, parameterized by
states of dynamic compensator, they will control
both orientation and forward velocity.

The maneuvering problem is divided into two
fundamental tasks: (i) a geometric task, where it
solves the path following problem, and in addition,
(ii) a dynamic task which is responsible to keep the
relative forward velocity steady and regulate the
heading of the underwater snake. The proposed
control algorithm will then be tested and verified
by means of simulation together with the formation
control in place.

3.1. Assumptions and Transformed Control-
Oriented Model

Assuming that the unknown ocean current vc
is considered, the following assumptions can be
made, and the forward velocity is now considered
as relative forward velocity due to ocean currents.

Assumption 1. The snake robot moving by a sinu-
soidal gait with a constant relative forward velocity,
is bounded by Vmax and Vmin, vtrel ∈ [Vmax, Vmin],
Vmax ≥ Vmin > 0

Nevertheless, in order to move forward in the
presence of ocean currents, the forward velocity
generated by the planar sinusoidal gait has to be
such that compensates for the ocean current, if not
the problem of path following can’t be achieved. A
new assumption is made with regards to this and
states the following:

Assumption 2. Under the influence of ocean cur-
rent, the relative forward velocity must be large
enough to compensate for this disturbance, i.e,
vtrel > Vmin > Vc,max ≥ 0.

From the control oriented equations (1), the joint
coordinates, φ are present in the equations of both
the dynamics of the angular velocity, v̇θ and side-
ways velocity, v̇n. As long as the joint coordinates

are considered in (1b) and in (1d) the design of the
control system will complicate as the body shape
changes will affect both heading and sideways mo-
tion of the robot [10]. To overcome this problem
a change of coordinates is performed. It is sug-
gested in [10] and motivated by [8, 2] that in order
to get rid of the effect of φ in the sideways velocity
one should move the point that defines the posi-
tion of the snake by a distance ε from the CM of the
robot along the tangential direction of the robot to a
point where the joint offset φ0 generates a pure ro-
tational motion and no sideways forces. Based on
these, the following change of coordinates is de-
fined:

p̄x = px + ε cos θ (4a)
p̄y = py + ε sin θ (4b)
v̄n = vn + εvθ (4c)

ε = −2(N − 1)

λ2

cp
Nm

(4d)

For the chosen approach absolute velocities
should be removed from the model by introducing
the following relations:

vt = vt,rel + Vt (5a)
v̄n = v̄n,rel + Vn (5b)

where Vt = Vx cos θ+Vy sin θ and Vn = −Vx sin θ+
Vy cos θ are the ocean currents expressed in the
body frame of the robot. Taking the derivative
of (5a) and substituting (4c) and (1c) in it, v̇t,rel
is easy to obtain and the transformed control-
oriented model is given by:

φ̈ = −cn
m
φ̇+

cp
m
vt,relAD

Tφ+
1

m
DDTu (6a)

θ̈ = −λ1θ̇ +
λ2

N − 1
vt,relē

Tφ (6b)

˙̄py = vt,rel sin θ + v̄n,rel cos θ + Vy (6c)

˙̄vn,rel =
(
ε
(cn
m
− λ1

)
+ Vx cos θ + Vy sin θ

)
vθ

− cn
m
v̄n,rel (6d)

v̇t,rel = −Xtvt,rel + Ytv̄n,rel − Ztvθ

− cp
m
φTAD̄vφ (6e)

Where Xt = ct
m , Yt =

2cp
Nme

Tφref and Zt = Ytε −
Vx sin θ + Vy cos θ.

3.2. Virtual Holonomic Constraints
The method of virtual holonomic constraints is a
method used frequently to solve locomotion con-
trol problems. It was first used for Snake Robots in
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[13], leaving aside the velocity control. Moreover,
VHCs are a useful concept for the control of oscil-
lations. While performing gait pattern lateral undu-
lation all the solutions of the snake robot dynamics
have inherited oscillatory behaviours, thus it can
be analytically and constructively controlled based
on Virtual Holonomic Constraints. With these ap-
proach the state evolution of the mechanical sys-
tem is confined to an invariant constraint mani-
fold. Those constraints are virtual because they
arise from the action of a feedback controller rather
than a physical connection between two variables
[16]. The time dependency presented in (3) will
be removed guaranteeing that the time-evolution of
the state variables are confined to state-dependent
constraint functions [13]

3.3. Control System Design
In this section, motivated by the work done for
Snake Robots in [11], a solution using the control-
oriented model for the underwater snake robot, and
the method of virtual holonomic constraints is pre-
sented.

The control system for the underwater snake
robot can be divided into 3 main stages, first a body
shape controller, second, a velocity and for last the
path following controller. The control approach can
be seen as an hierarchical design in a sense that
has three main stages, each one with a prioritize
control specifications. A bridge will be made be-
tween the stages for snake robots and underwater
snake robots, where the redefinition of the control
objectives is made in comparison with the last sec-
tion.

3.4. Control Objectives
The control objectives needed to solve the maneu-
vering problem are presented next. The solution for
this problem is the starting point to solve the coop-
erative path following. The maneuvering problem,
once again can be divided into two main tasks [15].

• Geometric task: The objective is to make the
robot converge to and follow a desired path

• Dynamic task: Consists in satisfying dynam-
ical constraints, where in this case is to sat-
isfy a desired relative forward velocity along
the desired path

The first control objective is to asymptotically stabi-
lize the desired gait pattern that produces forward
propulsion given by φref , such that

lim
t→∞

φ(t)− φref (t) = 0 (7)

For the second control objective we look for asymp-
totically stabilize θ → θref :

lim
t→∞

θ(t)− θref (t) = 0 (8)

Thirdly is required that the robot’s position con-
verges to the path. We can define a straight line
path as P ∆

= {(x, y) ∈ R2 : y = 0}. In addition we
consider that the global x-axis is aligned with the
desired straight path as motioned in remark ??.

For the robot to converge we want that the cross-
track error, p̄y goes to zero, p̄y → 0. However it
might be required that the robot, instead follows
a path in a position different than zero. That way
this control objective can be generalized in a way
that the desired straight line path can be re-written
as P

∆
= {(x, y) ∈ R2 : y = ypathtofollow}, where

ypathtofollow ∈ R is the path that the robot should fol-
low away from the origin of the global coordinate
frame. The convergence is still achieved when the
the cross track error converge to zero. To make
sure that p̄y → 0, a change in equation (4b) is
made, taking into consideration ypathtofollow. Thus, the
cross-track error, ˜̄py, is defined as:

˜̄py = py + ε sin θ − ypathtofollow (9)

and the third control objective defined as follow:

lim
t→∞

˜̄py(t) = 0 (10)

Remark 1. The control objective (10) is only
achieved, under ocean currents, requiring that the
desired reference forward velocity, vd lies within
[Vmax, Vmin] , vd ≥ vt,rel ≥ Vmax > Vmin > 0

For the last control objective, after it’s conver-
gence the robot must regulate the forward velocity
along the path for a desired forward velocity profile,
vt,ref > 0. A reference position along the desired
path is defined as pt,ref =

∫ t
0
vt,ref (τ)dτ . The last

control objective is then defined as:

lim
t→∞

pt(t)− pt,ref (t) = 0 (11)

As soon as the objective 4 is asymptotically stabi-
lized, the robot moves accordingly to vt,rel = vt,ref

Assumption 3. For the following sections, it is
considered that vt,rel has no finite-escape time.

The next theorem states that the maneuvering
controller to be defined in the following sections
solves the maneuvering problem based on stabil-
ity results under the constraint manifolds defined.

Theorem 1. The constraint manifolds in this chap-
ter were defined such that Γ1 ⊂ Γ2 ⊂ Γ3 ⊂ Γ4 ⊂ Q,
where Q stands for the configuration space. The
constraint manifold Γ1 is a compact set as all vari-
ables used to define it in (41) are bounded. Fur-
thermore, the constraint manifold Γi is asymptot-
ically stable with respect to the constraint mani-
fold Γi+1, i = 1, ..., 3. From here and according to
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Proposition 14 presented in [3], the constraint man-
ifold Γ1 is asymptotically stable for the controlled
system. As a consequence of this, all the solution
of the controlled system remain uniformly bounded
and the four control objectives defined in section
3.4 are all achieved.

3.5. Forward propulsion VHC and Body Shape Con-
troller

Virtual Holonomic Constraints will encode the si-
nusoidal gaits, studied earlier ((3)), which allow the
robot to propel forward, as it has been used in [11]
for snake robots. As regards to snake robots, VHC
come from adopting the reference signal for the
single joints as follows:

φi,ref (λ, φ0) = αg(i) sin (λ+ (i− 1)δ) + φ0, (12)

where the scaling factor g(i) is added for the solely
purpose to achieve a more generalized class of
gaits in swimming snake robots. Equation (12) is
the proposed VHC, for the body shape variables of
the USR, where, λ and φ0 represents the solutions
of the compensators that are defined next:

λ̈ = uλ (13)

φ̈0 = uφ0 (14)

uλ is used as a controller to regulate the relative
forward velocity of the robot while uφ0

is used as
a controller to regulate the heading of the snake.
This VHC will be enforced in the robot through the
control input ū in v̇φ = ū. This control input is used
to stabilize the solutions of the joint coordinates dy-
namics to the constraint manifold Γ4.

Associated with the constraint function φ(λ, φ0)
is the following constraint-manifold [12].

Γ4 ={(x, ẋ, φ0, φ̇0, λ, λ̇) ∈ R2N+8 :

φi = φi,ref (λ, φ0), φ̇ = λ̇
∂φref
∂λ

+ φ̇0
∂φref
∂φ0

}

(15)

To globally exponentially stabilize the constraint
manifold (15) induce forward propulsion, the lin-
earizing feedback controller law, ū defined for the
path following problem is used :

ū =φ̈ref − kvφ(φ̇− φ̇ref )− kφ(φ− φref ),

i ∈ {1, . . . , N − 1},
(16)

where kvφ , kφ > 0 are constant controller gains.
Defining the following joint error vector:

φ̃ = [φi − φref , . . . , φN − φN,ref ] ∈ RN−1 (17)

we can rewrite (16) as:

ū = φ̈ref − kvφ
˙̃
φ− kφφ̃, (18)

Substituting (18) in v̇φ = ū the tracking error dy-
namics of the joint angles is written as:

¨̃
φ+ kvφ

˙̃
φ+ kφφ̃ = 0 (19)

which has a globally exponentially stable equilib-
rium at the origin

(
φ̃,

˙̃
φ
)

= (0N−1, 0N−1), that im-
plies that the joint coordinates error will converge
exponentially to zero, that is, the constraint mani-
fold Γ4 is globally exponentially stable and the con-
trol objective 7 is met.

3.6. Velocity Controller
The stage two unfolds into two sub-stages, the ori-
entation controller and the speed controller, that to-
gether are responsible for the velocity controller.
The speed controller is inserted in the dynamic
task of the maneuvering problem while the orien-
tation controller belongs to the geometric task.

3.6.1. Basic notation for the velocity controller
To the derivation of the controllers that constitute
the control system design, the following matrices
and expressions are vastly used. This expressions
are modified from [12] so that they take into con-
sideration the relative velocities, the constant and
irrotational ocean currents, and the the hydrody-
namics of the underwater snake robot:

C = [α cos (λ), . . . , α cos (λ+ (i− 1)δ)]
T ∈ RN−1

(20)

Φref = [φ1,ref , . . . , φN−1,ref ]
T ∈ RN−1 (21)

η = − cp
Nm

ΦTrefAD̄ ∈ RN−1 (22)

As we use the frequency of the joint angle oscilla-
tion as an additional control term to make the rela-
tive forward velocity to follow a reference we define:

The tangential position error, p̃t and the velocity
error, ṽtrelas:

p̃t = pt − pt,ref (23a)
ṽt,rel = vt,rel − vt,ref (23b)

The position error and velocity error dynamics for
the Underwater snake robot evaluated in (15) are
the following:

˙̃pt = ṽtrel (24a)

˙̃vtrel = −Xtvt,rel + Yt(v̄n,rel − Zt)−
cp
m
φTAD̄vθ − v̇tref

(24b)

with Xt, Ytand Zt defined in section 3.1
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3.7. Orientation Controller
In the path following problem a LOS guidance law
that considers an integral action to circumvent the
influence of ocean disturbances was derived [4].
Following that analysis, the same guidance law can
be applied here and the reference orientation for
the robot, as a function of the cross-track error(
equation (9)) is given by:

θref = − arctan

(
˜̄py + σyint

∆

)
, (25)

ẏint =
∆˜̄py

(˜̄py + σyint)
2

+ ∆2
. (26)

∆ > 0 denote the look-ahead-distance and is used
to tune the rate of convergence of the snake.

We control the orientation of the robot making
use of the φ̈0 as an additional control input. By
defining the orientation error, θ̃, the orientation er-
ror dynamics ¨̃

θ evaluated on the constraint mani-
fold Γ4 can be obtained:

¨̃
θ = −λ1

˙̃
θ−λ1θ̇ref+

λ2

N − 1
vt,relē

TS+λ2vt,relφ0−θ̈ref
(27)

Defining the constraint manifold,

Γ3 =

{
(θ, θ̇, φ0, φ̇0, vt,rel, λ) ∈ Γ4 :

(θ̃,
˙̃
θ) = (0, 0),

∥∥∥[φ0, φ̇0

]∥∥∥ ≤ εφ0

}
(28)

associated with the control objective (8), we want
to exponentially stabilize it with respect to Γ4 by
showing that

(
θ̃,

˙̃
θ
)

= (0, 0).
Defining φ0 as:

φ0 =− 1

λ2vt,rel

(
λ2

N − 1
vt,relē

TS − λ1θ̇ref

− θ̈ref +Kθ θ̃

)
(29)

Inserting φ0 into (27), the orientation error dy-
namics of the robot evaluated on the constraint
manifold is written as:

¨̃
θ + λ1

˙̃
θ +Kθ θ̃ = 0, (30)

which has a globally exponentially stable equilib-
rium point at the origin (θ̃,

˙̃
θ) = (0, 0). This implies

that the orientation errors converges exponentially
to zero, i.e, the constraint manifold is globally ex-
ponentially stable, and the control objective (8) is
achieved.

3.8. Speed Controller (Dynamic task)
In the previous sub-sections the compensator φ̈0 =
uφ0

is obtained by a low-pass filter reference model
and used as a controller to regulate the heading
of the snake [9]. The proposed VHC ((12)) still
has another compensator, λ, which is responsible
for controlling the velocity, through the control in-
put uλ, which will make the forward and normal
velocity converge to a desired reference relative
forward velocity, vt,ref , and to a small neighbour-
hood around the origin, respectively. The velocity
changes varying the frequency of the joint angles
oscillations, induced by the dynamic compensator.
A new constraint manifold that will exponentially
stabilize relative to (15) is defined as following:

Γ2 =

{
(θ, θ̇, pt, vt,rel, v̄n,rel, φ0, φ̇0, λ, λ̇) ∈ Γ4 :(
θ̃,

˙̃
θ
)

= (0, 0), (p̃t, ṽt,rel) = (0, 0),

‖v̄n,rel‖ ≤ εn,
∥∥∥[φ0, φ̇0

]∥∥∥ ≤ εφ0
,
∥∥∥[λ, λ̇]∥∥∥ ≤ ελ}

(31)

where εn, εφ0 and ελ > 0 are constants.
The control input uλ = λ̈ is used to stabilize both

velocity and position at the origin (p̃t, ṽt,rel) = (0, 0)
of ˙̃vt,rel.

In order to derive the control input (13), using the
techniques of back-stepping in [6] and following the
analysis in [12], with the respective changes for the
USR model, the Control-Lyapunov Functions are
iteratively introduced, starting with a CLF for the
position p̃t.

V1 =
1

2
p̃2
t (32)

From this point on only the relevant formulas ob-
tained from the deduction will be presented regard-
ing the derivation of the control inputs and the back
stepping. The reader is once more referred to the
Master thesis for an insight on the proof of stability.

uλ = −z1δ1 + δ̇2 − kz2z2 (33)

z1 = vt,rel − vt,ref + kz0 p̃t (34)

z2 = λ̇− δ2 (35)

δ1 (φ0, λ) = ηC (36)

λ̇ =
1

δ1

(
−p̃t +

ct
m
vt,ref −

ct
m
kz0 p̃t −

2cp
Nm

v̄n,relēφref

− ηēφ̇0 + v̇t,ref + Ztvθ − kz0 ˙̃pt − kz1z1

)
= δ2

(
φ0, ˙phi0, λ̇, pt, vt,rel

)
, (37)
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Before proceeding to the geometric task, the
highest level of hierarchy of the control system, a
few remarks must be made regarding the velocity
control manifold. The constraint manifold Γ3 ⊂ Γ2.
That way stabilizing Γ2 relative to the constraint
manifold Γ4 implies not only that the robot will fol-
low the reference heading but also the reference
velocity.

The solution of the compensator λ, uλ, will re-
main bounded, where in order to be bounded, both
v̄n,rel and vt,rel must be bounded, which they are
proved to be in [12], without any environment dis-
turbance. Following the same line as thought, it
can be proved that both v̄n,rel and the relative for-
ward velocity are bounded. In that case and con-
sidering that the robot is under the influence of
ocean currents, the proof goes by defining the Lya-
punov function candidate and taking it’s derivative,

V =
1

2
v̄2
n,rel (38)

V̇ = v̄n,rel ˙̄vn,rel (39)

with ˙̄vn,rel given by the equation (6d). For an insight
on the proof the reader is referred to the chapter 6
section 4.3 of the master thesis of this document.

3.9. Path following controller (Geometric task)
The last step of the control system, and also the
highest level of the hierarchy is the path following
control, where we aim to stabilize p̄y → ypathtofollow,
or in other words ˜̄py → 0. Making use of the afore-
mentioned stability results it is straightforward to
prove that p̄y converges to the desired path. Due
to the oscillating nature of the robot, it will con-
verge to a sufficient small neighbourhood around
the desired path and the cross track error to a
small neighbourhood close to zero. To stabilize
p̄y → ypathtofollow we use the definition made in (9)
and in addition we define the normal velocity cross
track error as:

˜̄vn,ref = v̄n − vn,ref , (40)

where vn,ref = 0.
The manifold in which the path following problem

(geometric task) is solved is defined as:

Γ1 =

{
(θ, θ̇, pt, vt,rel, ˜̄py, v̄n,rel, φ0, φ̇0, λ, λ̇) ∈ Γ2 :

˜̄py ≤ εp
}

(41)

Considering the dynamics of the position ˙̄py ((6c)),
the error coordinates for the position on the con-
straint manifold Γ2 is written as:

The equation (??) evaluated on the exponen-
tially stable manifold Γ2 can be written as follows:

˙̄̃py = (ṽrel + vt,ref ) sin (θref ) + ˜̄vn,ref cos (θref ) +Vy
(42)

With the error dynamics of the position and by
selecting a Control Lyapunov Function based on
that the reader is referred to the master thesis for
the proof that the position p̄yconverges to the de-
sired path.

4. Cooperative Path Following in Underwater Snake
Robots

The cooperative path following problem unfolds
into two important problems. A path following
problem and a formation control problem.

The key idea explored here is the same as in [7],
where a vehicle is elected to be the leader and the
formation of the other vehicles (followers) is build
around him.

With decentralized laws for each snake, the de-
sired path for each robot in the formation is a
straight line, which is achieved through the fulfill-
ment of the geometric task in 3.9. For each snake
on the path, the velocity can be controlled using the
speed controller defined in last section, equation
(37). By adjusting the speed of each snake along
the path using the desired speed as synchroniza-
tion control term, we can ensure that the desired
formation pattern is achieved.

Since the problem requires multiple underwater
snake robots, a way to identifying them is needed,
so the superscript j is used to denote the snakes
number. We define j = {1, . . . , n}, where n indi-
cates the total number of snakes.

For completeness, the objectives related to the
path following problem will once again be defined,
and, in addition the objectives that concerns the
formation control problem will be introduced. How-
ever one is referred to the last section for the
derivation of the controllers and respective stabil-
ity proofs, since the focus of this chapter will be the
achievement of the formation control objectives.

• Objective I - Concerns the desired gait pattern
of the snake and aims to asymptotically stabi-
lize φ→ φref .

• Objective II - Concerns the orientation of the
snake and aims to asymptotically stabilize θ →
θref .

• Objective III - Concerns the convergence to
the path and aims to asymptotically stabilize
˜̄py → 0.

• Objective IV- Concerns the regulation of the
forward velocity of the robot along the path to
a desired velocity profile, vt,ref . So, given a
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desired velocity vt,ref and position pt,ref (t) =∫ t
0
vt,ref (τ)dτ , we aim to stabilize pt → pt,ref

and vt,rel → vt,ref

The aforementioned control objectives concern the
geometric and dynamic task of the maneuvering
problem presented in Section 3.

For the formation control we want to make sure
that all the followers follow a certain formation
based on the x-axis distances between the leader
and them. This can be enclosed in a matrix form,
which can be called Formation Matrix with en-
tries dji = −dij ∈ R for all j 6= i with i, j ∈
{1, . . . , Snakes} such that dj,i = Dxj − Dxi . The
parameter dj,i represents the desired x-axis dis-
tances between the j-th and the i-th robot in the
formation.

Furthermore the position of each robot is given
by pjt (t), and the control Objective V, that con-
cerns the achievement of the desired formation is
defined as:

lim
t→∞

 n∑
j=1

n∑
i=1

(
pjx − pix − dji

) = 0 (43)

Despite this being the ultimate goal of the coop-
erative path following, some changes are needed
when deriving the controller (33) in order to achieve
this last objective. The next section will address
those changes and provide a solution.

4.1. Coordination control of multiple underwater
snake robots

In previous chapters controllers were designed
((18), (29), (33)) that guarantees that each under-
water snake robot converges to the desired straight
line path and progresses along with a desired ve-
locity profile. The commanded velocity provided to
the robot would, after convergence, be equal to the
desired velocity profile, vt,ref = vd. As we seek to
achieve a desired formation, a control law for the
commanded velocity, vjt,rel, j = 1, . . . , n, must be
design, satisfying the remark 1 as well as that all
the snakes achieve (43). Thus, the commanded
velocity will be modified to adjust the relative for-
ward speed based on the desired velocity profile,
as before, but also highly influenced by the different
distance to the formation. That way, once the ob-
jective (43) is achieved, they all can tune their ve-
locity to match the desired velocity profile vd. From
[1] and considering the remark 1, we can assume
that the desired speed profile lies within the inter-
val [Vmin, Vmax], i.e, there exists an a > 0 so that
vd ∈ [Vmin + a, Vmax − a].

The change of velocity of each snake is made
under the velocity controller defined in (33), to
which the velocity dynamics of each j-th robot is
given by:

vjt,rel = vjt,ref − kz0 p̃
j
t (44)

From the results in [1], the control law for the
commanded velocity is tuned through the refer-
ence velocity for each snake [12]:

vjt,ref = vd − g

(
n∑
i=1

γji
(
pjx − pix − dj,i

))
, (45)

where dji was defined above and linkage param-
eters γji are nonnegative and satisfy γji = γij ,
γji = 0 for i = j.

The function g, makes one underwater snake
robot move slower or faster than the others to
compensate for their different distance to the for-
mation through adding or decreasing the speed
of each USR in the formation. It is a continu-
ously differentiable non-decreasing function with
bounded derivative satisfying g′(0) > 0, g(0) = 0
and g(x) ∈ (−a, a) with a being the parameter de-
fined above. By choosing the function g(x) equal
to g(x) = 2a

π arctan(x) it is certain bounded and
for the problem in question converges to zero as
soon as the desired formation is achieved, i.e, for
all snake robots, pxi − pxj − dji will be zero. Af-
terwards the snakes will move according to the de-
sired velocity profile vd.

Substituting (45) in (44) the velocity dynamics is
presented as follows [12]:

vjt,rel = vd − g

(
n∑
i=1

γji
(
pjx − pix − dj,i

))
− kz0 p̃

j
t

(46)
From the following change of coordinates p̂jx =

pjx −Dxj −
∫ t

0
vd(τ)dτ :

˙̂pjx = −g

(
n∑
i=1

γji
(
p̂jx − p̂ix

))
− kz0 p̃

j
t (47)

With the following notations p̂x =
[
p̂1
x, . . . p̂

n
x

]T ,
g(p̂x) =

[
g(p̂1

x), . . . g(p̂nx)
]T , and p̃t =

[
p̃1
t , . . . , p̃

n
t

]T ,
we have that:

˙̂px = −g(Γp̂x)− kz0 p̃
j
t (48)

where the matrix Γ is given by [1]:

Γ =


∑n
j=1 γ1j −γ12 . . . −γ1n

−γ21

∑n
j=1 γ2j . . . −γ2n

...
...

. . .
...

−γn1 −γn2 . . .
∑n
j=1 γnj


(49)
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The matrix Γ holds the property Γv1 = 0, where
v1 = [1, . . . , 1]

T . This property implies that Γ has a
zero eigenvalue, where v1 express the correspond-
ing eigenvector [1]. Therefore the formation control
goal for the system (48) is equivalent to:

lim
t→∞

p̂x(t)− cv1 = 0, (50)

where c denotes a positive constant. From the re-
sults obtained in [1], for the system 48 coupled with
the error dynamics of every snake robot through
the term kz0 p̃

j
t , assuming that the zero eigenvalue

of matrix Γ has multiplicity one and that Theorem
1 holds for every snake in the formation, 50 will be
achieved exponentially. The above statement can
be proved based on cascade systems theory and
reader is referred to [1] where a similar proof is pre-
sented.

5. Results
In this section results regarding the Formation
control using the control system enforcing VHC
from Section 3 are presented for underwater snake
robots under the influence of ocean currents. It is
once again used the control oriented model de-
fined in Chapter 2. The dynamics of the sys-
tem were computed and implemented using Mat-
lab R2019b and ode45 solver, with absolute and
relative tolerance equals to 10−6.

Initial positions Path to follow
USR p̄x p̄y ypathtofollow

snake 1 3 2 1
snake 2 0 0 0
snake 3 2 0 −1
snake 4 0 4 0
snake 5 6 0 −0.5

Table 1: Initial conditions Formation Control, and desired path
for each robot. At yellow is highlighted the leader of the forma-
tion.

An experience using lateral undulation under the
influence of the ocean currents for 5 USR was per-
formed. For the guidance system parameters, so
as for the values of the controller gains and as well
for the gait parameters, ocean current and desired
reference forward velocity the reader is referred to
the master thesis mo specifically to table 6.1. Since
this chapter requires more than one robot, a ta-
ble with the initial positions and the path to follow
is defined next, with an highlight for the leader as
the formation is defined with respect to him. The
remaining initial conditions are the same ones de-
fined in section 6.5 of the master thesis.

The Formation matrix parameters are defined
as: d1,2 = −3, d3,2 = −5, d4,2 = −10, d5,2 = −20.

Figure 2: Synchronization error for each snake

Figure 3: Cross track error for each snake

Figure 4: Reference velocities converge to desired speed vd =
0.4m/s after compensating the formation error
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Figure 5: Joint Oscillation Frequency for each snake converges
to a positive constant

Figure 6: Formation after convergence for the path and forma-
tion

The simulation results of the Cooperative path
following is presented in the figures above. They
enclose the results for every one of the five robots
when it’s appropriated and will be analyzed as a
whole, instead of analysing the results of each
robot individually. In the Section Chapter was
shown that the snake robots, individually converge
to the path and progress along with the desired ref-
erence velocity. However, aside the fact that we
want the system to work in a similar way, in addi-
tion it’s wanted that all robots maintain a desired
geometric formation. From figure 6, all five under-
water snake robots converge to the path, but is not
possible to attest if the desired formation was in-
deed met while also maintaining the desired veloc-
ity, vt,ref . The velocity of all robots is showcased
in figure 4 as well as the joint oscillation frequency
5, which is intrinsically linked to the increase or de-
crease of the velocity of the robots.

All the velocities converge to the desired refer-
ence velocity of the formation after compensating
the formation error. Before they converge, they

change over time, in order to compensate and ad-
just to the desired formation. On the other hand
we have the oscillation frequency, which changes
almost in the same way as the velocity, converging
to a positive constant. This constant is the same
in all robots and is the frequency of oscillation that
makes all the robots move with velocity vt,rel = 0.4
m/s while overcoming to the ocean currents.

The most important part is still the achievement
of the control objective (43). This can be seen
through the convergence of all the synchronization
errors, between leader and followers, from figure
2 to zero. Is important to refer that all robots con-
verged to their respective paths in the presence of
ocean currents as the cross track errors goes to
zero 3, meaning that the Orientation controller still
compensates for it when the formation is sought.
A representation of the underwater snake robots
moving in the desired geometric formation can be
seen in figure 6. Based on all this results we can
state that the control method for coordination con-
trol of multiple underwater snake robots meets all
control objectives from section 4 and therefore the
desired formation is achieved with all the robots
moving on their paths with the desired velocity de-
fined a posterior.

Some results for a sinusoidal path are as well
presented in the master thesis. This simulation re-
sults shows that the apporach used for the CPF not
only work for a straight-line path but as well as for
a sinusoidal one.

6. Conclusion and Future Work
This document puts together the simplified model
for the USR and the maneuvering formation con-
trol problem making use of the virtual holonomic
constraints to solve it. The solution is divided in 2
fundamental steps: (i) a body shape controller that
controls the input so that the robot has a desired
gait pattern and (ii) making use of the gait parame-
ters (compensators) to control both orientation and
position of the robot. Latter a maneuvering con-
troller was used to synchronize the velocities of the
USRs to reach a desired formation and solve the
CPF problem. Simulation results were presented
in the end sustaining that the approach works un-
der ocean currents.

For future work 3 points are proposed, being
them (i) Expand the CPF for more generic planar
curve. (ii) Implement the controllers in real USRs.
(iii) Generalize the idea for a 3D space.
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J. T. Gravdahl. Path following control of pla-
nar snake robots using virtual holonomic con-
straints. In 2013 IEEE International Confer-
ence on Robotics and Biomimetics (ROBIO),
pages 530–537, Dec 2013.

[14] R. Skjetne. The Maneuvering Problem. PhD
thesis, 03 2005.

[15] R. Skjetne. The Maneuvering Problem. PhD
thesis, 03 2005.

[16] E. Westervelt, J. Grizzle, C. Christine, J. Choi,
and B. Morris. Feedback Control of Dynamic
Bipedal Robot Locomotion. 01 2007.

11


