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Abstract

The applications of autonomous vehicle formations are expected to grow in the future. Part of this
applications will be aimed at subaquatic environments and since the Global Positioning System is not
available in such environments, the development of efficient and low-cost navigation systems is crucial.
The existing underwater navigation solutions are based on acoustic signals to obtain range and bearing
measurements. The solution proposed in this thesis uses these acoustic signals to measure bearings from
each vehicle to its neighbours, which are then used to develop a decentralized navigation system. A
system considering bearing measurements as outputs is nonlinear, and, in this approach, these systems
are transformed into equivalent linear systems by trading the bearing measurement for a conveniently
defined artificial linear output. For a linear system, it is possible to obtain theoretical guarantees of
stability, which is the main advantage of the proposed solution. The final solution is composed by
several local Kalman filters that rely only on local measurements and limited communication between
vehicles. Monte Carlo simulations are carried out in order to compare the performance with the
extended Kalman filter and the unscented Kalman filter. This comparison leads to the conclusion that
the performance of the three solutions is similar. As so, since the proposed solution is the only with
theoretical guarantees of convergence and does not present any disadvantage, it is concluded that this
is the best option.
Keywords: underwater navigation, decentralized control, bearings, autonomous vehicles, AUV

1. Introduction

1.1. Motivation

A great research effort has been put into decentral-
ized systems in recent years. Isolated systems are
becoming more connected everyday, which leads to
the need for scalable and robust solutions. Central-
ized solutions suffer from lack of scalability and are
highly exposed to the failure of the central node.
Scalability becomes a problem for centralized solu-
tions since, as the systems’ size grows, the num-
ber of communications and computing power of
the central node grows accordingly. Some politic
and economic theories take a viewpoint of central-
ized versus decentralized to explain the differences
between democracies and dictatorships or between
free-market and planned economies, which takes the
debate between centralized and decentralized far
beyond the field of engineering. In the same way
a failure of a powerful state has highly impacting
consequences, a failure in, for example, a central-
ized navigation system will compromise the entire
system.

An example of a large-scale system are robotic
swarms. There are many applications where the
use of robotic swarms can be an advantage, and it is
probable that, in the future, they will take a role of
increasing importance in our societies. Fields such
as military, transportation, mobility and warehouse
management are just some examples where robotic
swarms may revolutionize the industry in the near
future. For all this, there is a need to decentralize
systems.

Decentralized solutions become even more impor-
tant when leading with underwater robotic swarms.
In such scenarios, communications are specially lim-
ited, which undermines most centralized control
and navigation systems. One more problem associ-
ated with the underwater framework is the unavail-
ability of the Global Positioning System (GPS) due
to signal attenuation, which puts the development
of feasible navigation systems as a top priority.

The development of decentralized navigation so-
lutions for underwater vehicle formations is, there-
fore, of uttermost importance.
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1.2. State of the art

There are many application where the use of vehicle
formations or robotic swarms is an advantage and
several works have approached this thematic, such
as [1], where a solution for naval minesweeping is
proposed, or [2], which proposes a control method
for formations of vehicles based on the formulation
of an optimization problem.

In the field of marine robotics, several decentral-
ized solutions can be found with the particularity
of taking into account the limitation on communi-
cations, such as [3] or [4].

The unavailability of GPS in underwater appli-
cations motivated the research and development of
underwater navigation systems. Unlike the electro-
magnetic field, which suffers high attenuation un-
derwater, acoustic waves propagate well and with
known velocity underwater. Because of this, acous-
tic positioning systems were developed for under-
water applications. There are three broad classes
of underwater acoustic positioning systems: Long
Baseline (LBL), Short Baseline (SBL) and Ultra-
Short Baseline (USBL) systems. [5] proposes a po-
sitioning system based on a LBL system with three
acoustic transponders and an extended Kalman fil-
ter (EKF). Experimental results of a SBL system
are presented in [6]. One example of the design and
experimental validation of a USBL positioning sys-
tem can be seen in [7]. The USBL allows to obtain
the bearings between landmarks or vehicles, which
can also be used to design bearing-based navigation
systems.

The design of bearing-based navigation systems
is related to the problem of bearings-only tracking,
which has been widely studied, with [8] and [9] as
examples of works addressing this problem.

All the previous solutions depend on either range
or bearing measurements. These measurements are
nonlinear with respect to the position of the agent.
The most common approach to the non-linearities
is to use the EKF or the unscented Kalman filter
(UKF). An alternative is to pose the nonlinear ob-
servability problems regarding range and bearing
measurements as equivalent linear ones, by using
state augmentation and artificial outputs. This is
the case of in [10] and [11], following the introduc-
tion of the technique in [12].

1.3. Contributions

This thesis focus on developing a decentralized nav-
igation system with globally exponentially stable
(GES) error dynamics for tiered formations based
on bearing measurements. Local measurements,
such as attitude, relative speed and, in some cases,
depth are available. The vehicles in the formation
also measure bearing to one or more neighbouring
vehicles.

The design of the decentralized navigation sys-
tem can be broken into several parts. At first, local
observers are designed by using artificial outputs
to cope with the bearings’ non-linearities. In the
case when multiple bearings are available, results
obtained in [13] are used. The cases when only one
bearing is available, with or without depth mea-
surement, are studied and observability conditions
are obtained. A linear Kalman filter (LKF) is then
used to obtain an observer for the resulting linear
time-varying (LTV) system.

Next, the local observers are put together and
the stability of the system as a whole is studied,
following a similar approach to the one used in [14].

Monte Carlo simulations were performed to study
the performance of the proposed solution and com-
pare it with a decentralised EKF and a decentral-
ized UKF.

1.4. Thesis outline
In Chapter 2 the notation used is introduced and
the problem addressed in this thesis is formally
posed. In Chapter 3 the proposed solution is de-
signed in two phases: first, local observers are de-
signed for the different possible systems; then the
system as a whole is built by putting together the
local observers. The EKF and UKF are introduced
and adapted into a decentralized solution where
each node has limited information in Chapters 4
and 5, respectively.

In Chapter 6, results are presented. First, the
simulation set-up is introduced, followed by the pa-
rameters for each estimation solution. Finally, re-
sults of Monte Carlo analysis are presented to com-
pare the performance of the three solutions, as well
as the Bayesian Cramér-Rao Bound (BCRB).

Finally, in Chapter 7 some conclusions are drawn.

2. Problem statement and notation

2.1. Notation
Throughout the thesis, the symbol 0 denotes a ma-
trix of 0s of proper dimensions and In denotes the
n × n identity matrix. A block diagonal matrix
is represented by diag(A1, ...,An). The special or-
thogonal group is denoted by SO(3) := {X ∈ R3×3 :
XTX = I, det(X) = 1}, and the set of unit vectors
is defined as S(2) := {x ∈ R3 : ‖x‖ = 1}. For
x ∈ R3, xx, xy and xz denote the first, second, and
third component of x, respectively. The transpose
operator is defined as (.)T .

2.2. Problem statement
Consider a formation of N vehicles, indexed from 1
to N . All the vehicles are evolving in a fluid whose
velocity is assumed to have a time-invariant spatial
distribution. Moreover, it is assumed that the ve-
locity of the vehicles is small enough such that the
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fluid’s velocity can be considered constant for each
vehicle. Since the vehicles may be operating in dif-
ferent regions of the space, it is assumed that the
velocity of the fluid may differ from vehicle to ve-
hicle. As so, vfi(t) ∈ R3 denotes the fluid velocity
around vehicle i, expressed in a local inertial frame,
{I}. The position of the vehicle i, expressed in {I},
is denoted by pi(t) ∈ R3.

Each vehicle is moving with a velocity relative
to the fluid, measured by a relative velocity sensor,
such as a Doppler velocity log (DVL), and denoted
by vi(t) ∈ R3, expressed in the body frame, {Bi}.
Each vehicle is also equipped with an attitude and
heading reference system (AHRS) which provides a
rotation matrix, Ri(t) ∈ SO(3), from {Bi} to {I}.

The kinematics of vehicle i are given by{
ṗi(t) = vfi(t) + Ri(t)vi(t)

v̇fi(t) = 0
.

The formation is assumed to be organized in a
tiered topology, and each vehicle has access to ei-
ther:

• An absolute position measurement, provided
by, for example, GPS or a LBL system, if they
are in the first tier; or

• Bearing measurements and position estimates
of one or more vehicles in the tier above and,
in some cases, depth measurements.

The focus of this paper is on the second case, since
the position is available in the first one. In the
second case, the outputs are available at discrete-
time and are given bydij(k) = RT

i (tk)
pj(tk)− pi(tk)

‖pj(tk)− pi(tk)‖
, j ∈ Di

hi(k) = pz
i (tk), if depth available,

,

where Di is the set of vehicles to which vehicle i has
bearing measurements.

From now on, and unless specified otherwise, it
is considered

dij(k) =
pj(tk)− pi(tk)

‖pj(tk)− pi(tk)‖
, j ∈ Di, (1)

since this simplifies the computations. This is done
without loss of generality since the matrix Ri(tk) is
available and invertible. For simulation purposes,
the original bearing measurement is used.

Because the communication and the bearing mea-
surements between vehicles are only available at low
frequency, the system must be discretized, which

leads to

pi(tk+1) = pi(tk) + Tvfi(tk) + ui(k)

vfi(tk+1) = vfi(tk)

dij(k) =
pj(tk)− pi(tk)

‖pj(tk)− pi(tk)‖
, j ∈ Di

hi(k) = pz
i (tk), if depth available

, (2)

where T is the sampling period and ui(k) is given
by

ui(k) =

∫ tk+1

tk

Ri(t)vi(t)dt. (3)

The problem addressed in this paper is that of
designing a decentralized observer, with globally ex-
ponentially stable error dynamics, for the position
and local fluid velocity of each vehicle, pi(tk) and
vfi(tk) respectively. The decentralized observer is
composed by local observers, each one with access
to the local measurements described before.

3. Linear Kalman filter

3.1. Local observer design
Depending on the available measurements, the de-
sign of a local observer for (2) differs. Three cases
are discussed: i) when one bearing and depth are
available; ii) when two or more bearings are avail-
able; and iii) when one bearing, without depth, is
available. To simplify the notation, the index i will
be omitted from this point onward, resulting in the
system

p(tk+1) = p(tk) + Tvf (tk) + u(k)

vf (tk+1) = vf (tk)

dj(k) =
pj(tk)− p(tk)

‖pj(tk)− p(tk)‖
, j ∈ D

h(k) = pz(tk), if depth available

. (4)

3.2. Artificial output
The dynamic system (4) is nonlinear due to the
bearing outputs. To address this issue, and ob-
tain an LTV system, the bearing outputs will be
replaced by the artificial output zj(k) ∈ R3, which
is given by

zj(k) := (I− dj(k)dT
j (k))pj(tk)

= (I− dj(k)dT
j (k))p(tk).

This quantity is known since (I−dj(k)dT
j (k))pj(tk)

can be computed using known measurements. Also,
because dj(k) is a known measurement, zj(k) is
linear on the state p(tk). Replacing dj(k) by zj(k)
in (4) yields

p(tk+1) = p(tk) + Tvf (tk) + u(k)

vf (tk+1) = vf (tk)

zj(k) = (I− dj(k)dT
j (k))p(tk), j ∈ D

h(k) = pz(tk), if depth available

. (5)
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This is an LTV system and can be written in the
form {

x(k + 1) = Akx(k) + Bku(k)

y(k) = Ckx(k)
,

where

x(k) = [pT (tk) vT (tk)]T ∈ R6,

and

y(k) = [zT1 (k) ... zTL(k) h(k)]T ∈ R3L+1,

or
y(k) = [zT1 (k) ... zTL(k)]T ∈ R3L,

with L representing the number of elements in D.

3.3. Observability
The state matrices when depth and only one bear-
ing measurement are available are given by

Ak =

[
I3 T I3
0 I3

]
∈ R6×6, Bk =

[
I3
0

]
∈ R6×3,

Ck =

[
I3 − dj(k)dT

j (k) 0
eT
3 0

]
∈ R4×6,

with e3 := [0 0 1]T . The following theorem ad-
dresses the observability of this system.

Theorem 1. The system (5) with depth and only
one bearing available is observable on the interval
[ka, ka+2] if and only if dz

j (ka) 6= 0 and dz
j (ka+1) 6=

0.

Proof. The system is observable on [ka, ka+2] if and
only if the observability matrix, O(ka, ka + 2) has
rank equal to the number of states. The proof fol-
lows by showing that is the case. The observability
matrix is given by

O(ka, ka + 2) =

[
Cka

Cka+1Aka

]
∈ R8×6.

The rank condition on the observability matrix is
equivalent to state that the only solution of

O(ka, ka + 2)c = 0

is c = 0. Considering c = [cT1 cT2 ]T , with c1, c2 ∈
R3, this can be rewritten as

(I− dj(ka)dT
j (ka))c1 = 0

cz1 = 0

(I− dj(ka + 1)dT
j (ka + 1))(c1 + Tc2) = 0

cz1 + Tcz2 = 0

. (6)

The sufficiency of the conditions of the theorem
is shown by direct proof. Suppose dz

j (ka) 6= 0 ∧
dz
j (ka + 1) 6= 0. Next, it will be shown that the

only solution for (6) is c = 0. The first equation of
(6) allows to conclude that c1 = αdj(ka), α ∈ R.
Since dz

j (ka) 6= 0 and cz1 = 0, it must be α = 0 and
thus c1 = 0. Then, the last two equations of (6)
become{

(I− dj(ka + 1)dT
j (ka + 1))c2 = 0

cz2 = 0
.

Following the same steps, it can be concluded that
c2 = 0. This concludes the proof of sufficiency. The
proof of necessity follows by contraposition. Sup-
pose that the conditions of the theorem are not
met. This may happen because dz

j (ka) = 0 or
dz
j (ka + 1) = 0. In the first case, take

c =

[
dj(ka)
− 1

T dj(ka)

]
.

This non zero c fulfils (6), which makes the system
not observable. Suppose now that dz

j (ka + 1) = 0
and take

c =

[
0

dj(ka + 1)

]
.

This non zero c also fulfils (6), which implies that
the system is not observable, thus concluding the
proof of necessity.

When more than one bearing is available but
there is no depth measurement, the state matrices
are given by

Ak =

[
I3 T I3
0 I3

]
∈ R6×6, Bk =

[
I3
0

]
∈ R6×3,

Ck =

I3 − d1(k)dT
1 (k) 0

...
...

I3 − dL(k)dT
L(k) 0

 ∈ R3L×6,

where L is the number of vehicles in D. This system
has been studied in [13], from where the following
theorem can be used.

Theorem 2. The system (5) with more than one
bearing and no depth measurement is observable on
the interval [ka, ka + 2] if and only if there exists
m,n, l, p ∈ {1, ..., L} such that

dm(ka) 6= α1dn(ka)

and
dl(ka + 1) 6= α2dp(ka + 1)

for all α1, α2 ∈ R.

When only one bearing is available but there is
no depth measurement, the state matrices are given
by

Ak =

[
I3 T I3
0 I3

]
, Bk =

[
I3
0

]
,
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Ck =
[
I3 − d1(k)dT

1 (k) 0
]
.

The following theorem addresses the observabil-
ity of this system.

Theorem 3. The system (5) with only one bearing
available is observable on the interval [ka, ka + 3] if
and only if dj(ka), dj(ka + 1) and dj(ka + 2) are
linearly independent.

Proof. The proof is done by showing that the ob-
servability matrix has rank equal to the number of
states if and only if the conditions of the theorem
are met, in a similar way to Theorem 1.

With the observability studied, conditions for
uniform complete observability (UCO) should be
derived so that the design of a Kalman filter leads to
an observer with guarantees of GES error dynam-
ics. However, such proof implies long and tedious
calculations, which follows similar steps considering
uniform bounds in time, which were left outside of
the scope of this work.

3.4. Decentralized System
The conditions for stability of the local observers
have already been established. However, these lo-
cal observers have access to the position of the vehi-
cles to which bearings are measured. When the ob-
servers are put together into a decentralized system,
they will only have access to position estimates,
which can be written as

p̂j(tk) = pj(tk) + ej(k),

where p̂j(tk) is an estimate of the position of vehicle
j and ej(k) is a term with GES dynamics represent-
ing the estimation error of pj(tk). This will alter
the value of the artificial output, which will be given
by

zj(k) = (I− dj(k)dT
j (k))p(tk) + ēj(k), (7)

where ēj(k) is defined as

ēj(k) = (I− dj(k)dT
j (k))ej(k).

Since ej(k) decays exponentially and (I −
dj(k)dT

j (k)) is bounded, ēj(k) will also decay ex-
ponentially.

As so, the effect of not having the true position
of the other vehicles can be regarded as an expo-
nentially decaying perturbation on the outputs of
system (5). This will not alter the dynamics of the
Kalman filter covariance matrix

Pk|k−1 = AkPk−1|k−1AT
k + Q

Kk = Pk|k−1CT
k (R + CkPk|k−1CT

k )−1

Pk|k = (I−KkCk)Pk|k−1(I−KkCk)T

+ KkRkKT
k

,

where Q and R are the process and output noise co-
variance matrices, respectively. P is the estimation
error covariance and K is the observer gain. Since
these equations are not affected by the perturba-
tion, they will remain bounded. The estimates will
be given by

x̂(k+ 1) = Akx̂(k) +Bku(k) + Kk(z(k)−Ckx̂(k)).

Considering (7), the exponentially decaying pertur-
bation will be multiplied by a bounded matrix, K,
which will cause an exponentially decaying error on
the estimate of the state x̂.

All the local observers of the vehicles of the sec-
ond tier receive true information of the position of
the vehicles of the tier above, as it is assumed the
first tier has access to its own position. Therefore,
they will produce estimates of their own position
with GES error dynamics. As shown before, all the
vehicles receiving position estimates with GES er-
ror dynamics will also produce positions estimates
with GES error dynamics of their own. As so, the
observers of all the tiers will converge, since the er-
rors that are propagated will always have GES error
dynamics.

4. Extended Kalman filter
To compare the performance of the proposed solu-
tion, a decentralized EKF was implemented. It is
important to note that, unlike the LKF, the EKF
has no stability guarantee, which represents an ad-
vantage of the proposed solution.

Consider a system in the form{
x(k + 1) = f(x(k),u(k)) + w(k)

y(k) = h(x(k)) + v(k)
,

where w(k) ∈ Rn and v(k) ∈ Rm are the pro-
cess and output noise, respectively. w(k) ∈ Rn

and v(k) ∈ Rm are assumed to be zero-mean white
Gaussian noise with covariance matrices Q ∈ Rn×n

and R ∈ Rm×m, respectively.
To adapt the LKF to a nonlinear model, the non-

linear model is linearised. Let Fk and Hk be the
Jacobian matrices of f and h evaluated at x̂(k).
This approximations will result in the predict step{

x̂(k + 1|k) = f(x̂(k|k),u(k)).

P(k + 1|k) = FkP(k|k)FT
k + Q

,

and the update step
Kk = P(k|k − 1)HT

k (HkP(k|k − 1)HT
k + R)−1

x̂(k|k) = x̂(k|k − 1) + Kk

(
y(k)− h(x̂(k|k − 1)))

P(k|k) =
(
I−KkHk

)
P(k|k − 1)

.

More details on the deduction of the EKF can be
found in [15].
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5. Unscented Kalman filter

Consider a nonlinear function g : Rn → Rm. Also,
consider a random variable x ∈ Rn with expected
value x̄ ∈ Rn and covariance Px ∈ Rn×n.

The Unscented Transform (UT) is a method of
approximating the statistical characterization of the
random variable y = g(x). The UT starts by using
the statistical characterization of x to compute a
set of sigma points and corresponding weights that
capture its mean and covariance. Then, these sigma
points are used as argument to the nonlinear func-
tion, and the resulting values are used to compute
the approximated statistics of y.

Instead of using first-order linearisation to deal
with the nonlinearities of the model, as the EKF
does, the UKF uses the UT. This allows to take into
the account non-Gaussian noise, as well as better
approximate the non-linearities. More details on
the implementation used, as well as the advantages
of the UKF over the EKF can be found in [16].
However, it is important to note that the UKF does
not present any guarantee of convergence neither.

6. Simulations results

Monte Carlo simulations were performed to access
the performance of the proposed solution when the
measurements are subject to noise. A decentralized
EKF and UKF for the original system (2) was used
for comparison, since this system is nonlinear. The
BCRB was also computed, which provides a theo-
retical performance bound.

6.1. Setup

Each vehicle was given a trajectory pi(t) ∈ R3 and a
attitude Ωi(t) = [αi(t) βi(t) γi(t)], with α, β, and γ
representing the yaw, pitch and roll angles, respec-
tively. For the fluid velocity, a spacial distribution
vf (p) : R3 → R3 is used and defined by

vf (p) =

 0.2
0.3
0.15

+ 0.0005

1
0
0

pz.

The purpose of the distribution is not to mimic a
real distribution of ocean currents, as that is a com-
plex subject on its own, but to give the simulations
a space-varying current. The trajectories used for
pi(t) and Ωi(t) are presented later in this section.

Recall the system for which the solutions were
developed



pi(tk+1) = pi(tk) + Tvfi(tk) + ui(k)

vfi(tk+1) = vfi(tk)

dij(k) =
pj(tk)− pi(tk)

‖pj(tk)− pi(tk)‖
, j ∈ Di

hi(k) = pz
i (tk), if depth available

,

with

ui(k) =

∫ tk+1

tk

Ri(t)vi(t)dt.

To implement the solutions proposed, ui(k),
dij(k), hi(k) and pj(tk) are needed. However, to
make the simulation model as realistic as possible,
it was not considered that this quantities were di-
rectly available. Instead, the set of sensors available
are

• Relative velocity sensor, such as a DVL, pro-
viding vi(t) = ṗi(t)− vfi(t) at high frequency
and expressed in the body frame;

• AHRS providing the attitude angles at high
frequency, which allow the computation of the
rotation matrix from the body frame to the in-
ertial frame;

• Inclination and azimuth angles, θij(t) and
φij(t) respectively, to vehicle j, expressed in
the body frame and available at low frequency;

• Depth sensor providing pz
i (t) at high frequency.

Besides, it is assumed that pj(tk) is received at
low frequency in case of a vehicle in tier 1, provided
by GPS or a LBL system available in tier 0. In all
the other tiers, an estimate of pj(tk) communicated
by vehicle j is received instead.

The attitude angles are used to compute the ro-
tation matrix Ri(t) ∈ SO(3) from {Bi} to {I}.
The system input is computed using the trapezoidal
rule.

The computation of the bearing is done using the
azimuth and inclination angles

dBi
ij (tk) =

sin(θij(tk))cos(φij(tk))
sin(θij(tk))sin(φij(tk))

cos(θij(tk))

 ,
where dBi

ij (tk) is the bearing measurement repre-
sented in the body frame {Bi}. From this, it can
be obtained

dij(tk) = R(tk)dBi
ij (tk).

The sampling periods were set to T = 1s and
Th = 0.01s, for the low and high frequency mea-
surements, respectively. Additive white zero-mean
Gaussian noise was introduced in every measure-
ment available. For the position of vehicles in tier
0, additive white zero-mean Gaussian noise with co-
variance matrix

0.01×

 1 0.1 0.1
0.1 1 0.1
0.1 0.1 1

 ,
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which was not set to a diagonal matrix to introduce
some correlation between the components, as usu-
ally happens in such measurements. White zero-
mean Gaussian noise was added to the pitch and
roll angles with a standard deviation of 0.01◦ and
0.03◦, respectively. For the azimuth and inclina-
tion angles, used to compute the bearing, additive
zero-mean white Gaussian noise with a standard de-
viation of 1◦ was considered. The relative velocity
measurements were corrupted by additive, uncor-
related, zero-mean white Gaussian noise with stan-
dard deviation of 0.01 m/s. Finally, the depth mea-
surements were corrupted by additive zero-mean
white Gaussian noise with a standard deviation of
0.1 m.

The formation was organized according to the
graph in Fig. 1. Vehicles 3, 4 and 5 have access
to depth measurements while the vehicles 6 and 7
have not. The two vehicles in tier 0 have access to
measurements of their own position and, for that
reason, observers for this tier are not simulated.
The formation includes, at least, one of each of the
three cases studied: one bearing without depth; one
bearing and depth; and multiple bearings without
depth.

Figure 1: Formation graph

The trajectories of the vehicles were generated
using waypoints. All the vehicles, with exception
for vehicle 2, followed the same trajectory, but with
different starting points. The starting points of each
vehicle can be seen in Table 1 and the waypoints of
vehicle 1 can be seen in Table 2.

The acceleration of each vehicle was limited to
0.01 m/s

2
, which resulted in the curve represented

in Fig. 2.
For vehicle 2, the trajectory followed the same

curve of the other vehicles, to which it was added
[10sin(0.1t) 50cos(0.13) 0]T . This is done to enrich
the bearing values of vehicle 6 relative to vehicle 2,
so that the system becomes observable.

Vehicle Initial Position (m)

1 [0 0 0]

2 [100 100 0]

3 [1 1 -50]

4 [0 10 -60]

5 [110 100 -40]

6 [90 90 -30]

7 [50 50 -100]

Table 1: Initial positions used in the simulations.

Time (s) Position (m)

0 [0 0 0]

100 [50 0 0]

200 [50 20 0]

300 [20 20 0]

400 [20 40 0]

500 [50 40 0]

600 [50 60 0]

800 [5 30 -30]

1000 [5 0 -30]

Table 2: Trajectory waypoints for vehicle 1

-30

60

-25

-20

60

-15

40

-10

40

-5

0

20
20

0 0

Start

End

Figure 2: Vehicle 1 Trajectory

The attitude of all vehicles was set to be constant
and equal to the identity rotation matrix.

For the LKF, the state and output noise co-
variance matrices were set to, respectively, Q =
diag(0.012I3, 0.0012I3) and R = diag(0.12, 10I) or
R = 10I, depending on whether depth is available
or not. The matrix P was set to diag(102I3, I3).

For the EKF, the state and output noise co-
variance matrices were set to, respectively,Q =
diag(0.012I3, 0.0012I3) and R = diag(0.12, 0.001I)
or R = 0.001I, depending on whether depth is avail-
able or not. The matrix P was set to diag(102I3, I3)
and the initial state estimates were generated as in
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the previous section.
For the UKF, the matrices were chosen the same

as in the EKF, with the parameters responsible for
the generation of sigma points being set to α = 1,
k = 0 and β = 2.

6.2. Bayesian Crámer-Rao Bound
Consider a system in the form of{

x(k + 1) = A(k)x(k) + B(k)u(k) + nx(k)

y(k) = h(x(k)) + ny(k)
, (8)

where x(k) is the state, u(k) is a deterministic in-
put, and y(k) is the output, which depends on the
state trough a nonlinear function h(x(k)). Both
nx(k) and ny(k) follow a zero-mean Gaussian distri-
bution with covariance matrices Qx(k) and Qy(k)
respectively. For a system in this form, the BCRB
is provided in [17], which is a lower bound on the
performance achievable by any unbiased estimator.

The recursion used to compute the BCRB is the
same as the one in the EKF, with the difference that
the Jacobian of h is evaluated at the true state in-
stead of the state estimate. As so, any unbiased ob-
server for (2) should perform worst than the BCRB.
However, due to non-linearities, it is possible that
the observers designed are slightly biased.

6.3. Monte Carlo simulations
To compare the performance of the solutions,
Monte Carlo simulations were performed. 1000 sim-
ulations were carried out and, for each, different
randomly generated noise signals were considered.
The initial state estimate was randomly generated
from a Gaussian distribution centred on the true ini-
tial state and with covariance matrix diag(102I; I),
the same matrix used to initialize the error covari-
ance of all the filters.

The Monte Carlo analysis is used to analyse the
existence of bias in the solutions, by computing the
mean estimation error, and the filter performance
in terms of error covariance, using the root-mean
squared error. Also, both allow the study of the
convergence speed.

The formation consists of 7 vehicles, with only
5 of them having estimation results. Due to space
limitations only the results for vehicle 3 will be pre-
sented. The results concerning the others are simi-
lar. Also, because conclusions drawn from the posi-
tion and velocity estimation are the same, only the
position results are presented.

In Figs. 3, 4, and 5, the average position estima-
tion errors of vehicle 3 for the LKF, EKF and UKF,
respectively, are presented.

While the first 100 seconds do not allow much
conclusions, between seconds 100 and 500 is pos-
sible to see the average error in steady-state. Be-
tween all the solutions, the values are very similar

and there is no indicator of bias.

The model used to develop the navigation sys-
tems assumes the fluid velocity to be constant.
However, in the simulations, in the second 600,
there is a change of depth of the vehicles, and with
it, the fluid velocity also changes, due to the vertical
distribution of fluid velocity. All the filters behave
in the same way when this happens. Between sec-
ond 600 and 750, the bias increases. Then it stabi-
lizes until it starts converging at second 800, which
is the instant at which the fluid velocity becomes
constant again. The error reached by the LKF is
bigger than the one reached by the EKF and UKF,
which indicates it is slower.

The position estimation root-mean square error
(RMSE) for the x, y and z components is presented
in Figs. 6, 7, and 8, respectively.

First, note that the RMSE of all the solutions
is always equal or bigger than the BCRB, as it is
supposed to be.

The z component presents the same results for
all solutions. This is due to the fact that depth
is available directly and there is no nonlinearity to
deal with. In the x and y component, the LKF
seems to present smaller RMSE in transient-state
than the EKF and UKF.

To evaluate the variance of the solutions in
steady-state, the average RMSE between second
300 and 500 was computed, and is presented in ta-
ble 3.

Position (m)

x y z

LKF 0.0863 0.0864 0.0333

EKF 0.1024 0.1025 0.0333

UKF 0.1024 0.1025 0.0333

Table 3: Vehicle 3: Steady-state RMSE

While the EKF and UKF present the same re-
sults, the LKF shows a smaller RMSE in steady-
state.

In sum, it was possible to see that the pro-
posed solution presented a slower behaviour but
with smaller error covariance. All are comparable,
without significant differences and are highly de-
pendent on the tuning of the noise covariance ma-
trices. As so, it is possible to conclude that the
three solutions are similar in terms of performance,
while it is impossible to determine if one outper-
forms the others. However, the proposed solution
has the advantage of having theoretical guarantees
of convergence.
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Figure 3: Vehicle 3: LKF Average Position Estimation Error

0 20 40 60 80 100
-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

P
o

s
it
io

n
 e

rr
o

r 
(m

)

200 300 400 500

Time (s)

-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

0.02

600 700 800 900 1000

-0.1

-0.05

0

0.05

0.1

x

y

z

Figure 4: Vehicle 3: EKF Average Position Estimation Error

7. Conclusions

In underwater scenarios the communication band-
width is very limited, rendering centralized naviga-
tion solutions impossible to implement. This thesis
presents a cooperative, decentralized navigation so-
lution for formations of underwater vehicles based
on bearing measurements. Three different cases
were studied to design a flexible solution for het-
erogeneous formations. In order to cope with the
nonlinear nature of the outputs, artificial outputs
are employed that render the dynamics linear, thus
allowing for the design of local Kalman filters with
GES errors dynamics. Then, the error dynamics of
the formation as a whole are also shown to be GES.
Finally, Monte Carlo simulations are presented, in-
cluding the comparison with the EKF, the UKF and
the BCRB.

References

[1] A. Healey, “Application of formation con-
trol for multi-vehicle robotic minesweeping”, in
Proceedings of the 40th IEEE Conference on
Decision and Control, vol. 2, pp. 1497–1502,
2001.

[2] T. Kopfstedt, M. Mukai, M. Fujita, and C.
Ament, “Control of Formations of UAVs for
Surveillance and Reconnaissance Missions”,
IFAC Proceedings Volumes, vol. 41, no. 2, pp.
5161–5166, 2008.

[3] D. Stilwell and B. Bishop, Platoons of under-
water vehicles”, IEEE Control Systems Maga-
zine, vol. 20, no. 6, pp. 45–52, 2000.

[4] M. Vaccarini and S. Longhi, “Formation Con-
trol of Marine Veihicles via Real-Time Net-
worked Decentralized MPC” in 17th Medditer-
ranean Conference on Control & Automation,
pp. 428–433, 2009

[5] L. Techy, K. A. Morgansen, and C. A.
Woolsey, “Long-baseline acoustic localization
of the Seaglider underwater glider”, in Pro-
ceedings of the 2011 American Control Con-
ference, pp. 3990–3995, IEEE, jun 2011.

[6] S. Smith and D. Kronen, “Experimental results
of an inexpensive short baseline acoustic posi-
tioning system for AUV navigation”, in Oceans
’97. MTS/IEEE Conference Proceedings, vol.
1, pp. 714– 720, IEEE.

[7] J. Reis, M. Morgado, P. Batista, P. Oliveira,
and C. Silvestre, “Design and Experimental
Validation of a USBL Underwater Acoustic
Positioning System”, Sensors, vol. 16, p. 1491,
sep 2016.

[8] J. Zhang and H. Ji, “Distributed multi-sensor
particle filter for bearings-only tracking”, In-
ternational Journal of Electronics, vol. 99, pp.
239–254, feb 2012.

9



0 20 40 60 80 100
-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

P
o

s
it
io

n
 e

rr
o

r 
(m

)

200 300 400 500

Time (s)

-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

0.02

600 700 800 900 1000

-0.1

-0.05

0

0.05

0.1

x

y

z

Figure 5: Vehicle 3: UKF Average Position Estimation Error

0 50 100 150 200 250 300

Time (s)

10
-1

10
0

10
1

LTV

UKF

EKF

BCRB

Figure 6: Vehicle 3: Position RMSE - x

0 50 100 150 200 250 300

Time (s)

10
-1

10
0

10
1

LTV

UKF

EKF

BCRB

Figure 7: Vehicle 3: Position RMSE - y

[9] K. Lakshmi Prasanna, S. Koteswara Rao, S.
B. Karishma, and A. Jawahar, “Application of
Cubature Kalman Filter for Bearings only Tar-
get Tracking”, Indian Journal of Science and
Technology, vol. 9, may 2016.

[10] P. Batista, C. Silvestre, and P. Oliveira, “GES
Source Localization based on Discrete-Time
Position and Single Range Measurements”, in
21st Mediterranean Conference on Control &
Automation, pp. 1248–1253, 2013.

[11] P. Batista, C. Silvestre, and P. Oliveira, “GES
Source Localization based on Discrete-Time
Position and Single Range Measurements”, in
21st Mediterranean Conference on Control &
Automation, pp. 1248–1253, 2013.

0 50 100 150 200 250 300

Time (s)

10
-2

10
-1

10
0

10
1

LTV

UKF

EKF

BCRB

Figure 8: Vehicle 3: Position RMSE - z

[12] P. Batista, C. Silvestre, and P. Oliveira, “Sin-
gle Range Aided Navigation and Source Local-
ization: observability and filter design”, Sys-
tems & Control Letters, vol. 60, no. 8, pp. 665-
673, August 2011.

[13] P. Batista, C. Silvestre, and P. Oliveira, “”Nav-
igation systems based on multiple bearing mea-
surements”, IEEE Transactions on Aerospace
and Electronic Systems, vol. 51, no. 4, pp.
2887–2899, 2015.

[14] D. Viegas, P. Batista, P. Oliveira, and C.
Silvestre, “Decentralized state observers for
range-based position and velocity estimation in
acyclic formations with fixed topologies”, Inter-
national Journal of Robust and Nonlinear Con-
trol, vol. 26, pp. 963–994, mar 2016.

[15] G. Welch, G. Bishop, and C. Hill, “An Intro-
duction to the Kalman Filter”, pp. 1–16.

[16] E. A. Wan and R. V. D. Merwe, “The un-
scented Kalman filter for nonlinear estima-
tion”, Adaptive Systems for Signal Process-
ing, Communications, and Control Symposium
2000., no. 3, pp. 153– 158, 2002.

[17] H. L. Van Trees and K. L. Bell, “Bayesian
Bounds for Parameter Estimation and Nonlin-
ear Filtering/Tracking”. IEEE, 2007.

10


