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Abstract

When implementing survival models for two or more times-to-event separately, some information may
be getting mislaid, especially if these are correlated. For that reason, here we focus on jointly modelling
two times-to-event: overall survival time (OST) and disease free time (DFT), using copula functions to
model the dependence between them, under a context of Weibull regression. This work was motivated by
a study involving 684 female breast cancer patients from the Portuguese Institute of Oncology of Lisbon
(IPO-Lisboa). The copula-based joint survival modelling approach was implemented to the motivating
dataset, where several risk factors were considered. The patient clinicopathological staging and DNA
ploidy are considered statistically relevant for disease free and overall survival times, whereas patient age
effect is only important for the overall survival time of older patients. The hazard of occurring cancer
relapse or death, given the patient clinical profile, is different for univariate and bivariate models. In
addition, the copula association parameter estimate demonstrates a high association between disease
free and overall survival times. That association is influenced by the patient age, i.e., older patients
present a stronger association between the times-to-event. The computational results were obtained
resorting to the “GJRM” R package.
Keywords: Joint analysis, Overall Survival Time, Disease Free Time, Copulas, Survival Analysis

1. Introduction

Breast cancer is the most common neoplasia in
women worldwide, contributing 25.4% of the total
number of new cases of cancer diagnosed in 2018
[2]. Although the number of new cases is slightly
increasing over the years, in the United States, for
instance, the mortality rates fell around 1.8% per
year between 2007 and 2016 [9]. One of the reasons
for that may be earlier diagnosis and improvement
of therapies and outcome, where survival analysis
may have a fundamental role, identifying several
risk factors and studying the efficiency of current
and new treatments.

In medical research, the most common event of
interest is the patient’s death, that gives rise to
overall survival time (OST). OST measures the time
between diagnosis or first treatment and the death
of the patient. However, researchers may be in-
terested in studying many different events rather
than death (failure). Specifically in cancer studies,
physicians are often also interested in the relapse
time, i.e. the time that elapses between the tumour
removal by surgery (at this moment the patient is
treated with curative intention) and the reappear-
ance of cancer, also called disease free time (DFT).

Several studies have been published regarding
survival analysis of OST and DFT in cancer pa-
tients. For instance, Pinto et al. [17] explored the
relevance of the reappraisal of negative hormone re-
ceptor expression in relapse and survival of breast
cancer patients. Sargent et al. [20] evaluated which
of the two endpoints (OST or DFT) was the most
appropriate for adjuvant colon cancer. Contrary to
these two publications that analised both times-to-
event individually, we aim to jointly model them.
A joint survival analysis takes into account the cor-
relation between the two times-to-event, unlike the
separate analysis that may ignore some possible de-
pendencies.

This work is motivated by a study involving
breast cancer patients from the Portuguese Insti-
tute of Oncology of Lisbon (IPO-Lisboa), with two
relevant outcomes: disease free time and overall sur-
vival time [18]. Once these two outcomes are of-
ten analysed individually, we here propose a joint
survival analysis of both times-to-event. Although
there are several types of models to jointly analyse
two or more times-to-event, the modelling approach
that will be explored here is the joint survival anal-
ysis by using copulas to represent the dependence
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structure between the response variables, that is,
copula-based joint survival models.

This is a method that is been used in survival
analysis by several authors (namely, [3], [7], [14]
and [16]). More recently, Fu et al. [6] proposed a
Bayesian semi-competing risks approach to jointly
model progression related measurements and over-
all survival by using copulas. Li et al. [11] applied
a time-varying Bayesian joint hierarchical copula
model for analysing recurrent events of myocardial
infarction or stroke simultaneously with death as
a terminal event. In Espasad́ın-Domı́nguez et al.
[5], the authors evaluated the joint effect of several
factors in two markers of glycemic control through
bivariate copula generalised additive models for lo-
cation, scale, and shape (CGAMLSS), aiming to im-
prove the diagnosis and treatment of diabetes.

This paper is structured as follows. Section
2 reviews some definitions and concepts of sur-
vival analysis and introduces the joint survival data
structure and its specificities. In Section 3, we de-
scribe copula-based joint survival models, includ-
ing the process of building the likelihood function
for the joint survival analysis. In Section 4 we fit
the copula-based joint survival models to the breast
cancer dataset, using the “GJRM” R package, and
present their relevant results. Lastly, the main con-
clusions of this work are described in Section 5.

2. Background
Survival analysis is a statistical field used for
analysing data with lifetime as outcome, denoted
here as T , a continuous non-negative random vari-
able. In lifetime context, two functions of interest
are: (1) the survival function, S(t), that represents
the probability of a patient to survive at least until
t, and (2) the hazard function, h(t), often used to
formulate structural survival models That is,

S(t) ≡ P (T ≥ t) ≡ 1− F (t), t ≥ 0 (1)

h(t) = lim
∆t→ 0

P (t ≤ T < t+ ∆t|T ≥ t)
∆t

(2)

where F (t) and f(t) are the corresponding distri-
bution function and probability density function,
respectively. The functions (1) and (2) are related
through the following expression:

h(t) =
f(t)

S(t)
= −S

′(t)

S(t)
= − d

dt
logS(t) (3)

What mainly distinguishes survival analysis from
other statistical methods is the possibility of some
individuals to never experience the event during the
period of study, which is called censoring. In order
to cope with censored observations, it is defined the
event indicator, δ, as follows:

δ =

{
1, if the event of interest occurs.

0, otherwise.
(4)

In addition to the response variables, survival
data usually involves some covariates or explana-
tory variables, giving rise to regression models in
survival analysis. These can be parametric, see e.g.
[8] and have been designed to analyse times-to-event
individually. In order to incorporate both times-to-
event in the survival models, some issues need to
be taken into consideration for instance, the data
structure or the type of assumed survival distribu-
tions (parametric case).

2.1. Joint Survival Data Structure

Motivated by the breast cancer study from IPO-
Lisboa [18], we perform a joint analysis of the dis-
ease free time and overall survival time. In this
study we deal with a non-terminal event (breast
cancer relapse) and a terminal event (breast cancer
death), which are naturally correlated.

Let T1 and T2 be the survival times for charac-
terising the first and terminal events, respectively.
Denoting TDF and TOS the disease free time and
overall survival time, respectively, and being CDF
and COS the corresponding censoring times, we can
write the survival times as T1 = min(TDF , CDF )
and T2 = min(TOS , COS). Also, let δ1 be the first
event indicator (1, if it occurs, and 0, otherwise)
and δ2 the terminal event indicator (1, if it occurs,
and 0, otherwise). Note that T1 and T2 are two
continuous non-negative random variables.

Consequently, there are 4 possible scenarios for
these times-to-event (see Table 1): (1) the patient
experiences cancer relapse at time TDF and later
dies at time TOS ; (2) the patient experiences can-
cer relapse at time TDF and later is censored at
time COS ; (3) patient experiences death (TOS) be-
fore any cancer relapse occurs, hence censoring the
non-terminal event (CDF = TOS); (4) both non-
terminal and terminal events are censored (CDF =
COS). In other words, death can censor cancer re-
lapse, but not the other way around. That is what
characterises the semi-competing risks data. That
is, not all risks are competitive, unlike the compet-
ing risks data where the two events can censor each
other.

The main challenge in analysing semi-competing
risks data is developing an interpretable model for
the non-terminal event while simultaneously not
discarding a potential dependence between termi-
nal and non-terminal events.

2.2. Parametric Survival Distributions

There are many non-negative distribution functions
to be chosen for the times-to-event (see e.g. Lawless
[10]). For convenience, we here assume Weibull dis-
tributions for the marginal distribution functions of
each survival outcome. Note that Exponential and
Weibull survival models are the only simultaneously
Accelerated Failure Time and Proportional Hazards
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Table 1: Four possible scenarios for the first event (cancer relapse) and terminal event (death).

Scenario First event Last event T1T1T1 T2T2T2 δ1δ1δ1 δ2δ2δ2
(1) Cancer Relapse Death TDF TOS 1 1
(2) Cancer Relapse Censoring TDF COS 1 0
(3) Death Death CDF = TOS TOS 0 1
(4) Censoring Censoring CDF = COS COS 0 0

models (see details in [10]).

3. Joint Survival Modelling
For studying two times-to-event, we define the joint
survival function, S(t1, t2), given as follows:

S(t1, t2) = P (T1 ≥ t1, T2 ≥ t2) (5)

where T1 and T2 are two continuous random vari-
ables representing the two survival outcomes. (5)
may be equivalently expressed as

S(t1, t2) = 1− P (T1 ≤ t1 ∨ T2 ≤ t2) =

= 1− F1(t1)− F2(t2) + F (t1, t2)
(6)

where F1(t1) and F2(t2) are the marginal cumu-
lative distribution functions of T1 and T2, respec-
tively, and F (t1, t2) is the joint cumulative distri-
bution function of (T1, T2).

The main challenge in joint survival modelling
is to determine the joint survival function (5) or,
equivalently, the joint cumulative distribution func-
tion of T1 and T2, and its marginal distribution
functions. It is common for the survival times un-
der study to be correlated, especially in the case
of the disease free and overall survival times, since
the first one is part of the second. Thus, we must
search for modelling options that account for the
dependence between outcomes. One option for do-
ing that is to employ copulas, which gives rise to
copula-based joint survival models.

3.1. Copula-based Joint Survival Models
Copula functions, first introduced by Sklar [21], of-
fer a convenient way of linking the marginal distri-
butions to obtain the joint distribution for two or
more random variables. The theoretical foundation
of Copulas is based on Sklar’s Theorem [21].

The copula function detaches the dependence
structure of two random variables from the
marginal distributions and represents it through a
copula parameter, θ. For instance, the joint survival
function of (T1, T2) under the copula approach is as
follows:

S(t1, t2) = Cθ(S1(t1), S2(t2)) (7)

where θ is an unknown parameter that measures
the dependence between the two random variables,
T1 and T2, associated with the copula function, Cθ,

and S1(t1) and S2(t2) the respective marginal sur-
vival functions.

The copula function may belong to different fam-
ilies. Among all copula families, Archimedean cop-
ulas, [15], are the most widely used due to its sim-
ple setting. Being Cθ(u, v) the copula function be-
tween the random variables u and v, it belongs to
the Archimedean if one admits the structure:

Cθ(u, v) = ψ−1
θ [ψθ(u) + ψθ(v)] (8)

where ψ : [0, 1] → [0,∞[ is called the generator
function that is a continuous, strictly decreasing
and convex function, such that ψ(1) = 0. The gen-
erator function is called strict if ψ(0) =∞ and non-
strict if ψ(0) <∞. ψ−1

θ represents its inverse func-
tion. In Table 2 we present the structure of some
of the most used copula functions belonging to this
family, where u and v represent the marginal dis-
tributions of the two random variables of interest.
Note that copula functions may be adapted to mul-
tivariate models, i.e., models with more than two
outcomes, [15]. For simplicity, here we only present
the bivariate functions.

As mentioned above, θ represents the relation
between the marginal distribution of the times-to-
event under study. However, θ is often converted
to a more interpretable association measure like
Kendall’s tau, τK , or Spearman’s rho, ρS , [24].

3.2. Likelihood Function
Joint survival analysis of two times-to-event leads
to some modifications in the likelihood function
when compared with the univariate survival anal-
ysis. Since we are dealing with a semi-competing
risks data structure, the four scenarios presented in
Table 1 have to be contemplated by the likelihood
function.

Let us start by separately specifying the (in-
finitesimal) probability of each scenario to happen.
Recall from Section 2 that T1 = min(TDF , CDF )
and T2 = min(TOS , COS).

• Scenario 1: Both cancer relapse and death
occur (δ1 = 1, δ2 = 1):

P (T1 ∈ (t1, t1 + ∆t1), T2 ∈ (t2, t2 + ∆t2)) (9)

• Scenario 2: Cancer relapse occurs but death
does not occur (δ1 = 1, δ2 = 0):

P (T1 ∈ (t1, t1 + ∆t1), T2 ≥ t2) (10)
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Table 2: Bivariate Copulas of Archimedean family.

Name of Copula Bivariate Copula, Cθ(u, v) Parameter Range
Independent u× v
Clayton [u−θ + v−θ − 1]−1/θ θ ∈ [−1,+∞[\{0}
Gumbel exp(−[(− log(u))θ + (− log(v))θ]−1/θ) θ ∈ [1,+∞[

Frank −1

θ
log

[
1 +

(exp(−θu)− 1)(exp(−θv)− 1)

exp(−θ)− 1

]
θ ∈ R\{0}

Joe 1−
[
(1− u)θ + (1− v)θ − (1− u)θ(1− v)θ

]1/θ
θ ∈ [1,∞[

• Scenario 3: Death occurs before cancer re-
lapse, censoring the relapse time (δ1 = 0, δ2 =
1):

P (T1 ≥ t1, T2 ∈ (t2, t2 + ∆t2)) (11)

• Scenario 4: Cancer relapse and death do not
occur (δ1 = 0, δ2 = 0):

P (T1 ≥ t1, T2 ≥ t2) (12)

Let DDD denote a dataset with n individuals for
which the times-to-event T1 and T2 and their event
indicators δ1 and δ2 are observed, as well as φφφ, the
model parameter vector. Equivalently to Lawless
[10], given the four scenarios above, we achieve the
likelihood function given by:

L(φφφ|DDD) =

n∏
i=1

f(t1i, t2i)
δ1iδ2i

[
−∂S(t1i, t2i)

∂t1i

]δ1i(1−δ2i)
×
[
−∂S(t1i, t2i)

∂t2i

]δ2i(1−δ1i)
S(t1i, t2i)

(1−δ1i)(1−δ2i)

(13)

where f(t1, t2) is the joint probability density func-
tion and S(t1, t2) is the joint survival function (5).
∂S(t1,t2)
∂t1

and ∂S(t1,t2)
∂t2

are the partial derivatives of
the joint survival function, with respect to t1 and
t2, respectively.

From [10], we assume the following relation:

hj(t) =
−∂S(t1, t2)/∂tj

S(t1, t2)
, j = 1, 2 (14)

which comes from the definition of hazard for multi-
variate models when one event occurs and the other
is censored (Scenarios 2 and 3), that is,

hj(t) = lim
∆t→ 0

P (Tj < t+ ∆t|T1 ≥ t, T2 ≥ t)
∆t

(15)

where j = 1, 2.

According to [8] the relation between hazard, sur-
vival and density functions still applies in the bivari-

ate case, h(t1, t2) = f(t1,t2)
S(t1,t2) .

Given the previous specifications, the likelihood
function (13) also takes the form:

L(φφφ|DDD) =

n∏
i=1

h(t1i, t2i)
δ1iδ2ih1(t1i)

δ1i(1−δ2i)×

× h2(t2i)
δ2i(1−δ1i)S(t1i, t2i)

(16)

However , the bivariate hazard function does not
simply relate to the bivariate survival function as
in the univariate case. It is known that:

f(t1, t2) =
∂2F (t1, t2)

∂t1∂t2
=
∂2S(t1, t2)

∂t1∂t2
(17)

which implies:

h(t1, t2) =
∂2S(t1, t2)

∂t1∂t2

1

S(t1, t2)
(18)

The bivariate survival function and, conse-
quently, the bivariate hazard function will depend
on our choice for the joint modelling approach. As
described previously, in copula-based joint survival
models, we are able to define the joint survival func-
tion only depending on the marginal survival or dis-
tribution functions of each time-to-event. The same
can be done for the joint hazard function, using the
relation in (18). For instance, using a Clayton’s cop-
ula to define the joint survival function, we achieve
the likelihood function depending on only the well-
know marginal survival and marginal hazard func-
tions for both times-to-event. That is,

L(φφφ|DDD) =

n∏
i=1

(1 + θ)[h1(t1i)h2(t2i)[S1(t1i)S2(t2i)]
−θ

× [S1(t1i)
−θ + S2(t2i)

−θ − 1]−2]δ1iδ2i

× h1(t1i)
δ1i(1−δ2i)h2(t2i)

δ2i(1−δ1i)

× [(S1(t1i))
−θ + (S2(t2i))

−θ − 1]−1/θ

(19)

Note that the likelihood construction is based on
the choice of both copula function and marginal sur-
vival distribution. For different copula and distribu-
tion choices, the likelihood may suffer some modifi-
cations. Having established the likelihood function,
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we are able to make inference on the model param-
eters.

4. Joint Analysis of Breast Cancer Data

This Section focuses on the joint analysis of dis-
ease free and overall survival times by implementing
copula-based joint survival models, motivated by a
breast cancer dataset of patients from IPO-Lisboa,
[18]. The dataset contains N = 684 all-female
breast cancer patients, five covariates (see Table 3),
and the disease free time (TDF ), in months, and re-
spective event occurrence indicator (δ1), the overall
survival time (TOS), in months, and its event oc-
currence indicator (δ2). Around 66, 5% and 73, 8%
of the disease free and overall survival times were
censored, respectively, which are very high percent-
ages of the data. Also, TDF and TOS are strongly
correlated, with a Pearson correlation coefficient of
0.8570 (excluding censored observations).

Regarding the covariates in Table 3, only AGE is
a continuous variable, while the remaining ones are
categorical. The categorical variables were prop-
erly prepared to be implemented in the models,
namely the re-categorisation of HISTOL: DUCTAL
(645 observations) and Non-DUCTAL (39 observa-
tions); and STAGE: 1 (202 observations), for stage
1; 2 (386 observations), for stages 2A and 2B; and
3 (96 observations), for stages 3A, 3B, 3C, and 4.
The variables with more than two categories were
also transformed into dummy variables.

When continuous predictor variables present a
non-linear relationship with the response variables,
we assume such predictor effects are represented
by smooth functions, using splines. The potential
smoothness of the predictor effects fits into Gener-
alised Additive Models, [23].

Regression models will depend on the chosen
marginal distributions for the response variables,
as well as the copula function. Let us assume
Weibull marginal distributions for both outcomes
T1 and T2, denoted by T1 ∼ Weibull(γ1, λ1) and
T2 ∼ Weibull(γ2, λ2), where γ1 and γ2 are the
shape parameters, and λ1 and λ2 are the scale pa-
rameters for the distribution of T1 and T2, respec-
tively. Regression models may be built for the shape
parameters, γ1 and γ2, the scale parameters, λ1 and
λ2, and even the copula parameter, θ. The parame-
ters are related to the additive predictors as follows:

ηγj = g(γj) = β1
0j +

p∑
l=1

f1
lj(xl)

ηλj = g(λj) = β2
0j +

p∑
l=1

f2
lj(xl)

ηθ = g(θ) = β3
0 +

p∑
l=1

f3
l (xl)

(20)

where j = 1, 2 and fl(xl) =
∑k
s=1 βslBsl(xl) is the

spline function that represents a linear combina-
tion of basis function, Bsl(x), with coefficients, βsl,
s = 1, ...k basis and l = 1, ..., p covariates. Note
that suitable link functions, g, are used to ensure
that the restrictions on the parameter spaces are
maintained.

In Weibull survival regression models, the struc-
tural model is often presented as an Accelerated
Failure Time model for both outcomes T1 and T2,
given by:

log Tj = µj + xTxTxTαj + σjεj , j = 1, 2 (21)

where xxx is a vector of the p covariates with respec-
tive vector of parameters αj for each survival time,
µj is the intercept, σj is the scale, and εj a ran-
dom term, usually assumed to be independent and
identically distributed. Given the transformations

γj =
1

σj
; λj = exp(−µj

σj
); βββj = −αj

σj
(22)

we achieve the usual and easier to interpret param-
eterization of the Weibull model, defined in term of
the hazard function:

hj(tj |xxx) = γjλjt
γj−1
j exp(xxxTβββj) (23)

where j = 1, 2.
For the implementation of copula-based joint sur-

vival models to the breast cancer dataset, we resort
to “GJRM”, [13], a package from R software, [19].

4.1. Results
For fitting copula-based joint survival models for
breast cancer data, we assume Weibull marginal
distribution functions for the disease free time and
overall survival time. Concerning the type of copula
functions, we tested only on copulas belonging to
the Archimedean family: Clayton, Gumbel, Frank
and Joe. The Akaike Information Criterion (AIC)
[1] and Bayesian Information Criterion (BIC) [22]
were used to evaluate the quality of the models.

We started by fitting joint survival models with
Clayton, Gumbel, Frank and Joe copulas, in or-
der to find the best copula function for the survival
outcomes. These joint models were fitted with no
covariates.

Table 4: Copula selection based on the model com-
parison measures AIC and BIC, with no covariate
joint models.

Model comparison criteria
Copula AIC BIC

Frank 4979.8 5002.5
Gumbel 4987.4 5010.0
Clayton 4993.7 5016.4
Joe 5001.6 5024.3
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Table 3: Covariates description from the dataset provided by IPO-Lisboa.

Variable
name

Variable description Possible values
Variable
type

AGE Patient age, in years in years Continuous

STAGE
Patient clinicopathological stage,
based on the TNM system

1, 2A, 2B, 3A, 3B, 3C, 4 Categorical

PL DNA ploidy
0 if diploid,
1 if aneuploid

Categorical

HISTOL Tumour histological type
Ductal, Lobular, Apocrine, Metaplastic,
Mucinous and Papillary

Categorical

GR Tumor grade of differentiation
1 if the tumour is highly differentiated (good prognosis),
2 if it is moderately differentiated,
3 if it has low differentiation

Categorical

We got the lowest AIC and BIC for the models
that represent the dependence structure by a Frank
copula. Henceforth, the results of the joint survival
analysis will be done based on Frank copula func-
tion.

Once the marginal survival functions and the cop-
ula function are chosen, the next step is to find
out which covariates are statistically relevant for
the copula-based joint survival models. The joint
models allow incorporating covariates for both re-
sponse variables, enabling different contributions of
those covariates in each outcome. Therefore, we
obtain regression coefficients and smooth functions
for both times-to-event. Furthermore, “GJRM” en-
ables including additive predictors to the shape and
copula parameters. For the choice of predictive
variables, a forward stepwise regression was imple-
mented. The model improvement was also deter-
mined by AIC and BIC. The selected copula-based
joint survival model is (24).

For the categorical variables, we have regres-
sion coefficients (αlj), and for continuous variables
a smooth function reflecting the non-linear effects
(flj()). Although not presented, univariate models
were also built, using a similar selection strategy.

ηλ1 = α01 + α11STAGE(2) + α21STAGE(3)+

+ α31PL

ηλ2 = α02 + α12STAGE(2) + α22STAGE(3)+

+ α32PL + f12(AGE)

ηγ1 = α03

ηγ2 = α04

ηθ = α05 + f1(AGE)

(24)

Note that the link function for the shape and
scale parameters is logarithmic, and for the cop-
ula parameter is the identity. Recall that the ob-
tained results are given by the structural model
(21). Applying the reparameterization in (22) we
get the regression coefficients, βlj , l = 1, ..., p co-
variates and j = 1, 2 times-to-event, which are now
related to the hazard of occurring a cancer relapse

or death. For ease of interpretation, the regression
coefficients were transformed into Hazard Ratio es-
timates (HRlj = exp(βlj)), with respective 95%
confidence intervals (CI) displayed in Tables 5 and
6. On the other hand, AGE effect is represented as a
smooth function estimated by penalised splines and
its results are presented later.

Regarding the DNA ploidy (PL), in the joint
model the results show that aneuploid tumours
(PL="1") increase the hazard of relapse in around
68.00% and the hazard of death in 92.76%. This was
an expected result since aneuploid cells are associ-
ated with abnormalities in cell function, common
in cancer. For univariate models for T1 and T2, the
Hazard Ratios are somewhat smaller but still signif-
icant, with an increase of relapse and death hazards
of 48.07% and 68.17%, respectively.

The tumour grade of differentiation, GR(2) and
GR(3), is not considered statistically relevant when
jointly modelling T1 and T2, as opposed to the uni-
variate models for T1 and T2. Having a moderately
differentiated tumour (GR(2)=1, GR(3)=0) does not
imply a significant influence in cancer relapse haz-
ard, when compared to a well differentiated tumour
(GR(2)=0, GR(3)=0), since HR = 1 is included in
the 95% confidence interval. However, when the
tumour has low differentiation (GR(2)=0, GR(3)=1),
it spreads easier, and the prognosis is often a little
worse, which is reflected on the estimates: relapse
hazard increases in 52.87% and death hazard in-
creases in 62.74%.

The patient clinicopathological staging is a rel-
evant risk factor for both times-to-event based on
a copula joint Weibull model, as well as for uni-
variate Weibull models. For the joint model, a
patient belonging to stages 2A or 2B (STAGE2=1,
STAGE3=0) has no influence in the relapse hazard,
but has 53.74% more hazard of dying, compared to
patients in stage 1 (STAGE2=0, STAGE3=0). Regard-
ing the univariate models, for patients in the same
scenario, there is also no effect in the cancer relapse
and death hazards, due to HR = 1 being included
in the 95% confidence intervals. Patients belong-
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Table 5: Estimates and 95% confidence intervals (lower and upper bounds) for Hazard Ratios based on
univariate survival models and copula-based joint survival models for disease free time (T1), selected via
forward stepwise regression.

Disease free time
Covariates Joint Model Univariate Model

Estimate Lower B. Upper B. Estimate Lower B. Upper B.
PL 1.6800 1.2550 2.2489 1.4807 1.0996 1.9938
GR(2) —– —– —– 1.1920 0.8329 1.7059
GR(3) —– —– —– 1.5287 1.0167 2.2985
STAGE(2) 1.3925 0.9880 1.9627 1.1912 0.8542 1.6613
STAGE(3) 2.9035 2.2570 3.7350 2.8284 1.8967 4.2180

Table 6: Estimates and 95% confidence intervals (lower and upper bounds) for Hazard Ratios based on
univariate survival models and copula-based joint survival models for overall survival time (T2), selected
via forward stepwise regression.

Overall survival time
Covariates Joint Model Univariate Model

Estimate Lower B. Upper B. Estimate Lower B. Upper B.
PL 1.9276 1.4118 2.6320 1.6817 1.1859 2.3847
GR(2) —– —– —– 1.2222 0.7979 1.8724
GR(3) —– —– —– 1.6274 1.0114 2.6187
STAGE(2) 1.5374 1.0677 2.2137 1.5154 0.9420 2.4380
STAGE(3) 3.2704 2.4647 4.3394 4.4110 2.7166 7.1621

ing to more critical stages such as 3A, 3B, 3C and
4 (STAGE2=0, STAGE3=1) present significantly higher
HR. Considering the joint model of T1 and T2, those
patients have around 2.9 times more hazard of ex-
periencing a relapse and 3.3 times more hazard of
dying when compared to stage 1 patients. The haz-
ard approximately triplicates when a patient is in
a more severe clinicopathological stage of cancer.
For the univariate models, we got relapse hazard
2.8 times higher and death hazard 4.4 times higher
for stages 3A, 3B, 3C and 4, compared to stage 1.

Once AGE is considered an important risk factor
with non-linear effect, its influence is evaluated by
the smooth function estimates in Figure 1. It was
selected by the overall survival time in both joint
(a) and univariate (b) models, as well as by the
copula parameter (c), with p-values < 0.001, 0.038
and < 0.001, respectively. Regarding plot (a), the
estimated smooth function shows that AGE is not a
strong predictor for younger patients, since zero is
within the limits of the 95% confidence interval. On
the other hand, AGE is significantly influencing the
overall survival time in older patients. The over-
all survival time for patients older than 70 years
old registers an accentuated decrease, which was
expected since elderly people have more comorbidi-
ties and lower probability of recovering from a dis-
ease and, consequently, shorter survival time. In
the univariate model (b), Age is a weaker predictor
for the overall survival time, compared to the joint

model, except for the 75-85 age interval, approx-
imately. Similarly to the joint model, the overall
survival time for older patients registers a decrease,
although not so accentuated. Regarding the copula
parameter (c), once the zero line is not included in
the 95% confidence intervals for a significant sec-
tion of the age range, we consider that AGE has a
strong influence in the association between the dis-
ease free time and overall survival time. Besides
that, for older patients, the curve shows a stronger
association between times-to-event. This could be
due to quantity of older patients in the data that
present similar or even equal disease free and overall
survival times. This occurs when death occurs be-
fore cancer relapse, consequently censoring cancer
relapse, or when both events are censored, result-
ing in higher association between the two survival
times. In addition, some variability is present in all
three plots in Figure 1, over almost the entire range
of covariate values. Wider confidence intervals in-
dicate less precise estimates, frequently associated
with smaller sample sizes.

The effective degrees of freedom (EDF) is a mea-
sure of non-linearity for the relationship between
predictors and response variables [12]. An EDF
of 1 is equivalent to a linear relationship. Having
1 < EDF ≤ 2 represents a weakly non-linear rela-
tionship. An EDF ≥ 2 implies a strong non-linear
relationship. For overall survival time, in both joint
and univariate models, we have a close to strong
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non-linear relationship, 2.05 and 2.16, respectively,
but stronger for the univariate model. For the cop-
ula parameter, we obtained an EDF of 3.92, which
represents a strong non-linear correlation between
AGE and the outcomes’ association parameter.

((a)) Joint OS: EDF = 2.05

((b)) Univariate OS − EDF = 2.16

((c)) Copula parameter − EDF =
3.92

Figure 1: Smooth function estimates and associated
95% point-wise confidence intervals of AGE for over-
all survival time in the bivariate model (a), and in
the univariate model (b), and for the copula associa-
tion parameter (c), with respective effective degrees
of freedom (EDF).

Furthermore, for the Frank copula parameter, θ,
we obtained an estimate of 30.0 (CI = [19.3, 40.6]).
Converting it to a more interpretable measure of
association between T1 and T2, such as Kendall’s τ ,
[24], we got a value of 0.842 (CI = [0.758, 0.880]).
As expected, the Kendall’s τ value represents an
high correlation between the times-to-event.

Regarding the influence of risk factors on the
shape parameters, no variable led to a significant
improvement of the model fit.

Now that the final model (24) is chosen, it is im-
portant to validate it. This includes evaluating the
goodness of fit and analysing the residuals.

4.2. Model Validation

In order to assess the model convergence, we ad-
dress diagnostic information about the fitting pro-
cedure, namely, if the observed information matrix
is positive definite and the largest absolute gradient
value, which should be close to 0, if the model con-
verged. In the selected copula-based joint Weibull
survival model (24), the observed information ma-
trix is not positive definite, and the largest absolute
gradient value is 1.4557, which is somewhat higher
than we expected. This suggests that the model is
perhaps too complex. In fact, when considering a
simpler model with covariates only for the scale pa-
rameters, the observed information matrix becomes
positive definite, and the largest absolute gradient
value changes to 1.8991× 10−4. Although AIC and
BIC indicated (24) as a better model, it presents
concern in the convergence.

Concerning the residual analysis we resort to di-
agnostic plots (Figure 2) based on normalised quan-
tile residuals, [4]. The distributional assumption
presents some concern. Although the points seem
to fall about a straight line, they are somewhat de-
viated from the diagonal line.

((a)) Residuals for disease free time

((b)) Residuals for overall survival time

Figure 2: Histograms, density plots, and Q-Q plots
of the normalised residuals for disease free time (a)
and overall survival time (b) based on the final joint
model.

The residuals were also plotted against fitted val-
ues of disease free time and overall survival time
(Figure 3). The censored and non-censored obser-
vations were distinguished for ease of interpretation.
It stands out the lack of symmetry around the zero
line. In a well-fitted model, the normalised resid-
uals are expected to be evenly distributed around
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zero. On the contrary, the majority of the resid-
uals present negative values, which means the fit
was too high in almost every observation, for both
transformed disease free and overall survival times.
That is, the model is estimating higher times-to-
event, i.e., a delay in patient’s relapse occurrence
and death, compared with the true values. Further-
more, censored observations (Indicator= 0) overall
have smaller residuals than non-censored observa-
tions. Also, it is notable that we get lower residuals
for lower times-to-event. With time increasing, the
residuals increasingly deviate from the zero line.

((a)) Residuals versus Fitted Values for disease free
time

((b)) Residuals versus Fitted Values for overall sur-
vival time

Figure 3: Residuals versus Fitted Values plots for
disease free time (a) and overall survival time (b)
based on the final joint model.

Some non-random pattern in the residuals indi-
cates that the observed predictor variables of the
model are not capturing explanatory information
that is “leaking” into the residuals. Perhaps the
model is lacking some other covariates that were
not observed and could have explained better the
response variables.

5. Conclusions
The foremost goal of this work was to evaluate the
association between the two times-to-event through
copula functions, implementing copula-based joint
Weibull survival models to disease free time and
overall survival time, motivated by a study of breast
cancer patients from IPO-Lisboa. We believe that
joint modelling of disease free time and overall sur-
vival time may provide a more thorough model

when compared to the separated modelling of both
times-to-event. In fact, the results obtained for the
bivariate and univariate models were distinct. The
patient clinicopathological staging and DNA ploidy
are considered statistically relevant for disease free
and overall survival times. Regarding the patient
age, its effect is only significant for the overall sur-
vival time of older patients. The hazard of occurring
cancer relapse or death, given the patient’s clinical
profile, is different for univariate and bivariate mod-
els. In addition, the copula association parameter
estimate demonstrates a high association between
disease free and overall survival times. That asso-
ciation is influenced by the patient age, i.e., older
patients present a stronger association between the
times-to-event. Regarding the correlation between
the response variables, indirectly measured by the
copula parameter, θ, we got a high correlation be-
tween disease free and overall survival times. Some
correlation between them was expected since the
first time is part of the second. Also, it was found
that the patient age has also an influence on the sur-
vival times’ correlation, i.e., older patients present a
much higher correlation between cancer relapse and
death. This shows that elderly patients tend to have
cancer relapses almost simultaneously as death. In
addition, we have some concerns for model valida-
tion, in both convergence and residual diagnostic.
The reason for that could be the amount of cen-
sored observations in the dataset: 66,5% of disease
free time observations and 73,8% of the overall sur-
vival time observations. When there is a large pro-
portion of censored observations, the model tends
to achieve lower accuracy and effectiveness, increas-
ing the risk of bias. Besides that, it could indicate
the absence of some other important covariates that
should be added to the model.

For that reason, for future studies we suggest to
observe more covariates, as well as including more
patients, leading to a decrease in the amount of cen-
sored observations.
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