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In this thesis, we study the decoupling limit of Multi-Higgs-Doublet Models (NHDMs). We
give a new procedure to analytically scrutinize such limit and consider the situation for symmetric
potentials. Depending on the model and on the vacuum structure, we show which parameters
must be included and how these depend on the decoupling energy scales. We obtain the bounded
from below (BFB) conditions for the U(1) × U(1) and for the U(1) × Z2 symmetric Three-Higgs-
Doublet Model (3HDM). We give a pathological example of a potential which has a good-looking
normal minimum but is unbounded from below in the charge-breaking directions. This remark is
not limited to the particular model that we considered. It represents a rather general feature of
elaborate NHDMs which must be carefully dealt with. The work produced for this thesis resulted
in a paper published in Physical Review D [1], and in a second paper yet to be submitted.
Keywords: Multi-Higgs-Doublet Models, decoupling limit, Standard Model, bounded from below,
charge-breaking directions.

I. INTRODUCTION

Experimental data do not force the Standard Model
(SM) scalar sector to be as minimal as postulated. Build-
ing models with Multi-Higgs sectors is an attractive op-
tion [2], as it helps to resolve various open problems.
When studying these, one has to deal with technical is-
sues related to the properties of the scalar potential. First
theoretical constraints must be applied for the model
to be physically plausible, and then experimental con-
straints for the model to be compatible with our universe.
In this thesis we focus on Multi-Higgs-Doublet Models
(NHDMs) [3–6]. These have several Higgs bosons, both
charged and neutral, can accommodate novel forms of CP
violation, tree-level Flavour Changing Neutral Couplings
(FCNCs), scalar Dark Matter candidates and modifica-
tions of the SM couplings.

With such a rich phenomenology, one must be care-
ful not to contradict the experimental measurements [7].
From a practical perspective, our models should be close
to the SM predictions at the electroweak scale. This can
be accomplished through the decoupling limit [8], and
new physics would be found at a higher energy scale.
Not yet explored by our colliders, but with cosmological
consequences in our universe. However, we usually do not
work with the most general NHDM, but rather with one
that is invariant under a certain symmetry. These limit
the number of parameters and may yield restrictions that
render the decoupling unattainable.

The decoupling limit conditions are known for the
CP conserving Two-Higgs-Doublet Model (2HDM) [8, 9].
Nonetheless, such conditions are not known for models
whose vevs have physical phases, neither for models with
additional scalar doublets. In practice, one cannot make
use of the literature methods to study the decoupling
limit of a theory with more than two doublets. By ex-
tending the literature methods [8, 9] to investigate an

NHDM, one would have to respectively obtain the an-
alytical expression for the eigenvalues of an N × N or
(N −1)× (N −1) matrix. Even for Three-Higgs-Doublet
Models (3HDMs), these expressions are so complicated
that they are hardly of any use. In this thesis, we in-
troduce a procedure that can be applied to study the
decoupling limit of Multi-Higgs-Doublet Models with an
arbitrary number of doublets. Through this technique,
we explicitly investigate the situation for models with
abelian symmetries. We clarify in which situations it is,
and in which situations it is not, necessary to include
all quadratic parameters in order to have a decoupling
limit. Additionally, our method allows to examine how
the quadratic parameters depend on the decoupling en-
ergy scale.

When building extended Higgs sectors, one has to deal
with some technical issues related to the properties of the
scalar potential. In particular, these must have a global
minimum, which requires the potential to be Bounded
from Below (BFB). Even for sophisticated scalar sectors,
it is often easy to give a set of sufficient BFB conditions.
Models satisfying them are safe and can be used in phe-
nomenological analyses. However, such conditions can
be overly restrictive, leaving out parts of the parameter
space with potentially intriguing phenomenological con-
sequences. Thus, when exploring the parameter space in
a class of Multi-Higgs Models, it is always desirable to es-
tablish the exact BFB conditions that are simultaneously
necessary and sufficient. This technical issue is rather
challenging and has only been solved for sufficiently sim-
ple cases. In this thesis, we obtain the set of necessary
and sufficient BFB conditions for two other models, the
U(1)×U(1) and the U(1)×Z2 symmetric 3HDM. When
deriving such conditions, we learned yet another lesson:
one must always check stability along charge-breaking
directions in the Higgs space. Even if one has a normal
looking neutral minimum. We will show an example in
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which such minimum exists, and the potential is stable in
all neutral directions. Nonetheless, it is unbounded from
below along some charge-breaking directions.

This extended abstract is organised as follows. In sec-
tion II, we give an introduction to Multi-Higgs-Doublet
Models, with emphasis on the basis freedom of the scalar
potential. In section III, we investigate the decoupling
limit conditions for Multi-Higgs-Doublet Models. In sec-
tion IV we discuss the bounded from below conditions for
the U(1)×U(1) and for the U(1)×Z2 symmetric 3HDM.
Finally, we draw our main conclusions in section V.

II. MULTI-HIGGS-DOUBLET MODELS

There is no reason to believe that there is only one
Higgs doublet in our universe. In general, we can have
N SU(2)L × U(1)Y complex scalar doublets with hyper-
charge Y = 1/2,

Φi =

(
φ+i
φ0i

)
. (1)

These interact with each other through the renormaliz-
able Higgs potential

V = Yij

(
Φ†iΦj

)
+ Zij,kl

(
Φ†iΦj

)(
Φ†kΦl

)
, (2)

whose hermiticity implies,

Yij = Y ∗ji, Zij,kl = Zkl,ij = Z∗ji,lk. (3)

As in the SM, we are only interested in certain re-
gions of the parameter space. In particular, the poten-
tial must have a global minimum where the scalar fields
acquire non-zero vacuum expectation value (vev). Such
minimum can lead to the existence of a massive photon
[10], so we assume that it preserves the charge symmetry,
U(1)Q, generated by Q = T3 + Y . The expansion of the
fields around its vevs, νi, is given by

Φi = νi + ϕi =

(
0

vi/
√

2

)
+

(
φ+i

(ρi + iχi) /
√

2

)
, (4)

where each vi is in general complex. The stationary con-
ditions [10] are given by

(Yij + Zij,klv
∗
kvl) vj = 0. (5)

A. Basis freedom

The potential in eq. (2) can always be rewritten in
a different basis. This can done through a transforma-
tion in the family space, Φi → UijΦj given by a SU(N)
matrix. Which leaves the potential invariant by defini-
tion. Or through a global transformation in the mul-
tiplet space, Φi → UΦi given by a U(1) and/or SU(2)
matrix. Which leaves the potential invariant by con-
struction since the model is a SU(2)×U(1) gauge theory.

A general basis change, Φi → Φ′i = UijΦj given by a
U(N) = SU(N) × U(1) matrix, modifies the potential
parameters by

Yij → Y ′ij = UikYklU
∗
jl, (6)

Zij,kl → Z ′ij,kl = UimUkoZmn,opU
∗
jnU

∗
lp. (7)

While a symmetry, Φi → Φ′i = SijΦj also given by a
U(N) matrix, imposes a certain relation among the po-
tential parameters,

Yij = Y Sij = SikYklS
∗
jl, (8)

Zij,kl = ZSij,kl = SimSkoZmn,opS
∗
jnS
∗
lp. (9)

Ferreira and Silva [11] showed that potentials which sat-
isfy symmetries that belong to the same conjugacy class,
S′ = USU† where U is a unitary matrix, are related
through a basis change. Since all physical phenomena
must be basis independent, we can choose a basis where
the symmetry has a diagonal representation. This is the
so-called Symmetry basis [10, 11], which defines the min-
imum amount of magnitudes required to describe the po-
tential. Later we shall clarify the situation when there is
not a well-defined symmetry basis. Namely, when several
doublets have the same group charge.

If one wishes to compare these NHDMs with the Stan-
dard Model scalar sector, there exists a more appropri-
ate basis to do so. In a Charged Higgs basis, the vev is
real and entirely aligned with the direction of a neutral
scalar [12, 13]. The doublet with the vev is convention-
ally chosen to be φCH1 , and the charged scalars are mass
eigenstates

ΦCH1 =

(
0

v/
√

2

)
+

(
G+

(hSM + iG0)/
√

2

)
, (10)

ΦCHi =

(
H+
i

(Ri + iIi)/
√

2

)
. (11)

The stationary conditions are given by [10](
Y Hi1 + ZHi1,11v

2
)

= 0, (12)

and and the mass matrices by,

(
MCH

0

)2
=

((
MCH
RR

)2 (
MCH
RI

)2(
MCH
IR

)2 (
MCH
II

)2
)

(13)

(
MCH
RR

)2
ij

= m2
H±

i

δij + v2Re
(
ZCHi1,1j + ZCHi1,j1

)
, (14)(

MCH
II

)2
ij

= m2
H±

i

δij + v2Re
(
ZCHi1,1j − ZCHi1,j1

)
, (15)

−
(
MCH
RI

)2
ij

= v2Im
(
ZCHi1,1j − ZCHi1,j1

)
, (16)(

MCH
IR

)2
ij

= v2Im
(
ZCHi1,1j + ZCHi1,j1

)
, (17)(

MCH
±
)2
ij

= Y CHij + ZCHij,11v
2 = m2

H±
i

δij , (18)

with m2
H±

1

= 0 due to the stationary conditions. Here

one can identify Y CH11 as being of O(v2)

Y CH11 = −ZCH11,11v
2, (19)
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and also identify the off diagonal quadratic terms as being
of O(v2), (

Y CHij + ZCHij,11v
2
)

(1− δij) = 0. (20)

Due to the unitarity bounds requiring the quartic param-
eters to be at most of order 1 [14, 15], Zij,kl . O(1).

Since only ΦCH acquires a vev, this construction allows
the identification of a state, hSM , which has couplings
equal to those of the Standard Model Higgs boson. It also
has the advantage that it disentangles the SM Nambu-
Goldstone bosons from the physical fields. Thereafter,
one can identify ΦH1 as having SM couplings with all
the fermions and gauge bosons since its states have SM
couplings. However, we emphasise that hSM is not the
SM Higgs since it is not a mass eigenstate. In the next
section, we shall explicitly study how one can have a
Multi-Higgs-Doublet Model with a SM Higgs.

It is important to note that a Charged Higgs basis
trades the simplicity of the potential parameters, as in
the Symmetry basis, for the simplicity of the vacuum
structure and the charged scalars mass matrix.

B. The Standard Model limits

To be able to compare our models with the SM and
with the experimental measurements, it is useful to ex-
amine under which conditions hSM is a mass eigenstate
[8]. This can occur in two different situations: the so-
called alignment without decoupling [8, 9, 16, 17]; and
the decoupling limit [8]. Both can be easily studied in
the Charged Higgs basis. In the alignment limit, the
neutral scalars mass matrix must satisfy,(

MCH
0

)2
1j 6=1

� v2. (21)

Such that hSM is a mass eigenstate by suppressing its
mixing with other neutral scalars. Conversely, the de-
coupling limit is attained by setting the masses of the
charged scalars to be much higher than the electroweak
scale,

m2
H±

i

� v2. (22)

Also restricting the mixing between hSM and other neu-
tral scalars, see eqs. (14) to (17).

One can generically write the masses of the scalars as

M2 ∼ Y + v2Z. (23)

Due to the unitary bounds the quartic terms are at
most of order 1 [14, 15], Zij,kl . O (1). Thus, only the
quadratic terms are allowed to drive the masses to larger
energy scales than O (v) [8]. In a Charged Higgs basis
the decoupling conditions can be written as

m2
H±

i

� v2 ⇒ Y CHii ≡M2
i � v2. (24)

Moreover, the mass matrices for the neutral states,
eqs. (14) to (17), have diagonal terms which depend on
M2

i � v2 and off-diagonal terms of O
(
v2
)
. Hence, all

states that belong to the same ΦCHi doublet will decou-
ple whenMi � v. Additionally, the mixing between the
ith CP-even and CP-odd states will be suppressed by a
factor of v2/M2

i .
If the NHDM being studied does not have a symme-

try, its Y CHii 6=1 are independent and the decoupling limit
conditions are straightforward to satisfy. A decoupling
to an (N-1)HDM can be achieved by setting MN � v,
while a decoupling to the SM is attained by setting all
Mi 6=1 � v. On the other hand, if the NHDM being
considered has a certain symmetry, there may be not
enough independent magnitudes to accommodate radi-
cally different energy scales. Moreover, we recall that
we calculate the mass eigenstates in a particular mini-
mum. The vacuum structure in the Symmetry basis is
intimately connected to the possibility of attaining a de-
coupling. Therefore we emphasise that it is not suffi-
cient to establish the decoupling limit conditions in the
Charged Higgs basis since its parameters are in general
not independent. Such conditions must be established in
terms of the Symmetry basis parameters, as in the usual
methods [8, 9]. Indeed, for a particular vacuum, the cen-
tral questions are: Which Symmetry basis parameters
must be included; How these parameters depend on the
decoupling energy scale.

III. THE DECOUPLING LIMIT

Here we shall derive a set of necessary and sufficient
conditions for symmetric NHDMs to have a decoupling
limit. This can either occur to an effective field the-
ory (EFT) with less scalar doublets or to the SM. Our
procedure to study these situations is: Identify the mas-
sive charged scalars as not being part of the Standard
Model; Notice that Y CHii 6=1 ≡ M2

i � v2 defines the en-
ergy scale of the decoupling; Trade the remaining Y CHij

for the corresponding ZCH , as in eqs. (19) and (20); Pa-
rameterise the unitary matrix, UCH , that transforms the
potential from a Symmetry basis1 to the Charged Higgs
basis; Write the ZCH as a function of ZS ; Write the
Symmetry basis quadratic parameters as a function of
the Charged Higgs basis quadratic parameters. We em-
phasise that this procedure enables a clearer analysis of
what happens when: some doublets decouple from the
effective electroweak theory, but the theory as a whole
does not decouple to the SM; the scalar potential does
not include certain parameters in the Symmetry basis.
Additionally, it has the advantage that it explicitly shows
how the Symmetry basis quadratic parameters depend on

1 In the following section we will clarify what happens when there
is no well-defined Symmetry basis.
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the decoupling energy scale and if particular conditions
are required.

A. Well-defined Symmetry basis with
non-vanishing vevs

We proceed by discussing the situation in models that
have a well-defined Symmetry basis, and non-vanishing
vevs, vi 6= 0. In the formalism of the Charged Higgs basis
we have,

ΦCH = UCHΦS , UCH1j =
v∗j
v
, (25)

Y Sij = UCH∗ki Y CHkl UCHlj , (26)

Y CHij =M2
i (1− δi1δj1)δij + ΩCHij , (no sum) (27)

−ΩCHij = ZCHij,11v
2 (1− δij) + ZCH11,11v

2δi1δj1, (n.s.) (28)

ZCHij,kl = UCHim UCHko ZSmn,opU
CH∗
jn UCH∗lp , (29)

where the matrix ΩCH ensures that the stationary con-
ditions are satisfied and that (MCH

± )2 is diagonal, as it
should. In section II B we identified thatM2

i � v2 drives
the decoupling and defines the energy scale of the states
within the ΦCHi doublet. We want to know what are the
dependencies of Y Sij onM2

i , which we obtain by combin-
ing eqs. (26) and (27),

Y Sij = UCH∗ki M2
kU

CH
kj (1− δ1k) + UCH∗ki ΩCHkl U

CH
lj . (30)

Here, one can explicitly see that in order to have a decou-
pling limit to the SM, it is certainly sufficient to include
all quadratic parameters. However, what we are inter-
ested in is the set of necessary and sufficient conditions.
If those are not satisfied, then one can be sure that there
will not be a decoupling in any region of the parame-
ter space. Henceforth, we investigate eq. (30) by making
use of some properties of unitary matrices. Indeed, the
square of each line/row of a U(N) matrix must sum to 1,∑

i

|Uik|2 = 1,
∑
k

|Uik|2 = 1. (31)

By imposing in eq. (25) that UCH1j 6= 0 and UCHij 6= 1, the
properties in (31) require at least two non-zero entries in
each row and in each line of the matrix. Then, eq. (30)
implies that for every doublet, ΦCHk , that decouples from
the low energy theory, at least three quadratic parameter
in the Symmetry basis, Y Sab6=a Y

S
aa and Y Sbb , will depend

on M2
k. These findings applied in a decoupling limit to

the SM (allMk 6=1 � v), yield that every Y Sii will depend
on at least one of theM2

k.
In eq. (30) one can see that there are no contributions

to a certain Y Sab, due toM2
k, if U

CH
ka = 0 or if UCHkb = 0.

Then we want to control the entries of this matrix, such
that some of them are exactly zero. Any U(N) matrix
can be parameterised through N(N − 1)/2 orthogonal
angles and N(N+1)/2 phases. From the original N(N−

1)/2 angles, (N − 1) are needed for the definition of the
vevs. These we shall call βi and cannot be multiples of
π/2 since the vevs must be non-zero. Conversely, the
remaining (N − 1)(N − 2)/2 angles can take any value.
These we shall call ωi and can be chosen such that there
are some entries in the UCH matrix that are zero.

We emphasise that when Y Saa and Y Sbb depend onM2
k �

v2, it is not possible to make both of them small2. This is
not troublesome because we have already made use of the
stationary conditions in eq. (28). If these are satisfied in
one basis, they will be satisfied in every basis. Nonethe-
less, we shall momentarily look at the problem from the
opposite perspective. From the requirement that there
will be at least one Y Saa � v2, we shall guess which Sym-
metry basis parameters must be included. Then we write
the Symmetry basis stationary conditions as

Y Sii = −
N∑

j=1,j 6=i

(
Y Sij

vj
vi

+ ZSij,kl
v∗kvlvj
vi

)
, (32)

Here we distinguish two types of decoupling limits3,
which are made possible through: off-diagonal quadratic
terms (first type); small vevs and certain quartic parame-
ters (second type). In the following subsections, we shall
make use of our procedure to verify such conjectures4.

The easiest and most general way of achieving a decou-
pling limit is through off-diagonal quadratic parameters.
The so-called decoupling limit of the first type. Even if
an exact symmetry forbids these terms, one can always
make use of a potential which softly breaks the symmetry
by including more quadratic parameters. In this type of
decoupling limit,

Y Sii +

N∑
j=1,j 6=i

(
Y Sij

vj
vi

)
= O(v2). (33)

Conversely, in a decoupling limit of the second type we
have |Y Sii | � v2 when there is a quartic parameter and
vevs such that∣∣∣∣ZSij,kl v∗kvlvjvi

∣∣∣∣� v2 (no sum). (34)

Yet, it is not possible to recover the SM through this
type of decoupling. This stems from the fact that is not
possible to set v∗kvlvj/vi � v2 the N − 1 times required
to decouple N − 1 doublets. We shall clarify this issue in

2 If UCH
ki → 0 for i 6= a, b, then |UCH

ka |
2 + |UCH

kb |
2 = 1. Such that

|UCH
ka | → 0 implies |UCH

kb | → 1.
3 These two situations that were already identified for the CP con-
serving 2HDM [8]. However, since the model does not have a
well-defined Symmetry basis, they do not seem to have any par-
ticular meaning.

4 We recall that the two types of decouplings only exist for po-
tentials with a well-defined Symmetry basis and non-vanishing
vevs.
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the following sections. As an example, we will see that
it is possible to decouple a Z3 symmetric 3HDM to a
2HDM without including any Y Sij 6=i. To further decouple
the resultant EFT, one has to make use of a decoupling
limit of the first type and include one Y Sij 6=i.

B. The Two-Higgs-Doublet Model

As a prelude for the more involving situations consid-
ered throughout the thesis, we studied the decoupling
limit conditions for CP conserving 2HDM with a softly
broken Z2 symmetry. This model was already examined
in the literature through two distinct approaches [8, 9],
and it is the simplest NHDM that one may consider.

By applying our procedure to this model, we re-derive
two expressions that were already obtained through the
literature methods. The key difference between these re-
sults is the procedure and interpretation. In the litera-
ture methods, one starts with a specific model and then
it is verified if it is possible to have a decoupling. In our
method, the symmetry only limits the number of quartic
parameters, and we impose that there is a decoupling by
constraints on the Y CHij . Then we verify which Symmetry
basis quadratic parameters must be included. All results
follow from here. In no place, prior to the final result,
do we have to consider the different possibilities for the
normal vacuum or if the symmetry is softly broken.

In our method, the decoupling limit is defined by
Y CH22 ≡ M2

2 � v2, as in the Higgs basis method for
the 2HDM [9]. The difference is how we trace back the
dependencies of the decoupling energy scale to the Y Sij .
In the literature methods, the decoupling energy scale is
written as a function of the Symmetry basis parameters.
Then it is found that two parameters are required for the
definition of the decoupling limit in the Symmetry basis,
m2

12 and β. In our method, we write the Y Sij as a function
of the decoupling energy scales, and no other condition
is required. Except for the fact that there is a decoupling
Y CH22 ≡M2

2 � v2.
For completeness, we also considered the situation

when the CP symmetry is broken. Then we concluded
that it is not possible to have a decoupling limit and
spontaneous CP violation in a 2HDM with a softly bro-
ken Z2 symmetry. For a decoupling limit to exist when
the vevs have physical phases, Y S12 must be complex in
a basis where the quartic parameters are real, which ex-
plicitly breaks the CP symmetry.

C. Decoupling limit of the first type

We started by examining the situation for 3HDMs. If
all vevs are of order v, for instance when v1 ≈ v2 ≈ v3,
then all quadratic parameters are of order M2

i � v2.
In such conditions, it is possible to have a decoupling to
an effective 2HDM with only one Y Sij 6=i. On the other

hand, a decoupling to the SM requires all Symmetry ba-
sis quadratic parameters. In other situations, some vevs
may be so small that the contributions due toM2

i � v2

are suppressed. Nonetheless, all Y Sij must be included
in a decoupling of the first type with distinct decou-
pling energy scales M2 � M3 � v, even when some
vi → 0. One can conclude that by not including one of
the Y Sij 6=i, it is not possible to decouple the 3HDM to the
SM through different decoupling energy scales.

We proceeded by showing that it is impossible for a Y Sij
not to depend on at least one of theM2

i when all vk 6= 0.
Therefore, all Y Sij must be included to attain a decoupling
of the first type to the SM through |Mi −Mj 6=i| � v.

D. Decoupling of the second type

A decoupling limit of the second type is made possible
through small vevs and specific quartic parameters. In-
deed, the Symmetry basis stationary conditions, eq. (32),
give |Y Sii | � v2 when there is a term that yields∣∣∣∣ZSij,kl v∗kvlvjvi

∣∣∣∣� v2 (no sum). (35)

This requires a quartic parameter, ZSij,kl, such that there
is an index, i, which is different from all the other indexes,
j, k, l. A feature that generally enables the existence of a
region of the parameter space in which the denominator
of eq. (35) tends to zero, |vi| → 0, but the numerator does
not tend to zero |v∗kvlvj | 6→ 0. Since the mass matrices
must be positive definite, one also has to require that
Y Sii > 0 which implies that

Re
(
ZSij,kl

v∗kvlvj
vi

)
< 0 (no sum in i). (36)

We notice that certain symmetries with a well-defined
Symmetry basis forbid a decoupling limit of the second
type. If it is possible to decompose a symmetry into the
product of U(1) and/or Z2 groups, then there will be two
equal indexes in every ZSij,kl. Such symmetries cannot
have a decoupling limit of the second type. The simplest
potentials that may have this type of decoupling are the
Z3 and the Z4 3HDM.

If the Symmetry basis stationary conditions yield
Y Saa � v2 when va → 0, it is possible not to include some
Y Sab6=a = 0 when a 3HDM decouples to the SM through
|M2 −M3| � v. Through this procedure, it is possible
to decouple a 3HDM with an exact Z3 symmetry, to an
effective U(1) symmetric 2HDM. To further decouple the
theory to SM, one has to make use of a decoupling of the
first type by including one Y Sij . The easiest way of seeing
that it is possible to attain the SM without including all
Y Sij 6=i is by writing the Symmetry basis stationary con-
ditions and making vi → 0. Nonetheless, the stationary
conditions do not tell us if it is possible to have distinct
decoupling energy scales, |Mi−Mj 6=i| � v, when we do
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not include some Y Sij 6=i. We comment that the number
of Y Sij 6=i that must be included depends on the model,
and if the decoupling energy scales are distinct5. For
NHDMs with a decoupling limit of the second type, we
expect this behaviour to hold. Yet, we emphasise that it
is not possible to have a decoupling limit of the second
type to the SM. This would require a vacuum in which
v1 → v, vi 6=1 → 0 and a symmetry that includes all quar-
tic parameters of the type ZS11,1i. For these to exist in a
Symmetry basis, all ΦSi 6=1 would have to have the same
symmetry group charge. This is not compatible with the
fact that here we are only considering potentials with a
well-defined Symmetry basis. Hence, a decoupling limit
of the second type cannot decouple an NHDM to the SM.
To recover the SM, one will always have to make use of a
decoupling limit of the first type by including some Y Sij 6=i.

E. A special case

Here we shall consider that the decoupling energy scale
is the same for all charged scalars, Mi 6=1 = M � v.
Then we can write eq. (30) as,

Y Sij
M2

=

N∑
k=2

UCH∗ki UCHkj +
O(v2)

M2
(37)

= δij −
viv
∗
j

v2
+
O(v2)

M2
.

For situations when there is no vev with a small value,
it is not possible to obtain a decoupling limit without all
Symmetry basis quadratic parameters. Indeed, all Y Sij
will be of O(M2) � O(v2). However the situation is
particularly interesting when there are small vevs. For
the 3HDM potential, we concluded that it is possible not
to include Y Sab6=a when there are two small vevs, va → 0
and vb → 0. For the general NHDM, we do not know
how many Y Sij 6=i need to be included in order to attain
Mi = M � v. Nevertheless, we suspect that it may
be possible not to include Y Sab6=a when both va → 0 and
vb → 0.

IV. NECESSARY AND SUFFICIENT BFB
CONDITIONS FOR THE U(1)× U(1)
THREE-HIGGS-DOUBLET MODEL

We begin by reminding the reader of the Higgs space
structure in a 3HDM and of the copositivity conditions
[18]. A simple but powerful approach to establish the
BFB conditions when the scalar potential can be written

5 The situation for the Z4 symmetric 3HDM is quite bizarre, and
we shall not discuss it. Nonetheless, the conclusions stated here
hold for both the Z3 and for the Z4

as a quadratic form of positive definite variables. The
Higgs space of a 3HDM is spanned by three SU(2)L ×
U(1)Y scalar doublets with hypercharge Y = 1/2. When
studying the structure of the potential, we replace the
scalar field operators Φi(x) by c-numbers that can be
conveniently parameterised as

Φi =
√
rie

iγi

(
sin (αi)

cos (αi)e
iβi

)
, i = 1, 2, 3. (38)

Here the norms of the doublets are represented by
(Φ†iΦi) = ri ≥ 0, which we shall refer to as the radial
variables. Conversely, the angles αi and the phases βi,
γi are called angular variables. By allowing for any val-
ues of the phases, we can restrict αi to lie within the
first quadrant. We make use of the standard definition
for the electric charge, where the upper components of
the doublets are charged. Neutral directions in the Higgs
space correspond to situations when all Φi are propor-
tional to each other. One can define the non-negative
charge sensitive quantities

zij = (Φ†iΦi)(Φ
†
jΦj)− (Φ†iΦj)(Φ

†
jΦi) ≥ 0, (39)

and notice that neutral directions in the Higgs space cor-
respond to taking all zij = 0. Other directions, along
which the strict proportionality of all three doublets does
not hold, are called charge-breaking (CB) directions and
have at least one zij 6= 0. This can be clearly seen by
applying the SU(2) × U(1) gauge transformations to all
three doublets6, rewriting them as

Φ1 =
√
r1

(
0
1

)
, Φ2 =

√
r2

(
sin (α2)

cos (α2)eiβ2

)
,

Φ3 =
√
r3e

iγ

(
sin (α3)

cos (α3)eiβ3

)
,

(40)

so that α2, 3 and can be identified as the charge breaking
angles.

The U(1)×U(1) symmetry group can be represented, in
a suitable basis, by arbitrary re-phasing transformations
of individual doublets. The 3HDM potential invariant
under this symmetry can be written as V = V2 + VN +
VCB , where

V2 =m2
11(Φ†1Φ1) +m2

22(Φ†2Φ2) +m2
33(Φ†3Φ3), (41)

VN =
λ11
2

(Φ†1Φ1)2 +
λ22
2

(Φ†2Φ2)2 +
λ33
2

(Φ†3Φ3)2

+ λ12(Φ†1Φ1)(Φ†2Φ2) + λ13(Φ†1Φ1)(Φ†3Φ3)

+ λ23(Φ†2Φ2)(Φ†3Φ3),

(42)

VCB =λ′12z12 + λ′13z13 + λ′23z23. (43)

6 To remove the upper phase in Φ2, apply an SU(2) gauge trans-
formation generated by τ3 + Y .
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Along neutral directions all zij = 0, so that the scalar
potential is given by V = V2 + VN . Along charge break-
ing directions, at least one zij 6= 0, meaning that VCB
switches on and contributes to the potential.

Let us now focus on the potential along neutral direc-
tions and establish conditions for its boundedness from
below. As usual, this is equivalent to requiring that the
quartic part of the potential is non-negative along all neu-
tral directions. Using the parameterisation in (40), we
express the potential as a quadratic form of the ri ≥ 0
variables:

VN =
λ11
2
r21 +

λ22
2
r22 +

λ33
2
r23 + λ12r1r2

+ λ13r1r3 + λ23r2r3

(44)

≡ 1

2
Aijrirj . (45)

The 3× 3 real symmetric matrix A must be positive def-
inite (or, at least, non-negative) in the first octant of the
ri space. Then, its entries must satisfy the following list
of inequalities, known as the copositivity conditions [18]:

A11 ≥ 0, A22 ≥ 0, A33 ≥ 0,

Ā12 ≡
√
A11A22 +A12 ≥ 0,

Ā13 ≡
√
A11A33 +A13 ≥ 0,

Ā23 ≡
√
A22A33 +A23 ≥ 0,

(46)

and √
A11A22A33 +A12

√
A33 +A13

√
A22

+A23

√
A11 +

√
2Ā12Ā13Ā23 ≥ 0 .

(47)

These are the necessary and sufficient conditions for VN
to be bounded from below.

A. Including charge breaking directions

The charge-breaking part of the potential, VCB , de-
pends not only on the radial variables, ri, but also on the
angular variables, αi, βi and γi. Thus, the quartic part
of the potential, V4, cannot yet be written as a quadratic
form of independent and non-negative variables.7 How-
ever, for each point in the r space, we can find the an-
gular direction along which VCB reaches a minimum. If
VCB evaluated along these special directions can be writ-
ten as a quadratic form of ri, then the quartic potential
VN + VCB can still be written in the same general form
as eq. (45). The matrix A will receive, in addition to
(44), contributions from VCB and one just applies the
same copositivity conditions in (46) and (47) to the total

7 Although zij ≥ 0, they are not independent from the radial
variables.

matrix A. The resulting conditions can be stronger than
VN ≥ 0, but only in the case when VCB can become neg-
ative along some angular directions. Since the zij ≥ 0,
this occurs whenever there is at least one negative λ′ij ,
and those are the situations we shall focus on.

By setting the derivatives of eq. (43) with respect to
the angular variables to zero, we obtain two equations
that resemble the law of sines in a flat triangle8:

sin(θ1)

L1
=

sin(θ2)

L2
=

sin(θ3)

L3
. (48)

These two equations can have trivial and non-trivial so-
lutions. Trivial solutions arise when α2 and α3 are equal
to multiplies of π/2. Substituting these values in the po-
tential of eq. (43), yield three angular extrema of VCB :

λ′12r1r2 + λ′23r2r3 , λ′13r1r3 + λ′23r2r3 ,

λ′12r1r2 + λ′13r1r3 .
(49)

Clearly, it only makes sense to include those expressions
for situations in which at least one of λ′ij < 0.

Non-trivial solutions arise when the triangle inequali-
ties are satisfied,

|L1 − L2| ≤ L3 ≤ L1 + L2 , (50)

where the lengths of the sides are given by,

L1 =
r1
|λ′23|

, L2 =
r2
|λ′13|

, L3 =
r3
|λ′12|

. (51)

On the other hand, the inner angles of the triangle must
lie in the upper half of the trigonometric circle θi ∈]0, π[ ,
and sum up to θ1 + θ2 + θ3 = π. The exact relations
between θ’s and the angular variables depends on the
sign factors λ′ij = σij |λ′ij |, where σij = ±1. When these
conditions are satisfied, one can make use of the law of
cosines to write the angular variables as a function of the
L’s, such that VCB can be expressed in a compact form

V non−triv.
CB =

λ′12λ
′
23λ
′
31

4

(
r1
λ′23

+
r2
λ′13

+
r3
λ′12

)2

. (52)

This expression is negative only in two cases: if exactly
one among the three λ′ij is negative, and if all three λ′ij
are negative. Therefore, only in these two cases one needs
to consider non-trivial solutions for the angular minima
of VCB to establish the BFB conditions.

B. The set of necessary and sufficient BFB
conditions

We are ready to formulate the set of necessary and
sufficient BFB conditions for the U(1)×U(1) symmetric
3HDM, which we present as an algorithm.

8 This triangle technique was already used by Branco [6, 19] to
find CP breaking minima for the real Z2×Z2 symmetric 3HDM,
the so-called Branco’s model.
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Step 1. Apply the copositivity conditions in (46) and
(47) to the matrix A = AN extracted from VN , eq. (44).

Step 2. If at least one λ′ij < 0, construct three new
matrices A1,2,3 = AN + ∆1, 2, 3, where ∆1, 2, 3 are ex-
tracted from (49). These three expressions for VCB cor-
respond to the trivial solutions of (48). Apply the copos-
itivity conditions in (46) and (47) to each of A1, 2, 3.

Step 3. If λ′12λ′23λ′31 < 0, consider VN + V non−triv.
CB

and extract from it the new matrix A4 = AN + ∆4. This
matrix must be non-negative within the open tetrahedron
in the ri space, illustrated by fig. 1. Its apex is at the
origin, lies inside the first octant, and is constrained by
the triangle inequalities in (50).

Figure 1. Location of the open tetrahedron defined by xi ≥ 0
inside the first octant of the ri space. Each axis xi lies in the
plane orthogonal to the corresponding ri axis.

Non-negativity inside this tetrahedron can be achieved
through the same copositivity technique. Let us define
new variables xi, which are linearly related to ri:

ri = Rijxj , R =

|λ′23| 0 0
0 |λ′31| 0
0 0 |λ′12|

0 1 1
1 0 1
1 1 0

 . (53)

Here, the first matrix links ri and Li, while the second
matrix aligns the axes xi with the directions of Li = 0
(and therefore two other L’s being equal). The open
tetrahedron defined by the inequalities in (50) corre-
sponds to the first octant in terms of the new variables,
xi ≥ 0. Since the relation ri = Rijxj is linear, the quartic
potential can be written as a quadratic form in variables
xi with the matrix RTA4R. Therefore, to complete step
3 we need to check that the entries of this matrix satisfy
the set of copositivity conditions in (46) and (47).

These three steps represent the necessary and sufficient
conditions for the potential of the U(1)×U(1) symmetric
3HDM to be bounded from below.

C. A pathological example

It is important to recall that when at least one λ′ij < 0,
the BFB conditions along the charge-breaking direc-
tions are more constraining than along the neutral ones.
Nonetheless, this fact is not related to the existence of
a neutral minimum. Let us illustrate this point with a

pathological example whose pathology would be easily
missed if one focused only on the neutral directions.

Consider a U(1) × U(1) symmetric 3HDM where the
quadratic potential in eq. (41) contains only one negative
coefficient: m2

11 < 0. Then the minimum is at v1 = v
with v2 = 2|m2

11|/λ11, while v2 = v3 = 0. In fact, this
is the only phenomenologically viable choice. It avoids
spontaneous breaking of the U(1)×U(1) symmetry, and
does not lead to Goldstone bosons. This minimum also
leads to scalar dark matter candidates, which is one of
the main attractive aspects of symmetry protected Multi-
Higgs Models. By expanding the potential around this
point, one obtains the masses of all physical scalars

M2
H2

= M2
A2

= m2
22 +

v2

2
λ12, M2

h = v2λ11,

M2
H3

= M2
A3

= m2
33 +

v2

2
λ13,

M2
H±

2
= m2

22 +
v2

2
(λ12 + λ′12),

M2
H±

3
= m2

33 +
v2

2
(λ13 + λ′13).

(54)

One can see that if λ11 > 0 and if the quadratic
parameters m2

22, m
2
33 are sufficiently large, then the

masses squared are positive. Moreover, by choosing
λ11, λ22, λ33 > 0 and

λ12 > 0, λ13 > 0, λ23 > 0, (55)

we can immediately guarantee that the potential is BFB
in all neutral directions of the Higgs space.

However, these conditions are not sufficient to guar-
antee that the potential is bounded from below along all
angular directions. As an example, consider the following
point in the parameter space:

λ11 = λ22 = λ33 = 0.1, λ12 = λ13 = λ23 = 0.1,

λ′12 = λ′13 = λ′23 = −0.6,
(56)

and explore how the quartic potential behaves along the
ray9 r1 = r2 = r3 ≡ r, α2 = α3 = π/2. We find by direct
calculation that V4 = −0.75r2. This clearly indicates
that the potential is unbounded from below, despite the
existence of a normal-looking neutral minimum. In order
to avoid such pathological models, one must always look
for BFB conditions valid in the entire Higgs space. Not
only along neutral directions. This is a general remark
and is not limited to the U(1)×U(1) symmetric 3HDM.

D. The necessary and sufficient BFB conditions for
the U(1)× Z2 3HDM

There is a symmetry which contains one additional
phase-sensitive term when compared to the U(1)× U(1)

9 We do not claim that the potential is minimal along this direc-
tion. We simply show that there exists a direction along which
the potential is unbounded from below.
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3HDM. The U(1) × Z2 symmetry can be parameterised
in a suitable diagonal basis by

SU(1)×Z2
= diag

(
1, −1, eiθ

)
(57)

The invariant potential under this symmetry is given by
V2 + VN + VCB from eqs. (41) to (43), together with,

VU(1)×Z2
=

1

2

[
λ̄12

(
Φ†1Φ2

)2
+ h.c.

]
. (58)

For this model, the quartic part of the potential is given
by V4 = VN + VCB + VU(1)×Z2

. By applying the three
steps of the algorithm in section IVB, together with the
transformations λ12 → λ12−|λ̄12| and λ′12 → λ′12 + |λ̄12|,
we arrive at the set of necessary and sufficient conditions
for the U(1)× Z2 symmetric 3HDM to be BFB.

V. CONCLUDING REMARKS

In this work, we have seen a popular extension of
the Standard Model scalar sector — the so-called Multi-
Higgs-Doublet Models. We explored different basis in
which its scalar sector can be studied and made several
remarks regarding potentials that do not have a well-
defined symmetry basis. These situations can occur when
the potential has no symmetry, or when some doublets
have the same symmetry group charge. In both, one
should make use of the basis freedom to remove spurious
parameters, or to simplify the vacuum structure.

We clarified some questions regarding the decoupling
limit of Multi-Higgs-Doublet models. Its properties are
straightforward to establish in a Charged Higgs basis
since its charged scalars are mass eigenstates. Indeed,
we start by identifying the charged scalars as not being
part of the SM and require that m2

H±
i

� v2. Then, the
Charged Higgs basis quadratic parameters define the de-
coupling energy scale Y CHi ≡ M2

i � v2 and all states
that belong to the same ΦCHi doublet decouple from the
electroweak theory. Even if there is CP violation, ei-
ther explicit or spontaneous, the mixing between the ith
CP-even and CP-odd scalars is suppressed by a factor of
v2/M2

i .
We emphasised that when the potential has a certain

symmetry, it is not sufficient to establish the decoupling
limit conditions in the Charged Higgs basis. Its parame-
ters are in general not independent, and there may be not
enough independent magnitudes to accommodate radi-
cally different energy scales. Such conditions must be
established in the Symmetry basis, where it is clear the
minimum amount of magnitudes required to characterise
the potential. As a prelude for the more involving situa-
tions considered throughout the thesis, we studied the de-
coupling limit conditions for CP conserving 2HDM with
a softly broken Z2 symmetry. This model was already ex-
amined in the literature through two distinct procedures
[8, 9], and it is the simplest NHDM that one may con-
sider. There, we introduced a new method to derive the

decoupling limit conditions in the Symmetry basis. The
key difference between our procedure and the literature
methods is how we trace back the dependencies of the
decoupling energy scales. For completeness, we also con-
sidered the situation when there are complex vevs with
physical phases. We found that there is no decoupling
limit with spontaneous CP violation. When the phases
of the vevs are physical, and there is a decoupling limit,
Y S12 must be complex in a basis where λ5 is real. There-
fore a Z2 symmetric 2HDM can only have a decoupling
limit with complex vevs when we include a soft breaking
quadratic parameter that explicitly breaks CP.

In practice, one cannot extend the literature methods
in [8, 9] to study the decoupling of a model with more
than two doublets. Nonetheless, our method can be used
to study models with an arbitrary number of doublets.
It is implemented by placing constraints on the Charged
Higgs basis parameters and writing the Symmetry ba-
sis quadratic parameters as a function of the Charged
Higgs basis quadratic parameters. Our procedure enables
a more precise analysis of what happens when: some dou-
blets decouple from the effective electroweak theory, but
the theory as a whole does not decouple to the SM; the
scalar potential does not include specific parameters in
the Symmetry basis. Then we clarified in which situa-
tions it is necessary to include all Y Sij 6=i, and in which
situations it is sufficient to include some Y Sij 6=i. We also
clarified how the Y Sij depend on the decoupling energy
scale.

Models with an ill-defined Symmetry basis can always
decouple to an EFT with a well-defined Symmetry ba-
sis. Indeed, not all quadratic parameters in an ill-defined
Symmetry basis are necessary for the decoupling. It is
possible not to include those related to the directions in
which the vevs do vanish. In turn, one can explicitly
obtain theses directions through a carefully chosen basis
that we introduce, the Symmetric Higgs basis ΦSH . Sim-
ilarly, potentials with a well-defined symmetry basis and
vanishing vevs can always be decoupled to an EFT with
a well-defined symmetry basis and non-vanishing vevs.
This does not require the Y Sij 6=i related to the directions
in which the vevs do vanish, vj = 0.

To decouple an NHDM with a well-defined Symme-
try basis and non-vanishing vevs, we identify two possi-
bilities. The first is made possible through off-diagonal
quadratic parameters in the Symmetry basis and is viable
for any symmetry. In order to recover the SM through
different decoupling energy scales, |Mi−Mj 6=i| � v, all
Y Sij must be included. A decoupling limit of the second
type is made possible through small vevs and specific
quartic parameters. To decouple a Z3 or Z4 3HDM to
the SM, it is not necessary to include all Y Sij . If the Sym-
metry basis stationary conditions yield that a specific
quadratic parameter is large when there is a small vev,
Y Saa � v2 when va → 0, it is possible not to include some
off-diagonal quadratic parameters related to the direc-
tion of the small vev, Y Sab6=a = 0. We comment that the
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number of Y Sij 6=i that must be included depends on the
model and if the decoupling energy scales are distinct.
For NHDMs with a decoupling limit of the second type,
we expect this behaviour to hold. Yet, we emphasised
that it is not possible to have a decoupling limit of the
second type to the SM.

For the special case of a 3HDM with one decoupling
energy scale, it is possible not to include Y Sab6=a when
va → 0 and vb → 0. Even for symmetries that cannot
have a decoupling of the second type. Additionally, we
comment that it is possible to have a decoupling limit of
the second type with one decoupling energy scaleM2 =
M3 � v. For the Z3 symmetric 3HDM one still needs
to include one Y Sij 6=i. Nevertheless, the situation for the
Z4 symmetric 3HDM is quite bizarre and we shall not
discuss it. For the general NHDM, we do not know how
many Y Sij 6=i need to be included in order to attainMi 6=1 =
M� v. Nevertheless, we suspect that it may be possible
not to include Y Sab6=a when both va → 0 and vb → 0.

Exploration of viable parameter space regions in mod-
els with extended Higgs sectors can be challenging due
to sophisticated scalar potentials. In particular, requir-
ing the potential to be Bounded from Below (BFB) places
constraints on its parameters, but establishing the exact
necessary and sufficient BFB conditions can be notori-

ously difficult. In this thesis, we found these conditions
for the U(1) × U(1) Three-Higgs-Doublet Model, which
can be used to construct viable models with degenerate
scalar dark matter candidates. We also found the BFB
conditions for the U(1)×Z2 3HDM, which can be used as
a model where one of its doublets contains dark matter
candidates.

When deriving these conditions, we found that it is cru-
cial to check not only neutral but also charge-breaking
directions in the Higgs space. To highlight this point,
we showed an example of a model which possesses a
good-looking minimum. The masses are positive for all
Higgses, and the potential is bounded from below in
all neutral directions of the Higgs space. Nevertheless,
the example is pathological because the potential is not
bounded from below in charge-breaking directions. In
short, having a neutral minimum is not an excuse to
sidestep stability checks in the entire Higgs space.

It would be even more interesting to find the exact
BFB conditions for the Z2×Z2 symmetric 3HDM, which
includes, in addition to our potential, additional terms.
We have not yet solved this problem, but we notice that
the approach taken in ref. [20] does not lead to the neces-
sary and sufficient BFB conditions for the Z2 × Z2 sym-
metric 3HDM.
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