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Abstract

In this work, it is proposed a solution to solve the full Cooperative Localization and Tracking (CLT)
problem. The full CLT problem consists in simultaneously self-localizing multiple robots and tracking multiple
targets. The solution proposed uses an online, decentralized and unified approach based on particle filters and
is an improvement of an already existing algorithm named PF-UCLT. In the developed algorithm, PF-UCLT
is generalized to the case of multiple micro aerial vehicles - instead of ground-robots - tracking multiple objects
- instead of a single object. The developed algorithm is scalable with both the number of robots and number
of objects being tracked. This method does not need an increase in the number of particles with respect to
the number of robots and targets, only of the number of robot and target subparticles. The space and time
complexity requirements growth is then reduced from exponential to linear with respect to both the number of
robots and targets in order to maintain a given level of accuracy in the full state estimation. Through a set of
experiments on a large number of randomized datasets it is demonstrated the correctness and efficiency of the
developed algorithm, showing that it can be a potential algorithm for everyday use in multi-robot scenarios.
Keywords: cooperative localization, cooperative tracking, micro aerial vehicles, particle filter, sensor fusion

1. Introduction

In the past few years, multi-robot systems have be-
come an active research area [30]. Compared to sin-
gle robot approaches [33, 24], multi-robot systems have
greater performance and versatility [26, 38, 12]. This
type of systems has, therefore, been being used in robot
self-localization and object tracking [12, 22, 2]. The
idea behind this approach of Cooperative Localization
and Tracking (CLT) is to share information among
robots - of their odometry readings and their obser-
vations - and enhance their individual beliefs. In this
work this approach will be used.

A recent online and decentralized method that tack-
les the CLT problem in a unified fashion is reviewed and
improved theoretically. This method, Particle Filter for
Unified Cooperative Localization and Tracking (PF-
UCLT) [2], performs with the assistance of a known
map of landmarks the localization and object track-
ing processes in a single step, preventing the recursive
propagation of estimation error between them.

The PF-UCLT algorithm scales well with the num-
ber of robots in the team, however, it does not with
the number of objects being tracked. This fact makes
it unusable to track online any number of relevant ob-
jects. Hence, in this work, it is proposed a solution
to solve this problem, and allow the online tracking of
multiple objects. The improved developed algorithm
will be named PF-UCLT+ (Particle Filter for Unified
Cooperative Localization and Tracking Extended).

The developed algorithm will be implemented in mul-
tiple Micro Aerial Vehicles (MAVs). The MAVs will
track one or more objects moving randomly using sen-
sors to localize themselves and the targets in their field
of view. This is another extension of the PF-UCLT
algorithm, since the aforementioned one was imple-
mented on ground robots (movement in 2-D space).

2. Literature Review

The target tracking problem is now a mature field of
research [37, 16, 14]. Over the years different methods,
coming from a variety of fields of study, were developed
to tackle this problem: from single to multiple robots
tracking one or more objects [26], to approaches that
use known maps of the environment to improve the
tracking performance [18].

Particle filters [26, 34, 15] are one the most interest-
ing solutions to the tracking problem due to both its
multi-modal and non-parametric form - they are suit-
able for scenarios where the target’s motion model is
unpredictable or changes to a different model over time
- and its tractability in high-dimensional problems.

For the single-robot single-target problem many effi-
cient solutions using particle filters were developed [15,
18, 19]. However, a single-robot approach has some
limitations when compared with a multi-robot/multi-
sensor one, namely the limited range of the sensors and
occlusions to that single-robot.

To bypass some of those problems, recently, multi-
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robot particle filter approaches have been gaining at-
tention. One of these approaches is a decentralized
particle filter-based technique [26, 27], in which inher-
ent issues with multi-robot cooperative object track-
ing, namely, limited communication bandwidth, are
addressed. Other explored approaches include sharing
target-related world-frame constraint relations among
the robots [12], or sharing reduced sets of particles
among the robots [25]. The problem of multiple mov-
ing targets using a single moving platform was handled
in [6]. However, in the developed work a more gen-
eral situation is taken care of: multiple moving objects
tracked by multiple moving robots, which at the same
time, also localize themselves.

The cooperative multi-robot localization problem is
also a wide field of research [10, 13, 20, 23, 29]. This
problem has been addressed from several viewpoints
and using numerous techniques. One of them is using
inter-robot measurements, i.e., communicating the rel-
ative positions between robots and treating them as ob-
servation measurements in a filtering algorithm where
the states include the poses of all robots [10, 11, 32].
This problem was attacked using a variety of meth-
ods, for example, Roumeliotis and Bekey [31] used a
Kalman filter, whereas Rekleitis et all. [29] used a par-
ticle filter, and Bailey et all. [4] presented a solution
which overcomes the recursive propagation of errors by
centralizing the cooperative estimation. However, all
these approaches that use inter-robot measurements,
can be troublesome, as, in order to obtain inter-robot
measurements, more sensors may be needed to not only
obtain the distance/angle to other robots, but also their
IDs. Most measurements also became strongly corre-
lated which leads to a different class of cooperative lo-
calization problem, and exploitations of conditional and
mutual independence proprieties that are used in this
work could not be done.

Beyond inter-robot measurements, other techniques
in cooperative localization were developed. For in-
stance, communicating environment static features
(landmarks) information to robots that might not
be able to observe those themselves due to occlu-
sions/distance [9, 17], or sharing information among
the robots regarding a common observable object by
all robots [21]. In this last case, the object is also be-
ing tracked simultaneously by all robots and, therefore,
both the cooperative localization problem and cooper-
ative tracking problem can benefit from each other in
a unified fashion.

Simultaneous robot Localization and Object Track-
ing (SLOT) for single-robot applications has attained
a widespread attention [24, 33]. However, in multi-
robot scenarios, this problem has proven to be difficult
to solve, due to the substantial increase in computa-
tional complexity when the state space dimensionality
increases [5, 8]. This dilemma was addressed by Zhou
and Roumeliotis [38], who succeed in reducing the com-

putational complexity from exponential to linear with
respect to (w.r.t.) the number of robots by using the
iterative algorithm Gauss-Seidel relaxation. Still, their
approach only tackled the case of cooperative tracking
of a target (they didn’t address the robot localization
problem). In contrast, PF-UCLT, the method that this
work will extend, cooperatively estimates both the lo-
calization of the robots and the localization of a single
target in a unified and efficient fashion (linear computa-
tional complexity w.r.t. the number of robots). In the
developed algorithm, PF-UCLT+, the computational
complexity w.r.t. the number of objects tracked is also
reduced from exponential to linear. Other methods,
not based on particle filters, were developed to tackle
the CLT problem. For example, Chang et al. proposed
an Extended Kalman Filter (EKF)-based approach [7];
nevertheless it was shown in [2] that the PF-UCLT al-
gorithm consistently outperformed the EKF method,
leveraging the non-linearity of particle filters. An of-
fline method was also proposed by Ahmad et al. in [3];
their approach is based on non-linear least square min-
imization. It was also shown in [2] that the PF-UCLT
algorithm has a comparable performance with the pre-
vious method, while having the considerable advantage
of being online. More recently, an online method based
on moving-horizon nonlinear least squares was also de-
veloped [1]. In this method the SLOT problem is ad-
dressed, but only for single object tracking.

3. Background

3.1. Particle Filter

A particle filter, also known as sequential Monte
Carlo method, is a non-parametric implementation of
the Bayes filter. The Bayes filter is a recursive algo-
rithm used to calculate beliefs. A belief reflects the
robot’s internal knowledge about the state of the en-
vironment. A belief distribution assigns a probabil-
ity to each possible hypothesis with regards to the
true state. Belief distributions are posterior probabil-
ities over state variables conditioned on the available
data [36].

A standard particle filter approximates the posterior
by a finite number of parameters. The key idea is to
represent the posterior belief by a set of M state sam-
ples (particles) drawn from this posterior [36]. Because
the distribution is represented in a non-parametric
form, this technique can represent a broader space of
distributions than, for example, Gaussians.

The most basic variant of the particle filter algorithm
is stated in Algorithm 1 [36]. The inputs of the al-
gorithm are the particle set of the previous iteration
Xt−1, along with the most recent control ut and the
most recent measurement zt. In line 3, a hypothetical

state x
[m]
t for time t is generated based on the parti-

cle x
[m]
t−1 and the control ut (prediction step). In line

4 it is calculated the importance weight w
[m]
t of each
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particle x
[m]
t . The importance weight is the probabil-

ity of the measurement zt under the particle x
[m]
t (up-

date step). Lines 7-10 are the resample step of the
algorithm. The algorithm draws with replacement M
particles from the temporary set X̄t. The probability of
drawing each particle is given by its importance weight.
Resampling transforms a particle set of M particles into
another particle set of the same size, and the particles
with lower importance weights tend to be eliminated,
surviving the particles with higher weight.

Algorithm 1 Particle filter (Xt−1,ut, zt)
1: X̄t = Xt = ∅
2: for m = 1 to M do
3: Sample x

[m]
t ∼ p

(
xt|ut, x

[m]
t−1

)
4: w

[m]
t = p

(
zt|x[m]

t

)
5: X̄t = X̄t +

〈
x
[m]
t , w

[m]
t

〉
6: end for
7: for m = 1 to M do
8: Draw i with probability ∝ w

[i]
t

9: Add x[i] to Xt

10: end for
11: Return Xt

The performance of a standard particle filter is heav-
ily dependent on the number of particles [8, 28]. In
order to achieve a good approximation of the posterior
belief, the number of particles must increase exponen-
tially with the dimension of the state space represented
by a particle [35]. Otherwise, the particle filter tends
to fall into the particle deprivation problem [36] (situ-
ation where none of the particles are in the vicinity of
the correct state).

Considering the case of a single robot localization,
the required number of particles to achieve a given ac-
curacy level in the localization estimates by a particle
filter-based method is M (usually M in the order of
thousands gives results with acceptable accuracy and
computational speed). However, when the state space
consists of poses of N robots tracking K objects, the
number of particles required to achieve the same level
of accuracy as the one obtained by M particles in the
case of a single-robot localization must be increased to
M (N+K). This makes the usage of a standard parti-
cle filter to solve the CLT problem impractical. Even
with N = 2 and K = 1, the most simple case for CLT,
the required number of particles will be in the order of
millions.

3.2. Cooperative Localization and Tracking (CLT)
Problem Formulation

Consider a team of N robots r1, ..., rN tracking
K objects o1, ..., oK in an environment with L static
landmarks represented as a set Lmap. The IDs and
positions of the landmarks in the world frame are
known. The state of the robot rn is given by xrn

t =
[xrnt yrnt zrnt φrnt θrnt ψrn

t ]> and the state of the tracked
moving object ok is given by xok

t = [xokt yokt zokt ]> at the

tth time stamp. The 2D-position of the lth known static
landmark is given by ll = [xl yl]>. The landmarks are
assumed to be static and on the ground plane.

The odometry measurement made by the robot rn
at the tth time-step is given by the vector urn

t and an
associated noise with zero mean and covariance matrix
Rrn

t . The observation measurement of the landmark
l made by the robot rn in its local frame at the tth

time-step is given by the vector zrn,lt and an associated

noise with zero mean and covariance matrix Qrn,l
t . The

observation measurement of the object ok made by the
robot rn in its local frame at the tth time-step is given
by the vector zrn,okt and an associated noise with zero
mean and covariance matrix Prn,ok

t .
The state vector being estimated at the tth time-step

is defined as xt =
[
xr1t
> ... xrNt

> xo1t
> ... xoKt

>]>.
The control vector at the tth time-step is ob-
tained by stacking all odometry measurements:

ut =
[
ur1t
> ... urNt

>]>. The observations vec-
tor at the tth time-step is obtained by stack-
ing all the observation measurements: zt =[
zr1,lt

>
... zr1,Lt

>
... zrN ,l

t

>
... zrN ,L

t

>
zr1,o1t

>
...

zr1,oKt
>
... zrN ,o1

t
>
... zrN ,oK

t
>]>

.

3.3. Particle Filter for Unified Cooperative Localiza-
tion and object Tracking (PF-UCLT) Algorithm

PF-UCLT is a computationally decentralized and on-
line algorithm, based on particle filters, that recursively
estimates the self-localization of each robot in a team,
and tracks the position of a single object. The esti-
mation is done cooperatively and in a unified fashion,
that is, the self-localization of the robots and the ob-
ject’s position are estimated in a single step, with no
recursive error propagation.

PF-UCLT overcomes the particle deprivation prob-
lem by using a rearranging technique of subparticles,
only valid under some conditional and mutual inde-
pendence assumptions between some of the variables
involved. Using this technique, it is possible to main-
tain a similar level of accuracy when the number of
robots N increases, while maintaining the number of
particles constant. Additionally, the space and time
complexity grow only linearly w.r.t. the same variable,
instead of exponentially as in a standard particle filter.

4. Particle Filter for Unified Cooperative Local-
ization and object Tracking Extended (PF-
UCLT+)

4.1. Algorithm description

A particle is defined as a (N + K + 1 )-tuple as fol-
lows (see Figure 1 for a visual representation):〈

x
[m]
t , w

[m]
t

〉︸ ︷︷ ︸
mth particle

=

〈
x
[m],r1
t , ...,x

[m],rN
t ,x

[m],o1
t , ...,x

[m],oK
t , w

[m]
t

〉︸ ︷︷ ︸
(N+K+1)−tuple
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where the first N elements of the tuple are the robot
subparticles, the next K elements of the tuple are the
target subparticles, and the last element is the weight
of the particle.

Figure 1: Structure of particles, subparticles, particle
weights and the associated notations.

The algorithm developed (algorithm 2) is a recursive
predict-update loop. Each robot in the team should
run an instance of the algorithm. In the description of
the algorithm below, it is assumed that the algorithm
is running on the robot ri. The algorithm’s inputs are
Xt−1, ut, zt and Lmap.

In lines 1 and 2, the robot transmits its control and
observation measurements to all other robots in the
team, and receives the same information from the avail-
able robots. Note that, even though, it was stated be-
fore that the algorithm is decentralized, it is only from
a computational viewpoint, not from an information
viewpoint. Saying this, it does not mean that all robots
have the exact same measurements at every time-step,
since there could be communications delays or failures
between robots.

In lines 3 and 4 the temporary sets X̄t and Wt are
both initialized as empty sets. X̄t is a temporary par-
ticle set, in which each particle contains the states of
all robots and objects tracked, as well as, the particle
weight. Wt holds all the individual temporary weights
of the subparticles corresponding to the robots and
tracked objects in the set X̄t.

Lines 5 to 12 entail the hypothesis prediction step,
similarly to a standard particle filter. The odometry
measurements of each robot are incorporated on each

robot subparticle, x
[m],rn
t−1 , and a user-defined motion

model is applied on each target subparticle, x
[m],ok
t−1 .

These predicted values are then stored in X̄t. The hy-
pothesis prediction step can be done separately for each

robot subparticle, x
[m],rn
t , and each object subparticle,

x
[m],ok
t , due to the following two assumptions:

(i) All control measurements concern only the inter-
nal measurements of each individual robot and are
independent from each other.

Algorithm 2 PF-UCLT+ (Xt−1,ut, zt,Lmap, ri)

1: Transmit
{
z
ri,ok
t ,P

ri,ok
t ,uri

t ,Rri
t , zri,lt and Qri,l

t for

all l = 1, ..., L; k = 1, ...,K
}

to all robots rn; n =
1, ..., N ; n 6= i

2: Receive
{
z
rn,ok
t ,P

rn,ok
t ,urn

t ,Rrn
t , zrn,l

t and Qrn,l
t for

all l = 1, ..., L; k = 1, ...,K
}

such that n ∈
{1, ..., N}; n 6= i

3: X̄t =
{〈

x̄
[m]
t , w̄

[m]
t

〉}M
m=1

={〈
x̄
[m],r1
t , ..., x̄

[m],rN
t , x̄

[m],o1
t , ..., x̄

[m],oK
t , w̄

[m]
t

〉}M
m=1

=

∅
4: Wt =

{〈
w

[m],r1
t , ..., w

[m],rN
t , w

[m],o1
t , ..., w

[m],oK
t

〉}M
m=1

=

∅
5: for m = 1 to M do
6: for n = 1 to N do
7: x̄

[m],rn
t = robot motion model

(
x
[m],rn
t−1 ,urn

t

)
8: end for
9: for k = 1 to K do

10: x̄
[m],ok
t = object motion model

(
x
[m],ok
t−1

)
11: end for
12: end for
13: for m = 1 to M do
14: for n = 1 to N do

15: w
[m],rn
t ∝

L∏
l=1

p
(
zrn,l
t | x̄[m],rn

t ,Lmap

)
16: end for
17: end for
18: for n = 1 to N do
19:

{〈
x̄
[m],rn
t , w

[m],rn
t

〉}M
m=1

←
sort descend

({〈
x̄
[m],rn
t , w

[m],rn
t

〉}M
m=1

)
w.r.t.

{
w

[m],rn
t

}M
m=1

20: end for
21: for k = 1 to K do
22: for m = 1 to M do

23: m∗ =m
′∈[m:M ]

N∏
n=1

p
(
z
rn,ok
t | x̄[m],rn

t , x̄
[m
′
],ok

t

)
24: Swap x̄

[m],ok
t , x̄

[m∗],ok
t

25: w
[m],ok
t ∝

N∏
n=1

p
(
z
rn,ok
t | x̄[m],rn

t , x̄
[m],ok
t

)
26: end for
27: end for
28: for m = 1 to M do

29: w̄
[m]
t =

K∏
k=1

w
[m],ok
t

N∏
n=1

w
[m],rn
t

30: end for
31: Normalize

{
w̄

[m]
t

}M
m=1

32: Xt = resample
(
X̄t

)
33: Return Xt

(ii) The pose of each robot and the position of each
tracked object are independent of the poses of the
other robots and positions of the other tracked ob-
jects.

From lines 13 to 30, the weight update step of the
algorithm is performed. In this step, the fusion of all
observation measurements is performed. This step can
also be performed separately for each robot subparticle
and each object subparticle, because of the following
three assumptions:
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(iii) The observation measurement of each static land-
mark and of each tracked object are independent of
the observation measurements of the other static
landmarks and of the other tracked objects.

(iv) The observation measurement of a given static
landmark made by any robot rn depends only on
the predicted pose of the robot rn and the fixed
position of that static landmark. It is independent
of the predicted poses of all the other robots, the
fixed positions of all the other static landmarks
and the predicted positions of the tracked objects.

(v) The observation measurement of each tracked ob-
ject ok made by any robot rn depends only on the
predicted pose of the robot rn and the predicted
position of the tracked object ok. It is independent
of the predicted poses of all the other robots, the
predicted positions of all the other objects, and the
fixed positions of all the known static landmarks.

From lines 13 to 17, it is computed a weight, w
[m],rn
t ,

for each robot sub-particle, x̄
[m],rn
t , that depends on

that robot observation measurements of the static land-
marks.

In lines 18 to 20 each robot subparticle set,

{x̄[m],rn
t }Mm=1, is sorted in descending order w.r.t. to

its temporary weight set, {w[m],rn
t }Mm=1, computed on

lines 13 to 17. By doing this rearranging of subpar-
ticles, separately for each robot, the highest weighted
robot’s subparticles are indexed first. This means that
all the different robot’s ”good” subparticles (the sub-
particles that approximate better the correct posterior
of that robot’s state have higher weight) stay coupled
together, leading to an overall higher chance of that
overall ”good” particle surviving while the ”bad” ones
are eliminated in the resampling step of the particle fil-
ter. By doing this rearranging technique of each robot
subparticle (and later of each target subparticle), the
need to have an exponentially increasing number of par-
ticles to maintain a given level of accuracy in the state
estimates is eliminated. This technique is only valid be-

cause any robot rn’s subparticle set {x̄[m],rn
t }Mm=1 was

predicted and weighted independently of all the other
robots’ subparticle sets, and so, the distribution of the
predicted particle set X̄t does not change.

From lines 21 to 27, a weight for each tracked object,

w
[m],ok
t , is computed based on the observation mea-

surements of that tracked object by the robots. In
this step of the algorithm, before computing the re-
ferred weight, the same rearranging technique is per-
formed, now for each tracked object’s subparticle set

{x̄[m],ok
t }Mm=1, which is valid when considering the same

proprieties of conditional and mutual independence
stated before, and it is ensured that the distribution
represented by the predicted particle set X̄t remains un-
altered. The rearrangement is performed as follows: for

each mth previously rearranged robots’ subparticles, it
is calculated the particle index m∗ ranging from m to M
at which the weight contribution by the object subpar-

ticle x̄
[m
′
],ok

t to the mth particle’s weight is maximum.

After finding the index, the object subparticle x̄
[m],ok
t

is swapped with the object subparticle x̄
[m
′
],ok

t , which
leads to them∗ th object subparticle being grouped with
the mth set of robot subparticles, whereas the mth ob-
ject subparticle is saved at a later index. This way
both the ”good” robot subparticles and the ”good” ob-
ject subparticles will stay in the earliest particles, with
a higher overall weight and higher chance of survival
after resampling.

In lines 28 to 30 the total weight of each particle

w̄
[m]
t is calculated using the individual weights of each

robot subparticle, w
[m],rn
t , and each object subparticle,

w
[m],ok
t , calculated before in lines 15 and 25.

Finally, in line 31 the particles’ weights are normal-
ized so that in the following line the resample step (low
variance resampling) can be performed. After resam-
pling the particle set X̄t, the output of the algorithm,
Xt, is obtained and returned.

4.2. Space and Time Complexity Analysis

Assume that M is the number of particles required
to obtain a given accuracy level by a particle filter-
based method for a single robot localization and a single
object tracked. The complexity of a standard particle
filter scales exponentially w.r.t. the number of robots
N and objects K, both in space and time complexity.
PF-UCLT, while considering a single object, reduces
the dependency on the number of robots to linear. PF-
UCLT+ further reduces the dependency on the number
of objects to linear, as well.

– Space complexity: The worst-case scenario of
space complexity for a standard particle filter-
based method to solve the online CLT problem is
O
(
(N+K)MN+K

)
. Algorithm 2 limits the worst-

case scenario to O
(
(N+K)M

)
since only M parti-

cles, with (N +K) subparticles each, are required
to maintain the given accuracy level. This is linear
in terms of the number of robots N and number
of objects K.

– Time complexity: The worst-case scenario of time
complexity for a standard particle filter-based
method is O

(
MN+K

)
. In algorithm 2, the worst-

case scenario of the weight update step due to the
observation measurements of the fixed landmarks
is O

(
NM

)
; for the sorting performed in lines 18-20

is O
(
NM logM

)
; for the weight update step due

to the tracked object’s observation measurements
is O

(
NKM2

)
. Considering only the highest or-

der term, the worst-case scenario is O
(
NKM2

)
.

This is linear in terms of the number of robots N
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and number of objects K. This also means that the
overall number of particles must not be too high
for the algorithm to remain tractable online.

5. Implementation and Experimental Setup

The developed code1 uses features from the GNU-
GCC compiler v9.2 to increase the parallelization rate.
The algorithm has many expensive computations that
are repeated, e.g., ”for each robot” and ”for each tar-
get”. Furthermore, with careful considerations, these
computations are completely independent from each
other, preventing race conditions and allowing to com-
pletely parallelize the implementation. This property is
desirable in modern algorithms, as the industry is mov-
ing further towards using processors with an increased
number of less powerful logical cores.

The implementation was done within the Robot Op-
erating System (ROS) framework. The version used
was the ROS Melodic Morenia, released on May 23rd,
2018. The code was written in C++17.

All simulation experiments were run on a laptop
Clevo 650RB with CPU Intel Core i5-6300HQ (2.30
GHz up to 3.20 GHz) and 8 GB RAM. The operating
system used was 64-bit Ubuntu 18.04 LTS.

5.1. Randomized Dataset Generator

To test the developed algorithm, a simulator which
generates a dataset for a provided scenario was created2

using the programming language Python. With this
simulator, for a desired number of robots and targets,
size of test field, number of landmarks, sensor range,
etc., a randomized dataset can be created. The dataset
simulates both the robot motions, including translation
and rotations on the 3-D test field while avoiding colli-
sions, and the arbitrary target motions in the 3-D test
field.

5.2. PF-UCLT+

Even though the full pose of a MAV contains 6 states
([x y z φ θ ψ]) on the algorithm only 4 states ([x y z ψ])
are estimated. This simplification can be done, because
in a MAV, the roll and pitch angles are available and
accurate enough through the use of its on-board Inertial
Measurement Unit (IMU).

In particle filters it is necessary to have an initial
estimate. Both the initial robots particles and initial
targets particles were initialized close to the true value
for all simulations. The case study of random initial-
ization of the target particles and robot particles ini-
tialized close to the true values was also tested, being
verified that the algorithm would still converge rapidly,
as soon as observations of the tracked objects start oc-
curring. However, for the case of randomly initialized
robot particles, it was verified that the algorithm did
not converge.

1https://github.com/pmvfaria/pfuclt
2https://github.com/pmvfaria/clt_random_datasets

For all simulations the number of particles used was
300.

6. Simulations
6.1. Cooperative Localization

The first set of simulations were designed to show
that performing cooperative localization through mu-
tually observed common objects improves both the lo-
calization estimates of the robots and of the common
tracked objects, when compared with the case where
each robot is localized independently from the other
robots and the tracked objects positions are obtained
by fusing their position estimates from each robot.

To simulate the independent particle filter single-
robot localization approach3, algorithm 2 was run with
N = 1 and K = 3, separately on each one of the 4
robots of the dataset. Algorithm 2 was also run with
N = 4 and K = 3 on the same dataset4. In the gener-
ated dataset, the landmark sensor range was set to 3 m
and the target sensor range to infinite. This was done to
guarantee that the robots lose sight of the landmarks
frequently, but always see the targets; this way it is
verified whether or not the mutually observed tracked
objects help in the robot pose estimates.

In figure 2, it is presented the results of all simulation
runs in this experiment. For the localization of robots
1, 2 and 4 both the independent particle filters and
the PF-UCLT+ algorithm had similar performances.
However, the independent particle filter algorithm run
on robot 3 showed poor localization accuracy. When
compared with the PF-UCLT+ algorithm, it is verified
that there is a significant increase in accuracy when the
PF-UCLT+ algorithm is used. This can be explained
by robot 3 observing few landmarks, or even no land-
marks at certain times, and for short time periods. It
is also verified that the PF-UCLT+ algorithm outper-
forms the independent particle filters algorithms on the
targets estimations, showing that the cooperative na-
ture of PF-UCLT+ in fact helps to estimate the tracked
objects positions.

6.2. Time and Space Complexity

Firstly, it was evaluated the trend of computation
time growth with the number of robots. For this
experiment nine different configurations were ran (all
with three targets). The number of robots varied from
N = 2 to N = 10. The sensor range for both the
observation of landmarks and targets was set to 4 m.

In figure 3 is the plot of the described experiment,
showing the average iteration time for all the different
configurations. It is verified that the computation time
grows linearly w.r.t. the number of robots. This linear
growth in computation time is due to the linear growth

3Video link of a simulation with N = 1 and K = 3:
https://vimeo.com/457732695

4Video link of a simulation with N = 4 and K = 3:
https://vimeo.com/457732892
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Figure 2: Comparison of independent particle filters for
single-robot localization and multiple object tracking
with the PF-UCLT+ algorithm.

in the number of landmark and target observations as
the number of robots increases.

Figure 3: Computation time w.r.t. the number of
robots.

In figure 4, it is shown the average memory occupied
by the ROS messages in a full simulation for the nine
different configurations. It is also verified that the grow
is linear w.r.t. the number of robots.

The next experiment was made in order to evaluate
the evolution of the iteration computation time with
the increase in the number of targets. Ten different con-
figurations, all with three robots, and increasing num-
ber of targets, from K = 1 to K = 10 were analysed.
The sensor range for both the observation of landmarks
and targets was also set to 4 m.

In figure 5, it can be verified that the average itera-
tion computation time grows linearly with the increase
of the number of targets. Comparing with the case

Figure 4: ROS messages total size w.r.t. the number
of robots.

of increase of robots, it is verified that the slopes of
both straight lines are very similar to each other. It is
expected a linear grow because of the increase in the
number of target observations as the number of targets
increases.

Figure 5: Computation time w.r.t. the number of tar-
gets.

Finally, in figure 6, it is shown the average mem-
ory occupied by the ROS messages in a full simulation
for all different configurations. It is verified that the
grow is linear w.r.t. the number of targets. Compared
with the case of increasing robots, it is verified that the
slope of the straight line in the case of increasing num-
ber of targets is smaller than the slope in the case of
increasing number of robots. This is expected, because
by increasing the number of targets only the number
of target observations messages increases, while by in-
creasing the number of robots both the number of land-
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mark and target observations messages increase. Note
that, as the number of either robots N or targets K in-
creases, the memory required to run the algorithm also
increases linearly, since a particle consists of N + K
subparticles.

Figure 6: ROS messages total size w.r.t. the number
of targets

6.3. Estimation error with the number of robots

In this set of simulations5, the goal is to evaluate the
accuracy of the estimates when the number of robots
change (maintaining the same number of particles). For
the experiment, a configuration with a constant number
of targets, K = 3, and increasing number of robots,
from N = 2 to N = 10 was performed. The sensor
range for both the observation of landmarks and targets
was set to 4 m.

In figure 7 is a summary of all simulations condensed
into a single boxplot. In this boxplot, for each configu-
ration, the robots estimation errors and targets estima-
tion errors over all runs and datasets are presented in a
single boxplot to facilitate the comparison between the
different configurations. It is also shown the targets vis-
ibility ratio (ratio between the time the targets can be
seen by at least one robot and the total dataset dura-
tion) for each configuration. For all configurations the
robots localization estimation errors remain constant.
However, for the targets estimation errors, it is verified
that as the number of robots increases the accuracy of
the targets tracking also increases significantly. This
can be explained by looking at the target visibility ra-
tio evolution. When there are few robots the targets
are rarely seen or seen by few robots, which spoils the
tracking accuracy. But, as the number of robots in-
creases, the targets visibility ratio also increases and,
consequently, the estimation errors decrease.

5Video link of one of the simulations for this case study (N = 5
and K = 3): https://vimeo.com/457726301

Figure 7: State estimation accuracy w.r.t. the number
of robots.

6.4. Estimation error with the number of targets

In this experiment6 a configuration with constant
number of robots, N = 3, and increasing number of
targets, from K = 1 to K = 10 is tested; the sensor
range was also limited to 4 m.

In figure 8 is the result of the experiment summa-
rized into a boxplot. For all configurations the robots
localization estimation errors remain constant. As for
the targets estimation errors, it is also verified that the
estimation errors remain approximately constant w.r.t.
the number of targets.

Figure 8: State estimation accuracy w.r.t. the number
of targets.

With the last two case studies, it was experimentally
verified that the PF-UCLT+ algorithm does not require
an increase in the number of particles, and needs only a
linear increase in the number of subparticles w.r.t. the
number of robots and number of targets (linear increase
in the memory requirements), in order to maintain an

6Video link of one of the simulations for this case study (N = 3
and K = 5): https://vimeo.com/457730041
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approximately constant accuracy level in all the state
estimates (robots and targets).

7. Conclusions and Future Work

In this work, it was presented the theoretical formu-
lation of the algorithm PF-UCLT+, as well as, an im-
plementation of it in C++. This algorithm deals with
the problem of multi-robot self-localization and objects
tracking. This relevant and challenging problem cre-
ates several difficulties to existing algorithms due to
the high state space dimensionality. This solution uses
a method of rearranging of the order of subparticles,
possible through an exploitation of properties of mutual
and conditional independence, to make a standard par-
ticle filter algorithm tractable w.r.t. both the number
of robots self-localizing, and the objects to be tracked.
The cooperative estimation through mutually observed
objects increases the potential of PF-UCLT+ as a ref-
erence algorithm for everyday use in a multi-robot sce-
nario.

The objectives of the present work were achieved. In
the developed algorithm the generalization of the PF-
UCLT algorithm [2] to track online multiple objects
with robots moving in a 3-D environment was success-
ful. Additionally, it was proved through experiment
results that the spatial and time complexity grow only
linearly w.r.t. the number of robots and tracked ob-
jects, while always maintaining the number of particles
constant. It was also verified in the various experiments
that the accuracy of the estimations of both the robots
poses and targets positions are kept approximately con-
stant w.r.t. the number of robots and targets.

There are some extensions to the currently proposed
algorithm that can be pursued:

– The case of unknown correspondence in the object
measurements;

– The case of a variable number of objects to be
tracked;

– Adaptable number of particles, depending on avail-
able computational resources;

– A possible reduction in the quadratic dependency
on the number of particles;

– Extending to SLAM (Simultaneous Localization
And Mapping).
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