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Abstract

The mathematical description of fluid dynamics, which models the flow of matter in all the possible

states with the exception of the solid state, is of fundamental importance to many branches of physics,

due to the wide range of phenomena it predicts and explains. The Navier–Stokes equations, among the

most important equations of mathematical physics, provide a very accurate description of the motion

of viscous, incompressible fluids with uniform density. Discovering a general theory of these equations

remains one of the great unsolved problems of mathematics. In the first chapter of this dissertation, we

essentially review the derivation of the Navier–Stokes equations from the principles of conservation of

matter and conservation of momentum. In the second chapter we derive the diffusion equation and its

fundamental solution, using the latter to define the Wiener measure. Next we define the Wiener process

and present a concise description of some of its possible constructions. We provide an overview of

functional integration and of the construction of integrals with respect to martingales of various types,

and subsequently we define stochastic differential equations, with and without reflecting boundaries. We

describe the concept of local time and present a few results related to it. In the third chapter we explain

how the Navier–Stokes equations with periodic boundary conditions can be derived from a nondetermin-

istic variational principle, and adapt the results obtained to the case when we have Neumann boundary

conditions in a different domain.

Keywords: Navier–Stokes equations, Wiener process, stochastic integration, reflecting stochastic

differential equations, local time, nondeterministic variational principle.
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Resumo

A descrição matemática da dinâmica de fluidos, que modela o fluxo da matéria em todos os estados

possı́veis com a excepção do estado sólido, é de uma importância fundamental para muitos ramos da

fı́sica, devido à vasta gama de fenómenos que prevê e explica. As equações de Navier–Stokes, que

estão entre as mais importantes equações da fı́sica-matemática, fornecem uma descrição muito precisa

do movimento de fluidos viscosos e incompressı́veis com densidade uniforme. Descobrir uma teoria

geral destas equações permanece um dos grandes problemas ainda não resolvidos da matemática.

No primeiro capı́tulo desta dissertação revemos essencialmente a derivação das equações de Navier–

Stokes a partir dos princı́pios da conservação da matéria e da conservação do momento. No segundo

capı́tulo derivamos a equação da difusão e a sua solução fundamental, usando a segunda para definir

a medida de Wiener. De seguida definimos o processo de Wiener e fornecemos uma descrição concisa

de algumas das suas possı́veis construções. Providenciamos um panorama da integração funcional

e da construção de integrais em ordem a martingalas de vários tipos, e subsequentemente definimos

equações diferenciais estocásticas, com e sem fronteiras que reflectem. Descrevemos o conceito de

tempo local e apresentamos alguns resultados relacionados com ele. No terceiro capı́tulo explicamos

como as equações de Navier–Stokes com condições de fronteira periódicas podem ser derivadas a

partir de um princı́pio variacional não-determinı́stico e adaptamos os resultados obtidos ao caso de

termos condições de fronteira de Neumann num domı́nio diferente.

Palavras-chave: equações de Navier–Stokes, processo de Wiener, integração estocástica, equa-

ções diferenciais estocásticas com reflexão, tempo local, princı́pio variacional não-determinı́stico.
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Frequently Used Notation

General Notation

:= equal to, by definition

f+ max{f , 0}, where f can be various mathematical objects, such as functions or numbers

f− −min{f , 0}, where the same proviso as above applies

a.s. (convergent) almost surely, or almost everywhere (p. 74)

∂D the boundary of the set D

D the closure of the set D

Special Constants

µ the shear viscosity coefficient (p. 16)

ν the kinematic viscosity coefficient (p. 18)

c the specific heat (p. 23)

κ the thermal conductivity coefficient (p. 23)

Sets and Spaces

R+ the interval [0,∞[

R the interval [−∞, +∞]

(X,M,µ) a measure space (p. 69)

(Ω,F ,Ft,P ) a filtered probability space (p. 74)

C0(R+) the Wiener space (p. 27)

C(R+,Rd) the space of continuous functions f : R+ → Rd

L2([a, b]) the Hilbert space of all square-integrable functions on [a, b], a < b (p. 30)

M2 the space of square-integrable martingales (p. 33)

Mc
2 the space of a.s. continuous, square-integrable martingales (p. 33)

L2 the space of real-valued, Ft-adapted, measurable stochastic processes that verify condition

(2.40) (p. 33)

Lloc
2 the space of real-valued, Ft-adapted, measurable stochastic processes that verify condition

(2.47) (p. 35)

L0 the space of all simple processes (p. 34)

Mloc the space of local martingales (p. 35)

Mc,loc the space of continuous, local martingales (p. 35)

Mloc
2 the space of local, square-integrable martingales (p. 37)
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Mc,loc
2 the space of continuous, local, square-integrable martingales (p. 35)

L2(M) the space of real-valued, predictable stochastic processes that verify condition (2.52) (p. 36)

T a flat torus of dimension d

H a linear subspace dense in L2([0,T ]× T) (p. 54)

Functions, Operators and Functionals

u the velocity

p the pressure

ρ the density, i.e. the mass per unit volume

∇u the gradient of u (p. 8)

∇ · u or div u the divergence of u (p. 9)

Df/Dt the material, or Lagrangian, derivative of f (p. 8)

∆u or ∇ · ∇u the Laplacian of u (p. 17)

E the expectation (p. 76)

1A(f) the indicator function of f in the set A, which returns 1 if f ∈ A, and returns 0 otherwise (p. 73)

sgn(x) the signal function of x, which returns 1 if x > 0, and returns −1 otherwise

δ(x) the Dirac delta function evaluated at x (p. 48)

Pr the probability (p. 69)

S the action functional (p. 51)

δS the variation of the action (p. 51)

DtM the generalized derivative, or mean forward derivative, of the martingale M (p. 53)

σ-Algebras, Stochastic Processes and Martingales

W or Wt the Wiener process (p. 28)

dW the stochastic differential of W (p. 38)

B(RN ) the Borel σ-algebra (p. 70)

M⊗N the product of σ-algebrasM and N (p. 70)

FXt the filtration generated by the process X (p. 74)

{Ft : t ∈ R+} a filtration (p. 74)

M or Mt(ω) a martingale with respect to a filtration (p. 32)

〈M〉 the quadratic variation process of M (p. 35)

〈M ,N〉 the cross-variation process of M and N (p. 36)

Lt(x) the local time of a process (p. 46)
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Introduction

The concept of fluid encompasses all the possible states of matter that are not the solid state. The

mathematical description of its dynamics is of fundamental importance to many branches of physics,

because of the wide range of phenomena it predicts and explains. The Navier–Stokes equations, among

the most important equations of mathematical physics, are second-order, non-linear partial differential

equations that provide a very accurate description of the motion of viscous, incompressible fluids with

uniform density. A general theory of these equations is (famously) non-existent yet, and analytic results

concerning the existence and uniqueness of smooth solutions are scarce. In particular, the theory of

these equations in R3, the most important case, is incipient, and is likely to remain that way for many

decades (if not centuries). Due to the incompleteness of the theory of the Navier–Stokes equations,

their applications rely mostly on the solutions obtained via numerical methods.

We present in the first chapter of this work the derivation of the Navier–Stokes equations from the

general physical principles of conservation of matter and conservation of momentum. For this derivation

we need little more mathematical tools than the divergence theorem and the Reynolds transport theorem

(which we will refer to simply as the transport theorem). We describe also the range of applicability of

the equations, the concept of weak solution, and we review some of the main analytic results that have

been obtained, which are not many. We end the chapter by listing a few of the areas and problems to

which the equations are applied, and present a very concise sketch of the history of the deduction of the

equations, obtained by 18th and 19th century mathematicians.

In the second chapter we start by deriving the diffusion equation, representative of one of the three

main types of linear partial differential equations, namely the parabolic equations, from the principle of

conservation of energy and the Fourier law, and obtain its fundamental solution. This equation models,

among other phenomena, the distribution of temperature in a bounded region, and is for this reason

also known as the heat equation. The fundamental solution we obtained is used in the definition of the

Wiener measure, a probability measure that was introduced with the goal of assigning a probability to

the random path of a Brownian particle. This measure can in turn be used in the definition of integrals

with respect to it, namely the Wiener integral and its extensions. We define next the Wiener process and

present a very short description of some of its possible constructions. The construction of the Wiener

process was one of the major mathematical results of the 20th century and laid the foundations for a

mathematically rigorous theory of stochastic processes. We proceed by giving a brief overview of the

two main approaches to the definition of functional integration, one of which, stochastic integration, is
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of central importance to our purposes. We offer a short exposition of the construction of integrals of

processes with respect to martingales of various types. One of the integrals we describe is the Itô

integral, which is defined with respect to the Wiener process, and which we will use extensively in the

next chapter. Many other essential concepts and results are also expounded, such as the notion of

diffusion process, semimartingale, and the change-of-variable formula, also known as the Itô formula.

Since it is of capital importance to us, we define next what a stochastic differential equation is, with and

without reflecting boundaries. In both cases we explain the conditions for the existence and uniqueness

of solutions. The concept of stochastic differential equation with reflection is connected to the Skorokhod

problem, which we also describe. The notion of local time of a continuous semimartingale is defined in

the last section of this chapter and we provide several deductions and comments on it, ending the

chapter with an adaptation of the arguments that lead us to the conclusion that one of the functions of

the Skorokhod problem is a local time at point zero of a certain reflecting stochastic differential equation

defined in R+.

In the third chapter we start by explaining the results obtained in [5, pp. 2–5], namely how the Navier–

Stokes equations can be derived from a nondeterministic, or stochastic, variational principle where the

pressure is introduced as a Lagrange multiplier. We introduce a certain semimartingale and a certain

stochastic differential equation, the latter representing diffusions on the domain being considered, and

after various computations we show the central result of this chapter, which states that the above dif-

fusions and a function representing the pressure are critical to a certain action functional (which we

also define) if and only if the drift of the previously defined stochastic differential equation satisfies the

Navier–Stokes equations with periodic boundary conditions. To obtain this result we assume that the

Navier–Stokes equations are defined on the domain [0,T ] × T, where T is the d-dimensional flat torus,

which we identify with [0, 2π]d. We conclude the chapter, and this dissertation, by adapting the results

previously obtained, assuming that the diffusions are represented by a stochastic differential equation

with reflecting boundaries, and by considering the Navier–Stokes equations with Neumann boundary

conditions in the domain [0,T ]× Rd+.

In the appendix we present a bird’s eye view of a few fundamental notions of measure theory, prob-

ability theory and the theory of stochastic processes, either mentioned throughout the dissertation, or

essential to their comprehension. One of the sections of the appendix is a brief note on the problematic

of the development of classical integration theory, more particularly, the progressive generalization of

the definition of the integral. We succinctly present the origin of the Lebesgue–Stieltjes integral, which

features, for instance, in the definition of the general version of the multidimensional Itô formula. This

thesis assumes a certain familiarity with some foundational notions of other fields of mathematics, such

as topology or functional analysis, and it would be impractical to be completely systematic and provide a

definition of every concept encountered. We have refrained from defining concepts from those fields in

the appendix, and instead refer the reader to the many textbooks which cover those areas. In reviewing

the concepts and results mentioned throughout this dissertation, we used the following textbooks and

monographs: [34] on measure theory and on general results on Lebesgue integration; [26], [13] and

[38] on topology, on results related to metric spaces and on the basic notions of functional analysis; and

2



[20] and [17] on stochastic processes and on stochastic calculus. Other general, invaluable references

extensively used were [16] and [19].
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Chapter 1

Derivation of the Navier–Stokes

Equations from Physical Principles

1.1 The Laws of Continuum Mechanics and Classical Hydrody-

namics

The science of mechanics, the branch of physics that describes the behaviour of bodies when subject

to energy and forces, can be divided into two main branches: classical mechanics, which describes the

motion of bodies at the macroscopic scale (that is, at a scale humans can perceive without the aid of

magnifying instruments), and quantum mechanics, which describes the behaviour of matter at the scale

of atoms and subatomic particles (atoms have a radius of the order of one ångstöm, i.e. of 10−10 m).

Any physical theory rests on a few essential, universal principles, namely the conservation of mass,

the conservation of momentum and the conservation of energy (and related to this last principle, also

the first and second laws of thermodynamics). The principle of conservation of mass states simply that

mass can be neither created nor destroyed. The principle of conservation of momentum states that the

momentum of a closed (or isolated) system does not change in the course of time, that is, it indicates

that the interaction of bodies composing an isolated system leads only to an exchange in momentum

between them, which does not affect the motion of the system as a whole. Finally, the principle of

conservation of energy states that when one of the various forms of energy (kinetic, potential, internal,

et cetera) decreases, it reappears as an increase in another form of energy. Also fundamental, in relation

to this principle, is the first law of thermodynamics, which states that the heat added to a system and

the work done on the system both contribute to an increase in the energy of the system, and the second

law of thermodynamics, which states that no process is possible that has as its sole result the transfer

of energy in the form of heat from a cold body to a hotter one.

All matter that follows the above conservation laws of physics, and there seem to exist phenomena

that do not (see the tantalizing footnote on [14, p. 41]), can be classified either as solid, liquid, gas

or plasma. In a very informal way, we can define a fluid as any material that is not in a solid state
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(the fourth state, plasma, which is also a fluid, will not be described here). Since solids and fluids

constitute two separate categories, it behoves us to briefly describe their fundamental differences. We

do so by indicating how they react to a change in their volume and shape, giving afterwards a slightly

more technical description. In the case of solids, we have to apply forces of great intensity to cause a

variation of the volume or shape of a body, whereas in the case of gases the variation of the volume

can be obtained easily and they offer no resistance to a variation of their shape. In the case of liquids,

their volume is almost unchanged when the pressure is increased (in the case of gases, their volume

depends largely on the pressure that is exerted on them) and their behaviour when their shape is altered

is similar to the behaviour of gases. Since the behaviour of liquids and gases can be similarly described

and explained, in opposition to solids, one puts liquids and gases in the same category. A slightly more

technical description of the difference between solids and fluids goes as follows: while a solid undergoes

a finite angular deformation proportional to the shear force, which is a force that is applied parallel or

tangential to the face of the material, a fluid undergoes a continuous angular deformation as long as the

shear force is applied, offering no resistance to that force (the source of this description is [14, p. 42]).

We shall offer a more mathematical description of the shear force after we define the Cauchy stress

tensor in the next section (see page 15 et seq.).

We will concern ourselves in this work with one of the branches of classical mechanics, namely

continuum mechanics, the theory of dynamics of bodies with the assumption that their substance is

infinitely subdividable (i.e. that a body completely fills the space it occupies, as opposed to the fact

that it is actually composed of atoms, and therefore not continuous at all), and in this branch we will

devote our attention solely to one of its subdivisions: fluid mechanics. Fluid mechanics can be further

divided into hydrostatics, which studies fluids in equilibrium, and hydrodynamics, which is concerned

with the motion of fluids, without considering their molecular structure. We will concern ourselves only

with hydrodynamics in this work.

A fluid is regarded as a continuous medium, because the phenomena considered in hydrodynamics

are macroscopic. At the microscopic level the flow of a fluid is governed by models in the field of statisti-

cal mechanics, more particularly by the Boltzmann equation. Since it is completely outside the scope of

this work we will not elaborate further on the microscopic description of these physical phenomena.

The flow of fluids is only studied in two or three-dimensional cases, since it is nonsensical to study

such phenomena in higher dimensions. In this chapter we will only deal with the case of deterministic

motion, but in chapter 3 we will consider random motions, namely diffusions, and derive again the

equations of classical hydrodynamics from a stochastic variational principle.

There are two classical representations (or methods) for describing the motion of a fluid. One is

the Lagrange method, or the Lagrange representation, where the state of each particle of the fluid at

any given time is described with reference to its initial position (that is, a history of the dynamics of a

particle, its trajectory, is described). The other is the Euler method, or the Euler representation, which

gives the values of attributes, i.e. the state, of the fluid, such as the velocity, the pressure, or the density,

at arbitrary times and positions. If we are given five quantities, namely the components ui of the velocity

u, for i = 1, 2, 3, the pressure p and the density ρ, then the state of the fluid is completely determined.
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Note that these five quantities are functions of the three spatial coordinates xi, for i = 1, 2, 3, and of the

temporal coordinate t.

It is important to realize that when we speak of a particle (or a point) of the fluid, that any such

constituent is always supposed to be so large that it contains a very great number of molecules, i.e.

it is very small compared with the volume of the body under consideration, but at the same time very

large compared with the distances between the molecules. So when we speak of the motion of a

particle of the fluid, we are not referring to the displacement of an individual molecule, but instead to

the displacement of a small volume element containing many molecules. To make these observations

more concrete, consider the fact that a fluid such as water contains around 3×1022 water molecules per

cubic centimetre (the source of this value is [19, s.v. ‘Statistical Mechanics’, p. 1512]). Note also that the

concept of particle is itself ambiguous and is used simply to ease the descriptions of phenomena in our

natural language. In the 19th century particles were thought to be very small units of matter, which were

assumed to behave according to the rules of classical mechanics. Since the 20th century we know that

they behave in a quantized way and are actually not particles at all but waves (described approximately

by the Schrödinger equation).

In the Lagrange representation a particle with coordinates X = (X1,X2,X3) at instant t = 0 has

coordinates x = x(t,X) at an arbitrary time t 6= ∞, i.e. the motion of the fluid is a function of time and

is perfectly determined by the function x, whereas in the Euler representation each quantity of the fluid

is regarded as a function of a space-time point (t,x). Notice that when X is fixed and t varies, this

specifies the path of a particle, whereas for a fixed t and a varying X, it determines a transformation of

a region initially occupied by the fluid into its position at time t. When deriving the equations of motion

for fluids in the next section, we will be operating in the Euler representation, the representation used in

all the monographs we consulted. Despite that fact, concepts from the Lagrange representation will also

be used, such as the notion of material derivative (see definition 1.1).

Since fluids obey the general laws of continuum mechanics, namely the conservation of mass, the

conservation of linear momentum and the conservation of energy, basing our arguments on these three

laws successively, we will be able to derive the system of conservation laws of classical hydrodynamics

(note that the second law of thermodynamics is only used in fluid mechanics in the case of a gas,

to deduce equations relating unknowns such as pressure, temperature, et cetera). Since our goal is

to derive the equations of motion for fluids, also known as the Navier–Stokes equations, it suffices to

derive an incomplete system of conservation laws, a system in which the principle of conservation of

energy is not accounted for. The reason for this is that after obtaining the full system we would assume

that the body forces f do not depend on the temperature, rendering the equation of conservation of

energy irrelevant. When the forces depend on the temperature the model based on the Navier–Stokes

equations ceases to be applicable. We provide a brief description of the range of applicability of these

equations at the beginning of section 1.3.
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1.2 Derivation of the Equations

Assuming that the transformation x = x(t,X) is continuous and invertible, and that x is smooth, we

denote byX = X(t,x) its inverse, whereX is also assumed to be smooth. Naturally, these mathematical

restrictions have a physical interpretation. Continuity corresponds to the fact that an element of the fluid

in the neighbourhood of a given particle continues in its neighbourhood during motion. Invertibility means

simply that a particle cannot occupy two places simultaneously nor can two different particles occupy

the same space. From the assumption of invertibility we can conclude that the Jacobian determinant

J(t,X) := det

(
∂xi
∂Xj

)
(1.1)

is finite and never zero, since this assumption is equivalent to requiring that J does not vanish. Therefore

the element of volume dx changes according to the formula dx = J dX.

We believe it is important to always provide, wherever possible, the physical interpretation of math-

ematical concepts. We will do so often throughout this work. The gradient, which maps scalar fields to

vector fields, measures the rate and direction of change in a scalar field. More specifically, the gradient

of a function f at a point p, usually denoted by ∇f(p), has the direction of the greatest increase of the

function at f(p), and its magnitude is the rate of increase in that direction. For instance, if f(p) is the

temperature at point p, then the vector ∇f(p) is perpendicular to the surface of constant temperature

and points in the direction of increasing temperature. The Jacobian is simply the generalization of the

gradient for vector-valued functions of several variables.

The time rate at which any physical quantity f varies, such as the density ρ = ρ(t,x), the velocity

u = u(t,x), or the temperature θ = θ(t,x), while moving with the fluid particle, is given by the material

derivative. This derivative will be used in the deduction of the conservation of mass and the conservation

of momentum equations.

Definition 1.1. The material, or Lagrangian, derivative D/Dt of f is defined as follows:

Df

Dt
:=

∂f

∂t
+ u · ∇f , (1.2)

which is written in terms of its components thus

Dfi
Dt

:=
∂fi
∂t

+

3∑
j=1

uj
∂fi
∂xj

, i = 1, 2, 3. (1.3)

The expression u · ∇f is sometimes called the convective rate of change. The term ∂f/∂t corre-

sponds to the local rate of change due to the temporal changes at position x, and the convective rate

of change corresponds to the rate of change of f due to the transport of a material element to a dif-

ferent position. We now reveal the origin of the definition of the material derivative. Using the previous

definitions we can write

f(t,x) = f(t,x(t,X)) := F (t,X). (1.4)
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It is also clear that the velocity u at time t of a particle initially located at X is

u(t,x) :=
d

dt
x(t,X). (1.5)

Thus

d

dt
F (t,X) =

d

dt
f(t,x(t,X))

=
∂

∂t
f(t,x(t,X)) +

d

dxi
f(t,x(t,X))

dxi
dt

=
∂

∂t
f(t,x) + u(t,x) · ∇f(t,x)

=
Df

Dt
(t,x). (1.6)

Later we will encounter Du/Dt, which corresponds to the acceleration of an element of the fluid at (t,x),

but only because we are operating in the Euler representation. If we were operating in the Lagrange

representation, the acceleration of an element of the fluid would be given by the ordinary derivative

∂u/∂t.

The following theorem concerns the rate of change not of a physical quantity, as in the case of the

material derivative, but that of any volume integral. Let f(t,x) be any function, and let Ω(t) be a closed

volume moving with the fluid. The integral

∫
Ω(t)

f(t,x) dx (1.7)

is over the varying volume Ω(t) so if we want to calculate the rate of change of this integral, that is,

d

dt

∫
Ω(t)

f(t,x) dx, (1.8)

we cannot simply commute the differentiation and integration operators. Using the previously mentioned

transformation formula dx = J dX we can transform this integral into one over a fixed volume Ω(0). In

this case we can commute the operators. This is the essential idea used on the proof of the theorem.

Theorem 1.1 (Transport). Let Ω(t) denote an arbitrary volume that is moving with the fluid. Then

d

dt

∫
Ω(t)

f(t,x) dx =

∫
Ω(t)

(
Df

Dt
(t,x) + f(t,x) div u(t,x)

)
dx, (1.9)

where

div u = ∇ · u :=

3∑
i=1

∂ui
∂xi

(1.10)

is the divergence of u.

Proof. Notice that x = x(t,X) is a transformation x : Ω(0)→ Ω(t). Thus (the source of this sequence of
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equalities is [25, pp. 13–14])

d

dt

∫
Ω(t)

f(t,x) dx =
d

dt

∫
Ω(0)

f(t,x(t,X))J(t,X) dX

=

∫
Ω(0)

d

dt
(F (t,X)J(t,X)) dX

=

∫
Ω(0)

((
d

dt
F (t,X)

)
J(t,X) + F (t,X)

d

dt
J(t,X)

)
dX

=

∫
Ω(0)

(
Df

Dt
(t,x)J(t,X) + F (t,X) div u(t,x)J(t,X)

)
dX

=

∫
Ω(t)

(
Df

Dt
(t,x) + f(t,x) div u(t,x)

)
dx, (1.11)

where we used successively the usual change of variables in an integral, the definition of material

derivative and the fact that
d

dt
J(t,X) = div u(t,x)J(t,X), (1.12)

which we prove now.

Since

J(t,X) := det

(
∂xi
∂Xj

)
=

∂x1
∂X1

(
∂x2
∂X2

∂x3
∂X3

− ∂x2
∂X3

∂x3
∂X2

)
− ∂x1
∂X2

(
∂x2
∂X1

∂x3
∂X3

− ∂x2
∂X3

∂x3
∂X1

)
+
∂x1
∂X3

(
∂x2
∂X1

∂x3
∂X2

− ∂x2
∂X2

∂x3
∂X1

)
=
∑
i,j,k

εijk
∂xi
∂X1

∂xj
∂X2

∂xk
∂X3

, (1.13)

where εijk is the Levi-Civita symbol, which is defined by

εijk :=


+1 if (i,j,k) is (1,2,3), (2,3,1), or (3,1,2),

−1 if (i,j,k) is (3,2,1), (1,3,2), or (2,1,3),

0 if i=j, or j=k, or k=i,

(1.14)

and noting that
d

dt

∂xi
∂Xj

=
∂

∂Xj

dxi
dt

=
∂ui
∂Xj

=
∂ui
∂xm

∂xm
∂Xj

, (1.15)

we are finally able to compute

d

dt
J(t,X) =

∑
i,j,k

εijk

(
d

dt

(
∂xi
∂X1

)
∂xj
∂X2

∂xk
∂X3

+
∂xi
∂X1

d

dt

(
∂xj
∂X2

)
∂xk
∂X3

+
∂xi
∂X1

∂xj
∂X2

d

dt

(
∂xk
∂X3

))

=
∑
i,j,k

εijk

(
∂ui
∂xm

∂xm
∂X1

∂xj
∂X2

∂xk
∂X3

+
∂xi
∂X1

∂uj
∂xm

∂xm
∂X2

∂xk
∂X3

+
∂xi
∂X1

∂xj
∂X2

∂uk
∂xm

∂xm
∂X3

)
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=
∑
i,j,k

εijk

(
∂u1
∂x1

∂xi
∂X1

∂xj
∂X2

∂xk
∂X3

+
∂xi
∂X1

∂u2
∂x2

∂xj
∂X2

∂xk
∂X3

+
∂xi
∂X1

∂xj
∂X2

∂u3
∂x3

∂xk
∂X3

)
=
∂u1
∂x1

J(t,X) +
∂u2
∂x2

J(t,X) +
∂u3
∂x3

J(t,X)

= div u(t,x)J(t,X). QED

The divergence, which maps vector fields to scalar fields, can be interpreted physically as giving the

intensity of the outward flux of a vector field around a given point. As an example, consider the case of

the velocity of air at each point, which defines a vector field, and the heating and cooling of air. When

the air is heated it expands in all directions and when it is cooled it contracts. Therefore, the divergence

will have a positive value in the former case and a negative value in the latter case.

Is is clear that the mass of any finite volume Ω(t) is

m :=

∫
Ω(t)

ρdx, (1.16)

where ρ = ρ(t,x) is the density, i.e. the mass per unit volume. By the principle of conservation of mass

d

dt

∫
Ω(t)

ρ dx = 0, (1.17)

that is, the mass of a fluid in a volume Ω(t) does not change as Ω(t) moves with the fluid. Applying the

transport theorem we obtain ∫
Ω(t)

(
Dρ

Dt
+ ρ div u

)
dx = 0, (1.18)

and using the definition of material derivative this equation becomes

∫
Ω(t)

(
∂ρ

∂t
+ u · ∇ρ+ ρdiv u

)
dx = 0, (1.19)

if and only if ∫
Ω(t)

(
∂ρ

∂t
+ div(ρu)

)
dx = 0. (1.20)

Since equations (1.18)–(1.20) are valid for an arbitrary material volume, it follows from equation (1.20)

that
∂ρ

∂t
+ div(ρu) = 0. (1.21)

This is the equation of continuity. See [3, pp. 135–136] for similar arguments for the deduction of this

equation.

A different approach to deducing the equation of continuity, simpler and avoiding the transport the-

orem can be seen in [3, pp. 73–74] and in [24, pp. 1–2]. Since it is interesting and straightforward, we

present it next briefly.

If S is a closed surface which encloses a fixed volume V entirely occupied by a fluid, then the mass
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of fluid enclosed by the surface at any instant is

∫
V

ρdV . (1.22)

Since the mass of fluid flowing per unit time through an element dS of the surface is ρu ·ndS (this value

is positive if the fluid is flowing out of the volume and negative otherwise), the total mass of fluid flowing

out of the volume across the surface is ∫
S

ρu · n dS, (1.23)

where n is the unit outward normal of the area of the surrounding surface. We know also that the

decrease per unit time in the mass of fluid in volume V is

− d

dt

∫
V

ρdV , (1.24)

therefore the quantities (1.23) and (1.24) must be equal in the absence of other sources of fluid. Using

this fact and the divergence theorem, which states that

∫
V

∇ · F dV =

∫
S

F · ndS, (1.25)

and which allows us to transform (1.23) into

∫
V

∇ · (ρu) dV , (1.26)

we obtain ∫
V

∂ρ

∂t
dV = −

∫
V

∇ · (ρu) dV . (1.27)

Note that we were able to put the differentiation operator inside the integral since the volume V is fixed

in space. This last equation is obviously equivalent to

∫
V

(
∂ρ

∂t
+∇ · (ρu)

)
dV = 0, (1.28)

which is valid for all choices of the volume V lying in the fluid (possible only if the integrand is zero

everywhere in the fluid). Therefore we again obtain the equation of continuity

∂ρ

∂t
+∇ · (ρu) = 0. (1.29)

Definition 1.2. We call a fluid incompressible if for any domain Ω(0) and any t, the density is constant,

that is, if

vol(Ω(0)) = vol(Ω(t)). (1.30)
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Taking f(t,x) = 1 on the left-hand side of equation (1.9), using again the change of variables in the

integral that we used in the sequence of equalities (1.11), and applying also equation (1.12), we obtain

successively

d

dt
vol(Ω(t)) =

d

dt

∫
Ω(t)

dx

=
d

dt

∫
Ω(0)

J(t,X) dX

=

∫
Ω(0)

d

dt
J(t,X) dX

=

∫
Ω(0)

div u(t,x)J(t,X) dX

=

∫
Ω(t)

div u(t,x) dx = 0. (1.31)

Since the choice of the domain Ω(t) is arbitrary, we deduce that a fluid is incompressible if and only if

div u(t,x) = 0. (1.32)

To deduce this we could have also observed that when a fluid is incompressible the dependence of the

density on pressure can be neglected, so equation (1.32) can simply be deduced from the equation of

continuity (1.21).

We will now work towards obtaining the conservation of momentum equation by adapting and ex-

tending the exposition in [25, pp. 16–17] and in [3, pp. 137–138].

The forces acting on an element of a fluid can be external, such as gravitational or electromagnetic

forces, or internal (also called contact forces), which act on an element of volume Ω(t) through its

bounding surface.

Definition 1.3. The normal stress tn is defined as follows:

tn(t,x,n) := n(t,x)T (t,x), (1.33)

where n is the unit outward normal at a point of the boundary ∂Ω(t), and T = Tij is the Cauchy stress

tensor. The normal stress corresponds to the force per unit area exerted at a point of the surface ∂Ω(t).

We will define the Cauchy stress tensor below, after obtaining the conservation of momentum equa-

tion, so as not to break the flow of the argument.

If we denote by f an external force per unit mass, then f acts on Ω(t) as

∫
Ω(t)

ρf dx, (1.34)
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and the surface force exerted on the volume Ω can be represented by

∫
∂Ω(t)

tn dS, (1.35)

where dS is a surface element.

By the Cauchy principle we know that, at any given time, tn depends only on the position and orien-

tation of dS, i.e. tn = tn(t,x,n), and we know also by the principle of conservation of linear momentum

that the rate of change of the linear momentum of a volume equals the resultant force on the volume, so

d

dt
(mu) =

∫
Ω(t)

ρf dx+

∫
∂Ω(t)

tn dS. (1.36)

From equation (1.16) it is clear that
d

dt
(mu) =

d

dt

∫
Ω(t)

ρu dx. (1.37)

Before we can proceed, we need to prove a useful equality.

Lemma 1.1.
d

dt

∫
Ω(t)

ρf dx =

∫
Ω(t)

ρ
Df

Dt
dx. (1.38)

Proof. Expanding the term ∇ · (ρu) on the equation of continuity, that equation becomes

∂ρ

∂t
+ ρ∇ · u+ u · ∇ρ = 0. (1.39)

Noticing that the first and third terms on the left-hand side of this equation correspond to the material

derivative of ρ, we obtain
Dρ

Dt
+ ρ∇ · u = 0. (1.40)

By the transport theorem, we obtain successively

d

dt

∫
Ω(t)

ρf dx =

∫
Ω(t)

(
D

Dt
(ρf) + ρf∇ · u

)
dx

=

∫
Ω(t)

(
ρ

Df

Dt
+ f

Dρ

Dt
+ ρf∇ · u

)
dx

=

∫
Ω(t)

ρ
Df

Dt
dx, (1.41)

where we used equation (1.40) to obtain the last equality. QED

By lemma 1.1 we conclude that

d

dt

∫
Ω(t)

ρu dx =

∫
Ω(t)

ρ
Du

Dt
dx, (1.42)
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where Du/Dt is the acceleration. Thus using equations (1.37) and (1.42), equation (1.36) becomes

∫
Ω(t)

ρ
Du

Dt
dx =

∫
Ω(t)

ρf dx+

∫
∂Ω(t)

tn dS. (1.43)

By the divergence theorem we conclude that the second term on the right-hand side of this last equation

is ∫
∂Ω(t)

tn dS =

∫
∂Ω(t)

n(t,x)T (t,x) dS =

∫
Ω(t)

div T dx. (1.44)

Therefore equation (1.43) becomes

∫
Ω(t)

ρ
Du

Dt
dx =

∫
Ω(t)

ρf dx+

∫
Ω(t)

div T dx. (1.45)

Since the domain of integration is arbitrary we obtain finally the Cauchy equation of motion, or the

conservation of momentum equation, in differential form:

ρ
Du

Dt
= ρf + div T , (1.46)

which can be written in terms of its components thus

ρ

∂ui
∂t

+

3∑
j=1

uj
∂ui
∂xj

 = ρfi +

3∑
j=1

∂Tij
∂xj

, i = 1, 2, 3. (1.47)

Further transformations of the conservation of momentum equation require additional assumptions.

Before we proceed with further modifications of this fundamental equation, it behoves us to define the

Cauchy stress tensor (a more detailed exposition of the stress tensor can be seen in [3, pp. 141–147]).

Definition 1.4. The Cauchy stress tensor Tij , a tensor of rank-3, symmetric by assumption, is the sum

of the viscous stress tensor εij , the elastic stress tensor τij and the hydrostatic pressure p, i.e.

Tij := εij + τij − pδij . (1.48)

The viscous stress tensor models the part of the stress related to the rate at which it is deforming

around a point of the fluid, and the elastic stress tensor describes the internal forces in an elastic

material due to its deformation. Recall that an elastic material is a material that when deformed due to an

external force experiences internal resistance to the deformation and restores itself to its original state if

the external force is no longer applied. The hydrostatic pressure is a pressure that acts perpendicularly

to the local surface (independently of the orientation). The minus sign on the last expression on the

right-hand side of (1.48) is chosen so that when p > 0, which represents the pressure exerted from the

outside, the contact forces compress the fluid inside.

Definition 1.5. An ideal, or perfect, fluid is an incompressible fluid in which there is no internal friction.
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Definition 1.6. A viscous fluid is a fluid in which the phenomena of internal friction and thermal conduc-

tion cannot be neglected, i.e. it has the property of resisting flow caused by intermolecular forces.

Perfect fluids, or non-viscous fluids, provide a close approximation of the behaviour of actual fluids.

Strain is also a fundamental concept that can defined as the deformation of the continuum at a point.

Strain can occur in two ways: via elongation, i.e. via a change in length, or via shear, which produces an

angle change in the body.

In a perfect fluid, τij is zero so

Tij = εij − pδij , (1.49)

and in the case of an hydrostatic fluid in equilibrium conditions, εij is zero.

The components Tii of the stress tensor are called normal, or compressive, stresses and the com-

ponents Tij , with i 6= j, shear stresses. To simplify the physical description of the various components of

the stress tensor, let us assume we are dealing with a small cube of fluid. The normal components either

compress or dilate the cube, while the shear components produce deformation and vary from point to

point over the surface of the cube, acting tangentially to the surface.

The index i indicates that the force lies in a plane perpendicular to the i axis and the index j denotes

the direction in which the stress, i.e the force, acts. A positive value for one of the diagonal components

of the tensor shows that there is a pulling motion by a force, whereas a negative value indicates com-

pression. In general, a component is positive if it acts in the positive direction of the coordinate axes and

if the plane where it acts has an outward normal vector pointing in the positive coordinate direction.

The components of the stress tensor can be obtained from those of the rate-of-strain tensor eij , using

the relation (for an incompressible fluid)

Tij = 2µeij − pδij , (1.50)

where µ is a constant called the shear viscosity coefficient.

Definition 1.7. The rate-of-strain tensor, or rate of deformation tensor, eij is defined as the derivative of

the strain tensor Eij with respect to time, that is,

eij :=
∂Eij
∂t

=
1

2

(
∂uj
∂xi

+
∂ui
∂xj

)
, (1.51)

where we may also write
∂uj
∂xi

= (∇u)ji. (1.52)

This tensor describes the rate of change of the deformation of a material in the neighbourhood of

a certain point, that is, the rate of change of the relative distance between two particles in a fluid at a

certain moment in time. This tensor is what distinguishes fluid motion from rigid body motion, i.e. from

the motion of bodies in which the relative distance between two points in the body does not change.

We will not go into the details of the deduction of eij , but will nevertheless provide a brief description

of the physical notions that underpin it. The displacement vector u, composed of three components, has
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contributions from four parts: pure translation (three directions), pure rotation (three planes), elongation

(three axes or directions) and shear (three planes). To determine the two ways, mentioned above, in

which strain can occur (via elongation or shear), we need to specify the changes in length, to describe

the elongation, and the changes in angles, to describe shear, to three sides of the body. Since Eij ,

like the stress tensor, is a symmetric tensor, and representing by ∂ui/∂xj the way component i of the

displacement vector changes in the xj axis, eij can be deduced (for more details see [24, pp. 47–49, 79–

81].

Substituting now (1.51) in (1.50) we obtain the expression for the stress tensor that we will use from

now on:

Tij = µ

(
∂uj
∂xi

+
∂ui
∂xj

)
− pδij . (1.53)

Definition 1.8. A fluid is said to be Newtonian if the viscous stress is a linear function of the strain rate.

Since for most cases fluids can be regarded as Newtonian, and it is not the goal of this thesis to

delve into these physical concepts, we will not go into further details. We mention only some examples

of non-Newtonian fluids, which include blood, ink, milk and honey.

Equation (1.40), which is equivalent to the equation of continuity, as we have shown in the proof of

lemma 1.1, and which expresses the conservation of mass, and the conservation of momentum equation

(1.46), constitute the (partial) system of conservation laws of classical hydrodynamics


Dρ

Dt
+ ρ∇ · u = 0, (1.54)

ρ
Du

Dt
= ∇ · T + ρf . (1.55)

Substituting the expression for the stress tensor (1.53) in equation (1.55) of this system we obtain

ρ
Du

Dt
= µ∇ · ∇u+ µ∇ · div u−∇p+ ρf

= µ∆u+ µ∇ · div u−∇p+ ρf , (1.56)

where

∆u = ∇ · ∇u =

3∑
i=1

∂2u

∂x2i
(1.57)

is the Laplacian of u. If we now assume that the fluid is incompressible, then by equation (1.32), div u =

0, so equation (1.54) becomes
Dρ

Dt
= 0, (1.58)

and equation (1.56) becomes

ρ
Du

Dt
= µ∆u−∇p+ ρf . (1.59)

Using the definition of material derivative on equations (1.58) and (1.59) we transform the system of
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equations (1.54) and (1.55) into the new system


∂ρ

∂t
+ u · ∇ρ = 0, (1.60)

ρ

(
∂u

∂t
+ u · ∇u

)
= µ∆u−∇p+ ρf , (1.61)

div u = 0. (1.62)

Assuming that ρ is uniform and defining the kinematic viscosity coefficient as ν := µ/ρ (µ is the shear

viscosity coefficient, already mentioned above), equation (1.60) disappears and therefore we transform

this system into the following one:
∂u

∂t
+ u · ∇u = ν∆u− 1

ρ
∇p+ f , (1.63)

div u = 0, (1.64)

where u and p, the velocity and the pressure, respectively, are the dependent variables and t and xi,

for i = 1, 2, or 3, are the independent variables. These are the Navier–Stokes equations of motion of

viscous, incompressible fluids with uniform density. Note that equation (1.63) only makes sense if u is

differentiable in t and twice-differentiable in x. The equations are written in terms of their components

thus 
∂ui
∂t

+

3∑
j=1

uj
∂ui
∂xj

= ν

3∑
j=1

∂2ui
∂x2j

− 1

ρ

∂p

∂xi
+ fi, i = 1, 2, 3, (1.65)

3∑
i=1

∂ui
∂xi

= 0. (1.66)

The first equation corresponds to the Newton law f = ma for a fluid element subject to the external

force f and to the forces arising from pressure and friction. Notice that these equations are second

order, non-linear partial differential equations on account of the presence of the Laplace operator and

of the product between uj and the partial derivatives of ui with respect to xj , respectively. One very

important point to keep in mind is that, unlike the case for linear equations, the non-linearity implies that

small changes in a phenomenon can lead to radically different space-asymptotic behaviour. This fact

contributes greatly to the difficulty of finding general solutions to these equations.

If the fluid is inviscid, that is, if ν = 0, and incompressible, then equation (1.63) is reduced to

∂u

∂t
+ u · ∇u = −1

ρ
∇p+ f . (1.67)

This is the Euler equation. Note that the equations of hydrodynamics, whether having the viscosity term

or not, have as their domain R+×Rn, for n equal to 2 or n equal to 3 only, since it does not make sense

to study these equations in higher dimensions (as we mentioned in section 1.1, p. 6).
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1.3 Range of Applicability, Initial and Boundary Conditions, and

the Existence and Uniqueness of Solutions

It is of fundamental importance to quantify the range of applicability of the Navier–Stokes equations.

To do so, the Knudsen number is frequently employed. This number helps in determining whether the

formulation of fluid dynamics based on the principles of continuum mechanics, in which the Navier–

Stokes equations are valid, or statistical mechanics should be used to model a phenomenon.

Definition 1.9. The Knudsen number Kn is a dimensionless quantity defined as Kn := λ/L, where λ

is the mean free path of the molecules that make up the fluid and L is the representative physical length

scale of the system, which may be, for instance, the radius of a body in a fluid. The molecular mean free

path λ corresponds to the average distance travelled between intermolecular collisions.

The Navier–Stokes equations are only valid if L is much larger than λ, that is, when Kn is much

smaller than one. For Kn < 0.01, the equations constitute an adequate model of the physical phe-

nomenon being studied. When the Knudsen number exceeds 0.01, the description provided by the

equations collapses and the methods of statistical mechanics must be used (incidentally, it is clear that

statistical mechanics can be applied to all ranges of Knudsen numbers). Interestingly, according to [15,

p. 2], the physical phenomena which verify 0.1 . Kn . 10 are some of the most challenging to model.

Explicit formulas for the estimation of the mean free path exist and an example can be seen in [15, p. 2].

All physical problems described by partial differential equations have a domain of application, which

includes boundaries of some kind. To adequately describe a problem it is essential to define both initial

conditions and boundary conditions. The initial condition for the equations of hydrodynamics describes

the initial distribution of velocities and is of the form

u(0,x) = u0(x), x ∈ Ω, (1.68)

where u0 is a given function and Ω is the bounded domain. For the given u0, the maximum time T

allowed is called the blow-up time, which can be infinite. Note that the initial condition must also satisfy

the boundary conditions defined below. We call a problem well-posed if it has a unique solution and

if small changes in the initial conditions lead to small changes in the solutions. Boundary conditions

can be of the first, second, or third kind, also called Dirichlet, Neumann, or Robin boundary conditions,

respectively (other boundary conditions can be defined, but these three kinds are the most important

ones). As far as Robin boundary conditions are concerned, they can be described simply as a mixture of

the other two kinds of conditions. When dealing with the Navier–Stokes equations, it is common to call

the Dirichlet boundary condition the no-slip condition, which corresponds to the case where the fluid fills

a smooth, bounded domain Ω with a rigid boundary ∂Ω. Since for this condition we specify a solution

on the boundary of a region, we write it as

u = ϕ, u ∈ ∂Ω, (1.69)
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where ϕ is the velocity at the boundary. If the boundary is at rest, this condition is written

u = 0, u ∈ ∂Ω. (1.70)

In the case of Neumann boundary conditions (the only boundary conditions we will consider in chap-

ter 3 of this work), we have a partial differential equation that holds in some region of space and we

specify on the boundary the directional derivative of u in the outward normal direction. This derivative is

represented as ∂u/∂n = ∇u · n, and is proportional to the inward flux. These types of conditions are

common in problems where the flux, for example of heat, is given across the boundary (if the outward

normal derivative is zero, then there is no flux across the boundary). Since we will deal with the diffu-

sion, or heat, equation in section 2.1, it is instructive to present here the physical interpretation of the

outward normal derivative, which is simply the change in temperature in the direction n. Consequently,

in a certain region of the boundary where ∂u/∂n > 0, we know that heat is flowing in, i.e. the tempera-

ture is higher outside than inside the particular region of the domain close to this area of the boundary

(since heat flows from hot to cold regions). We have exactly the opposite situation when ∂u/∂n < 0. If

∂u/∂n = 0, then we know that no heat flows across the boundary. In the context of the Navier–Stokes

equations, the Neumann boundary condition is usually written as

∇u · n = 0 on [0,T ]× ∂Ω, (1.71)

which means that the substance is enclosed in a domain so that none can enter or escape.

Finding general solutions of the Navier–Stokes equations, given initial and boundary conditions,

would allow us to predict the behaviour of a fluid for a limited time interval, or ideally, for all times. To find

those solutions we would need to solve the following system (assuming here for purposes of illustration

that we have Neumann boundary conditions), composed of equations (1.63), (1.64), (1.68) and (1.71):



∂u
∂t + u · ∇u = ν∆u− 1

ρ∇p+ f in [0,T ]×Ω,

div u = 0 in [0,T ]×Ω,

u(0,x) = u0(x) for x ∈ Ω,

∇u · n = 0 on [0,T ]× ∂Ω,

(1.72)

for a certain domain Ω.

Several types of solutions for the Navier–Stokes equations have been defined, but only a few have

been found and even then only for very specific and limited cases. The two main kinds of solutions are

the so-called weak solutions and the strong solutions. We define the former concept now. If we multiply

both sides of equation (1.63) by a smooth vector field θ(t,x) and integrate with respect to space and

then to time, the equation becomes

T∫
0

∫
∂u

∂t
θ dxdt+

T∫
0

∫
(u · ∇u)θ dxdt = ν

T∫
0

∫
∆uθ dxdt− 1

ρ

T∫
0

∫
∇pθ dxdt+

T∫
0

∫
fθ dxdt. (1.73)
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If we next formally integrate by parts all terms of equation (1.73) except the last term on the right-hand

side, so as to make the derivatives fall on the vector field θ, we obtain

−
T∫

0

∫
u
∂θ

∂t
dxdt−

T∫
0

∫
u(u ·∇θ) dxdt = ν

T∫
0

∫
u∆θ dxdt+

1

ρ

T∫
0

∫
p ·div θ dxdt+

T∫
0

∫
fθ dxdt. (1.74)

We omitted in the above equation the first term of each integration by parts, since it is always zero,

assuming θ is zero on the upper and lower limits of integration. Note also that T can be infinite. Applying

the same procedure to equation (1.64), but this time multiplying it by a smooth function ϕ(t,x), we obtain

T∫
0

∫
(∇ · u)ϕdxdt = 0, (1.75)

and after formally integrating by parts

T∫
0

∫
u∇ϕdxdt = 0. (1.76)

We call a solution u of the Navier–Stokes equations weak if it verifies equations (1.74) and (1.76) for

some test functions θ and ϕ.

Since no global existence results have been discovered for the strong solutions (their existence has

only been proved for certain finite time intervals, not for all times), our knowledge of them is incipient at

best. Therefore we will not define them here and instead refer the reader to the article [12, pp. 901–904],

where the concept of strong solution is expounded.

Despite the difficulties in proving existence and uniqueness results and in finding solutions, some

results have been obtained. In the two-dimensional case, it is known that existence and uniqueness are

verified, which is also the case for the Euler equation. So in R2 the mathematical theory of the Navier–

Stokes equations and of the Euler equation is fairly complete, unlike in R3. In the three-dimensional case,

it is known that the Navier–Stokes equations always have a weak solution, but proving or disproving its

uniqueness is an insurmountable problem in the present state of knowledge. In contrast to the Navier–

Stokes equations, it has been proved that in R3 the Euler equation does not have unique weak solutions.

For a clear presentation of some of the extremely difficult open problems related to these equations

see [10] and for more details and results [12].

1.4 Brief Note on the Importance and History of the Equations

Fluid mechanics models the motion of everything that is not in a solid state, and, in particular, the

Navier–Stokes equations model the motions of viscous, incompressible fluids with uniform density past

or through arbitrary objects. From this general description it is clear that the range of applications of the

study of the Navier–Stokes equations is near limitless. We present here a few examples of where they

are used: in modelling the fluid dynamics of everything from oceans and currents to the formation of
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galaxies, nebulae and supernovae, and other astronomical phenomena; in haemodynamics, to under-

stand the progression of cerebral aneurysms and the processes of thrombosis and arteriosclerosis; in

meteorology, for predicting weather patterns and the behaviour of tornadoes; in aerodynamics, for the

development of efficient wings for planes, propulsion systems for rockets, combustion engines, and for

the design of a wide variety of aircraft and spacecraft; in particle physics and in acoustics.

We conclude this chapter with a brief historical sketch of the origins of the Navier–Stokes equations.

Leonard Euler (1707–1783) published his equation of the motion of non-viscous fluids in 1757, equation

that now bears his name, and in the early 1820s Claude-Louis Navier (1785–1836) and in 1831 Siméon

Denis Poisson (1781–1840) derived for the first time the equations of fluid motion with friction, on the

basis of considerations involving the action of intermolecular forces, generalizing the Euler equation.

Adhémar Barré de Saint-Venant (1797–1886) derived the now called Navier–Stokes equations in 1843

under the sole assumption that the normal and tangential stresses are linear functions of the strain rates,

that is, not following Navier’s molecular approach, and identified the viscosity coefficient. George Gabriel

Stokes (1819–1903) also derived the equations under the same assumption as Barré de Saint-Venant

and published his result slightly later. Therefore the naming of the equations is yet another of the many

cases of erroneous attribution of a result in the history of mathematics. For a detailed and very readable

account of the history of these equations see [1, pp. 46–48, 88–92]. Another thorough historical survey

of fluid mechanics is presented in [14, pp. 1–4] (despite the fact that this book is an authoritative and

encyclopedic treatment of fluid mechanics, it should be noted that Barré de Saint-Venant’s name is not

mentioned once).
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Chapter 2

The Wiener Process and Elements of

Stochastic Analysis

2.1 From the Diffusion Equation to the Wiener Measure

The diffusion equation models the collective motion of particles in a material resulting from the random

movement of each particle. Since one of the phenomena this equation models is the distribution of

temperature in a bounded region, more specifically the diffusion of particles that are initially concentrated

near the origin into the entire region, the equation is also known as the heat equation. It is important

not to forget the distinction between heat and temperature: heat is the overall energy of the molecular

motion, while temperature is the average energy of the molecular motion.

We start by presenting its derivation. Some concepts need to be defined for a more thorough pre-

sentation (we used [49, pp. 161, 213–215] as the source of these definitions).

Definition 2.1. The heat capacity of a body is the ratio of an infinitesimal amount of the heat transferred

to the body to the corresponding change in the temperature of the body.

Definition 2.2. The specific heat c is the heat capacity of a unit mass of a homogeneous substance.

Definition 2.3. The thermal conductivity of the material, denoted by κ, corresponds to the amount of

heat passing across unit area per unit time and per unit of the gradient of the temperature (see its

formula in [49, pp. 213–214]).

We denote byD a region in Rn, by f(t,x) the temperature at the point x at time t (f can be interpreted

more broadly as representing the density of some substance, such as a chemical concentration), and

by F (t,x) the flux of energy, or heat, through the boundary ∂D. The flux of energy F (t,x) is defined as

F (t,x) := −κ∇f , since we know by the Fourier law that heat flows from hot to cold regions at a rate

proportional to the gradient of the temperature. By the conservation of energy we know that

d

dt

∫
D

cρf(t,x) dx = −
∫
∂D

F (t,x) · n dS, (2.1)
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i.e. the variation of the total amount of heat contained in D, which corresponds to the expression on the

left-hand side of equation (2.1), is equal to the amount of heat leaving D through its boundary (in other

words, the flow occurs from regions of higher to regions of lower concentration). Using successively the

definition of F (t,x) and the divergence theorem, the integral on the right-hand side of equation (2.1)

becomes ∫
∂D

κ∇f · ndS =

∫
D

κ∇ · ∇f dx =

∫
D

κ∆f dx, (2.2)

so we transform (2.1) into ∫
D

cρ∂tf(t,x) dx =

∫
D

κ∆f dx. (2.3)

Note that in obtaining equation (2.3) from equation (2.1), we had to assume that f(t,x) and ∂tf are

continuous functions, and that

+∞∫
−∞

|f(t,x)|dx and

+∞∫
−∞

|∂tf |dx (2.4)

converge uniformly (the source of these provisos is [40, p. 420], and see also [19, s.v. ‘Integral Calculus’,

p. 823]), otherwise the equality

d

dt

∫
D

cρf(t,x) dx =

∫
D

cρ∂tf(t,x) dx (2.5)

would be false.

Since the domain D if arbitrary, we obtain from equation (2.3) the diffusion, or heat, equation

∂tf(t,x) = κ∆f , (2.6)

taking for simplicity c = ρ = 1. We could have also derived this equation by modelling the diffusion of a

substance in a liquid, applying in the process the Fick law of diffusion. This derivation is very simple and

can be seen in [40, pp. 14–15].

We present next an abbreviated derivation of the fundamental solution of the heat equation in one

dimension, since that is the solution we need in what follows. Thus we will derive a solution of the

second-order, linear, homogeneous partial differential equation in two variables

∂f

∂t
= κ

∂2f

∂x2
. (2.7)

We assume that |x| <∞, t > 0 and that ∂xf(t,x)→ 0 as x→ ±∞, so integrating (2.7) we obtain

d

dt

+∞∫
−∞

f(t,x) dx = 0, (2.8)
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that is,
+∞∫
−∞

f(t,x) dx = const . (2.9)

Since we want a normalized solution, we will consider the constant to be equal to one. Noticing that

under the scaling x → ax, t → a2t, for a constant a > 0, the equation is unchanged, we look for a

solution invariant under the dilation scaling (this nomenclature is from [8, p. 45]) f(t,x) → aαf(at, aβx),

i.e. we look for a solution of the form

f(t,x) =
1

tα
v
( x
tβ

)
, (2.10)

for a smooth function v and constants α,β, setting a = t−1 in the dilation scaling. Calculating the partial

derivatives of (2.10), substituting them in (2.7) and setting y = xt−β we obtain the new equation

αt−(1+α)v(y) + βt−(1+α)y
∂v

∂t
+ κt−(α+2β) ∂

2v

∂x2
= 0. (2.11)

We want this equation to have only variable y, so we set −(1 +α) = −(α+ 2β), taking α = β = 1/2, and

the equation becomes
1

2
v(y) +

1

2
yv′(y) + κv′′(y) = 0, (2.12)

which is equivalent to
1

2

d

dy
(yv(y)) + κv′′(y) = 0. (2.13)

Integrating this equation we obtain
1

2
yv(y) + κv′(y) = const . (2.14)

If we set the constant to zero, then the solution of this equation is

v(y) = C exp

(
− y

2

4κ

)
(2.15)

for some constant C. Replacing y by its definition we obtain

v
( x
tβ

)
= C exp

(
− x2

4κt

)
, (2.16)

arriving thus at a solution of the form

f(t,x) =
C√
t

exp

(
− x2

4κt

)
. (2.17)

To find the value of C we substitute this expression for f(t,x) in (2.9) obtaining

C√
t

+∞∫
−∞

exp

(
− x2

4κt

)
dx = 1, (2.18)
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and after changing the variable of integration we obtain

C√
t

√
4κt

+∞∫
−∞

exp
(
−z2

)
dz = 1. (2.19)

Using the following well-known calculation of the Gaussian integral

+∞∫
−∞

exp
(
−x2

)
dx =

 +∞∫
−∞

exp
(
−x2

)
dx

1/2 +∞∫
−∞

exp
(
−y2

)
dy

1/2

=

 2π∫
0

+∞∫
0

r exp
(
−r2

)
drdθ

1/2

=
√
π, (2.20)

we obtain finally

C =
1√
4πκ

. (2.21)

It is also clear from the calculation of the Gaussian integral that we have more generally

∫
Rn

exp
(
−x2

)
dx =

n∏
i=1

+∞∫
−∞

exp
(
−x2i

)
dxi = πn/2. (2.22)

Inserting the value of C we calculated in (2.21) into expression (2.17), we obtain the fundamental

solution of the diffusion equation, which is

f(t,x) =
1√

4πκt
exp

(
− x2

4κt

)
. (2.23)

We conclude this section by presenting the Wiener measure, which is defined in terms of the funda-

mental solution of the diffusion equation, but before we do so it is important to mention that the Wiener

measure was introduced with the very specific purpose of assigning a probability to the random path of

a particle, with a view to giving a complete mathematical formulation of a phenomenon called Brownian

motion (although later this phenomenon would prove to be an excellent model for many other physical

phenomena). This phenomenon consists of the tiny irregular motions of small particles of pollen sus-

pended in water and was extensively observed under the microscope and reported on by the botanist

Robert Brown (1773–1858), hence its name. Brown misinterpreted the phenomenon by supposing that

the small particles, which exhibited similar behaviour whether they came from organic or inorganic mat-

ter, were some kind of primitive molecule of living matter. He would have had to await the invention of

the quantum theory of matter to understand that the haphazard movement of the particles was actu-

ally caused by the random impact of the water molecules. An extremely interesting and contemporary

article describing Brown’s original observations and others, even discussing which types of lenses and

apparatuses can be used to perform the observations, is [30].

Let C0([0, 1]) be the vector space of continuous, real-valued functions x(t) on [0, 1] that vanish at the
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point zero. This space is in fact a metric space with the distance

ρ(x, y) = max
t∈[0,1]

|x(t)− y(t)|, x, y ∈ C0([0, 1]). (2.24)

Definition 2.4. Let A1 = ]a1, b1[ , . . . ,An = ]an, bn[ be Borel sets on the real line, i.e. open subsets of

the real line, such that x(ti) ∈ Ai, i = 1, . . . ,n. The set of functions

Q = {x ∈ C0([0, 1]) : x(ti) ∈ Ai, 0 = t0 < t1 < · · · ≤ tn = 1} (2.25)

is called a quasi-interval of C0([0, 1]), where ai and bi may be equal to −∞ and +∞, respectively,

provided the ≤ symbol in (2.25) is substituted by <.

We understand an element x(t) of the space C0([0, 1]) as denoting the path of a free particle, that

is, of a particle not constrained by the influence of external forces, along the x-axis at time t. To give an

idea of how erratic a path of such a particle is, consider the fact that a particle under normal conditions

suffers 1021 collisions per second, each subtly altering its displacement (the source of this value is [47,

p. 34]).

We define a ‘measure’ on C0([0, 1]) by the formula

µ(Q) =

n∏
i=1

∫
Ai

f(ti − ti−1,xi − xi−1) dxi =

n∏
i=1

∫
Ai

1√
2π(ti − ti−1)

exp

(
− (xi − xi−1)2

2(ti − ti−1)

)
dxi (2.26)

where xi = x(ti), each f(ti − ti−1,xi − xi−1), i = 1, . . . ,n, is a fundamental solution of the diffusion

equation (2.7), taking κ = 1/2, and each integral

∫
Ai

f(ti − ti−1,xi − xi−1) dxi, i = 1, . . . ,n, (2.27)

corresponds to the probability of finding a particle in the interval Ai after it has wandered from the origin.

It is clear from these considerations that this ‘measure’ gives the probability of finding a particle in a

certain path, since (2.26) represents the calculation of joint probabilities of a trajectory.

When this ‘measure’ is extended to a σ-additive probability measure on the Borel field of sets gener-

ated by the quasi-intervals, that is, on the Borel closure of the set of quasi-intervals, it is known as the

Wiener measure, frequently denoted by µW (we used the definition given in [16, s.v. ‘Wiener Measure’];

the original definition can be seen in [43, p. 153]). In this case, the functions that belong to the space

C0([0, 1]) we have been considering extend their domain to R+ (the extension to R is also possible) and

we call then C0(R+) the Wiener space.

The rigorous construction of the Wiener measure and of the Wiener process was obtained by Norbert

Wiener (1894–1964) in the article [43], and an abbreviated construction of the Wiener measure is also

in [44]. It was one of the major mathematical results of the 20th century and laid the foundations for

a mathematically rigorous theory of stochastic processes. We turn in the next section to the Wiener

process, but before we do so, we would like to provide a short comment on the concept of mathematical
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rigour.

The concept of mathematical rigour is one we mention throughout this work in quite a cavalier way (in

truth, it seems to us that this is also the way the concept is used in general). Explaining it properly would

take us far afield from the topics covered in this dissertation. Instead we refer the reader to [21], where

the authors elucidate the evolution of this concept (and this is a key point: mathematical rigour depends

on the philosophical positions of the community of practitioners of mathematics at a given period in

history) and its ambiguity (on this latter point see especially [21, pp. 22–23]). Were we dealing in this

work with problems closely related to the foundations of mathematics, such as set theory, we would

include here a discussion on this topic. Since we are not, it suffices to say that when we mention that

some proof is rigorous, we mean simply that it provides correct and complete arguments, to the extent

that the ZFC system (i.e. the Zermelo–Fraenkel axioms of set theory plus the axiom of choice) and the

rules of logic can be taken to be an adequate foundation for the edifice of mathematics, and therefore

the basis for the notion of correctness in mathematics.

2.2 On the Construction of the Wiener Process

We will provide now a brief overview of the construction of the Wiener process, not only because it

underpins the whole field of stochastic analysis, but also because of its intrinsic mathematical interest.

Definition 2.5. A continuous stochastic process W defined on a filtered probability space (Ω,F ,Ft,P )

is a Wiener process if it satisfies the following three properties:

1) W (0) = 0 a.s.

2) W (t)−W (s) ∼ N(0, t− s) for all 0 ≤ s ≤ t.

3) The increments are independent of Fs, that is, for all times 0 ≤ s < t, the random variables

W (t)−W (s) are independent of Fs.

The Wiener process is the mathematical idealization of the Brownian motion phenomenon, that is,

the continuous analogue of the random walk of a particle that is displaced, independently of the past, at

discrete moments of time. It is also the most important stochastic process.

There are several methods for constructing the Wiener process, that is, of proving that this stochastic

process exists mathematically. Two main approaches are usually considered and we shall refer to the

first one as the Kolmogorov construction and to the second as the Wiener–Lévy–Ciesielski construction.

The Kolmogorov construction, named after Andrey Kolmogorov (1903–1987), involves setting a

collection of random variables, attributing to each a finite-dimensional distribution and then using the

Daniell–Kolmogorov theorem, also known as the Kolmogorov consistency theorem, to prove that the cor-

responding process exists, by constructing a probability measure (the Wiener measure) and a stochastic

process on an appropriate measurable space (see the proof, for example, in [20, pp. 49–56], which in-

cludes the proof of Daniell–Kolmogorov theorem on pages 50–52).
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The second construction, historically the first, involves considering a measurable space of functions,

then defining a mapping from a certain probability space to this measurable space and finally deriv-

ing the corresponding finite-dimensional distributions. This construction employs random series, in the

Wiener construction series with sine functions and in the Lévy construction series with Haar functions.

Wiener’s original construction was published in the aforementioned article [43], where all the steps of

the construction described below are expounded, using results from three articles also published by the

same author in 1920–1921 (all reprinted in [46, pp. 435–454]; we will not indicate their titles so as not

to clutter the bibliography). A brief overview of the construction is also in [45, pp. 214–234], and in [47,

pp. 15–24, 33–57]. This construction was simplified and generalized by Paul Lévy (1886–1971) in 1948

and by Zbigniew Ciesielski (1934–) in 1961 (for the references to their work see the bibliography of [20]).

The original construction proceeds as follows: (a) the primary step is to prove by construction that a

collection of random variables with the three properties given in definition 2.5 exists; (b) after showing

that almost all sample paths of the Wiener process are Hölder continuous (see definition A.17 on page

71) of order less than 1/2, which implies that the paths are continuous a.s. and nowhere differentiable

(see the proof of these statements in [9, section 3.4]), the Wiener measure is defined; we can further

note that the method used for constructing the measure on the functional space C0([0, 1]) consists

of establishing a correspondence between the sample path functions of the process (a subclass of

the functions of the entire space) and points on the unit interval (for more details on how to establish

this correspondence see, for instance, [47, pp. 17–20, 37–40]); (c) since every continuous function f

of period 2π has a Fourier series representation and the sample paths, which are random functions,

are continuous, Wiener obtained a Fourier expansion, whose coefficients Zk, k ∈ N, are independent

Gaussian random variables with zero mean; the process is then written as

W (t) =

∞∑
k=0

Zkφk(t), (2.28)

where

φk(t) = sin
[π

2
(2k + 1)t

]
, (2.29)

and this series is proved to be uniformly convergent for every fixed t (we are using here the definition

of φk found in [16, s.v. ‘Wiener Process’], but others are possible). Some of the proofs of fundamental

results used in this construction, such as the non-differentiability of sample paths or the Hölder continuity

for almost every ω, were reworked and improved in the article [28], written jointly by Paley, Wiener and

Zygmund. A more contemporary reworking of those proofs and also the proof of the unbounded variation

of each time interval for almost every ω can be found, for example, in [9, section 3.4].

Lévy modified Wiener’s original construction and substituted φk(t) as defined above with certain

polygonal functions called Schauder functions, denoted by sk(t). This new construction of the process

consists of performing interpolation using Schauder functions, which are constructed by integrating the
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Haar functions Hk(s) on [0, 1], i.e

sk(t) =

t∫
0

Hk(s) ds, t ∈ [0, 1], k ∈ N. (2.30)

The Haar functions are defined as follows: H0(s) := 1 for s ∈ [0, 1],

H1(s) :=

1 if 0 ≤ t ≤ 1/2,

−1 if 1/2 ≤ t ≤ 1,
(2.31)

and if 2n ≤ k < 2n+1,n ∈ N,

Hk(s) :=


2n/2 if (k − 2n)/2n ≤ t ≤ (k − 2n + 1/2)/2n,

−2n/2 if (k − 2n + 1/2)/2n ≤ t ≤ (k − 2n + 1)/2n,

0 otherwise.

(2.32)

In the Lévy construction the Wiener process has the series representation

W (t) =

∞∑
k=0

Zksk(t). (2.33)

The proof that this series converges uniformly to a continuous function, establishing the mathematical

existence of this stochastic process, can be found in [20, pp. 57–58] and in [9, section 3.3]. The proof of

the existence of the Wiener process can be seen in [20, pp. 58–59] and in [9, section 3.3].

Ciesielski generalized the Lévy construction by showing that the Wiener process can be represented

in the form

W (t) =
∞∑
k=0

Zk

t∫
0

φk(s) ds, (2.34)

where {φk}∞k=0 is an arbitrary complete, orthonormal basis of the Hilbert space L2([0, 1]). Recall that

L2([0, 1]) is the class of all square-integrable functions f on [0, 1] with respect to the Lebesgue measure,

with the norm

‖f‖2 =

 1∫
0

|f |2 dx <∞

1/2

. (2.35)

We will not elaborate on this, but further note that the Haar functions used in the Lévy construction

form such a base (the proof can be found in [9, section 3.3]).

2.3 Overview of Functional Integration

Unlike Lebesgue integration, where the domain of the integral is a region of n-dimensional space, func-

tional integration consists of defining an integral which has its domain in a space of functions, a signif-

icantly more complicated mathematical object. There are at least two major approaches to functional
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integration, one that arises in the vast fields of probability theory and stochastic analysis, and the other

in the path integral approach to quantum mechanics and in quantum field theory. The two approaches

are connected in deep and subtle ways.

The first approach was started first, before the field of stochastic analysis had even arisen. Percy

John Daniell (1889–1946) introduced and developed, in a series of articles published in the period 1918–

1920, the concept of the Daniell integral, sometimes also referred to as the Daniell–Stone integral. In

contrast to the formulation of the Lebesgue integral, where the concept of a measure is axiomatic,

and therefore requires the development of a measure theory before the integral can be defined, in the

case of the Daniell integral it is the concept of an elementary integral which is axiomatically defined.

In the context of the latter approach, elementary functions are bounded, real functions defined in an

arbitrary set, forming a set we denote by T0, and an elementary integral is a functional defined on T0

which verifies linearity, non-negativity and continuity with respect to monotone convergence. It is not

our goal to present the definition or the elementary properties of the Daniell–Stone integral, but simply

to clarify how it differs from the Lebesgue integral, since the latter can be seen as a particular case

of the former (in fact, under certain conditions, both integrals can be shown to be identical). For a very

concise presentation of the Daniell–Stone integral see [19, s.v. ‘Ordered Linear Spaces’, pp. 1166–1167].

Adapting and extending the concept of the Daniell integral, Norbert Wiener defined a functional integral

with respect to the Wiener measure, more specifically to a class of Brownian motion paths. This type of

integral, called the Wiener integral is represented as

∫
C0(I)

F (x) dµW , (2.36)

where I is [0, 1], R+ or R, and F is a functional defined on C0(I) that is measurable with respect to the

Wiener measure µW (an article presenting the definition of the Wiener integral and reviewing some of

the results pertaining to it, obtained in the first forty years after its introduction, is [23]). This concept of

integral was later extended by Paley, Wiener and Zygmund, to the integral with respect to the Wiener

process (based on earlier work by Wiener) which is defined as

1∫
0

g dW := −
1∫

0

g′W dt, (2.37)

where g : [0, 1] → R is a continuous, differentiable function (necessarily deterministic) belonging to

L2([0, 1]) and verifying g(0) = g(1) = 0 (as above, the domain of each function in this space can be

R+ or R). Observe that this integral requires great mathematical skill to construct since the function

t 7→ W (t) is nowhere differentiable, precluding any of the traditional approaches to the definition of the

integral. In fact, notice that this integral is actually a random variable. For a few more details and results

concerning this type of integral see [47, pp. 62–77] and [28], the latter being the article where this inte-

gral was first introduced. Further extensions of this integral are possible and we will have a lot more to

say about them in the next section.
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The second approach to functional integration was developed by Richard Feynman (1918–1988) with

the goal of computing the probability that a certain quantum process will occur. This integral is defined

over the same space as the Wiener integral, but is completely different: whereas the Wiener integral is

based on a measure (like most rigorously defined integrals), the Feynman integral is not. For this reason

its mathematical foundations are shaky and still a topic of very active research. It would take us far afield

from the topics of this work to define the Feynman integral here, but the article [22] presents a very clear

exposition of it and of its relation to the Wiener integral (on this latter point see also [29, pp. 6060–6061]

and [4, pp. 4155–4159]). An excellent article synthesizing the development of functional integration after

Feynman’s lead is [4].

2.4 On the Possible Constructions of Stochastic Integrals

Our goal in this section is to present an overview of the constructions of the stochastic integrals. We

make extensive use of one of these integrals, the Itô stochastic integral, in the remaining sections of this

dissertation.

Concepts mentioned throughout this and the following sections of this chapter that are not defined

here, are defined in the appendix. We therefore assume the reader is familiar with the concepts and

notation presented in the appendix before tackling what follows.

We assume throughout this section that we have a filtered probability space (Ω,F ,Ft,P ).

Definition 2.6. A martingale with respect to {Ft} is a real-valued stochastic process M that verifies the

following two conditions:

1) E[|Mt|] <∞ for all t ∈ R+.

2) E[Mt|Fs] = Ms a.s. for all 0 ≤ s ≤ t.

Intuitively, we can see E[M |Fs] as giving an approximation of M , or more specifically, as reshaping M

using the information provided by Fs, which we interpret as the information about M that we are using.

Therefore we can interpret the second condition of definition 2.6 as saying that the best prediction of

unobserved future values of M is its last observation.

It is noteworthy that a real-valued Wiener process W is a martingale with continuous sample paths,

since

E[Ws|Ft] = E[Ws −Wt +Wt|Ft]

= E[Ws −Wt|Ft] + E[Wt|Ft]

= E[Ws −Wt] +Wt

= Wt a.s., (2.38)

where we used the linearity of the expected value, the independence of the increments of this process

and the fact that its expectation is zero.

32



Since martingales, and in particular the Wiener process, are not differentiable a.s. in time (unless

they are constant), we cannot integrate with respect to martingales as we can with respect to functions

of bounded variation. To arrive at the Itô stochastic integral we need a further extension of the functional

integral in (2.37), one that is valid for a more general class of integrands. We start with a few preliminary

definitions and results, and then make a brief presentation of the construction of the Itô integral and of

more general integrals, following mainly [17, pp. 45–59], [20, pp. 129–148] and [39, pp. 43–54].

Definition 2.7. A square-integrable martingale is a right-continuous martingale M that verifies E[M2
t ] <

∞ for every t ∈ R+.

We denote by M2 the space of square-integrable martingales that verify M0 = 0 a.s. Further, if such

processes are a.s. continuous we denote that space by Mc
2.

For X,Y ∈M2, we set

|X|t := E[X2
t ]1/2 and |X| :=

∞∑
n=1

2−n min {|X|n, 1} , (2.39)

which defines the metric |X − Y |. Observe that the definition of this metric (and of the metric (2.41) and

(2.53) below) is based on the idea of the definition of the standard bounded metric d̄, which is given by

d̄(x, y) := min{d(x, y), 1}, and which induces the same topology as d.

Definition 2.8. Two elements X,Y ∈ M2 are said to be equivalent if the maps t 7→ Xt and t 7→ Yt

coincide a.s. In this case, we may write Xt = Yt a.s.

This definition, and also definitions 2.10 and 2.17 below, introduce equivalence relations.

Proposition 2.1. The space M2 is a complete metric space under the metric (2.39), and Mc
2 is a closed

subspace of M2.

Proof. See [17, pp. 47–48] or [20, pp. 37–38]). QED

Definition 2.9. We denote by L2 the space of all real-valued, Ft-adapted, measurable stochastic pro-

cesses X such that for every t ∈ R+,

‖X‖22,t := E

 t∫
0

X2 dt

 <∞. (2.40)

Definition 2.10. We say that X,Y ∈ L2 are equivalent if ‖X − Y ‖2,t = 0 for every t ∈ R+, and in this

case we write X = Y .

We may assume that any element of L2 is predictable, without loss of generality (the justification for

this can be seen in [17, pp. 45–46]). After the fashion of the definition of the metric |X − Y |, we take

X,Y ∈ L2 and if we set

‖X‖2 :=

∞∑
n=1

2−n min {‖X‖2,n, 1} , (2.41)

then ‖X − Y ‖2 defines a metric, and L2 is complete under this metric (according to [17, p. 45] and [39,

p. 44]).
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Definition 2.11. A process F ∈ L2 is simple (this nomenclature is from [20, p. 132]) if there exists a

strictly increasing sequence {tn}∞n=0 of real numbers with t0 = 0 and limn→∞ tn = ∞, and a sequence

of random variables {fn}∞n=0 with supn ‖fn(ω)‖2 <∞, for every ω ∈ Ω, such that fn is F(tn)-measurable

for every n ≥ 0 and

Ft(ω) =

f0(ω) if t = 0,

fi(ω) if t ∈]ti, ti+1], i = 0, 1, . . .
(2.42)

Expression (2.42) can also be written as

Ft(ω) = f0(ω)1{0}(t) +

∞∑
i=0

fi(ω)1]ti,ti+1](t), i = 0, 1, . . . (2.43)

We denote by L0 the class of all simple processes.

Proposition 2.2. The space L0 is dense in L2 with respect to the metric (2.41) .

Proof. See [17, pp. 46–47] or [39, p. 44]. QED

Let F ∈ L0 be defined by (2.43), and set

I(F ) :=

n−1∑
i=0

fi(ω)(Wtt+1
(ω)−Wti(ω)) + fn(ω)(Wt(ω)−Wtn(ω))

=

∞∑
i=0

fi(Wmin{t,ti+1} −Wmin{t,ti}), tn ≤ t ≤ tn+1, n = 0, 1, 2, . . . (2.44)

We know that |I(F )| = ‖F‖2 (see [17, pp. 48–49] for details), so we let now F ∈ L2, defined as above.

By proposition 2.2, we can find Fn ∈ L0 such that

lim
n→∞

‖F − Fn‖2 = 0, (2.45)

and since |I(Fn) − I(Fm)| = ‖Fn − Fm‖2, I(Fn) is a Cauchy sequence that converges to a unique

element I(F ) ∈Mc
2 (by proposition 2.1). Therefore we make the following definition.

Definition 2.12. The Itô stochastic integral of F ∈ L2 with respect to the Wiener process is defined thus

t∫
0

F dW := I(F )(t). (2.46)

A very brief summary of the above procedure for defining the Itô integral can be found in [39, p. 49].

Observe that for a fixed t the integral is a random variable (in this case we still call it a stochastic integral

though). The Itô integral was first rigorously formulated by Kiyosi Itô (1915–2008) in 1942. Later, further

extensions of this definition were obtained, not only for wider classes of integrands, but also by defining

stochastic integrals with respect to general continuous, local martingales. The above definition of the

stochastic integral with respect to the Wiener process with integrands belonging to L2 can be adapted

to accommodate integrands belonging to Lloc
2 , a class we define next.
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Definition 2.13. The class of real-valued, Ft-adapted, measurable processes X such that for every

t ∈ R+,
t∫

0

X2 dt <∞ a.s., (2.47)

is denoted by Lloc
2 .

For X,Y ∈ Lloc
2 , we say that X = Y if for every t ∈ R+,

t∫
0

|X − Y |2 dt = 0 a.s. (2.48)

Definition 2.14. Let M be a stochastic process verifying M0 = 0 a.s. If there exists a non-decreasing

sequence {τn : n ≥ 1} of stopping times of {Ft} such that Mmin{t,τn} is a martingale for each n ≥ 1 and

Pr
(

lim
n→∞

τn =∞
)

= 1, (2.49)

then M is a local martingale.

We denote the space of local martingales and the space of continuous, local martingales by Mloc

and Mc,loc, respectively. Every martingale is a local martingale, but the converse is not true.

The definition of the stochastic integral of F ∈ Lloc
2 with respect to the Wiener process can be seen

in [17, pp. 52–53] or in [39, pp. 47–48]. This integral, which is naturally denoted by same expression as

(2.46), belongs to Mc,loc
2 , the space of continuous, local, square-integrable martingales.

The last definition of the stochastic integral we will mention is that of the stochastic integral with

respect to a martingale, i.e. the integral of the form

t∫
0

F dM , (2.50)

where M can belong to one of several spaces, such as M2, Mc
2 or Mc,loc. Note that, for instance, when

trying to construct the stochastic integral with respect to M ∈ Mc
2, the integral cannot be defined for

every ω ∈ Ω separately, as is the case with the Lebesgue–Stieltjes integral, since M is not of bounded

variation on any finite interval [0, t] (the source of this observation is [20, pp. 129–130]). What makes

the construction possible is that the martingale M has finite quadratic variation 〈M〉 (a concept defined

below). We proceed by mentioning a few auxiliary, but important, results we will need.

Proposition 2.3. Let M ,N ∈M2.

1) There exists a natural, integrable, increasing process A such that M2
t −At is a martingale, where A

is uniquely determined. We denote At by 〈M〉t, and call this last expression the quadratic variation

of M .

2) There exists a process A, which is expressible as the difference of two natural, integrable, increas-

ing processes such that MtNt−At is a martingale, where A is uniquely determined. We denote A
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by 〈M ,N〉, and call this expression the quadratic variational process corresponding to M and N ,

or simply the cross-variation of M and N (note that 〈M〉 = 〈M ,M〉).

Proof. See [17, p. 53]. QED

We can also define the cross-variation process in another way.

Definition 2.15. Let M ,N ∈Mc
2 and P = {t0, t1, . . . , tm} be a partition of [0, t]. Then

〈M ,N〉t := plim
‖P‖→0

m∑
k=1

(Xtk −Xtk−1
)(Ytk − Ytk−1

), (2.51)

where ‖P‖ := max1≤k≤n(tk − tk−1).

If M ,N ∈Mc
2, then 〈M ,N〉 is continuous. Several other properties and results concerning the cross-

variation can be seen in [20, p. 31–32]. Another essential result tells us that for a d-dimensional Wiener

process, 〈W i,W j〉(t) = δijt, for i, j = 1, 2, . . . , d. From this result we conclude that the one-dimensional

Wiener process has quadratic variation t at time t, and we deduce also from proposition 2.3 that W 2
t − t

is a martingale.

Definition 2.16. Let F ∈ L2 be a real-valued, predictable process that verifies for every t ∈ R+,

(‖F‖M2,t)
2 := E

t∫
0

F 2 d〈M〉(s) <∞. (2.52)

We denote by L2(M) the set of such processes.

Definition 2.17. We say that two measurable, adapted processes X,Y ∈ L2(M) are equivalent if

X = Y a.s.

Let us set

‖F‖M2 :=

∞∑
n=1

2−n min
{
‖F‖M2,n, 1

}
. (2.53)

L0 is dense in L2(M) with respect to the metric (2.53), according to [17, p. 54] and [39, p. 51].

The stochastic integral of a process F ∈ L2(M) with respect to M ∈ M2 is itself a member of M2,

and is constructed in a very similar way to the Itô stochastic integral. More specifically, we let F ∈ L0

be defined by (2.43), then we set IM (F ) as in (2.44), substituting in that definition the Wiener process

W by a martingale M , and finally we extend F ∈ L0 to F ∈ L2(M) (see the complete details in [17,

pp. 54–55] and in [39, pp. 51–52]).

If the integral is defined with respect to M ∈ Mc
2, another possibility, then the integral also belongs

to M ∈Mc
2. This integral, and by implication all the narrower definitions mentioned above, verifies some

important properties.

Proposition 2.4. If F ,G ∈ L2(M), then the stochastic integral with respect to M ∈ M2 verifies the

following properties, for t > s ≥ 0:
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1)

t∫
0

(αF (s) + βG(s)) dM(s) = α

t∫
0

F (s) dM(s) + β

t∫
0

G(s) dM(s), for α,β ∈ R, a.s.

2)

0∫
0

F (s) dM(s) = 0 a.s.

3) E

 t∫
0

F (s) dM(u)−
s∫

0

F (s) dM(u)

∣∣∣∣∣∣ Fs
 = 0 a.s.

4) E


 t∫

0

F (u) dM(u)−
s∫

0

F (s) dM(u)

2
∣∣∣∣∣∣∣ Fs

 = E

 t∫
s

F 2(u) d〈M〉(u)

∣∣∣∣∣∣ Fs
 a.s.

Proof. See [20, pp. 137–139]. QED

Proposition 2.5. If M ,N ∈ L2, F ∈ L2(M) and G ∈ L2(N), then

〈 t∫
0

F (u) dM(u),

t∫
0

G(u) dN(u)

〉
=

t∫
0

(FG)(u) d〈M ,N〉(u) a.s., (2.54)

which we call the cross-variation formula (according to the nomenclature of [20, p. 142]).

Proof. See [20, pp. 142–145]. QED

Propositions 2.4 and 2.5 are valid for a further extension of the stochastic integral, this time to a

stochastic integral with respect to processes in the space of local, square-integrable martingales Mloc
2 .

For more details on this extension see [17, p. 57]. The integral can also be defined with respect to

processes M ∈Mc,loc, replacing the condition in definition 2.16 with the condition

Pr

 t∫
0

F 2 d〈M〉(s) <∞

 = 1. (2.55)

We will not elaborate further on this, and instead refer the reader to [20, pp. 130–131,145–147] for

details. We mention only that with this definition of the integral, only properties 1) and 2) from proposition

2.4 are valid (proposition 2.5 is also valid).

2.5 Semimartingales, the Chain Rule and Stochastic Differential

Equations

In this section we will motivate and define the concept of semimartingale, define the change-of-variable

formula, also known as the Itô formula, and end by explaining what a stochastic differential equation is.

The conditions for the existence and uniqueness of solutions of a SDE are also presented.

Like in the previous section, we assume that we have a filtered probability space (Ω,F ,Ft,P ).
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Definition 2.18. A stochastic process is said to be of the Markovian type if an infinitesimal change on

the process depends only on the present state of the process, that is, if the process is independent of

its past history.

We deal exclusively with Markovian-type processes in this work, but bear in mind that the stochastic

differential equations defined in this section can also be defined for processes of the non-Markovian type,

although the latter are less common (according to [19, s.v. ‘Stochastic Differential Equations’, p. 1536]).

Definition 2.19. We call a Markovian-type process X a diffusion process if the sample function Xt(ω)

is continuous in t with probability one until a certain random time, called the terminal time, after which

Xt(ω) stays at the terminal point.

The Wiener process is an example of a diffusion process. Since the above informal, intuitive defini-

tions of Markovian process and diffusion process suffice for our purposes, we refrain from giving their

technical definitions. For those definitions and more details see [19, s.v. ‘Markov Processes’, pp. 971–

973] and [35, pp. 110–111] on the Markovian processes and diffusion processes, respectively.

Definition 2.20. An Itô process is a real-valued stochastic process X such that

X(t) = X(0) +

t∫
0

F dt+

t∫
0

GdW a.s. (2.56)

where F and G are some adapted processes belonging to one of the martingale spaces previously

defined, provided that the integrals are well-defined.

The first integral on the right-hand side of (2.56) is frequently called the mean motion, and the second

integral the fluctuation, or noise. We write, formally,

X(t)−X(0) =

t∫
0

dX(s) a.s. (2.57)

and call dX, dXs or dX(s), the stochastic differential of the process X. Therefore the Itô process X has

the stochastic differential

dX = F dt+GdW . (2.58)

Note that the differential symbols, such as dW , have no intrinsic mathematical meaning, and are

merely an abbreviation for the corresponding integral expressions.

Stochastic processes of the form (2.56) are but a particular case of a mathematical object we will

later make extensive use of — the semimartingale.

Definition 2.21. A continuous semimartingale X is an adapted stochastic process which has the unique

decomposition

Xt = X0 +Mt + Vt a.s., (2.59)

where X0 is a random variable, M ∈Mc,loc and Vt is a right-continuous, Ft-adapted, integrable process
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(verifying V0 = 0) such that t 7→ Vt is of bounded variation a.s. We call M the martingale part of the

decomposition and V the drift part.

Proposition 2.6. A continuous semimartingale X with the decomposition (2.59) has a finite quadratic

variation and verifies 〈X,X〉 = 〈M ,M〉.

Proof. See [33, p. 128]. QED

Of fundamental importance are the change-of-variable, or Itô, formula and the Itô product rule, which

we define next.

Theorem 2.1 (Multidimensional Itô Formula). Let f : R+ × Rd → R be a function of class C1,2, and let

X be a multidimensional continuous semimartingale, where in that case we write the martingale part

of its decomposition as the vector (M1
t , . . . ,Md

t ), where M i
t ∈ Mc,loc, and the drift part as the vector

(V 1
t , . . . ,V dt ), V it being an adapted process of bounded variation verifying V i0 = 0, i = 1, . . . , d. We call

df(t,Xt) =
∂

∂t
f(t,Xt) dt+

d∑
i=1

∂

∂xi
f(t,Xt) dXi

t +
1

2

d∑
i=1

d∑
j=1

∂2

∂xi∂xj
f(t,Xt) d〈M i,M j〉t (2.60)

=
∂

∂t
f(t,Xt) dt+

d∑
i=1

∂

∂xi
f(t,Xt) dV it +

d∑
i=1

∂

∂xi
f(t,Xt) dM i

t

+
1

2

d∑
i=1

d∑
j=1

∂2

∂xi∂xj
f(t,Xt) d〈M i,M j〉t, (2.61)

the multidimensional Itô formula (in differential form). This formula is also sometimes called the chain

rule for stochastic calculus.

Proof. For the one-dimensional case see [20, p. 150–153]. QED

This formula is a generalization of the original result proved by Itô in 1944 for the one-dimensional

case and where X is the Wiener process.

Since the stochastic differentials have no mathematical meaning, as we mentioned before, expres-

sion (2.61) is actually an abbreviation for the equation

f(t,Xt) =

t∫
0

∂

∂t
f(s,Xs) ds+

d∑
i=1

t∫
0

∂

∂xi
f(s,Xs) dV is +

d∑
i=1

t∫
0

∂

∂xi
f(s,Xs) dM i

s

+
1

2

d∑
i=1

d∑
j=1

t∫
0

∂2

∂xi∂xj
f(s,Xs) d〈M i,M j〉s a.s. (2.62)

Observe that only the third integral on the right-hand side of (2.62) is a stochastic integral (belong-

ing to Mc,loc). All the other integrals are Lebesgue–Stieltjes integrals. Note further that f(t,Xt) is a

continuous semimartingale belonging to Mc,loc.

By proposition 2.6 we know that equation (2.60) can also be written as

df(t,Xt) =
∂

∂t
f(t,Xt) dt+

d∑
i=1

∂

∂xi
f(t,Xt) dXi

t +
1

2

d∑
i=1

d∑
j=1

∂2

∂xi∂xj
f(t,Xt) d〈Xi,Xj〉t (2.63)

39



We will deal frequently with the particular case where dMt = dWt and dVt = dt, that is, we will consider

the continuous semimartingale dX = dW + dt, which corresponds to an Itô process. In this case, we

simplify the last term on the right-hand side of equation (2.63) using the formal multiplication rules

(dt)2 = 0, (2.64)

dtdW i = 0, (2.65)

dW i dW j = δij dt, (2.66)

for i, j = 1, . . . , d, and obtain the multidimensional Itô formula in the (differential) form

df =
∂f

∂t
dt+

n∑
i=1

∂f

∂xi
dXi +

1

2

n∑
i=1

n∑
j=1

∂2f

∂xi∂xj
dt

=

∂f
∂t

+

n∑
i=1

∂f

∂xi
+

1

2

n∑
i=1

n∑
j=1

∂2f

∂xi∂xj

 dt+

n∑
i=1

∂f

∂xi
dW . (2.67)

Since the process X has continuous sample paths a.s., the functions t 7→ ∂f/∂t, t 7→ ∂f/∂xi and

t 7→ ∂2f/∂xi∂xj are continuous for almost every ω, which ensures that when we write (2.67) in integral

form, all integrals are well-defined.

Proposition 2.7. Consider the semimartingales Xt and Yt, defined as

Xt = X0 +Mt + Vt (2.68)

and

Yt = Y0 +Nt + Ut, (2.69)

where M ,N ∈ Mc,loc, and V and U are adapted, continuous processes of bounded variation verifying

V0 = U0 = 0 a.s. Then

t∫
0

Xs dYs = XtYt −X0Y0 −
t∫

0

Ys dXs − 〈M ,N〉t, a.s., (2.70)

and we call this equation the integration-by-parts formula.

Proof. See [35, pp. 59–60]. QED

Observe that this formula would be the integration-by-parts formula of ordinary calculus if it were not

for the presence of the last term on the right-hand side.

If we write the integration-by-parts formula in differential form and rearrange the terms we obtain

d(XtYt) = Xt dYt + Yt dXt + d〈M ,N〉t, (2.71)

and we call this equation the Itô product formula.
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We proceed now to the definition of stochastic differential equation with respect to the Wiener pro-

cess, mentioning also the essential theorem which states the conditions for the existence and unique-

ness of solutions of such an equation.

Definition 2.22. Let bi(t,x),Bij(t,x) : R+× Rd → R, for 1 ≤ i ≤ d and 1 ≤ j ≤ r, be Borel-measurable

functions. We call b(t,x) = (b1(t,x), . . . , bd(t,x)) the drift vector andB(t,x) = [Bij ] the dispersion matrix.

Let also X be a progressively measurable stochastic process. With these assumptions we call

dXt = b(t,Xt) dt+B(t,Xt) dWt (2.72)

a stochastic differential equation (SDE) and X0 its initial value.

This equation is written in terms of its components as

dXi
t = bi(t,Xt) dt+

r∑
j=1

Bij(t,Xt) dW j
t , 1 ≤ i ≤ d, (2.73)

where W is an r-dimensional Wiener process.

We can interpret a SDE as being an ordinary differential equation with an extra term, which accounts

for the random perturbations of the trajectory of its solution. These random perturbations are accounted

for in the term with the differential dW , which is therefore called the random term, or diffusion term.

Definition 2.23. We say that X is a solution of the SDE (2.72) if the following integral equation

Xt = X0 +

t∫
0

b(s,Xs) ds+

t∫
0

B(s,Xs) dWs (2.74)

holds with probability one, that is, if it holds a.s. for all times t ∈ R+.

Theorem 2.2 (Existence and uniqueness of solution of a SDE). Let b and B be the measurable functions

of definition 2.22 satisfying, for all t ∈ R+ and x, y ∈ Rd, the following Lipschitz conditions, for some

constant K:

1) sup
t

sup
x
|b(t,x)| ≤ K.

2) sup
t

sup
x
‖B(t,x)‖ ≤ K.

3) |b(t,x)− b(t, y)|+ ‖B(t,x)−B(t, y)‖ ≤ K|x− y|.

Let also X0 be a random variable verifying E[|X0|2] <∞. Then there exists a unique solution X ∈ L2 of

the stochastic differential equation (2.72).

Proof. See [41, pp. 124–126]. QED

The three conditions in theorem 2.2 ensure that the approach of finding a numerical solution using an

iteration scheme is solid, since they imply that the iteration scheme converges to a limiting process X,

which we call the solution of the SDE (this is the method used in the proof of the theorem). In particular,
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conditions 1) and 2) tell us that the functions b and B are Lipschitz continuous. Condition 3), which

ensures that there is linear growth in x, is actually a consequence of the previous two conditions, and

can be written in the following alternative way:

|b(t,x)|+ ‖B(t,x)‖ ≤ K(1 + |x|). (2.75)

Recall that in the case of ordinary differential equations, given sufficient boundary and initial condi-

tions, the solution of the equation is unique, whereas when we say that a certain stochastic process X

solves a SDE, this solution is itself nondeterministic. We can attempt to grasp the complexity of finding a

solution to a stochastic differential equation by noting that a SDE induces a transformation of the Wiener

space C0(R+) into itself, that is, a transformation of each sample path of the Wiener process into the

corresponding sample path of the solution. Despite this difficulty, explicit formulas for solutions do exist,

namely solutions of linear stochastic differential equations. For the definition of this type of SDE and a

brief presentation of some formulas for its solution see [9, section 5.4].

Definition 2.24. A solution X of the SDE (2.72) is called weak if it verifies

Pr

 t∫
0

(
|bi(s,Xs)|+B2

ij(s,Xs)
)

ds <∞

 = 1, (2.76)

for every 1 ≤ i ≤ d, 1 ≤ j ≤ r and t ∈ R+.

The concept of strong solution also exists, but since we will have no use for it in this dissertation, we

refrain from presenting its definition (it can be seen, for example, in [20, p. 285]).

2.6 The Skorokhod Problem and Stochastic Differential Equations

with Reflecting Boundaries

We move now to two intimately connected topics — the Skorokhod problem and stochastic differential

equations with reflection.

Let us assume that there are particles located inside an open set D ⊂ Rd, the boundary of which

is impermeable. The Skorokhod problem is a mathematical formalization of the problem of finding the

position of the particles after they have hit the boundary and been reflected. This reflection can be

normal or oblique, but we will deal only with the former case in this work (the latter case being significantly

more complicated). We start by giving the most general definition of this problem, named after Anatoliy

Skorokhod (1930–2011), who defined it for the first time in the early 1960s, mentioning next its physical

interpretation.

Definition 2.25. Let us denote by Kx be the set of reflecting directions for x ∈ ∂D. We assume that

this set is non-empty and that |v| = 1, for any v ∈ Kx (which implies that v is a reflecting vector

field). Let f : C(R+) → Rd be a known function that verifies f(0) ∈ D. We always assume in this
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definition that t ∈ R+. Following [32, pp. 24–25], we call a pair of continuous functions (g,ϕ), where

g,ϕ : R+→ R+× Rd, a solution of the Skorokhod problem for the triple (D,K, f) if the following three

conditions are met, assuming throughout that g(t) ∈ D, that l is a non-decreasing function verifying

l(0) = 0, and that v(g(t)) ∈ Kg(t) if g(t) ∈ ∂D:

1) g(t) = f(t) + ϕ(t), where ϕ(t) :=

t∫
0

v(g(s)) dl(s).

2)

t∫
0

|v(g(s))| dl(s) <∞.

3) l(t) =

t∫
0

1∂D(g(s)) dl(s).

We interpret g(t) as indicating the position of a particle at the instant t, and f(t) as being a trajectory

of a Wiener process. The moment t when a particle hits the boundary corresponds to the position

g(t) = 0. Condition 3) signifies that l does not increase when g(s) /∈ ∂D, that is, that l may only increase

at those instants s when the particle is hitting the boundary. Observe that if the set Kx contains only one

element v(x), then we can interpret condition 1) as indicating reflection along a vector field v.

The existence and uniqueness proof of the solution to the Skorokhod problem can be seen in [35,

p. 118], and an alternative uniqueness proof is in [32, pp. 2–3].

We make the identification

g(t) = Γf(t) = f(t) + l(t), (2.77)

where

l(t) = −min

{
min
s∈[0,t]

f(s), 0

}
, (2.78)

calling the continuous map Γ : C(R+,Rd) → C(R+,Rd) the Skorokhod map. For the specific domains

we will mention in this work (essentially D = R+ and D = Rd+, as we will see), and always considering

normal reflections, the proposition that follows is valid.

Proposition 2.8. Let f1, f2 ∈ C([0,T ],Rd). Then the following two inequalities hold, where gi = Γfi,

li = fi − gi, i = 1, 2, and ‖f‖ := maxt∈[0,T ] |f(t)| (the source of these inequalities is [32, p. 4]):

1) ‖g1 − g2‖ ≤ 2‖f1 − f2‖.

2) |l1 − l2‖ ≤ ‖f1 − f2‖.

Since Γf is continuous, writing inequality 1) of proposition 2.8 as

‖Γf‖ ≤ 2‖f‖, (2.79)

it is clear that Γ is a Lipschitz-continuous map. It is important to bear in mind that property (2.79) of

the Skorokhod map may fail for some specific problems. An example of the failed attempt to prove

the Lipschitz continuity of Γ , assuming oblique reflections in the domain D = Rd+, can be seen in [32,

pp. 28–29].
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Our ultimate goal is to study stochastic differential equations, which correspond to diffusion pro-

cesses, in a domain with a reflecting boundary. More specifically, we want to construct a stochastic

process ξ(t) that continuously reflects when it hits the boundary of a multidimensional domain D. As in

the above description of the Skorokhod problem, we always assume below that t ∈ R+. The form of the

SDE with reflection at the boundary that we will consider is the following:

dξ(t) = a(t, ξ(t)) dt+
∑
k

bk(t, ξ(t)) dWk(t) + v(ξ(t)) dl(t), (2.80)

where a = a(t,x) : R+×Rd → Rd and bk = bk(t,x) : R+×Rd → Rd are measurable functions, ξ(0) = ξ0,

where ξ0 ∈ D is an F0-measurable random variable, and all the conditions of the Skorokhod problem

are satisfied taking g(t) = ξ(t) and

f(t) = ξ0 +

t∫
0

a(s, ξ(s)) ds+
∑
k

t∫
0

bk(s, ξ(s)) dWk(s) a.s., (2.81)

assuming all the integrals in this equation are well defined.

Definition 2.26. We say that (2.80) has a weak solution if there exists a pair (ξ(t),ϕ(t)) of continuous

Ft-adapted processes that verify all the above conditions.

Theorem 2.3. Let the functions a = a(t,x) and bk = bk(t,x) in equation (2.80) be continuous in (t,x)

and bounded, i.e. let the following condition be satisfied, for some constant K:

sup
t

sup
x

(
|a(t,x)|+

∑
k

|bk(t,x)|

)
≤ K. (2.82)

Then there exists a weak solution to equation (2.80).

Proof. See [32, pp. 29–33]. QED

As is the case for stochastic differential equations without reflection, equations with reflection can

also have strong solutions. This is a concept we will not need, and therefore we will not define it here

(see more details on this concept in [36, pp. 456–459]).

Observe that taking f as in equation (2.81), the process (2.80) is a solution of the Skorokhod problem.

If we make the identification ξ(t) = Γf(t) as we did in equation (2.77), then equation (2.81) becomes

f(t) = ξ0 +

t∫
0

a(s,Γf(s)) ds+
∑
k

t∫
0

bk(s,Γf(s)) dWk(s) a.s., (2.83)

and if f(t) is a solution of this equation, then ξ(t) = Γf(t) is a solution of (2.80).

Recall that in theorem 2.2 we presented the Lipschitz conditions that ensure the existence of a

unique solution of a SDE. Those conditions are essentially the ones we need to ensure the existence

and uniqueness of solutions of equation (2.83). Therefore assuming that the functions a and bk satisfy
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the global Lipschitz condition in x, namely

|a(t,x1)− a(t,x2)|+
∑
k

|bk(t,x1)− bk(t,x2)| ≤ K|x1 − x2|, (2.84)

for x1, x2 ∈ Rd+ and some constant K, and the linear growth condition in x, which is

|a(t,x)|+
∑
k

|bk(t,x)| ≤ K(1 + |x|), (2.85)

for x ∈ Rd+ and some constant K, we know that equation (2.83) has a unique solution, provided the

Skorokhod map is Lipschitz-continuous.

The definition presented above of the Skorokhod problem is the most general one, and it is instructive

to indicate how that abstract definition in any domain is modified when applied to some specific domains.

We mention also in each case the associated reflecting SDE, which is naturally a modified version of

equation (2.80). The Skorokhod problem and its associated reflecting SDE are presented in [32, pp. 1–

2, 5] for the positive half-line R+, and in [32, pp. 21–23, 27–28] for the half-space Rd+ = Rd−1× R+, in

the latter case for normal reflections (see [32, 27–29] for a brief description of this problem with oblique

reflections). For both these cases, from theorem 2.3 we conclude that the associated SDE with reflection

has a unique solution.

For the case of the domain D = R+, we have simply

t∫
0

v(g(s)) dl(s) = l(t), (2.86)

so condition 1) of definition 2.25 becomes g(t) = f(t) + l(t). For this problem, the associated reflecting

SDE is (2.80) with k = 1, i.e.

dξ(t) = a(t, ξ(t)) dt+ b(t, ξ(t)) dW (t) + dl(t), (2.87)

with reflection at zero. The proof of the existence of an unique solution to this equation can be seen in

[32, pp. 6–7].

For the domain D = Rd+, assuming we have normal reflections at the boundary ∂Rd+ = Rd−1+ × {0},

we have f = (f1, . . . , fd) and g = (g1, . . . , gd), where f , g ∈ C(R+,Rd). Thus g(t) = f(t) + nl(t), where

n = (0, . . . , 0, 1), that is, in terms of coordinates we have

g1(t) = f1(t),

...

gd−1(t) = fd−1(t),

gd(t) = fd(t) + l(t).

(2.88)

Therefore the pair (gd, l) is the exact solution of the above one-dimensional Skorokhod problem for fd.
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In this case we have a multidimensional Skorokhod map defined as

Γf(t) = Γ (f1, . . . , fd)(t) = (f1(t), . . . , fd−1(t),Γfd(t)). (2.89)

As is the case for the unidimensional Skorokhod map, the multidimensional version is continuous and

verifies the Lipschitz condition (2.79). The multidimensional reflecting SDE in Rd+ with normal reflection

at the boundary is now

dξ(t) = a(t, ξ(t)) dt+
∑
k

bk(t, ξ(t)) dWk(t) + ndl(t). (2.90)

Observe that when writing equation (2.90) in coordinate form, the differential of l(t) is only present in the

SDE corresponding to the coordinate d, that is, in the equation

dξd(t) = ad(t, ξ(t)) dt+
∑
k

bk,d(t, ξ(t)) dWk(t) + dl(t), (2.91)

since in all the other coordinates we have n = 0.

If we write equation (2.90) in integral form, take f(t) to be defined by equation (2.81), and make the

identification ξ(t) = Γf(t), then by the Lipschitz-continuity of the Skorokhod map and by theorem 2.3,

we conclude that equation (2.90) has a unique solution.

2.7 The Local Time of a Continuous Semimartingale

In this section we define and make a few remarks on the concept of local time, using as main references

[41, pp. 117–120], [17, pp. 113–116], [20, pp. 201–209] and [35, pp. 95–97].

We identify the function l(t) in the definition of the Skorokhod problem and in the definition of a SDE

with reflection, with the local time Lt(x) defined below. At the end of this section we use this concept to

demonstrate that l(t) is a local time at the point zero of the process ξ(t) on the domain R+.

Definition 2.27. The local time, or the sojourn time density, of the Wiener process Wt is a family of

non-negative random variables {Lt(x,ω) : (t,x) ∈ R+×R,ω ∈ Ω} that verify the following two conditions

with probability one:

1) The map (t,x) 7−→ Lt(x,ω) is continuous for almost all ω ∈ Ω.

2) For every Borel subset A of R and t ∈ R+,

t∫
0

1A(Ws) ds = 2

∫
A

Lt(x,ω) dx, (2.92)

where the integral on the left-hand side of this equation corresponds to the Lebesgue measure of

the set {0 ≤ s ≤ t : Ws ∈ A}, and is usually called the occupation time of A by the Brownian path

up to time t.
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The concept of local time corresponds to the measurement of the amount of time spent by a path of

the Wiener process in the neighbourhood of a point x ∈ R, and was introduced by Paul Lévy in 1948

(the publication where this concept was first defined is included in the bibliography of [17]). According to

[41, p. 117], the first rigorous proof of the existence of local time was published in 1958 by Hale Trotter

(1931–). The article with this proof is listed in the bibliography of [20]. It is interesting to note that,

according to [33, p. 226], the family {Lt(x)} may be chosen such that the map (t,x) 7−→ Lt(x) is a.s.

Hölder continuous of order γ, for every γ < 1/2 (as is the case for the Wiener process).

Equation (2.92) is actually a particular case of the equation in the proposition that follows.

Proposition 2.9. Let f : R→ R+ be a Borel-measurable function. Then

t∫
0

f(Ws) ds = 2

+∞∫
−∞

f(x)Lt(x,ω) dx a.s. (2.93)

Proof. See [17, p. 116]. QED

The existence of this family {Lt(x,ω)} of random variables can be proved by showing that the right-

hand side of the Tanaka formula (equation (2.101) below) leads to a family of random variables verifying

conditions 1) and 2) of definition 2.27 (see the proof in [20, pp. 207–209]). This family, which is unique

(according to [17, p. 113]), is given by the following limit, for x ∈ R:

Lt(x) = lim
ε→0

1

4ε

t∫
0

1]x−ε,x+ε[(Ws) ds a.s., (2.94)

which is finite and always exists. The integral on the right-hand side of (2.94) corresponds to the

Lebesgue measure of the set {0 ≤ s ≤ t : |Ws−x| ≤ ε}. The introduction of this definition was motivated

by the discovery that, for every x ∈ R, the set {t ∈ R+ : Wt(ω) = x} has Lebesgue measure zero (the

proof can be found in [20, pp. 105–106]), which gives us no information about the time spent by a path

in the neighbourhood of x. Although we have been discussing specifically the concept of the local time

of the Wiener process, it is also possible to define the local time of any continuous semimartingale X.

In that case we substitute ds in equation (2.94) by d〈X,X〉s.

Proposition 2.10. Let f be a Borel-measurable function. If X is a continuous semimartingale, then the

occupation-time equation is

t∫
0

f(Xt) d〈X〉s = 2

+∞∫
−∞

f(x)Lt(x,ω) dx a.s. (2.95)

Proof. See [39, pp. 126–127]. QED

Equation (2.93) is clearly a particular case of this equation, since we know that the quadratic variation

of the Wiener process verifies 〈X,X〉s = s, denoting the Wiener process by X.

We want now to derive another representation for local time, called the Tanaka formula, but before we

do so we take a brief detour and make a few observations regarding the delta function, not only because
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it is used in the deduction of that formula, but also because of its importance and ubiquitousness. The

Dirac delta function δ, which is actually something of a misnomer, since it is not a function at all, at least

not in the traditional sense (we will not go into its rigorous definition here, since it requires concepts

from Schwartz’s theory of distributions, which is not the subject of this thesis), satisfies two essential

conditions:

δ(x) =

+∞ if x = 0,

0 if x 6= 0,
and

+∞∫
−∞

δ(x) dx = 1. (2.96)

The following fundamental equality, sometimes also taken as the definition of the delta function,

+∞∫
−∞

δ(x− a)ϕ(x) dx = ϕ(a), (2.97)

is valid for a continuous function ϕ (again we would have to go into the theory of distributions to justify

this). The Dirac delta function is useful for describing the spatial density of a physical magnitude which

is concentrated at a point in space. Despite bearing the name of Paul Dirac (1902–1984), who used

it in his publications since the 1920s, the definition (2.97) was actually anticipated by Augustin-Louis

Cauchy (1789–1857) a century earlier (in [2, pp. 890–891] is presented a formula used by Cauchy which

is essentially equation (2.97)). It is quite striking to realize that a fairly circumscribed concept had such

a wide-raging influence. For instance, the avoidance of its use was one of the main motivations for the

pioneering mathematically rigorous construction of quantum mechanics in terms of operators in Hilbert

space, obtained by John von Neumann (1903–1957) and published in book form in 1932. In this major

work, the author calls expressions such as (2.97) ‘fiction’ ([42, p. 14]) and functions such as the delta

function and its derivative ‘unreal objects’ ([42, p. 15]). In the 1950s Laurent Schwartz (1915–2002) gave

a rigorous definition of the delta function in the context of his theory of distributions, which in addition to

having had an enormous influence on many branches of mathematics, would later be used to provide the

underpinnings of axiomatic quantum field theory, one of the formulations of this very important physical

theory, which models some of the fundamental interactions of matter.

Returning to our original purpose, which is to derive the Tanaka formula, we fix a number a ∈ R and

take f(x) in equation (2.93) to be the Dirac delta function evaluated at x− a, obtaining

t∫
0

δ(Ws(ω)− a) ds = 2Lt(a,ω), (2.98)

using equality (2.97). The integral on the left-hand side of this equation is merely formal, but we want

to offer a reasonable interpretation of it. This interpretation is in essence the Tanaka formula, as we

will see, since that formula presents us with a representation of Lt(a) in terms of expressions that are

perfectly well-defined.

If we consider the function u(x) = |x|, then u′(x) = sgn(x) and u′′(x) = 2δ(x), once again in the

context of the theory of distributions. Therefore if we take u to be the non-decreasing, continuously

differentiable function u(x) = (x− a)+ on R\{a}, then u′′(x) = δ(x− a), and so applying the Itô formula
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in one dimension with X(·) = W (·), we obtain

du = u′(x) dW +
1

2
u′′(x) dt = 1]a,+∞[(W ) dW +

1

2
δ(W − a) dt, (2.99)

or in integral form

(Wt − a)+ − (W0 − a)+ =

t∫
0

1]a,+∞[(Ws) dWs +
1

2

t∫
0

δ(Ws − a) ds a.s. (2.100)

Substituting equation (2.98) in this last equation we obtain the Tanaka formula

Lt(a) = (Wt − a)+ − (W0 − a)+ −
t∫

0

1]a,+∞[(Ws) dWs a.s. (2.101)

Since we have f = f+ − f− and |f | = f+ + f−, by symmetry we can also write the Tanaka formula as

Lt(a) = (Wt − a)− − (W0 − a)− +

t∫
0

1]−∞,a](Ws) dWs a.s. (2.102)

Adding these two representations of the Tanaka formula, and using the following result (taken from [20,

p. 205])

Pr

 t∫
0

1{a}(Ws) dWs = 0

 = 1, t ≥ 0, (2.103)

we obtain a third representation of the Tanaka formula, which is

2Lt(a) = |Wt − a| − |W0 − a| −
t∫

0

sgn(Ws − a) dWs a.s. (2.104)

Note that

Mt =

t∫
0

sgn(Ws) dWs (2.105)

is also a Wiener process, since from its expression in differential form dMt = sgn(Wt) dWt, we conclude

that (dMt)
2 = (dWt)

2 = dt.

We return now to the case of the Skorokhod problem on the domain D = R+, and we demonstrate

that l(t) is a local time at the point zero of the process ξ(t) (adapting the presentation in [32, pp. 10–12]).

If ξ(t) is a solution of equation (2.87), then ξ(t) = ξ+(t) = (ξ(t)− 0)+. Therefore by the Tanaka formula

in the representation (2.101) we obtain

Lt(0) = (ξ(t)− 0)−(ξ(0)− 0)−
t∫

0

1]0,+∞[(ξ(s)) dξ(s) a.s.

= ξ(t)− ξ(0)−
t∫

0

1]0,+∞[(ξ(s))a(s, ξ(s)) ds−
t∫

0

1]0,+∞[(ξ(s))b(s, ξ(s)) dW (s)
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−
t∫

0

1]0,+∞[(ξ(s)) dl(s) a.s. (2.106)

= ξ(t)− ξ(0)−
t∫

0

a(s, ξ(s)) ds+

t∫
0

1{0}(ξ(s))a(s, 0) ds−
t∫

0

b(s, ξ(s)) dW (s)

+

t∫
0

1{0}(ξ(s))b(s, 0) dW (s) a.s.

= l(t) +

t∫
0

1{0}(ξ(s))a(s, 0) ds+

t∫
0

1{0}(ξ(s))b(s, 0) dW (s) a.s. (2.107)

Observe that the last integral on the right-hand side of equation (2.106) is zero due to condition 3) in

definition 2.25, and that the term l(t) in equation (2.107) is obtained from the previous equality by writing

equation (2.87), in integral form, in terms of l(t). Using now the occupation-time equation (2.95) with

f = 1{0}, we obtain
t∫

0

1{0}(ξ(s)) d〈ξ〉s = 2

+∞∫
−∞

1{0}(x)Lt(x) dx = 0 a.s., (2.108)

and since 〈ξ〉s = 〈W 〉s by proposition 2.6 (we also know that 〈W 〉s = s), then

t∫
0

1{0}(ξ(s))b
2(s, 0) d〈W 〉s = 0. (2.109)

Assuming that b(s, 0) 6= 0 almost everywhere, we conclude that

Pr

 t∫
0

1{0}(ξ(s)) ds = 0

 = 1 (2.110)

and that the two integrals in equation (2.107) are zero.

So we have Lt(0) = l(t) a.s., for t ∈ R+. This result tells us that the amount of time spent by process

ξ at ξ(s) = 0 is zero.
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Chapter 3

Derivation of the Navier–Stokes

Equations from a Stochastic

Variational Principle

3.1 Introduction

We understand by a variational principle, a principle which describes the conditions under which certain

quantities attain extreme values. The variational principle is regarded as a postulate that furnishes the

foundations of a physical theory and its most powerful attribute is its generality. Examples of physical

theories where variational principles are applied include classical mechanics and quantum mechanics,

electromagnetism, general relativity and field theory, in other words, almost all the established physical

theories.

Definition 3.1. The action functional S is the integral of the Lagrange function, or Lagrangian, L of the

physical system with respect to the time, that is,

S =

t2∫
t1

Ldt. (3.1)

Remember that L is defined as L := T − V , where T is the kinetic energy of the system, and V is the

potential energy due to the external or internal forces.

The principle of least action, also known as the principle of stationary action, postulates that particles

always follow the path of least action. By minimizing the variation of the action, denoted by δS, we can

determine the path, among the infinite number of possible paths, that is actually followed (since this path

represents a minimum). This is done by describing the unknown action functional as a minimal term and

a variation, i.e.

S −→ S + δS. (3.2)
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Therefore the path followed by the particles is the one for which δS = 0, provided L was adequately

chosen. Computing the variation δS leads to the equations of motion for the system.

The principle of least action was first formulated for general cases by Joseph-Louis Lagrange (1736–

1813), building on the pioneering work of Pierre de Fermat (1601–1665), Pierre-Louis Maupertuis

(1698–1759) and Euler. See an account of these and later developments in [50, pp. 19–32].

The significance of the variational principle approach is that most physical theories may be formulated

by specifying a suitable Lagrangian, independently of the choice of a coordinate system. For a clear and

concise discussion of the Lagrangian formalism and more, see [31, pp. 471–492]. The author of that

work has some distinctive views, and especially pertinent to the above comments on the generality of

the Lagrangian approach is the author’s criticism of this very same generality (see [31, p. 291]). A very

clear exposition on variational principles, covering both their historical and philosophical facets, is [50].

Since they are used below, we briefly define what Lagrange multipliers are. The idea behind La-

grange multipliers is to replace the Lagrange function L by a modified Lagrange function L of the form

L = L+
∑
k

λk(t)Nk, (3.3)

where Nk are smooth functions called constraints and λk are functions called Lagrange multipliers, with

the goal of determining the extreme values of S, that is, of minimizing it, subject to certain constraints.

We will proceed in the next section by providing an expanded exposition of the results presented in [5,

pp. 2–5]. The objective is to derive the Navier–Stokes equations from a stochastic variational principle

with a Lagrange multiplier expressed in terms of the pressure. This is one of the approaches to the

broader problem of deriving these equations from variational principles. Several approaches have been

tried and the bibliography of [5] includes the references to some of the most important articles where this

problem has been tackled. We provide a few observations on the early attempts before we proceed. It

has been shown that the Euler equation can be derived from variational principles, but doing the same for

the Navier–Stokes equations has proved to be much more challenging. This is due to the fact that these

equations take into account the viscosity of a fluid, which corresponds to the dissipative term in the latter

equations (recall that the Euler equations do not have this term, making them a conservative system).

According to [48, p. 133], the way to overcome the difficulty of deriving the Navier–Stokes equations

is to extend the notions of the traditional calculus of variations, which was done for the first time in

[18]. It involved combining concepts from the traditional calculus of variations and stochastic analysis,

since the viscosity term of the equations can be seen as introducing randomness into the model (and

stochastic analysis is the field of mathematics that deals the most with this multifaceted phenomenon).

More precisely, it involved deriving the Navier–Stokes equations from the Euler equation while taking into

account the fluctuations of Brownian motion. In the article [27], an approach to the stochastic calculus

of variations in terms of the sample paths of the Wiener process was developed, building on an earlier

extension of the classical calculus of variations to stochastic processes. Due to limitations in the method

presented in this article (see the explanation in [48, p. 134]), one of its authors published a different

attempt at deriving the Navier–Stokes equations via a stochastic calculus of variations in [48]. Further
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details and references on the more recent approaches used to tackle this problem can be found in [5,

pp. 1–2].

3.2 Derivation of the Equations

We assume throughout this section that we have a filtered probability space (Ω,F ,Ft,P ). Let T be a

flat torus of dimension d, which we identify with [0, 2π]d (corresponding to periodic boundary conditions),

and let ξ be a semimartingale defined, in differential form, as

dξt(x,ω) = dMt(x,ω) + Dtξt(x,ω) dt, x ∈ T, (3.4)

and such that ξ0(x) = x. We call dMt the martingale part of the decomposition of ξt and Dtξt the drift.

From now on we omit the parameter ω ∈ Ω. As we mentioned in section 2.5, equation (3.4) is actually

an abbreviation for the integral expression

ξt(x) = ξ0(x) +Mt(x) +

t∫
0

Dsξs(x) ds a.s. (3.5)

Remember that since martingales are not differentiable a.s. in time, we cannot compute their derivative

with respect to time. Nevertheless, it is possible to define a time derivative after conditional expectation

of the paths.

Definition 3.2. The generalized derivative, or mean forward derivative (of Nelson), Dt of a martingale

F : [0,T ]× T→ R is defined thus

DtF (t, ξt(x)) := lim
ε→0

1

ε
E [F (t+ ε, ξt+ε(x))− F (t, ξt(x))|Ft] a.s. (3.6)

when the limit exists.

Note that the generalized derivative is also well-defined for more general domains, namely for the

domain [0,∞[×M , where M is a Hausdorff, second-countable, differentiable n-manifold (the source of

this observation is [6, pp. 194, 201]). The mean backward derivative can also be defined by taking the

conditional expectation of F (t, ξt(x))−F (t−ε, ξt−ε(x)) in definition 3.2, but we will not use this definition

in what follows.

Observe that when F (t,x) = x, the definition of generalized derivative becomes

Dtξt(x) = lim
ε→0

1

ε
E [ξt+ε(x)− ξt(x)|Ft] , (3.7)

that is, it corresponds to the semimartingale’s drift.

Consider now the following SDE

dgt(x) =
√

2ν dWt + u(t, gt(x)) dt, x ∈ T, (3.8)
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with g0(x) = x, and where gt(·) are diffeomorphisms, which represent diffusions on the torus. Notice

that this SDE is written in integral form and in terms of its components thus

git(x) = gi0(x) +
√

2ν

t∫
0

dW i
s +

t∫
0

ui(s, gs(x)) ds, i = 1, . . . , d (3.9)

which holds almost surely for each i.

As above, for the case of F (t,x) = x, we have Dtgt(x) = u(t, gt(x)). For the case of F (t,x) = u(t,x),

using the Itô formula in d dimensions we obtain the stochastic differential of Dtgt(x), which is

dui(t, gt(x)) = ∂tu
i dt+

d∑
j=1

∂ju
i dgjt (x) +

1

2

d∑
i=1

d∑
j=1

∂i∂ju
i2ν dt

= ∂tu
i dt+

d∑
j=1

∂ju
i
(√

2ν dW j
t + uj(t, gt(x)) dt

)
+ ν

d∑
i=1

d∑
j=1

∂i∂ju
i dt

=
√

2ν

d∑
j=1

∂ju
i dW j

t +

∂tui +

d∑
j=1

uj∂ju
i + ν

d∑
i=1

d∑
j=1

∂i∂ju
i

 dt

=
√

2ν

d∑
j=1

∂ju
i dW j

t + (∂tu
i + ui · ∇ui + ν∆ui) dt, (3.10)

so the second generalized derivative of gt(x) is

DtDtg
i
t(x) = Dtu

i(t, gt(x)) = (∂tu
i + ui · ∇ui + ν∆ui)(t, gt(x)), i = 1, . . . , d. (3.11)

This equation can be written in the abbreviated form

Dtu(t, gt(x)) = (∂tu+ u · ∇u+ ν∆u)(t, gt(x)). (3.12)

We now denote by H a linear subspace dense in L2([0,T ] × T), by E the expectation with respect

to the underlying probability measure P , and we let p ∈ H be a function. We define the following action

functional

S(gt, p) :=
1

2
E

T∫
0

∫
|Dtgt(x)|2 dxdt+ E

T∫
0

∫
p(t, gt(x))(det∇gt(x)− 1) dxdt

:= S1(gt) + S2(gt, p), (3.13)

where S1(gt) can be interpreted as corresponding to an action integral of the Lagrangian composed

solely of the kinetic energy and S2(gt, p) as corresponding to the part of a modified Lagrange function

which includes the Lagrange multiplier expressed in terms of the pressure p. In fact, since Dtgt(x) =

u(t, gt(x)), we can interpret S1(gt) as corresponding to the total energy functional E of the fluid, which is

54



written in terms of the d components of the drift velocity field u as

E =
1

2

d∑
i=1

T∫
0

∫
(ui(t, gt(x)))2 dxdt. (3.14)

It is important to mention that a solution u of the Navier–Stokes equation is only considered to be

physically reasonable if it satisfies

∫
|u(t,x)|2 dx <∞, t ∈ R+, (3.15)

i.e. the energy cannot be infinite. Recalling the definition of the modified Lagrange function (3.3), we see

that p(t, gt(x)) corresponds to the Lagrange multiplier and det∇gt(x) − 1 to the restrictions. The origin

of the factor det∇gt(x) − 1 in the definition of S2(gt, p) warrants a brief explanation. It is a well-known

fact that when we make a change of variables in an integral we have

∫
f(gt(x)) dx =

∫
f(x) det∇gt(x) dx, (3.16)

where ∇gt is the Jacobian matrix. If we set det∇gt(x) = 1, then the Lebesgue measure is conserved

by the transformation gt(x) for all t. If we calculate the derivative of (3.16) with respect to t, we obtain

∫
f∇ · udx = 0, (3.17)

for any f , which implies that ∇ ·u = 0 (this is the condition for the incompressibility of a fluid, obtained in

equation (1.32)).

We will consider the following functional variations of gt and p:

gt(·) −→ gεt (·) = gt(·) + εh(t, gt(·)), (3.18)

p(t, ·) −→ pε(t, ·) = p(t, ·) + εϕ(t, gt(·)), (3.19)

where h(t,x) and ϕ(t,x) are smooth functions in x,ϕ ∈ H such that h(T , ·) = h(0, ·) = 0. We assume

also that we have periodic boundary conditions with period 2π for all x.

Theorem 3.1. The diffusions gt(·) and a function p ∈ H verify δS(gt, p) = 0, i.e. they are critical to the

action functional S, if and only if the drift u(t, ·) of gt(·) satisfies the Navier–Stokes equations (1.63) and

(1.64), for x ∈ T and t ∈ [0,T ], taking ρ = 1 and f = 0.

Proof. We start by assuming that u satisfies the Navier–Stokes equations and we prove that δS = 0. To

compute the variations of S1(gt) and S2(gt, p) we need some additional results. These are presented

before the computation of each variation.

If Xt and Yt are two martingales, then using the Itô product formula (2.71) we know that

d(XtYt) = Xt dYt + Yt dXt + dXt dYt. (3.20)
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The last term on the right-hand side of this equality is known as the Itô contraction. So we have

d(Dtgt · h(t, gt)) = dDtgt · h(t, gt) + Dtgt · dh(t, gt) + dDtgt · dh(t, gt) (3.21)

and

Dt(Dtgt · h(t, gt)) = DtDtgt · h(t, gt) + Dtgt ·Dth(t, gt) + dDtgt · dh(t, gt). (3.22)

Denoting by 〈·, ·〉 the scalar product in L2(T), from the previous two equations we deduce that

d〈Dtgt,h〉 = 〈dDtgt,h〉+ 〈Dtgt, dh〉+ 〈dDtgt, dh〉 (3.23)

and that

Dt〈Dtgt,h〉 = 〈DtDtgt,h〉+ 〈Dtgt, Dth〉+ 〈dDtgt, dh〉. (3.24)

By equation (3.10) we know that

dDtgt(x) =
√

2ν∇udWt + (∂tu+ u · ∇u+ ν∆u) dt, (3.25)

and using again the Itô formula we obtain

dhi(t, gt(x)) = ∂th
i dt+

d∑
j=1

∂jh
i dgjt (x) +

1

2

d∑
i=1

d∑
j=1

∂i∂jh
i2ν dt

= ∂th
i dt+

d∑
j=1

∂jh
i
(√

2ν dW j
t + uj(t, gt(x)) dt

)
+ ν

d∑
i=1

d∑
j=1

∂i∂jh
i dt

=
√

2ν

d∑
j=1

∂jh
i dW j

t +

∂thi +

d∑
j=1

uj∂jh
i + ν

d∑
i=1

d∑
j=1

∂i∂jh
i

 dt, (3.26)

for i = 1, . . . , d, that is,

dh(t, gt(x)) =
√

2ν∇hdWt + (∂th+ u · ∇h+ ν∆h)dt. (3.27)

Therefore multiplying equations (3.25) and (3.27) gives us the Itô contraction of Dtgt(x) and dh(t, gt(x)),

which is

dDtgt(x) · dh(t, gt(x)) = 2ν(∇u · ∇h)(t, gt(x)) dt. (3.28)

For this calculation we used the formal multiplication rules (2.64)–(2.66), which cause all terms of the

product, except one, to vanish.

If we let the variation of the action functional S be denoted by

δS(gt, p) =
d

dε

∣∣∣∣
ε=0

S(gεt , p
ε), (3.29)
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then the variation of S1(gt) is

δS1(gt) =
d

dε

∣∣∣∣
ε=0

1

2
E

T∫
0

∫
|Dtg

ε
t (x)|2 dxdt

= E

T∫
0

∫
Dtgt(x)

d

dε

∣∣∣∣
ε=0

(Dtgt(x) + εDth(t, gt(x))) dxdt

= E

T∫
0

∫
Dtgt(x) ·Dth(t, gt(x)) dxdt

= E

T∫
0

∫
Dt〈Dtgt,h〉dxdt− E

T∫
0

∫
DtDtgt(x) · h(t, gt(x)) dxdt

− E

T∫
0

∫
dDtgt(x) · dh(t, gt(x)) dxdt (3.30)

= −E

T∫
0

∫
DtDtgt(x) · h(t, gt(x)) dxdt− 2ν E

T∫
0

∫
(∇u · ∇h)(t, gt(x)) dxdt (3.31)

= −E

T∫
0

∫
((∂tu+ u · ∇u+ ν∆u) · h)(t, gt(x)) dxdt

− 2ν E

∫ ∇u · h|t=Tt=0 dx−
T∫

0

∫
(∆u · h) dxdt

 (3.32)

= −E

T∫
0

∫
((∂tu+ u · ∇u− ν∆u) · h)(t, gt(x)) dxdt. (3.33)

For obtaining equality (3.30) we used (3.24) and for obtaining (3.31) we used the following computation

E

T∫
0

∫
Dt〈Dtgt,h〉dxdt = E

∫
〈Dtgt,h〉|t=Tt=0 dx = 0, (3.34)

which is valid since we are assuming that h(T , ·) = h(0, ·) = 0, and also equation (3.28). Finally, for

obtaining (3.32) we used equation (3.12) and integration by parts.

Before we compute the variation of S2(gt, p) we need a few auxiliary results. The article [37, pp. 868–

870] includes several of the computations we present below but using a different notation. Regarding

notation, it should be noted that if Am×n = [Aij ] and Bn×m = [Bji] are two matrices, then the trace of

AB is defined as

tr(AB) =

m∑
i=1

n∑
j=1

AijBji. (3.35)

The trace of a single matrix A is the sum of the elements that verify i = j. Using the notation of

summation over repeated indices, we can write

tr(A) = Aii. (3.36)
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As mentioned before,∇gt is the Jacobian matrix of gt, and we frequently use the notation (∇gt)ij = ∂jg
i
t.

It is clear that we have the equality

(∇gt)−1ij (∇gt)jk = δik, (3.37)

so differentiating it and summing with respect to i, we obtain

∑
i

(
∂i(∇gt)−1ij (∇gt)jk + (∇gt)−1ij ∂i(∇gt)jk

)
= 0, (3.38)

which is equivalent to ∑
i

(
∂i(∇gt)−1ij ∂kg

j
t + (∇gt)−1ij ∂i∂kg

j
t

)
= 0, (3.39)

if and only if

∑
i

∂i(∇gt)−1ik = −
∑
i

((∇gt)−1ij ∂k∂ig
j
t )(∇gt)−1jk = 0, (3.40)

where the last equality is justified by result (3.43), which we obtain below. That is, we have the equality

∑
i

∂i(∇gt)−1ij = 0. (3.41)

It is a well-known result from linear algebra, sometimes called the Jacobi formula, that if A is an

invertible matrix then
d

dt
detA(t) = detA(t) tr

(
A(t)−1

d

dt
A(t)

)
. (3.42)

Using this result to calculate the derivative of det∇gt(x) = 1 we obtain

∂k det(∇gt) = det(∇gt) tr
(
(∇gt)−1∂k(∇gt)

)
= tr

(
(∇gt)−1ij ∂k∂ig

j
t

)
=
∑
i

(∇gt)−1ij ∂k∂ig
j
t = 0. (3.43)

Using the Jacobi formula again to calculate the derivative of det∇gεt (x) we obtain

d

dε

∣∣∣∣
ε=0

det∇gεt (x) = det(∇gt(x)) tr

(
(∇gt(x))−1

d

dε

∣∣∣∣
ε=0

∇gεt (x)

)
= det(∇gt(x)) tr

(
(∇gt(x))−1∇h(t, gt(x))

)
= det(∇gt(x))(∇gt(x))−1ij ∂ih

j(t, gt). (3.44)

Is is clear that

∂i
(
p(t, gt)(∇gt)−1ij h

j(t, gt)
)

= ∂i(p(t, gt))(∇gt)−1ij h
j(t, gt) + p(t, gt)∂i((∇gt)−1ij )hj(t, gt)

+ p(t, gt)(∇gt)−1ij ∂i(h
j(t, gt)), (3.45)
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so integrating the left-hand side this equation we obtain

T∫
0

∫
∂i
(
p(t, gt(x))(∇gt(x))−1ij h

j(t, gt(x))
)

dxdt =

T∫
0

p(t, gt(x))(∇gt(x))−1ij h
j(t, gt(x))

∣∣x=2π

x=0
dt = 0,

(3.46)

because we are considering periodic boundary conditions in x. By equation (3.41), the second term on

the right-hand side of (3.45) vanishes. Therefore the integration of equation (3.45) produces

T∫
0

∫
p(t, gt)(∇gt)−1ij ∂i(h

j(t, gt)) det∇gt(x) dxdt = −
T∫

0

∫
∂i(p(t, gt))(∇gt)−1ij h

j(t, gt) det∇gt(x) dxdt.

(3.47)

We can finally compute the variation of S2(gt, p), which is

δS2(gt, p) =
d

dε

∣∣∣∣
ε=0

E

T∫
0

∫
pε(t, gεt (x))(det∇gεt (x)− 1) dxdt

=
d

dε

∣∣∣∣
ε=0

E

T∫
0

∫
(p(t, gt + εh) + εϕ(t, gt + εh))(det∇gt(x)ε − 1) dxdt

= E

T∫
0

∫
d

dε

∣∣∣∣
ε=0

p(t, gt + εh)(det∇gεt (x)− 1) dxdt

+ E

T∫
0

∫
d

dε

∣∣∣∣
ε=0

εϕ(t, gt + εh)(det∇gεt (x)− 1) dxdt

+ E

T∫
0

∫
p(t, gt(x))

d

dε

∣∣∣∣
ε=0

det∇(gt(x)ε − 1) dxdt

= E

T∫
0

∫
(∇p · h)(det∇gt(x)− 1) dxdt

+ E

T∫
0

∫
ϕ(t, gt(x))(det∇gt(x)− 1) dxdt

+ E

T∫
0

∫
p(t, gt(x))

d

dε

∣∣∣∣
ε=0

det∇(gt(x) + εh(t, gt(x))) dxdt (3.48)

= E

T∫
0

∫
p(t, gt(x))

d

dε

∣∣∣∣
ε=0

det∇(gt(x) + εh(t, gt(x))) dxdt (3.49)

= E

T∫
0

∫
p(t, gt(x))(∇gt(x))−1ij ∂i(h

j(t, gt(x))) det∇gt(x) dxdt (3.50)

= −E

T∫
0

∫
∂i(p(t, gt))(∇gt(x))−1ij h

j(t, gt) det∇gt(x) dxdt (3.51)

= −E

T∫
0

∫
∇p(t, gt) · h(t, gt) dxdt. (3.52)
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We now justify equalities (3.49), (3.50) and (3.51). Since ϕ is arbitrary we conclude from the second

expectation in (3.48) that the critical points of the action verify det∇gt(x) − 1 = 0, so this expectation

is zero, which also implies that the first expectation of the same equality is zero. This justifies equality

(3.49). Equality (3.50) is justified by computation (3.44), and equality (3.51) by equation (3.47).

Adding finally equations (3.33) and (3.52) we obtain

δS = δS1 + δS2 = −E

T∫
0

∫
((∂tu+ u · ∇u− ν∆u+∇p) · h)(t, gt(x)) dxdt = 0, (3.53)

since part of the integrand is the Navier–Stokes equation, which we assumed u verifies. The other impli-

cation, which states that δS = 0 implies that u satisfies the Navier–Stokes equation, follows immediately.

QED

3.3 Diffusions on the Multidimensional Half-Space With Reflection

at the Boundary

In this last section of this work, our goal is to study diffusions of the type of equation (3.8) on a d-

dimensional domain D with normal reflection at the boundary. As we explained in section 2.6, when

we introduced the Skorokhod problem and stochastic differential equations with reflection, due to the

difficulty of the study of these mathematical objects when we consider non-regular domains (i.e. domains

with non-smooth boundaries) or oblique reflections, we will not deal with such cases in this dissertation.

In the previous section we assumed that the Navier–Stokes equations were defined in the domain

[0,T ] × T, where T is the d-dimensional flat torus. In this section we consider the Navier–Stokes equa-

tions with Neumann boundary conditions in the domain [0,T ]×Rd+, or more specifically, we consider the

system (1.72), taking ρ = 1 and f = 0. We will see how the results expounded in section 3.2 change

when we consider the domain D = Rd+, and take the SDE (3.8) and write it in the form of the SDE (2.80)

with normal reflections at the boundary ∂Rd+ = Rd−1+ × {0}. The former equation becomes

dgt(x) = u(t, gt(x)) dt+
√

2ν

d∑
k=1

dWk(t) + n dl(t), (3.54)

where gt(·) are diffeomorphisms (representing diffusions on the half-space) such that g0(x) = x, n =

(0, . . . , 0, 1), and l is a non-decreasing function verifying l(0) = 0 and the other conditions given in

definition 2.25.

Recall that according to definition 2.26, a pair of processes (gt(x), l(t)) is a weak solution of equation

(3.54) if u is measurable and all the conditions of the Skorokhod problem are a.s. satisfied for t ∈ R+.

Those conditions are the following: gt(x) ∈ Rd+, l is a non-decreasing function such that l(0) = 0 and

l(t) =

t∫
0

1∂Rd
+

(gs(x)) dl(s), (3.55)
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and

gt(x) = g0(x) +

t∫
0

u(s, gs(x)) ds+
√

2ν

d∑
k=1

t∫
0

dWk(s) +

t∫
0

ndl(s) a.s., (3.56)

assuming all the integrals are well-defined. We write equation (3.56) in terms of its d coordinates as

g1t (x) = g10(x) +

t∫
0

u1(s, gs(x)) ds+
√

2ν

d∑
k=1

t∫
0

dWk(s) a.s.

...

gd−1t (x) = gd−10 (x) +

t∫
0

ud−1(s, gs(x)) ds+
√

2ν

d∑
k=1

t∫
0

dWk(s) a.s.

gdt (x) = gd0(x) +

t∫
0

ud(s, gs(x)) ds+
√

2ν

d∑
k=1

t∫
0

dWk(s) + l(t) a.s.

(3.57)

We know that a solution of (3.54) is also a solution of the Skorokhod problem (definition 2.25) if we

write, in terms of the notation used in that definition,

f(t) = g0(x) +

t∫
0

u(s, gs(x)) ds+
√

2ν

d∑
k=1

t∫
0

dWk(s) a.s., (3.58)

thus replacing condition (3.56) with the condition

gt(x) = f(t) + nl(t). (3.59)

Using the multidimensional Skorokhod map given by equation (2.89), we write

gt(x) = (Γf)(t) = (f1(t), . . . , fd−1(t), (Γfd)(t)), (3.60)

where gdt (x) = (Γfd)(t) is the unidimensional Skorokhod map. If we write equation (3.58) in terms of

the Skorokhod map, then we obtain

f(t) = g0(x) +

t∫
0

u(s, (Γf)(s)) ds+
√

2ν

d∑
k=1

t∫
0

dWk(s) a.s. (3.61)

Since Γ is Lipschitz continuous, applying theorem 2.3 we conclude that equation (3.56) has a unique

solution, and so does (3.54).

Proceeding now as in the previous section, we calculate the generalized derivative of (3.54) obtaining

Dtgt(x) = lim
ε→0

1

ε
E [gt+ε(x)− gt(x)|Ft]

= lim
ε→0

1

ε
E

 t+ε∫
t

u(s, gs(x)) ds+
√

2ν

d∑
k=1

t+ε∫
t

dWk(s) +

t+ε∫
t

ndl(s)

∣∣∣∣∣∣ Fs
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= lim
ε→0

1

ε
E

 t+ε∫
t

u(s, gs(x)) ds

∣∣∣∣∣∣ Fs
+
√

2ν

d∑
k=1

lim
ε→0

1

ε
E

 t+ε∫
t

dWk(s)

∣∣∣∣∣∣ Fs


+ n lim
ε→0

1

ε
E

 t+ε∫
t

dl(s)

∣∣∣∣∣∣ Fs
 (3.62)

= u(t, gt(x)) + nl(t) a.s., (3.63)

where the second limit on the right-hand side of equation (3.62) is zero due to equation 3) in proposition

2.4 (see p. 36). Using the Itô formula in d dimensions we obtain the stochastic differential of Dtgt(x),

which is

d(ui(t, gt(x)) + nl(t)) = ∂t(u
i + nl(t)) dt+

d∑
j=1

∂j(u
i + nl(t)) dgjt (x) +

1

2

d∑
i=1

d∑
j=1

∂i∂j(u
i + nl(t))2ν dt

=

∂tui + n∂tl(t) + ν

d∑
i=1

d∑
j=1

∂i∂ju
i

 dt

+

d∑
j=1

∂ju
i

(
uj(t, gt(x)) dt+

√
2ν

d∑
k=1

dW j
k (t) + ndl(t)

)

=

∂tui + n∂tl(t) +

d∑
j=1

uj∂ju
i + ν

d∑
i=1

d∑
j=1

∂i∂ju
i

 dt+
√

2ν

d∑
j=1

d∑
k=1

∂ju
idW j

k (t)

+ n

d∑
j=1

∂ju
i dl(t)

= (∂tu
i + n∂tl(t) + ui · ∇ui + ν∆ui) dt+

√
2ν

d∑
k=1

∇udWk(t) + n∇udl(t), (3.64)

for i = 1, . . . , d. We can simplify this result by observing that ∂tl(t) = 0, since l(t) is constant on each

interval in the complement of the closed set {t ∈ R+ : Wt(x) = x}, a set we had already encountered

on page 47 of this dissertation (the source of this result is [20, p. 202]). Therefore we conclude that the

second generalized derivative of gt(x) is

DtDtgt(x) = (∂tu+ u · ∇u+ ν∆u)(t, gt(x)) + n∇u l(t). (3.65)

We consider again the definition of the action functional (3.13) and the functional variations of gt and

p in (3.18) and (3.19), respectively, in whose definitions the smooth functions h and ϕ are used. We

assume, as before, that h(T , ·) = h(0, ·) = 0.

Using the Itô formula we compute the stochastic differential of h, as we did in equation (3.26), ob-

taining

dhi(t, gt(x)) = ∂th
i dt+

d∑
j=1

∂jh
i dgjt (x) +

1

2

d∑
i=1

d∑
j=1

∂i∂jh
i2ν dt

= ∂th
i dt+

d∑
j=1

∂jh
i

(
uj(t, gt(x)) dt+

√
2ν

d∑
k=1

dW j
k (t) + ndl(t)

)
+ ν

d∑
i=1

d∑
j=1

∂i∂jh
i dt
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=
√

2ν

d∑
j=1

d∑
k=1

∂jh
i dW j

k (t) +

∂thi +

d∑
j=1

uj∂jh
i + ν

d∑
i=1

d∑
j=1

∂i∂jh
i

 dt

+ n

d∑
j=1

∂jh
i dl(t), (3.66)

for i = 1, . . . , d, that is,

dh(t, gt(x)) =
√

2ν

d∑
k=1

∇hdWk(t) + (∂th+ u · ∇h+ ν∆h)dt+ n∇hdl(t). (3.67)

The Itô contraction of dDtgt(x) and dh(t, gt(x)) is equal to the Itô contraction we obtained in equation

(3.28), since dtdl(t) = 0 and dl(t) dl(t) = 0. We can justify these contractions by observing that when

we apply the Itô formula to the function f(x) = x2, we obtain the same result, regardless of the presence

of the term l(t) (corresponding to the local time). This result is used, for instance, in the proof of the

existence and uniqueness of solutions of the reflecting SDE (2.87), which is implied by the validity of the

Lipschitz conditions (2.84) and (2.85). See [32, pp. 6–7] for the proof of this result (the application of the

Itô formula to the said function is on page 7).

The above observations on the calculus of the differential of the local time justify that we make a slight

detour from the main thrust of this section, and briefly mention the problem of integration with respect to

local time. Local time depends on a time and on a space variable, and integration can be defined with

respect to the two variables or with respect to each one individually (keeping the other fixed). Although

we had not mentioned this fact before, it was clear from the notation used for the local time that the

integrals with respect to it that made an appearance in this dissertation were only with respect to the

variable t. In [7], the following adaptation of the Itô formula is established:

f(t,Wt) = f(0,W0) +

t∫
0

∂f

∂t
(s,Ws) ds+

t∫
0

∂f

∂x
(s,Ws) ds− 1

2

t∫
0

∫
R

∂f

∂x
(s,Ws) dLs(x), (3.68)

where Wt is the Wiener process, Lt(x) is the local time of the Wiener process and f is a measurable

function defined on R+× R, whose derivatives are continuous. The differential dLt(x) refers to an area

integration with respect to the map (t,x) 7→ Lt(x,ω), which we know to be continuous according to

the definition of local time (see page 46). The last integral on the right-hand side of equation (3.68) is

sometimes called in the literature the local time-space integral, and if its integrand H is a function of

class C2, then the following integration-by-parts formula is valid:

t∫
0

∫
R

H(s,x) dLs(x) =

∫
R

H(t,x) dLs(x)−
t∫

0

∫
R

∂tH(s,x) dLs(x)

ds, (3.69)

where both integrals with respect to the local time on the right-hand side are integrals with respect to the

x variable only (the proof can be found in [11, p. 187]). Formula (3.68) is valid not only for the Wiener

process, but for any continuous semimartingale (according to [11, pp. 181–182]), and can be used to
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prove several other extensions of the Itô formula (a comprehensive list can be seen in [11, pp. 180–182],

and the proofs of some of the formulas can be found in [11, pp. 189–192]). Observe that equation (3.67)

is a consequence of equation (3.68) in the d-dimensional form.

We continue now the adaptation of the results of the previous section. Using equation (3.65), and

omitting the previously calculated steps on page 57, we obtain the new computation of the variation of

S1(gt), which is

δS1(gt) = −E

T∫
0

∫
[(∂tu+ u · ∇u− ν∆u) · h+ n∇u l(t) · h] dxdt. (3.70)

This variation is equal to the variation (3.33) for the first d− 1 coordinates of gt (for the coordinate d, we

take n = 1 in the equation). The variation of S2(gt, p) is the one obtained in computation (3.52), provided

we make the same assumptions we made then. Therefore we obtain

δS = δS1 + δS2 = −E

T∫
0

∫
[(∂tu+ u · ∇u− ν∆u+∇p) · h+ n∇u l(t) · h] dxdt. (3.71)

This variation would be zero (as in theorem 3.1) if and only if u satisfied the Navier–Stokes equations

and

∇u · n l(t) = 0 on [0,T ]× ∂Rd+. (3.72)

Since we are assuming that u verifies the Navier–Stokes equations with the Neumann boundary condi-

tions, which tells us, in particular, that

∇u · n = 0 on [0,T ]× ∂Rd+, (3.73)

we conclude that variation (3.71) is indeed zero. From these results we deduce that theorem 3.1 is

valid when we consider diffusions with reflection on the domain Rd+, provided that we assume that the

Navier–Stokes equations satisfy the Neumann boundary conditions.
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Appendix A

A.1 Some Notions of Measure Theory

Definition A.1. Let X be a set. A σ-algebra is a non-empty collection M of subsets of X such that

X ∈M, and thatM is closed for the set-theoretic operations of complementation and countable union.

Definition A.2. A measure is a function µ : M → Y , for Y = R (or some subset of R) or Y = C, such

that µ(∅) = 0 and for any disjoint sets An ∈M,

µ

( ∞⋃
n=1

An ∈M

)
=

∞∑
n=1

µ(An). (A.1)

A function that verifies this equality is called a σ-additive function.

Definition A.3. We call the tuple (X,M) a measurable space, and the triple (X,M,µ) a measure

space.

Definition A.4. A probability measure is a measure that verifies µ(X) = 1.

Definition A.5. A probability space is a measure space, denoted henceforth by (Ω,F ,P ), where P is

a probability measure. We call also (Ω,F) the sample space, Ω the state space, each ω ∈ Ω a sample

point, and each A ∈ F an event.

Definition A.6. The probability of an event A corresponds to P (A), which we sometimes denote by

Pr(A).

Proposition A.1. If {Mα : α ∈ J} is a non-empty set of σ-algebras in X (J is the index set), then the

collection

M =
⋂
α∈J
Mα (A.2)

is a σ-algebra in X.

Proof. See [34, p. 113]. QED

If C is a collection of subsets of X, then, by this proposition, the intersection of all σ-algebras that

contain C is the smallest σ-algebra in X that contains C. This fact motivates the following definition.
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Definition A.7. If C is a collection of subsets of X, then we call the intersection of all σ-algebras in X

that contain the collection C the σ-algebra generated by C.

Definition A.8. The Borel σ-algebra, which we denote by B(RN ), is the σ-algebra generated by the

open sets of RN . The sets belonging to B(RN ) are called Borel sets or Borel-measurable sets.

Observe that any open (or closed) set is Borel-measurable. As an interesting aside, note that the

cardinality of B(RN ), denoted by |B(RN )|, is the same as the cardinality of the continuum, that is, 2ℵ0 ,

where ℵ0 is the cardinality of N. Note also that the cardinality of the power set of RN , denoted by

|P(RN )|, which has actually the same cardinality as that of P(R) (since |R| = |RN |), is strictly larger than

the cardinality of the continuum.

Definition A.9. IfM = B(RN ), then µ is a Borel measure.

Definition A.10. Let (X,M) and (Y ,N ) be measurable spaces. The product of σ-algebrasM and N ,

which we denote byM⊗N , is the σ-algebra generated in X × Y by the sets A×B, where A ∈M and

B ∈ N .

Definition A.11. Let (X,M) and (Y ,N ) be measurable spaces. The map f : X → Y is measurable if

f−1(B) ∈M for every B ∈ N .

Definition A.12. Let E ⊆ S ⊆ X and f : X → R. We call f M-measurable in E if and only if

{(x, y) ∈ X × R : x ∈ E, 0 < y < f(x), 0 > y > f(x)} ∈ µ⊗ B(R). (A.3)

We say that f is a Borel-measurable function in a set E if and only if the set in expression (A.3) is

Borel-measurable in RN+1.

Definition A.13. Let U be an N -rectangle, i.e. let it be defined as U = I1 × I2 × · · · × IN , where

Ii =]ai, bi[ are intervals in R (each Ii can also be closed, or neither open nor closed). We define the

length, or content, of Ii as c1(Ii) = bi − ai, so the content of U is cN (U) = c1(I1)× c1(I2)× · · · × c1(IN ).

We denote by E(RN ) the class of sets that are countable unions of sets which in turn are finite unions

of limited rectangles.

Definition A.14. The exterior Lebesgue measure in RN is the function m∗ : P(RN )→ R+ given by

m∗(E) = inf{cN (U) : E ⊆ U ,U ∈ E(RN )}. (A.4)

Definition A.15. A set E ⊆ RN is Lebesgue-measurable in RN if and only if

m∗(F ) = m∗(F ∩ E) +m∗(F \ E), (A.5)

for any F ⊆ RN .

We denote by L(RN ) the class of the Lebesgue-measurable sets in RN .
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Definition A.16. The Lebesgue measure m : L(RN )→ R+ is the restriction of m∗ to L(RN ).

Definition A.17. We say that a function f : [0,T ] → R is Hölder continuous at the point s ∈ [0,T ] with

exponent γ ∈]0, 1] if there exists a constant c such that for all t ∈ [0,T ],

|f(t)− f(s)| ≤ c|t− s|γ . (A.6)

A.2 A Brief Note on the Lebesgue–Stieltjes Integral

The Lebesgue–Stieltjes integral is used in this work so we write a few words about it and about the

broader problematic of the development of classical integration theory. Recall that the Riemann integral

of a bounded function f : [a, b]→ R is defined, when the limit exists, as

b∫
a

f(x) dx := lim
‖P‖→0

n∑
k=1

f(x∗k)(xk − xk−1), xk−1 ≤ x∗k ≤ xk, (A.7)

where P is a partition of [a, b] and ‖P‖ := max1≤k≤n(tk − tk−1). Thomas Stieltjes (1856–1894) gener-

alized this concept of integral by defining an integral with respect to an arbitrary real-valued, bounded

function F . This integral is called the Riemann-Stieltjes integral, or simply the Stieltjes integral, and is

defined as follows:

b∫
a

f(x) dF (x) := lim
‖P‖→0

n∑
k=1

f(x∗k)(F (xk)− F (xk−1)), xk−1 ≤ x∗k ≤ xk, (A.8)

when the limit exists. Observe that the Riemann integral is obtained from the Riemann–Stieltjes integral

by choosing F (x) = x.

Definition A.18. If f : S ⊆ R → R and I ⊆ S, then we denote by Vf (I) the total variation of f in I and

define it as

Vf (I) := sup

{
n∑
k=1

|f(xk)− f(xk−1)| : x0 < x1 < · · · < xn,xk ∈ I

}
. (A.9)

Definition A.19. Let f be a function and I and internal, both as in definition A.18. We say that f is of

bounded variation in I if Vf (I) < +∞.

Definition A.20. Let f be a function and I and internal, both as in definition A.18. We say that f is of

finite variation if it is of bounded variation on each bounded interval I.

The Riemann-Stieltjes integral is defined when f is continuous and F is of bounded variation, or

when f is of bounded variation (not necessarily continuous) and F is continuous (not necessarily of

bounded variation). The source of these statements is [19, s.v. ‘Curvilinear Integrals and Surface Inte-

grals’, p. 354].

Definition A.21. If µ is a real measure in (X,M) and E ∈M, then

µ+(E) := sup {µ(A ∩ E) : A ∈M} (A.10)
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is the positive variation of µ, and

µ−(E) := − inf {µ(A ∩ E) : A ∈M} (A.11)

is the negative variation of µ.

Definition A.22. If µ is a measure defined inM and S ∈ M, then µ is concentrated in S if and only if

µ(E) = µ(E ∩ S) for all E ∈M.

Definition A.23. Let µ+ and µ− be two positive, finite measures concentrated in disjoint sets. If µ =

µ+ − µ−, then we call this the unique Jordan decomposition of µ.

Definition A.24. Let µ = µ+−µ− be the Jordan decomposition of a real, positive measure, and let also

X = RN . The Lebesgue–Stieltjes integral is

∫
X

f dµ :=

∫
X

f dµ+ −
∫
X

f dµ−, (A.12)

if the integrals on the right-hand side of this equation exist.

The Lebesgue–Stieltjes integral is a generalization of the Lebesgue integral, which is defined only

with respect to the Lebesgue measure. Therefore if µ is the Lebesgue measure, then the Lebesgue–

Stieltjes integral is equivalent to the Lebesgue integral. Since the Lebesgue integral is also an extension

of the Riemann integral, which makes any Riemann integral a Lebesgue integral, we can also see the

Lebesgue–Stieltjes integral as a generalization of the Riemann-Stieltjes integral. Incidently, it is very

important to be aware of the reason why the Lebesgue integral is technically superior to the Riemann

integral, which causes it to be extensively used all across modern mathematics, such as in probability

theory or in the theory of partial differential equations. It is mainly due to the result (usually called the

Lebesgue convergence theorem) that tells us that

lim
n→∞

b∫
a

fn dm =

b∫
a

lim
n→∞

fn dm, (A.13)

where m is the Lebesgue measure, which holds under fairly non-restrictive assumptions (which we will

not mention here, but can be seen, along with the proof, in [34, pp. 168–169]). This theorem is not valid

for the Riemann integral.

Depending on the properties of F , several results are known. For instance, if F (x) is a strictly

monotone, increasing, continuous function and G(y) is its inverse function, then

b∫
a

f(x) dF (x) =

F (b)∫
F (a)

f(G(y)) dy, (A.14)

where the left-hand side of the equality is a Lebesgue–Stieltjes integral and the right-hand side is a

Lebesgue integral.
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If F (x) is absolutely continuous or differentiable, then

b∫
a

f(x) dF (x) =

b∫
a

f(x)F ′(x) dx, (A.15)

where the integral on the right-hand side of the equality is a Lebesgue integral.

A.3 Stochastic Processes, Filtered Probability Spaces, Conver-

gence and Conditional Expectation

Definition A.25. A real-valued random variable X is a function X : Ω → R that is F-measurable.

We rarely write X(ω) to denote the image of ω ∈ Ω, and we usually refer to the random variable

simply as X, not displaying the dependence on the sample point ω.

Definition A.26. A collection of random variables X = {X(t,ω) : t ∈ R+} is a stochastic process. We

interpret the parameter t as indicating time.

We often write Xt(ω) instead of X(t,ω), and usually abbreviate this by X(t), Xt or X. Notice then

that X may denote a random variable or a stochastic process, but we always dispel this ambiguity by

indicating which mathematical object the symbol is denoting when we are using it.

For a fixed point ω ∈ Ω the map t 7→ X(t,ω) is the corresponding sample path, that is, an observation

of the value of the various random variables that belong to the stochastic process as time evolves. A

stochastic process therefore provides a mathematical model for a random experiment observed contin-

uously in time, such as the trajectory of a particle subjected to random disturbances. Observe that one

sample path is one realization of a stochastic process, while one realization of a random variable is just

one value X(ω), obtained by the map ω 7→ X(t,ω) for a fixed t.

Definition A.27. The indicator function 1 of f in the set A is

1A(f) =

1 if f ∈ A,

0 if f /∈ A.
(A.16)

The mathematical object f in the above definition need not be a function. If we let (Ω,F) be a sample

space, and take A ∈ F and ω ∈ Ω, then the indicator function

1A(ω) =

1 if ω ∈ A,

0 if ω /∈ A,
(A.17)

is actually a random variable.

We proceed by defining two types of convergence of sequences of random variables in probability

spaces, which are used throughout this work.
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Definition A.28. Let {Xn}∞n=1 be a sequence of random variables, and let X be another random vari-

able. We say that {Xn} is convergent in probability to a random variable X if and only if

lim
n→∞

Pr(|Xn −X| > ε) = 0, (A.18)

for every ε > 0. In this case, we callX the probability limit of the sequence, and convergence is indicated

by writing Xn
P−→ X, or

plim
n→∞

Xn = X. (A.19)

Definition A.29. We say that a sequence of random variables {Xn}∞n=1 converges almost surely, or

almost everywhere, to the random variable X, which we often abbreviate by saying that it converges

a.s., and write Xn
a.s.−→ X, if

Pr({ω : Xn(ω) −→ X(ω)}) = 1, (A.20)

i.e. the events for which Xn does not converge to X have probability zero.

In general, a property which is true except for an event of probability zero is also said to hold a.s. In

the context of measure theory, we say that a statement holds for almost every a if the statement holds

for all a except for those values of a belonging to a countable set. It is a well-known result that almost

sure convergence implies convergence in probability.

Definition A.30. Let (Ω,F ,P ) be a probability space. We call the family of σ-algebras {Ft : t ≥ 0} ⊆ F

a filtration if Fs ⊂ Ft for 0 ≤ s < t <∞.

Informally, we can think of Ft as containing all the information on the process available at time t, i.e.

a filtration describes the history of a process. Given a set A, we can interpret A ∈ Ft as saying that an

observer of the process knowns whether A has occurred or not by time t.

Definition A.31. We call the quadruple (Ω,F ,Ft,P ) a filtered probability space when we have a fixed

probability space with an associated filtration.

Definition A.32. A stochastic process X is said to be adapted to the filtration {Ft}, or non-anticipating,

if Xt is an Ft-measurable random variable for each t ∈ R+, that is, if Xt ∈ Ft. We frequently abbreviate

this by saying that the process X is Ft-adapted.

The process is Ft-adapted if Xt is completely determined by the information available up to time t

and there is no need to look into the future.

Definition A.33. A stochastic process X is measurable if {(t,ω) : Xt(ω) ∈ A} ∈ B(R+) ⊗ F , for every

A ∈ B(RN ).

Definition A.34. Given a stochastic process X, the smallest σ-algebra with respect to which Xs is

measurable for every s ∈ [0, t], is the filtration generated by the process itself, which we denote by FXt .

When we write A ∈ FXt , we mean that an observer of X knows whether A has occurred or not by

time t. Notice that every process X is FXt -adapted.
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Definition A.35. A filtration {Ft} is right-continuous if

Ft = Ft+ :=
⋂
ε>0

Ft+ε, t ∈ R+, (A.21)

that is, if Ft is the σ-algebra of events immediately after t ∈ R+. Similarly, we say that the filtration if

left-continuous if Ft = Ft− is the σ-algebra of events strictly prior to t > 0.

We can interpret the right-continuity of FXt as saying that if Xs has been observed for 0 ≤ s ≤ t, then

nothing more can be learned by looking infinitesimally far into the future.

Definition A.36. A continuous stochastic process X is predictable if it is measurable with respect to the

σ-algebra generated by all left-continuous adapted processes.

Intuitively, we say that a process if predictable if its value is knowable at an earlier time. If a process

if left-continuous, then it is predictable.

Definition A.37. A process X is said to be progressively measurable with respect to the filtration {Ft} if

{(s,ω) : 0 ≤ s ≤ t,ω ∈ Ω,Xs(ω) ∈ B(Rd)} ∈ B([0, t])⊗Ft, i.e. if the map (s,ω) 7→ Xs(ω) is B([0, t])⊗Ft-

measurable, for every time t.

Note that any progressively measurable process is adapted, and that any right-continuous, adapted

process is progressively measurable (a proof of the second assertion can be seen in [41, p. 20]).

The concept of the progressive measurability of X indicates that the process is non-anticipating and

measurable in the variables t and ω together.

Definition A.38. A stopping time is a random variable τ : Ω → R such that {ω ∈ Ω : τ(ω) ≤ t} ∈ Ft for

all t ∈ R+, where τ may take the value +∞.

We interpret τ(ω) as corresponding to the instant at which a certain phenomenon occurs for the first

time. The notion of stopping time is a special case of the concept of random time, which is simply an

Ft-measurable random variable with values in R+.

Definition A.39. An integrable process A is a process that verifies E[At] <∞, for every t ∈ R+.

Definition A.40. An increasing process A is a process that verifies the following three conditions:

1) A is Ft-adapted.

2) A0 = 0 a.s.

3) The map t 7→ At is right-continuous and increasing a.s. (which implies, given the previous condi-

tion, that At ∈ R+ a.s.).

Definition A.41. An integrable, increasing process A is natural if for every bounded right-continuous

martingale M ,

E

t∫
0

Ms dAs = E

t∫
0

M−s dAs, t ∈ R+. (A.22)
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The above equation can be written in the equivalent form

E[MtAt] = E

t∫
0

M−s dAs, (A.23)

and the proof of this fact can be seen in [20, pp. 23–24]. If the map t 7→ At is continuous a.s., then

an integrable, increasing process is natural. Further, an integrable increasing process is natural if and

only if it is predictable (according to [17, p. 35]).

It should be noted that if A is an increasing process and X is a measurable process, then if we fix

ω ∈ Ω, the sample path t 7→ X(t,ω) is a measurable function from R+ into R, which implies that the

Lebesgue–Stieltjes integrals
t∫

0

X±s (ω) dAs(ω) (A.24)

are well-defined (the source of these observations is [20, p. 23]).

Definition A.42. We call the expected value of a random variable X, which we denote by E(X), the

Lebesgue integral of X with respect to the probability measure P , i.e.

E(X) =

∫
Ω

X dP :=

∫
Ω

X+ dP −
∫
Ω

X− dP , (A.25)

provided that at least one of the integrals on the right-hand side of the equality is finite.

Definition A.43. A random variable X is integrable if

∫
Ω

|X|dP <∞. (A.26)

Let Y be a random variable that is a function of X, i.e. Y = g(X), where g : Rn → R is an integrable

function. Then Y is F(X)-measurable, where F(X) = {X−1(B) : B ∈ B} is a σ-algebra (the σ-algebra

generated by X), and

E(Y ) =

∫
Rn

g(x)f(x) dx. (A.27)

In particular,

E(X) =

∫
Rn

xf(x) dx. (A.28)

We want to define now the expected value of a random variable X given another random variable Y ,

that is, given a point ω ∈ Ω and the value Y (ω), we want to obtain the expected value of X(ω).

Definition A.44. Let X and Y be two random variables. We define the conditional expected value of X

given Y , and denote it by E(X|Y ), as any random variable E(X|Y ) that verifies

∫
A

X dP =

∫
A

E(X|Y ) dP (A.29)
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for all A ∈ F(Y ).

Definition A.45. Supposing that G is a σ-algebra such that G ⊆ F and X is an integrable random

variable, we define E(X|G) to be any random variable on Ω such that

∫
A

X dP =

∫
A

E(X|G) dP (A.30)

for all A ∈ G, and such that E(X|G) is G-measurable.

We can interpret the random variable E(X|G) as providing an estimate of X (its expectation, in fact)

using the information available in G. By requiring that E(X|G) is G-measurable, we are saying that

E(X|G) must be constructed from the information available in G. Equation (A.30) forces the estimate

we obtain to be consistent with X concerning integration over events in G. The three properties of

conditional expectation that we will need are listed in the following proposition.

Proposition A.2. Let X and Y be integrable random variables, and let G be a σ-algebra. Then

1) E(aX + bY |G) = aE(X|G) + bE(Y |G), for a, b ∈ R, a.s.

2) If X is G-measurable, then E(X|G) = X a.s.

3) If X is independent of G, then E(X|G) = E(X) a.s.

A final note regarding notation: when writing the non-conditional expectation of an expression, we

sometimes omit the square brackets around the expression.
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