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Abstract

Under the hypothesis of the underlying asset of an option following the SABR model, we tested the
Levenberg-Marquardt algorithm for volatility smile interpolation using the price of European options. This
prove to be fast in the simulated framework. However, the real framework sometimes implies uneven
distribution of quotes (with respect to relative strikes) or the presence of outliers, these two factors affect
significantly the performance of the paremeter estimation using this algorithm. In this work it was also
used Bayesian inference as an alternative to mitigate these limitations. We employed this approach on
SABR’s α parameter with good results
Keywords: Stochastic Volatility Model; SABR; Bayesian Inference; Levenberg-Marquardt Algorithm;
Financial Mathematics.

In this work we will be focused on financial op-
tions and methods involving it’s contract pricing.
We also propose a method of estimation to accom-
modate better the presence of outliers than local
optimization algorithms.

1. Introduction

1.1. Financial Options

A financial option (commonly referred simply as op-
tion) is a contract between two parties. There are
two main types of option contracts: calls and puts.
The call contract gives the buyer the right to buy the
underlying asset, the put gives the buyer the right
to sell. The other party, the seller, has the obliga-
tion to sell (call) or buy (put) if the specifications of
the contract are met, and the buyer chooses to ex-
ercise his right. Each contract has usually specific
properties.

The strike price K is the price at which a speci-
fication of the contract can be sold or bought. The
contract price is also referred to as the premium of
the contract and is usually designated by c in case
of a call option contract, or p in case of a put op-
tion contract. The duration of the contract or time
to maturity is refered to as T and the contract also
describes the specifications of the underlying asset
which in this work is considered to be stock price.

1.2. Brownian Motion
The botanist Robert Brown observed that dust par-
ticles suspended in the air described an erratic be-
haviour and their path was random. The family of
stochastic processes used to describe these phe-
nomena became known as Brownian motion (BM).

A stochastic process in continuous time, B =
{B(t) : t ≥ 0} is a BM if the following holds:

• B(0) = 0;

• For each w ∈ Ω, {Bw(t), t ≥ 0} is a continuous
functions of t;

• B(t) − B(s) ∼ N(0, t − s), with Cov(B(t) −
B(s), B(s)) = 0, ∀s ≤ t

1.2.1 Stock Price as Geometric Brownian Mo-
tion

In this work the stock price process S = {S(t) :
t ≥ 0} will be modelled as a Geometric Brownian
motion defined as,

dS(t) = µS(t)dt+ σS(t)dB(t), (1)

where µ is the rate of return and σ is the volatility.
The first term is responsible for the drift and the
second can be seen as noise to the path of the
BM. This is the most widely used model for stock
prices.
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Roughly speaking, volatility measures the uncer-
tainty associated with the stock price fluctuations.
Based on historical data one can estimate this
volatility, which, in the case of the GBM, is station-
ary, meaning that it can be estimated by σ, with σ
being the standard variation of process {S(t),∀t}.

The solution of eq.1 is given by:

S(t) = S(0)e

(
µ−σ2

2

)
t+σB(t)

, (2)

and therefore the logarithmic returns ln
(
S(t)
S(0)

)
are

normally distributed,

ln

(
S(t)

S(0)

)
∼ N

(
lnS(0) +

(
µ− σ2

2

)
t), σ2t

)
.

(3)

1.3. Forward Price
Dictating the rate of return of investments is the
risk-free rate, r. In this work the risk-free rate will
be considered constant. The forward price, f , of an
initial investment S continuously compounded over
time period t is:

f = Sert . (4)

1.4. Black-Scholes Pricing Formula
Black, Scholes and Merton[6] (BSM) predicate
some assumptions about the market and stock be-
haviour. We will not go into further detail on the
financial-economic assumptions. The important
ones for us are:

• The stock price behaviour is that of a geo-
metric Brownian motion, under the risk neutral
measure Q (for details see Björk [1]);

• No arbitrage opportunities exist;

• The risk-free interest rate, r, is constant.

After some calculations, we get that the price of
an European call option is given by

cBS = S(0)N(d1)−Ke−rTN(d2), (5)

with

d1 =
ln(S(0)/K) + (r + σ2

BS/2)T

σBS
√
T

, (6)

d2 =
ln(S(0)/K) + (r − σ2/2)T

σBS
√
T

= d1 − σBS
√
T .

(7)
The European put option valuation can be com-
puted using the same method or by the put-call
parity pBS + S(0) = cBS + Ke−rT , and its value
is

pBS = Ke−rTN(−d2)− S(0)N(−d1). (8)

1.5. Black-Scholes’ Implied Volatility
The present volatility of a stock price can not be
known as it is an intrinsic property of the stock
price. We may not need to know the volatility of
the stock price to trade fairly, as it is the perceived
volatility by the market that matters. That’s what
traders usually work with and it is known as the
implied volatility. Unfortunately, the Black-Scholes
result is not invertible so we have to resort to nu-
merical methods to obtain the implied volatility of
an option, σBS , as follows.

Solving eq.5 with respect to σBS is equivalent to
finding the zero of a function; in this case we want
to find the zero of:

g(σBS) = cBS(σBS)− ĉ, (9)

where cBS is the price of the call option un-
der BSM model with known and fixed parameters
(K,T, S(0)), the parameters K and T are known
from the contract and S(0) is can be directly ob-
served from the market.

This zero cannot be found analytically as we
have already stated, due to the non-invertibility of
the Black-Scholes result. Thus one needs to use
numerical methods and there are many proposals
in the literature to find roots of functions. In this
work we use the Newton-Raphson’s method to find
the implied volatility of the underlying of an option
given its price.

1.6. SABR Model
One possible generalization of the BSM model is
the introduction of stochastic volatility. We will be
focusing on a model proposed by Hagan et.al [4],

df(t) = α(t)f(t)βdBf (t), (10)

dα(t) = να(t)dBα(t), (11)

where β is the constant elasticity of variance val-
ued between 0 and 1, and ν is the sensitivity of
the volatility, or, in other words, the volatility of the
volatility process. We define α := α(0). Finally,
{Bf (t), t ≥ 0} and {Bα(t), t ≥ 0} are two corre-
lated Brownian Motions, such that:

E [dBf (t)dBα(t)] = ρdt. (12)

Hence the name SABR: stochastic-α-β-ρ. These
are the parameters that comprise the modeling of
the volatility surface in parameters (K, f(0)).

We are interested in using SABR for volatility
surface interpolation, i.e., given a set of prices of
a type of derivative, the SABR model is calibrated
to fit observed implied volatilities and use them as
an interpolation tool for other strikes. For the re-
mainder of this work we shall refer to it as SABR
fitting.
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Let us introduce I(K,T ) as SABR’s implied
volatily function (or more commonly referred to as
volatility smile). Its expansion in Taylor series ex-
pansion with respect to the maturity T is,

I(K,T ) = I0(K)(1 + I1(K)T ) +O(T 2), (13)

the terms I0(K) and I1(K) are, respectively, the
zeroth and first order coefficients of the Taylor se-
ries expansion. For the applications, several ap-
proximations are used. The formulation of the
SABR model used throughout this work can be
found in Obloj[7].

2. Methodology
2.1. Simulating Quotes and Testing SABR Algorithm
Both stock price and volatility are continuous BMs
under the SABR model’s assumptions. We use the
Euler method to discretize and simulate the values
of {f(t), t ∈ [0, T ]} and {α(t), t ∈ [0, T ]} processes.

The discrete approximation to the stochastic dif-
ferential equation 10 is:

fn+1 = fn + fnr∆t+ e−r(T − t)(1−β)σn+1f
β−1
n ε1,

(14)
where ε1 ∼ N(0,∆t), and the volatility (eq. 11) is
computed as:

σn+1 = σn + σnνε2 (15)

where ε2 is defined as follows:

ε2 = ρε1 +
√

(1− ρ2)ε (16)

with ε ∼ N(0,∆t). This ensures Cor(ε1, ε2) = ρ
and ε2 ∼ N(0,∆t).

2.2. Estimation Algorithms of SABR Model Parame-
ters

In this section we discuss the algorithms used to
estimate the parameters of the SABR model. The
input parameters of each derivative include

• Type of option or strategy;

• Underlying price at the time of the quote
(S(0));

• Time of maturity (T );

• Strike price (K);

• The price of the option (c).

The time to maturity T considered is in years.

Black’s implied volatility σBS is computed for
each derivative i using the procedure described
earlier. That entails that Black’s price must be
computed as part of the iterations of the Newton-
Raphson’s method. After Black’s implied volatility
is computed we are in a position to estimate the
SABR model parameters.

2.2.1 Grid Method

One of the methods for the estimation of parame-
ters is the grid method, that we explain in the fol-
lowing. For each parameter (α, ρ, ν) we define an
upper and lower bound and an increment step:

(α, α,∆α), (ρ, ρ,∆ρ), (ν, ν,∆ν), (17)

such that α−α∆α
∈ N, and similarly for the other pa-

rameters. Within the values of the grid for each
parameter, we chose the ones that solve the mini-
mization problem:

(αopt, ρopt, νopt) =

argmin
αi,ρi,νi

N∑
j=1

(I(Kj ;αi, ρi, νi)− σBSj)2,
(18)

with,

αi = α+ i∆α, i = 1, ...,
α− α
∆α

;

ρi = ρ+ i∆ρ, i = 1, ...,
ρ− ρ
∆ρ

;

νi = ν + i∆ν , i = 1, ...,
ν − ν
∆ν

.

I(kj ;αi, ρi, νi) denotes the volatility of the jth op-
tion (with relative strike kj), assuming that the pa-
rameters of the SABR model are (αi, ρi, νi), and
σBSj is the Black-Scholes’ implied volatility com-
puted using the j’s contract specifications.

2.2.2 Levenberg-Marquardt Algorithm

The Levenberg-Marquardt algorithm (LMA) results
from the combination of two very commonly used
numerical methods for minimization: the gradient
descent method (GDM) and the Gauss-Newton
method (GNM).

This is the the approach that Marquardt[5] took,
and is at the core of the LMA. A parameter λ is
used as a mix factor between the two update equa-
tions from both methods as follows:

(JᵀWJ + λI)h = JᵀW (f − f̂(θ)), (19)

where I is the identity matrix. Initially λ = λ0.
At each iteration we will update our initial param-

eter vector θ0 by h, i.e. θi+1 = θi + h.
The parameter vector θ will update when the

quantity:

ρ(h) =
χ2(θ)− χ2(θ + h)

χ2(θ + h)

≈ χ2(θ)− χ2(θ + h)

hᵀ(λh+ JᵀW (f − f̂(θ)))
,

(20)
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is above a set value ε (� 1), for a given iteration
with step h, as λ := max[λ/9, 10−7], following set-
ting θi := θi−1 +h. Otherwise, λ := min[λ×7, 107]
and θi := θi−1, considering the ith iteration of the
process. The function ρ(h) measures the improve-
ment of the χ2 statistic after update h. This method
and specific values are presented in Gavin[3] and
we refer to it for further clarification.

2.2.3 Bayesian Inference

First, we assume that instead of eq.13, we con-
sider only the approximation of order 0 , meaning
that:

I(k, T ) = I0(k) +O(T ). (21)

Then we assume the ATM case for which k = 1
(see Obloj [7]) and β = 1 which means that:

I0(k) = I0(1) = α. (22)

We also assume that we’ll make observations on
a random variable σBS , the Black-Scholes’ implied
volatility of a quote. We have that an observation
is σBS = v. We assume that

σBS ∼ N(α, s), (23)

where, for our purposes, we set s = 0.1, this is the
”decision” part of the procedure, and may change
given the user’s belief on the market, in our case
this value seems reasonable given the quote simu-
lation method. The a priori distribution is also nor-
mal and its hyper-parameters are set by the history
of past α fittings, i.e. µα is the sample mean and
σα is the sample standard deviation of α values in
the past

α ∼ N(µα, σα), (24)

so, following the results presented in Paulino[8],
the a posteriori distribution is

α|v ∼ N(A,B2), (25)

with

A =

1
σ2
α
µα + 1

s2 v

c
,B2 =

1

c
, (26)

where c := (1/σ2
α + 1/s2).

3. Results & discussion
In the remaining of this work we will use the sim-
ple metric ”error” to get a sense of fitness of each
estimation of the smile Î(k, (α̂, ρ̂, ν̂)) to the obser-
vations σBSi, i = 1, ..., N ,

error =

∑
i

∣∣∣Î(ki, (α̂, ρ̂, ν̂))− σBSi
∣∣∣

N
. (27)

In this section we analyse the behaviour of the
simulation results, in order to assess how close
they are from the theoretical ones, using the error
of the simulations and/or fittings as a reference.

3.1. SABR quote simulation
We proceeded to perform 50 simulations like the
ones in fig.1 (for each N ). For each quote j with
forward price of the underlying fj(0) and strike Kj ,
we simulate N values of the price of the underlying
at maturity fj(T ). Then, we use the average of the
payoff of the contract, given fj(T ) and strike Kj ,
to determine the contract price and to compute the
quotes’ implied volatility. The sample in for which
we compute the error contains 20 quotes similarly
to the examples in fig.1, and so, j = 1, ..., 20. The
results of the mean of the error for 50 simulations
of these quote samples for each considered value
of N , are shown in table 1.

Number of Simulations Mean error
102 0.018585
103 0.008793
104 0.003379
105 0.002435

Table 1: Mean error of 20 quote samples as function of number
of ft and αt processes simulations for option pricing.

Figure 1: Quote simulation with 103 ft and αt processes sim-
ulations.
.

In the case of 103 process simulations per quote,
the mean error is 0.008793 (see table 1), this was
our preferred choice of number of simulations per
quote, as it introduces a reasonable amount of vari-
ability in the implied volatilities of the quotes, as in
the real market quotes. In this case, the error rep-
resents about 1% of the value of the implied volatil-
ity of quotes ATM, with quotes on the wings carry-
ing a bit more of responsibility in this variability as
it can be seen in fig.2.

3.2. LMA Time performance
In order to ascertain the LMA’s time efficiency, we
tested it using simulated quotes and compared it
to the grid method. The time results in table 2 are
only referent to the fitting process, not including the
quotes’ simulation.
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Figure 2: 50 samples of a 20 quotes with 103 of ft and αt
simulations for each quote pricing computation.

Grid LMA
Process time (s) 1.473 0.05541
Estimation error 0.008181 0.01199
Table 2: Algorithm time comparison for 50 quotes.

We’ve tested the algorithms for 10, 50 and 100
quotes, in all, the LMA outperformed the Grid al-
gorithm in time and slightly underperformed in es-
timation error. We have considered no more than
100 quotes, considering that the information farther
in time is not relevant for the fitting process. For
the purpose of the interpolation, we consider it to
be one day of quotes. The SABR smile is dynamic,
it changes throughout the day and even more so
from day to day. Old quotes may not represent the
present value of the SABR parameters and for that
reason historic data may be only considered until a
certain time in the past. In our opinion, it is reason-
able to assume that the oldest quotes in a samples
with hundreds of quotes are not to be considered
for the present estimation.

From table 2 we conclude that the LMA is faster
than the grid method and the estimation errors are
comparable. The grid method we presented earlier
as a simplification of the calibration suggested by
West[9] is as fast as the user wishes in trade for
how broad the search of the solutions is. Often
it can not be applied in the real world, because it
relies to much on user input of the bounds and the
information necessary to make the correct guess
might not be available on the market.

3.3. LMA Initial Parameter Estimates Impact
As described before, LMA is a local algorithm, and
thus initial parameter choices may have a great im-
pact in the quality of the fitting. We need to set a
benchmark for the initial parameter we shall use
during this work. We computed how a shift1 of

1The shift is % of theoretical parameter values.

the LMA’s initial parameters affects the values of
the theoretical parameters. We have simulated 10
quotes and looked at its performance.

Shift Mean Mean
(%) Initial Error Estimation Error
0 0.007965 0.008930
5 0.008331 0.009384

10 0.009132 0.009630
50 0.015454 0.010318
90 0.023576 0.011468
130 0.031379 0.012486

Table 3: Impact of initial parameters shift in mean error after a
LMA fitting on 10 simulated quotes.

The results in table 3 show that inputting param-
eters with up to 10% shift of the real values into
the LMA does not impact significantly the error.
Please note that the convergence criteria of the
LMA that is reached the most is the χ2 minimiza-
tion. So this result in terms of error may not repre-
sent that the LMA is under-performing or not fitting
well the smile, it just means that up to a shift of 10%
the LMA will not minimize the error. If minimizing
the error is the objective and the user is certain
that his initial parameter estimates are within 10%
of the smile’s real parameters, we would not rec-
ommend using the LMA.

3.4. LMA Results
All throughout this work the simulated quotes cor-
respond to simulation of European call option us-
ing, unless specified otherwise, the following pa-
rameter values:

• T = 15 (time to maturity, in years);

• f0 = 0.0801 (foward price at time t = 0);

• α = 0.05 (SABR parameter α);

• β = 1 (SABR parameter β);

• ρ = −0.33 (SABR parameter ρ);

• ν = 0.25 (SABR parameter ν)

• D = 1 (Discount factor).

The specific value of f0 can also be disregarded
in our analysis since all strikes are chosen relative
to f0, and therefore we will only refer to k, the rel-
ative strike K

f0
. The time to maturity T we chose is

quite large. This choice will affect the smile in the
sense that in-the-money quotes will have greater
implied volatility than out-the-money quotes (see
Duque and Lopes [2]), k < 1 and k > 1 respec-
tively in our case.

Given that our Bayesian inference method re-
lies on the assumption that the quotes are at-the-
money (or at least near k = 1) we decided to pro-
duce three types of quotes regarding k:
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• full range quotes (FR): k is randomly gener-
ated from the distribution N(1, 0.3), consider-
ing only k ∈]0, 2[;

• at-the-money quotes (ATM): k is randomly
generated from the distribution N(1, 0.1);

• wing quotes (W): k is randomly generated
from either N(0.7, 0.05) or N(1.3, 0.05), with
50% probability each.

Each sample of quotes will contain 20 quotes.
We then proceeded to take into consideration fit-

tings when the quote sample was contaminated
with outliers to test the robustness of the fitting
procedure. The way we generate a sample with
outliers is to create a sample in the way described
above (for whatever quote type we choose to con-
sider) and then selecting a quote with 20% proba-
bility and inflating its implied volatility by +0.1.

3.5. SABR Parameter results
Performing LMA fittings to these 100 samples
generates 100 estimates for the parameter set
{α, ρ, ν}.

3.5.1 α parameter estimation

Figs. 4, 5 and 6, show that this estimation method
tends to over estimate α in all situations, with and
without outliers. The presence of outliers impacts
significantly on the histograms, with a clear shift
towards larger values of α. Again, α will impact on
the shape of the smile, lifting it or lowering it. The
contamination of the results lifts the smile, which
explains partially this over estimation, in the con-
taminated case.

In table 4 we see that this method will produce
mean estimations of α close the theoretical value,
i.e. α = 0.05. The ATM being the one which is
farthest away from this value, with α̂ = 0.0596,
and with the remaining types of quotes, FD and
W, with similar results as α̂ = 0.0538. It is also
remarkable that the standard deviation of α̂ in the
FD case is greater than the other two. This comes
at the expense of the greater amount underestima-
tion cases of α, in comparison with the other two
types, which can be seen in fig. 4.

When the sample is contaminated the results are
quite different. As we can see in table 5, the mean
α estimations closest to the real value is in the FD
case, in which α̂ = 0.0619. The ATM and W cases
result in α̂ = 0.0646 and α̂ = 0.0631, respectively.
We conclude that the presence of outliers will im-
pact the mean of estimations of α using the LMA.

The difference in α̂ due the presence of outliers
of this value is +0.0081, +0.0050 and +0.0093 for
the FD, ATM and W cases, respectively. While
it appears that the presence of outliers seems to

have the least impact in the ATM case, we note
that both with and without outliers it is in this case
that the LMA overestimates parameter α the most.

3.5.2 ν parameter estimation

We found that ν̂ is biased, it shows a high fre-
quency in the [0.06; 0.12[ bin for all types of quotes,
with and without outliers. Its the second largest bin
that changes between cases, we can see that this
bin is higher in ν̂ for the quotes with the presence
of outliers. Despite the bias of the observations,
the mean for the uncontaminated quotes is close
to the theoretical value of ν, meanwhile, when in
the presence of outliers, the mean is higher than
expected. These observations are supported by
the results in tables 4 and 5.

The results with respect to this parameter ν are
not the most conclusive as the standard deviation
of the estimations is of the order of the value pa-
rameter. We can see that, for all cases with out-
liers, the results show a distinct 2 frequent classes,
neither one containing the true value, except in the
ATM case. We also found that ν is often under
estimated. We note that the underestimation of ν̂
produces a ”flat” smile.

We would like to note that, as is shown in tables
4 and 5, ν is often underestimated in the ATM case.

3.5.3 Relationship between ν and α estima-
tions

In the case of wing quotes it is expected for the
higher ν̂ to produce a decrease in the values of
α̂. This in fact happened throughout all the types
of quote simulations. From fig.3 we can see that
when ρ̂ < 0, α̂ and ν̂ have negative correlation,
their covariance matrix being

Cov(α̂, ν̂) =

[
0.0001615 −0.001048
−0.001048 0.01919

]
, (28)

considering all 587 quotes (excluding ρ̂ > 0 esti-
mates). This relation can be also seen in fig. 3.

3.5.4 ρ parameter estimation

The positive values of ρ in the presence of wing
quotes is also to be expected. This reflects in
skewing the smile in such a way that lower the
k < 1 implied volatilities and raises the k > 1 ones.
It affects the smile’s overall shape but we think it
is not that the reason we see these high values of
ρ but rather an imbalance of quote distribution on
each ”wing” that α̂ and ν̂ cannot account for, e.g.
both wings have more quotes with lower values of
k.
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3.5.5 Relationship between ρ parameter esti-
mation and (α, ν) pair estimation

Figure 3: (α̂, ν̂) estimates when ρ̂ > 0. Confidence regions of
(α̂, ν̂) when ρ̂ < 0. 17 points.

When ρ is positive it changes the shape of the
smile dramatically and not only its skew, therefore
it will affect the estimated pair (α̂, ν̂). In fig.3 we
can see just how when ρ̂ > 0 very few estimates
fall inside the 50% confidence region2 of (α, ν) of
the estimates where ρ̂ < 0, which constitutes the
large majority of estimates and is consistent with
ρ = 0.33 used to generate the testing quotes. Only
17 out of 600 estimates produce ρ̂ > 0. It is our
understanding that in these cases the LMA con-
verges to local minima due to uneven spread of
quotes’ relative strike. This phenomenon requires
additional study and we decided not to represent
these simulations’ results in tables 4 and 5.

mean std. dev.
α̂ 0.0538 0.0151

FD ρ̂ -0.344 0.198
ν̂ 0.2014 0.1373
α̂ 0.0596 0.0065

ATM ρ̂ -0.3841 0.2388
ν̂ 0.1541 0.0638
α̂ 0.0538 0.0076

W ρ̂ -0.3748 0.2114
ν̂ 0.1819 0.1363

Table 4: Mean and Standard Deviation results of parameter es-
timates of 100 LMA fittings from 100 samples (20 quotes each).
Quotes with no outliers.

2We assume a bivariate normal distribution for the two pa-
rameters to construct these regions using the results from eq.28

mean std. dev.
α̂ 0.0619 0.015

FD ρ̂ -0.3939 0.1917
ν̂ 0.2302 0.1327
α̂ 0.0646 0.0125

ATM ρ̂ -0.3528 0.1938
ν̂ 0.1909 0.1074
α̂ 0.0631 0.012

W ρ̂ -0.3476 0.1685
ν̂ 0.2462 0.1942

Table 5: Results of 100 LMA fittings from 100 samples (20
quotes each).
Quotes with outliers.

Figure 4: Results of α̂ from 100 LMA fittings. Full range quotes.

Figure 5: Results of α̂ from 100 LMA fittings. ATM quotes.

3.6. Bayesian Inference Results

A similar scheme as the one described above for
the LMA was executed for the Bayesian inference
method, with the exception that the values of the
a priori distribution of α needed to be estimated
before performing the Bayesian inference on the
quote samples.
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Figure 6: Results of α̂ from 100 LMA fittings. Wing quotes.

3.6.1 Preliminary phase

We called this the preliminary phase of the
Bayesian inference method, and consisted in gen-
erating 40 full range quotes, with no outliers, then
performing 20 LMA fittings to unique quote sam-
ples. This phase is common to every of the 100
fittings used in calculating µα = α̂ and σα = σ(α̂).

In the end we consider α ∼ N(µα, σα). We also
consider as a Bayesian inference fitting result ρ̂ ≡ ρ̂
and ν̂ ≡ ν̂ from this preliminary phase, given that
this method will only produce an estimate for the
distribution of α.

3.6.2 Bayesian procedure

After the preliminary phase, similarly to the LMA
fitting, we consider 20 quotes from a given quote
sample type and perform Bayesian inference on
each one successively. In the end we have the a
posteriori distribution for α.

With only one parameter to account for, α, we
displayed the results in a similar fashion as above,
but in this case we also display the results of α̂ from
LMA fittings for comparison; see figs. 8, 9 and 10.

3.6.3 Bayesian Inference parameter s

All in all, our method still performed well and
provided us with some insight to its applicability.
The most remarkable characteristic of it being that
when making a decision on the distribution σBS ∼
N(α, s), the parameter s will control the variability
of the shape allowed.

As we need to choose a specific value for s, we
have chosen to set s = 0.07. The reason for this
choice is not bullet-proof, meaning that we do not
have a clear argument for that. We chose such a
value as a kind of middle term/compromise: choos-
ing s too small would lead to results too depen-
dent on the presence of outliers (as fig. 7 shows,

with the curve corresponding to s = 0.01 shifting
towards the outliers, when compared with the the-
oretical one). On the contrary, choosing s too large
would not provide us enough flexibility for the esti-
mation of α.

Clearly this question would deserve a more in-
depth study, which is beyond the scope of this
work.

Figure 7: Illustration of Bayes decision s influencing the robust-
ness of α to ATM outliers.
ρ̂ = −0.19215, ν̂ = 0.46975

3.7. Bayesian Inference and LMA comparison
We found that the results of the Bayesian estima-
tion when no outliers are present in the sample
lead to quite concentrated a posteriori distribution
for α, given the quotes. In all cases the estimated a
posteriori mean of α is around 0.05; see also table
6.

When we consider the contaminated sample
this value increases, which is as expected (as all
the contaminated values are in the direction of
larger implied volatility). Comparing both estima-
tion methods (LMA and Bayesian), the results and
interesting and encouraging. From figs. 8, 9 and
10, we see that the LMA method seems to be more
sensitive to the presence of outliers and thus less
robust than the Bayesian one. The difference in µ̂α
when outliers are introduced is +0.0044, +0.0030
and +0.0049, for the FD, ATM and W cases, re-
spectively. Comparing these values with the ones
of the LMA, which are larger for all cases, we con-
clude that the Bayesian inference method is more
robust in the presence of outliers when it comes to
the estimation of α.

4. Conclusions
This work aimed to provide an alternative to a fit-
ting algorithm for the SABR model’s volatility smile
fitting to financial market option quotes that per-
formed better in the presence of outliers. We found
that our Bayesian inference approach to fitting the
SABR’s volatility smile works well in the presence
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mean standard deviation
FD µ̂α 0.0553 0.0101

σ̂α 0.0068 0.0037
ATM µ̂α 0.053 0.0105

σ̂α 0.0064 0.0036
W µ̂α 0.0524 0.0123

σ̂α 0.006 0.0034
Table 6: Results of 100 Bayes inference estimations from 100
samples (20 quotes each).
Quotes with no outliers.

mean standard deviation
FD µ̂α 0.0597 0.0113

σ̂α 0.0067 0.0037
ATM µ̂α 0.056 0.0125

σ̂α 0.0067 0.0038
W µ̂α 0.0573 0.0107

σ̂α 0.0058 0.0033
Table 7: Results of 100 Bayesian inference estimations from
100 samples (20 quotes each).
Quotes with outliers.

of outliers, better in fact than the LMA which can
produce undesirable results in some settings.

4.1. The LMA for Fitting SABR’s Volatility Smile to
Option Quotes

The Levenberg-Marquardt algorithm with appropri-
ate initial estimates is a very fast and effective way
of fitting SABR’s volatility smile for a well behaved
set of option quotes. Reasons we identified for this
algorithm not to produce reasonable parameter es-
timates are: uneven distribution of quotes’ strikes
in the sample and the presence of outliers. An un-
reasonable result in our case came in the form of
(α, ρ, ν) estimates where ρ > 0. We simulated data
with negative correlation coefficient ρ between pro-
cesses {Wf (t), t ∈ [0, T ]} and {Wα(t), t ∈ [0, T ]}.
A positive estimate ρ̂ skews the smile, and this
comes at the expense of overestimating the param-
eters ν and α to fit the sample, as can be seen in
fig.3.

4.2. Bayesian Inference Method for SABR’s α Esti-
mation

Bayesian inference allows us to make a decision on
the samples distribution σBS ∼ N(α, s) and using
Bayes’ theorem we’ll have α ∼ N(µα, σα). When a
new quote’s implied volatility σBS = v is observed,
we have an a posteriori distribution of α. This is our
α estimate in this method. The way we compare it
to the LMA estimations α̂ is to consider µα, from
the distribution of α.

This method relies on informed user’s choices,
i.e. the value of s is set by the user and will have a
high impact on how the a posteriori distribution of α
will tolerate a presence of outliers (fig.7). This is a
very important characteristic of this approach and

Figure 8: Results of µ̂α from 100 Bayeians inference estima-
tions, plus a comparison with the LMA’s α̂ results.
Full range quotes with outliers.

Figure 9: Results of µ̂α from 100 Bayeians inference estima-
tions, plus a comparison with the LMA’s α̂ results.
ATM quotes with outliers.

provides the user with flexibility on choosing how
the method reacts to quotes not compliant with the
SABR’s parameters that are set before the obser-
vation, i.e. ρ̂, and ν̂.

The main limitation of this method is the estima-
tion of SABR parameters ρ and ν. These are esti-
mated using historic data and some optimization
algorithm’s estimations of ρ and ν, and this can
hamper the reactiveness of our approach to some
cases. The estimation of the pair (ρ, ν) is also de-
pendent on the performance of the algorithm used
to fit the SABR’s volatility smile to the historical
data in the preliminary phase. This choice has to
be considered depending on the samples charac-
teristics and overall algorithm performance. In our
case we chose the LMA, and it faired well with the
task, and even if some historic smile estimations
were less good, the estimates ρ̂, ν̂ were taken as
mean values of all fittings and could accommodate
for that.

Due to the nature approach’s assumptions we
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Figure 10: Results of µ̂α from 100 Bayeians inference estima-
tions, plus a comparison with the LMA’s α̂ results.
Wing quotes with outliers.

would recommend using this method for a mar-
ket where outliers in the at-the-money region are
observed. Namely, in the fast electronic trading,
where we do not wish to calibrate the model in its
totality, but only partially adjust the α parameter.
This approach allows us to ”ignore” some of the ill
placed trades during the adjustment process.

4.3. Possible Extensions of the Bayesian Approach
The method could be implemented for α with
less restrictive assumptions, starting by consider-
ing I0(k) where k 6= 1. This step involves more
accurate computation for a relationship of α with I.
The Bayesian inference considered only on α re-
quires a good fitting algorithm for the other param-
eters in the preliminary phase. In our case that is
LMA, an algorithm that has its flaws, and its results,
as discussed before, are highly subjective to data
quality (distribution on k, mean error, etc.) and so,
some bad fittings on parameters ρ and ν in the pre-
liminary phase may have substantial impact on the
Bayesian inference on α.

It would also be possible to perform Bayesian in-
ference on the parameters ρ and ν. This is a more
demanding task given that these parameters do
not have a simple relationship with SABR implied
volatility formula as does α.
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