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In this work the phenomenon of spontaneous scalarization of charged black holes (BHs) is studied
in the framework of Einstein-Maxwell scalar (EMS) models. First we study spontaneous scalarization
in the context of purely electric BHs and verify what differences emerge when the non-minimal
coupling is changed. Next, a similar study is performed in the context of dyonic BHs where extremal
solutions emerge and a comparison with the dilatonic BH case is done. Finally a generalisation of
EMS models to include an axionic-like coupling is done. It is shown that spontaneous scalarization
through an axionic-like coupling can occur and a study of BHs with axionic hair is done. Part of
the results obtained for this thesis appear in refs. [1, 2].

1. INTRODUCTION

In the last years a diversity of observational data has
been delivering information with unprecedented accuracy
on the strong gravity region around black holes (BHs) in-
cluding, for instance, the gravitational waves events that
have been observed as a result of BH binaries inspiral
and merger (see a catalogue of gravitational wave events,
as of February 2019 in [3]). Another direct observational
evidence comes from the first image of a BH shadow from
the center of the M87 galaxy by the Event Horizon Tele-
scope Collaboration [4].

Within the framework of General Relativity (GR)
and electro-vacuum, the only physical BH solution is
the Kerr-Newman BH, described by a small number of
macroscopic degrees of freedom, and BHs are thus collo-
quially described as having ”no hair”. Gravitational the-
ories beyond GR or even GR with matter sources (beyond
electro-vacuum) allow a much richer landscape of BH so-
lutions. These are often called hairy BHs since they have
more macroscopic degrees of freedom. Then, the central
question becomes if there are dynamically viable hairy
BH models that could represent alternatives to the Kerr
BH paradigm. Three broad criteria for a good BH model
are (i) appear as a solution of a well motivated and con-
sistent physical model; (ii) has a dynamical formation
mechanism; (iii) is sufficiently stable.

A dynamical mechanism that could lead to the forma-
tion of BHs that differ from the standard GR electro-
vaccuum BHs is spontaneous scalarization . First
proposed by Damour and Esposito-Farèse in the con-
text of neutron stars [5], spontaneous scalarization is a
phenomenon through which, in the absence of sources,
an unstable object becomes immersed in a non-trivial,
asymptotically vanishing scalar-field configuration. Re-
markably, spontaneous scalarization is not exclusive of
neutron stars as it is conjectured to occur in other objects
like BHs (which result in hairy BHs with scalar hair), as
pointed out in the original works [6–8]. These are centred
on extended Scalar-Tensor Gauss-Bonnet models where
spontaneous scalarization occurs through non-minimal
couplings of the scalar field to higher order curvature

terms, namely the Gauss-Bonnet (GB) term. However,
in what concerns BH spontaneous scalarization, eSTGB
models belong to a wider universality class that also con-
tains the Einstein-Maxwell-scalar (EMS) models [1, 9],
which are the main focus of this work. A simple and nat-
ural generalisation of the Einstein-Maxwell theory, i.e.
electro-vacuum, is to consider an additional dynamical
real scalar field, forming the EMS models. A variety
of such models is possible depending on the way the
scalar-field couples to the Maxwell field. If the scalar-
field is minimally coupled to the Maxwell field, no new
BH solutions beyond the Reissner-Nordstöm (RN) BH
arise, hence no hairy BHs exist. However interesting new
hairy BH solutions appear once non-minimal couplings
are considered. The first such non-minimally coupled
EMS model emerged in the pioneering unification theory
of Kaluza [10] and Klein [11]. In these models, spon-
taneous scalarization occurs for electrically charged BHs
and it is triggered by large enough charge to mass ra-
tio, thus no higher curvature terms are required in or-
der for spontaneous scalarization to occur, which results
in a computationally less demanding problem, that also
allows an indirect study of the involved dynamical phe-
nomena and processes. See [1, 2, 9, 12–16] for recent
work on BH spontaneous scalarization in EMS models.

This work is organised as follows: in Section 2 we in-
troduce the most general EMS model, and discuss the
physical relations used to test the code, the framework
of perturbative stability analysis and the necessary con-
ditions for the occurence of spontaneous scalarization.
Next in Section 3 we study spontaneous scalarization of
purely electric BHs. In Section 4 we add a magnetic
charge to the system and study the new features, namely
the extremal solutions, and a comparison with the well
known dilatonic BH is done. In Section 5, we study spon-
taneous scalarization from the framework of an axion-like
coupling. A study of BHs with axion-hair is also done.
Finally, in Section 6 the conclusions are presented.
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2. THE MODEL

The EMS model describes a real scalar field φ mini-
mally coupled to Einstein’s gravity, non-minimally cou-
pled to Maxwell’s electromagnetism through a function
f(φ) and to a Lorentz Chern-Simons term through a
function h(φ), and is described by the action

S =

∫
d4x
√
−g
[
R− 2∂µφ∂

µφ− f(φ)FµνF
µν − h(φ)Fµν F̃

µν
]
,

(1)

where Fµν is the usual Maxwell tensor, and F̃µν =
1

2
√
−g ε

µνρσFρσ its dual. The generic, spherically sym-

metric, line element which can be used to describe both
a scalar-free and a scalarized BH solution is

ds2 = −N(r)e−2δ(r)dt2 +
dr2

N(r)
+ r2 (dθ2 + sin2 θdϕ2) , (2)

where N(r) = 1 − 2m(r)
r , with m(r) the Misner-Sharp

mass function [17]. Spherical symmetry and the presence
of a magnetic charge impose a 4-potential

A = V (r)dt− P cos θdϕ, (3)

with P the magnetic charge, and a solely radial depen-
dent scalar field φ(r). Integrating the trivial angular de-
pendence, one can obtain an effective Lagrangian from
which the equations of motion may be derived, given by

Leff = −e
−δP 2f(φ)

2r2
+ Ph(φ)V ′ +

1

2
eδr2f(φ)V ′2

+
1

2
e−δ

(
1−N − rN ′ − r2Nφ′2

)
.

(4)

with the prime denoting a radial derivative. The func-
tions N, δ, V, φ are solely radial dependent, hence for sim-
plicity this dependence shall be omitted. Noticing the
existence of a first integral

V ′ = −Q+ Ph(φ)

r2f(φ)
e−δ, (5)

with Q the electric charge, the equations of motion are

δ′ = −rφ′2, (6)(
e−δr2Nφ′

)′
= −1

2
eδr2ḟ(φ)V ′2 − Pḣ(φ)V ′ +

e−δP 2ḟ(φ)

2r2
,

(7)

N ′ = −
(Q+ Ph(φ))2 + P 2f(φ)2 + f(φ)r2

(
r2Nφ′2 +N − 1

)
f(φ)r3

,

(8)

where we denote ḟ(φ) = df(φ)/dφ. To solve the set of
ODEs we have to implement suitable boundary condi-
tions for the desired functions and corresponding deriva-
tives. We assume the existence of an event horizon in
r = rH > 0 and that the solution possesses a power se-
ries expansion in (r − rH)

N(r) = N1 (r − rH) + . . . ,
δ(r) = δ0 + δ1 (r − rH) + . . . ,
φ(r) = φ0 + φ1 (r − rH) + . . . ,
V (r) = v1 (r − rH) + . . . ,

(9)

with the lower order coefficients being

N1 = −β(φ0)2 + P 2f(φ0)2 − r2
Hf(φ0)

r3
Hf(φ0)

,

δ1 = −φ2
1 rH ,

v1 = − β(φ0)

r2
Hf(φ0)

e−δ0 ,

φ1 = −
2Pβ(φ0)f(φ0)ḣ(φ0) + ḟ(φ0)

(
P 2f(φ0)2 − β(φ0)2

)
2rHf(φ0) [β(φ0)2 − r2

Hf(φ0) + P 2f(φ0)2]
,

(10)

with β(φ) = Q + Ph(φ), which are fully determined via
the two essential parameters φ0 and δ0. These are found
through a standard shooting method, by matching the
above expansion with the following asymptotics in the
far field

N(r) = 1− 2M

r
+
Q2 + P 2 +Q2

s

r2
+ . . . ,

φ(r) =
Qs
r

+
MQs
r2

+ . . . ,

V (r) = Φe +
Q

r
+ . . . , δ(r) =

Q2
s

2r2
+ . . . ,

(11)

with Qs the scalar charge, Φe the electrostatic poten-
tial difference between infinity and the horizon, and M
the ADM mass. Of interest at the horizon we have the
Hawking temperature TH , horizon area AH , the energy
density ρ(rH) and the Kretschmann scalar K(rH) given
respectively by

ρ(rH) =
2
(
P 2f(φ0)2 + (Q+ Ph(φ0))2

)
r4
Hf(φ0)

,

K(rH) =
4

r8
Hf(φ0)2

{
5β(φ0)4 − 6r2

Hβ(φ0)2f(φ0)

−6P 2r2
Hf(φ0)3 + 5P 4f(φ0)4

+f(φ0)2
(
10P 2Q2 + 3r4

H + 10P 3h(φ0)[2Q+ Ph(φ0)]
)}

.

TH =
1

4π
N1e

−δ0 , AH = 4πr2
H ,

(12)

We introduce the reduced quantities q, aH , tH (which are
invariant under a scaling symmetry) by

q ≡
√
Q2 + P 2

M
, aH ≡

AH
16πM2

, tH ≡ 8πTHM,

(13)
and present the useful results

FµνF
µν =

2
[
P 2f(φ)2 − (Q+ Ph(φ))2

]
r4f(φ)2

,

Fµν F̃
µν =

4P (Q+ Ph(φ))

r4f(φ)
,

(14)
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2.1. Physical relations and tests to the code

It is of uttermost importance to verify that the scalar-
ized solutions obtained when solving numerically the cou-
pled ODE system are indeed physical. Two relations are
used to test the code: a Smarr law and a Virial relation.

The Smarr law [18, 19] provides a relation between the
total mass of the spacetime and other measurable quan-
tities (like the horizon temperature, area...), hence being
a physical energetic balance equation, which is indepen-
dent of the equations of motion, making it ideal to test
whether the obtained solutions are physical, or not. The
solutions satisfy the Smarr relation

M =
1

2
THAH + ΦeQ+ ΦmP + U, (15)

which turns out to have no explicit imprint of the scalar
hair, with

Φe =

∫ ∞
rH

dr

(
Q+ Ph(φ)

r2f(φ)
e−δ
)
≡ −

∫ ∞
rH

drV ′,

Φm =

∫ ∞
rH

dr

(
e−δf(φ)

P

r2

)
≡ −

∫ ∞
rH

drV ′m,

(16)

the electrostatic and magnetostatic potential differences
respectively, and

U = −
∫ ∞
rH

drV ′Ph(φ) =
1

16π

∫
Fµν F̃

µνh(φ)d3x, (17)

is interpreted as the axion-like related electromagnetic
energy. A non-linear Smarr relation can also be estab-
lished for this family of models

M2 +Q2
s + U2 = Q2 + P 2 +

1

4
A2
HT

2
H . (18)

Derrick type arguments [20] can be used to establish
no-hair theorems in BH physics [21], as well as to provide
a physical relation that solutions must obey and that is
independent of the equations of motion, hence providing
useful insights on whether a solution is physical or not.
A Virial identity may be obtained via a scaling argument
and it reads∫ ∞
rH

dr
{
e−δr2φ′

2
[
1− rH

r
(1 +N)

]}
= ΦeQ+ ΦmP + U+∫ ∞

rH

dr

{
2rH
r

[V ′Q+ V ′mP + V ′Ph(φ)]

}
.

(19)

2.2. Perturbative stability analysis

For studying perturbative stability against radial per-
turbations, we consider spherically symmetric, linear per-
turbations of our equilibrium solutions, keeping the met-

ric ansatz, but allowing the functions N , δ, φ, V to de-
pend on t as well as on r:

ds2 = −Ñ(r, t)e−2δ̃(r,t)dt2 +
dr2

Ñ(r, t)
+ r2(dθ2 + sin2 θdϕ2) ,

A = Ṽ (r, t)dt , φ = φ̃(r, t) .

(20)

The time dependence enters as a periodic perturbation
with frequency Ω, for each of these functions F̃ (r, t) =
F (r)+εF1(r)e−iΩt, with F ∈ {N, δ, φ, V }. The linearised
field equations around the background solution yield a
single perturbation equation for φ1 which, by introducing
the ’tortoise’ coordinate x as dx

dr = 1
e−δN

and Ψ(r) =
rφ1, can be written in the standard Schrödinger-like form

− d2

dx2 Ψ + UΩΨ = Ω2Ψ, with the perturbation potential

UΩ is defined as UΩ = U0 + PU1 + P 2U2 with

U0 =
e−2δN

r2

{
1−N − 2r2φ′2 − Q2

r2f(φ)
U
}
,

U1 =
e−2δNQ

r4f(φ)

{
ḧ(φ) + 4rḣ(φ)φ′ − 2h(φ)U

}
,

U2 =
e−2δN

r4

{
f̈(φ)

2
+ 2rφ′ḟ(φ)− f(φ)(1− 2r2φ′2)+

1

f(φ)

[
ḧ(φ)h(φ)− ḣ(φ)2 + 4rφ′ḣ(φ)h(φ)− h(φ)2U

]}
,

U = 1− 2r2φ′2 +
f̈(φ)

2f(φ)
+ 2rφ′

ḟ(φ)

f(φ)
−

(
ḟ(φ)

f(φ)

)2

.

(21)

From a standard result in quantum mechanics (see
e.g. [22]), the Schrödinger equation has no bound states if
UΩ is everywhere larger than the lowest of its two asymp-
totic values, i.e., if it is positive for a potential that van-
ishes at both the horizon and at infinity. Thus, for such
potentials, a sufficient condition for perturbative stability
is an everywhere positive potential. Note that a negative
potential region is a necessary but not sufficient condition
for instability.

2.3. Conditions for the occurrence of spontaneous
scalarization and the existence line

In order for spontaneous scalarization to occur in a
model, the coupling functions (and respective deriva-
tives) must satisfy a set of conditions. These conditions
emerge as a consequence of i) the far field equations of
motion; ii) allowing the existence of a scalar free solu-
tion; iii) imposing a tachyonic instability in the system.
For the first, Maxwell’s theory must be recovered near
infinity, thus, for an asymptotically vanishing scalar field
profile f(0) = 1. There is no condition imposed on the
coupling function h(φ) (this is not true for its deriva-

tives), since the term Fµν F̃
µν is a topological invariant.
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Secondly, the system must accommodate a scalar free so-
lution. The scalar-field equation of motion is

�φ =
ḟ(φ)FµνF

µν + ḣ(φ)Fµν F̃
µν

4
, (22)

from which, in order for a non-scalarized solution to ex-
ist, follows that ḟ(0) = 0 and ḣ(0) = 0. Finally, spon-
taneous scalarization occurs if the system is unstable
against scalar perturbations δφ. These obey (neglect-
ing second order terms) (� − µ2

eff )δφ = 0, with with

µ2
eff < 0 acting as an effective mass, given by

µ2
eff =

f̈(0)(P 2 − (Q+ Ph(0))2) + 2ḧ(0)P (Q+ Ph(0))

2r4
,

(23)

from which the second derivatives of the coupling func-
tions are constrained, in a way that cannot be determined
a priori. Due to the spherical symmetry, by performing
a spherical harmonic decomposition of the scalar field
δφ =

∑
`,m Y`,m(θ, ϕ)U`(r), the scalar field equation of

motion reduces to

eδ

r2

(
r2N

eδ
U ′`

)′
−
[
`(`+ 1)

r2
+ µ2

eff

]
U` = 0, (24)

which is an eigenvalue problem: fixing the strength of
the coupling (i.e. fixing the coupling constant on which
the coupling function depends), for a given `, requiring
an asymptotically vanishing, smooth scalar field, a dis-
crete set of BHs solutions are selected, i.e. RN solutions
with a certain charge to mass ratio. These are the bi-
furcation points of the scalar free solution, and the set
of bifurcating points form the existence line. They are
labelled by an integer n ∈ N0; n = 0 is the fundamental
mode, whereas n > 1 are excited states (overtones). One
expects only the fundamental solutions to be stable [12]
(at least for the purely electric case). Setting δ = 0 and

N(r) = 1− 2M
r + Q2+P 2

r2 allows us to recover the dyonic
RN metric. Then, a scalarized solution can be dynami-
cally induced by a scalar perturbation of the background,
as long as the scalar-free RN solution is in the unstable
regime. Only the spherical case (` = 0) will be studied.

3. SPONTANEOUS SCALARIZATION OF
PURELY ELECTRIC BLACK HOLES

In this section we shall address the case of purely elec-
tric BHs (P = 0 and Q 6= 0) while h(φ) = 0 and f(φ) 6= 0,
as it was done in [1, 9], which corresponds to Chapter
2 from the main work. Hereby we shall consider four
forms of coupling functions compatible with the above
presented constraints for spontaneous scalarization: (i)

an exponential coupling, fE(φ) = e−αφ
2

, first used in this
context in [9]; (ii) a hyperbolic cosine coupling, fC(φ) =

cosh(
√

2|α|φ); (iii) a power coupling, fP (φ) = 1 − αφ2,
already discussed in this context in [8, 23]; (iv) a frac-
tional coupling, fF (φ) = 1

1+αφ2 . The coupling constant

α is a dimensionless constant in all cases, and, except
for the hyperbolic function, the conditions on f(φ) imply
that α < 0 for a purely electric field. For |α|φ2 � 1 (and
α < 0), fE , fC and fF possess the same Taylor expan-
sion to first order which coincides with the (exact) form
of fP : fF (φ) ≈ fC (φ) ≈ fE (φ) ≈ 1 + |α|φ2 +O(φ4) .

3.1. Radial profiles

Let us start by exhibiting some typical solutions ob-
tained from the numerical integration. In Fig. 1 the var-
ious radial functions defining the scalarized BHs are rep-
resented for an illustrative coupling of α = −10, charge
to mass ratio q ≡ Q/M = 0.66 and for the exponen-
tial coupling. A universal feature of those nodeless solu-
tions is that the scalar field is a monotonically decreas-
ing function of the radius. Thus the scalar field value
at the horizon, φ0, is always the maximum of the scalar
field. The scalar field vanishes asymptotically. In fact, at
far enough radius, all defining functions of the scalarized
BHs converge to the ones of a comparable (i.e. with the
same global charges) RN BH. Another typical feature is
that the differences between the exponential, cosh and
power-law couplings are small – see Table I, and more
pronounced for the fractional coupling. Yet, for the same
values of α and q the scalarization with the exponential
coupling is stronger than the one with the power law (and
intermediate in the cosh one). We remark that these data
are well within the numerical errors: our tests have ex-
hibited a relative difference of 10−8 for the Virial relation
and 10−7 for the Smarr relation.
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FIG. 1: Scalarized BH radial functions for α = −10 and q =
0.66 for the exponential coupling.

For the particular case of the fractional coupling, how-
ever, a different type of solutions, that we call exotic is
possible. If 1+αφ2

0 < 0, then the corresponding solutions
have a region of negative energy density in the vicinity of
the horizon, cf. Fig. 2. Moving away from the horizon,
as the value of the scalar field decreases monotonically, it
passes through the point at which the coupling diverges.
This divergence is, however, benign and the geometry is
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f(φ) rH M Qs Φe aH TH

fE 0.3180 0.1816 0.0167 0.3689 0.7663 0.2162

fC 0.3180 0.1816 0.0132 0.3720 0.7663 0.2156

fP 0.3180 0.1816 0.0122 0.3729 0.7663 0.2154

fF 0.3186 0.1818 0.0561 0.2848 0.7680 0.2314

TABLE I: Characteristic quantities for scalarized BH solu-
tions with four choices of couplings, α = −10 and q = 0.66.

smooth therein. This can be understood from the equa-
tions of motion, which contain 1/fF terms but no diver-
gencies. Moreover, beyond a critical radius the energy
density becomes positive - Fig. 2 (inset panel). The neg-
ative energy region in the vicinity of the horizon leads to
a decrease in the mass function profile.
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FIG. 2: Plot of the energy density, the Ricci and Kretschmann
scalars and the inverse of the coupling function fF (φ) which
changes sign at some finite r.

3.2. Domain of Existence

The existence line is common for all specific couplings.
The differences in the domain of existence of the four
couplings emerge for larger values of φ, wherein non-
linearities become important. The domains of existence
for the scalarized BHs with the fE , fC , fP couplings are
exhibited in Fig. 3 (top panel). They are delimited by
the existence line – (dashed blue) on which the RN BHs
that support the zero mode exist – and a critical line
– (solid red) which corresponds to a singular scalarized
BH configuration that will be adressed later. In between
(shaded blue regions: dark for fP , dark+medium for fC ,
dark+medium+light for fE), scalarized BHs exist. In
particular, for q 6 1 the usual RN BH and the scalar-
ized solutions co-exist with the same global charges. In
this region there is non-uniqueness. At the critical line,
numerics suggest K,TH → ∞, AH → 0, while M,Qs
remain finite. As another feature, along α = constant
branches, q increases beyond unity: therefore, scalarized
BHs can be overcharged. Comparing the domain of ex-

 0
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 0  10  20  30  40

q

-α

RN black holes

existence line

critical set fE

fP

fC

 0.7

 0.8

 0.9

 1

 1.1

 0  2.5  5  7.5  10
q

-α

RN black holes

existence line boundary of physical region

fF

FIG. 3: Domain of existence of scalarized BHs in EMS models
(shaded blue regions). The domain of existence is always de-
limited by the existence line (dashed blue line) and the critical
(red) line. Top: fE (φ), fC(φ) and fP (φ) couplings. Bottom:
fF (φ) coupling. Here we only exhibit the physical region,
which is delimited by the existence line and the line at which
the coupling function diverges at the horizon. The latter is
the boundary of the physical region; above it, solutions have
a negative energy density in the vicinity of the horizon.

istence of the exponential, cosh and power-law couplings
(Fig. 3, top panel) we see that they are qualitatively simi-
lar. The critical set for the same α, however, occurs at the
smallest value of q for the power law coupling, an inter-
mediate value for the hyperbolic coupling and the largest
value of q for the exponential coupling. The domain of
existence of the fF coupling function (Fig. 3 - bottom
panel) can be divided into two parts. For α = constant,
φ0 grows (with q) from the existence line until it reaches
φ2

0 = 1/|α| at the divergence line, corresponding to the
pole of the coupling. These solutions span the physical
region wherein solutions have a positive energy density.
Beyond the divergence line solutions have φ2

0 > 1/|α|, re-
sulting in a negative energy density region near the hori-
zon which extends up to a certain radius at which ρ = 0,
and after that point ρ > 0 - see Fig. 2. Beyond this
the divergence line the solutions are not physical (we call
them ”exotic”). Solutions in the exotic region appear to
be smooth exhibiting no other obvious pathologies apart
from the negative energy density. The physical region of
the domain of existence will tend to thin down to zero,
as |α| increases.
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Ω

FIG. 4: Perturbative potential, UΩ, for a sequence of solutions
for the exponential coupling, α = −10 and Q = 0.12. The
solutions have rH = 0.324 (q = 0.651) – lowest curve – up to
rH = 0.297 (q = 0.695) – top curve.

3.3. Perturbative stability and entropic preference

For all couplings analysed, for solutions with a q close
to the RN BH, the potential has a region where it is neg-
ative. However for the case of the exponential, cosh and
power-law coupling, for larger q, the potential is, gener-
ically, everywhere positive for the vast majority of the
solutions analysed, which are therefore free of instabili-
ties - see the related analysis in [9, 12] and as an illus-
tration, in Fig. 4 the potential is plotted for a sequence
of solutions for the exponential coupling. One can see
that the potential is smaller than zero in a small q-region
close to the RN limit – the RN BH has the zero mode
at q = 0.649 (α = −10). Then the potential becomes
positive and remains so for arbitrary large q along the
remaining α branch. For the fractional coupling, on the
other hand, there are negative regions in the potential
both for physical and exotic solutions. As discussed in
[12], the n > 1 overtone solutions are not stable. We em-
phasise that the existence of a negative potential region
is a necessary, but not sufficient, condition for instability.

In the EMS model, the Bekenstein-Hawking BH en-
tropy formula holds. Thus, the entropy analysis reduces
to the analysis of the horizon area. It is convenient to
use the already introduced reduced event horizon area
aH . Then, in the region where the RN BH and scalar-
ized BHs co-exist – the non-uniqueness region – and for
the same q, the scalarized solutions are always entrop-
ically preferred. This is shown in Fig. 5 for the expo-
nential coupling (similar features are observed for all the
other couplings). One also observes that, for the same
q, aH increases with the growth of |α|. For the same
power-law coupling here considered, eSTGB BHs are not
entropically favoured [23] and the scalarized spherically
symmetric, fundamental BH solutions are not necessarily
perturbative stable, which creates a difference between
the two models.
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FIG. 5: Reduced area aH vs. q for fE (φ). The blue lines are
the sequence of non-scalarized RN BHs. The red lines are
sequences of (numerical data points representing) scalarized
BHs for a given α. Different sequences are presented, for a
range of values of α.

4. SPONTANEOUS SCALARIZATION OF
DYONIC BLACK HOLES

Dyons, first proposed by Julian Schwinger in 1969 [24],
are hypothetical particles with both an electric and a
magnetic charge. A dyon with a zero electric charge is
usually referred to as a magnetic monopole. The addi-
tion of a magnetic charge to a BH gives rise to a class of
systems dubbed dyonic BHs. An example includes the 3-
parameter electro-vacuum dyonic RN BH. For a given M ,

these BHs can only sustain charges if M ≥
√
Q2 + P 2.

When the equality holds, the extremality limit is at-
tained, yielding extremal BHs. These extremal solutions
are non-singular spacetimes on and outside a degenerate
and smooth event horizon that, amongst other properties
[25], has a vanishing Hawking temperature. A class of
well studied BHs in the EMS model are dubbed dilatonic.
The coupling function of the dilatonic class prevents EM
theory to be a consistent truncation of this class of EM-
dilaton models. In particular, the RN solution of EM
theory does not solve these EM-dilaton models. Instead,
new charged BHs with a non-trivial scalar field profile
exist [26, 27], which are known in closed analytic form
and that present RN-unlike features. As an example,
the charge to mass ratio can exceed unity and there are
no extremal BHs for purely electric (or magnetic) solu-
tions. However, the introduction of an additional mag-
netic charge leads to dyonic BHs with an extremal limit,
which have been constructed for specific couplings (see
e.g [28]).

As seen in the last section, purely electrical EMS spon-
taneously scalarized BHs possess no extremal limits, but
critical limits (with singular solutions) instead. Given
the importance of extremal solutions, it is interesting to
inquire which are the properties of the family of dyonic
spontaneously scalarized BHs and, in particular, of their
extremal limit, in case it exists (as suggested by the dila-
tonic case).
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Two classes of coupling functions will be considered,
one for which spontaneous scalarization does not oc-
cur (dilatonic, f(φ) = e2αφ) and one for which it does

(spontaneously scalarized, f(φ) = e2αφ2

, which corre-
sponds to the exponential coupling from last section),
while h(φ) = 0 and now P 6= 0.

4.1. Extremal solutions and the domain of
existence

To address extremal BHs one needs to impose a dif-
ferent near-horizon expansion which accounts for the de-
generate horizon [29, 30]. The leading order terms of the
appropriate expansion are:

N(r) = N2(r − rH)2 + . . . ,

φ(r) = φ0 + φc(r − rH)k + . . . ,

δ(r) = δ0 + δ1(r − rH)2k−1 + . . . ,

V (r) = v1(r − rH) + . . . .

(25)

It is convenient to take rH and φ0 as essential param-
eters. Then the field equations imply

Q =
rH
√
f (φ0)√
2

, P =
rH√

2f (φ0)
, N2 =

1

r2
H

.

(26)
Given a coupling function f(φ), one can express the value
of the scalar field at the horizon φ0 as a function of P,Q,
by solving the equation f(φ0) = Q

P , while rH =
√

2PQ.
The expansion 25 contains two free parameters φc and δ0,

fixed by the numerics, while δ1 = − rHφ
2
ck

2

2k−1 , v1 = e−δ0Q
r2Hf(φ0)

and

k =
1

2

−1 +

√√√√1 + 2

(
ḟ (φ0)

f (φ0)

)2
 > 0. (27)

A non-integer k would imply that the derivative of all
functions will diverge at some order as r → rH . Al-
though everything is smooth to 2nd order (in partic-
ular, the Kretschmann and Ricci scalars should be fi-
nite everywhere), the (suitable order) derivatives of the
Riemann tensor would diverge at the horizon, result-
ing in non-physical solutions. Thus, in order to obtain

physical solutions, we arrive at the condition ḟ(φ0)
f(φ0) =

±
√

2p(p+ 1), p ∈ N, which yields for the dilatonic cou-

pling the triangular sequence [29, 30] α =
√

p(p+1)
2 and

for the exponential coupling, we have α = p(p+1)

4 log(QP )
. The

extremal solutions share the far field asymptotics with
the non-extremal ones. The domain of existence of the
dyonic BHs is shown in Fig. 6 for several values of the
ratio P/Q and for both dilatonic and scalarized BHs. In
particular, in both cases and for fixed α, the maximum

allowed value for q decreases as the ratio P/Q increases.
In other words, the domain of existence shrinks, as the
magnetic charge is increased, for fixed Q, i.e. a stronger
presence of a magnetic charge leads to smaller maximum
allowed values of q. For purely electrical solutions the
domain of existence is, as before, bounded by a critical
line, and in the scalarized case, by an existence line as
well, that changes with the ratio P/Q (for higher P/Q,
for a fixed α, larger q is required for scalarization).

 0

 2.5
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 0  2.5  5  7.5  10

q

α

extremal lines

critical line 

P/Q=0

P/Q=0.1

P/Q=0.05

 0

 1

 2

 3

 4

 5  10  15  20

q

α

RN black holes

existence line

extremal lines

critical line 

P/Q=0

P/Q=0.05

P/Q=0.1

P/Q=1

FIG. 6: Domain of existence of dilatonic BHs (top panel) and
scalarized BHs (bottom panel) for several values of the ratio
P/Q. The existence line of the right panel is referent to the
purely electrical case.

4.2. Perturbative stability and entropic preference

In the dilatonic case, the branch of solutions with a
given α starts from the Schwarzschild limiting solution
(which has aH = 1, tH = 1 and q = 0) and ends in a limit-
ing configuration with aH > 0, tH = 0 and q = qmax > 0
- Fig. 7. This limiting solution, however, is now an ex-
tremal BH (rather than a singular critical solution) as
discussed before. Unlike the dilatonic solutions, which
exist for arbitrarily small q for any α, scalarized BHs
with a given α exist for q > qmin only. They bifurcate
from a RN BH (with q > 0) and form a branch end-
ing again on an extremal solution with vanishing horizon
temperature and nonzero horizon area. As in the case of
purely electric solutions, for the same global quantities
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dilatonic model
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 0.5
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 1

 0  0.5  1  1.5  2

a H

q
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α=15

scalarised model

P/Q=0.1

RN BHs

extremal SBHs
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scalarised model

α=1
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FIG. 7: Reduced area aH and reduced temperature tH vs. reduced charge q for dilatonic (first two panels) and scalarized
solutions (last two panels). All solutions have P/Q = 0.1. The blue lines are the set of RN BHs (φ = 0). The red lines are
sequences of BHs with a nontrivial scalar field for a given α. Different sequences are presented, for a range of values of α. The
black dots indicate the RN solutions from which the scalarized BHs bifurcate. The dashed black lines represent the extremal
BHs.

M,P,Q, the dyonic scalarized solutions are always en-
tropically preferred over the corresponding RN solution.

Dilaton dyonic BHs were found to be perturbatively
stable, yielding a perturbative potential that is every-
where regular and positive, for all values of P/Q and q.
On the other hand, the scalarized dyon BHs have a neg-
ative potential region (which does not imply instability)
for solutions close to the bifurcating points (this is, for
small values of q, near the existence line for a certain
P/Q ratio).

5. SPONTANEOUS SCALARIZATION OF
CHARGED BLACK HOLES FROM AXION-LIKE

COUPLING

In order to solve the strong CP problem, Peccei and
Quinn introduced a pseudoscalar known as the axion [31].
It was later understood that besides offering a solution
to the strong CP problem, the axion could have deep
implications in cosmology, being a strong candidate for
both cold and non-cold dark matter [32]. Ultralight axion
fields also arise naturally from compactifications in string
theory [33]. A series of experiments are being proposed
and conducted in a quest to look for axionic imprints
(see e.g. [34]). BHs with axion hair have been exten-
sively studied in the literature [35–40]. In a phenomenon
associated with BH superradiance, axions can grow and
”condensate” in the ergo-region of massive and spinning
BHs, causing instabilities [41, 42]. Such instabilities ex-
tract rotational energy from the BH and transfer it into
the axionic cloud, leading to distinct gravitational wave
imprints [43–45], that can be detected with current de-
tectors [46, 47]. Such accumulation of ultralight bosonic
particles may also lead to distinct BH shadows which can
be probed via the Event Horizon Telescope [48].

In this section we study the case for which f(φ) = 1
and h(φ) 6= 0. Two classes of coupling functions will be
considered, one for which spontaneous scalarization does
not occur (axionic, h(φ) = −αφ) and one for which it
does (spontaneously scalarized, h(φ) = −αφ2).

5.1. Extremal solutions and the domain of
existence

Critical Line

P/Q=0.1

P/Q=0.05

P/Q=0.01

0 5 10 15 20 25
0

1

2

3

4

α

q

FIG. 8: Domain of existence of axionic solutions in the (α, q)
plane, in the shadowed region. The domain is bounded by a
critical line at which solutions are singular, for each presented
P/Q value.

The domain of existence, in the (α, q) plane, for axionic
solutions is presented in Fig. 8. The domain of existence
is delimited by a set of critical solutions at which numer-
ics suggest a divergence of the Kretschmann scalar and of
the horizon temperature and a vanishing of the horizon
area, whilst M and Qs remain finite and non-zero. Ex-
ceptions occur for very small values of the coupling, for
which scalarization is almost negligible and solutions ap-
proximate an extremal RN BH. It is interesting to notice
that, along α = constant branches, q increases beyond
unity: therefore, scalarized BHs can be overcharged. We
also remark that for a given α, as q increases, so does the
scalar field’s initial amplitude φ0. As another feature,
for higher magnetic charges (fixing the electric charge Q)
there is a wider domain of existence, which is completely
opposite to the dyonic scalarized BHs case of last section.
There we observed that extremal solutions are obtained,
for smaller values of q, for higher values of P/Q along
the same α = constant branches. This wider domain of
existence, for larger P/Q, is expected since the coupling

h(φ)Fµν F̃
µν is directly proportional to P : for higher val-
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ues of P/Q the scalar field couples more strongly to the
source term.

For the spontaneously scalarized case, a similar be-
haviour for the solutions, as in the last section, was
observed, what suggests the existence of extremal solu-
tions. Similarly to what was done in the last section,
to address extremal BHs one needs to impose a different
near-horizon expansion which accounts for the degener-
ate horizon, which has the same form as eq. 25. Taking
φ0 and rH as the essential parameters one obtains

P = rH , Q = αφ2
0rH , N2 =

1

r2
H

, (28)

and

k =
1

2

(
1 +

√
1 + 16φ2

0α
2

)
, (29)

and in order to obtain physical solutions, one arrives at

the condition α =

√
p(p+1)

2φ0
, p ∈ N0. The domain of exis-

tence, in the (α, q) plane is presented in Fig. 9.

Reissner-Nordström BHs

Extremal BHs

Existence Line

P/Q=0.4

P/Q=0.5

P/Q=0.6

0 10 20 30 40
0.0

0.5

1.0

1.5

2.0

α

q

FIG. 9: Domain of existence of scalarized solutions in the
(α, q) plane. The domain is bounded by an extremal line
(solid lines) at which solutions are extremal BHs and by an
existence line (dashed), for each presented P/Q value.

One can observe that there is a region of non-
uniqueness where, for the same charge to mass ratio
q < 1, RN BHs and scalarized BHs co-exist. Unlike in the
domain of existence for the axionic case, one can observe
that for higher P/Q values, for sufficiently large α, there
is a narrower domain of existence, which is unexpected
since the coupling h(φ)Fµν F̃

µν is directly proportional
to P .

5.2. Perturbative stability and entropic preference

For the axionic case, the potential UΩ is plotted in Fig.
10 (top panel). It is not positive definite in all cases but
it is regular in the entire range −∞ < x <∞. For other
values of the coupling α, the potential always behaves in
a similar way: for sufficiently small values of P/Q, the
potential is always positive (and hence, free of instabil-
ities), until P/Q reaches a value at which the potential

starts to have a negative region. For the scalarized case
the potential always has a negative region regardless of
the ratio P/Q and value of α.

P=0.045

P=0.048

P=0.052

P=0.055

0.0 0.5 1.0 1.5 2.0 2.5

-0.2

0.0

0.2

0.4

0.6

log(r/rH )

U
Ω

α=5, rH=0.1204, Q=0.12

FIG. 10: Sequence of perturbative potentials, UΩ for the ax-
ionic case with α = 5, rH = 0.1204, Q = 0.12 and several
values of P/Q. One observes that the potential is always pos-
itive until a certain P/Q is reached, and afterwards it always
has a negative region.

In the region where the Reissner-Nordstöm BHs and
scalarized BHs co-exist - the non-uniqueness region -, for
the same q, the scalarized solutions are always entropi-
cally preferred as seen in Fig. 11.

α
=5

α=30

α
=10

RN BHs

Extremal BHs

0.0 0.5 1.0 1.5

0.0

0.2

0.4

0.6

0.8

1.0

q

a
H

P/Q=0.6

FIG. 11: aH vs q for P/Q = 0.6. The blue line is the sequence
of non-scalarized BHs, while the red lines are sequences of (nu-
merical data points representing) scalarized BHs for a given
α. The black line represents the entropy of the extremal BH
solutions for the different α values.

6. CONCLUSIONS

We studied BH spontaneous scalarization in the frame-
work of EMS models. We started with a study of purely
electric BH for four different types of coupling functions.
For all the studied couplings, the scalarized solutions
are entropically favoured over a comparable RN BH.
The power-law, hyperbolic and exponential couplings are
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qualitatively very similar. Fundamental spherically sym-
metric BHs were found to be generically perturbatively
stable. The fractional coupling, on the other hand, yields
qualitative differences with the existence of a different
type of boundary in the domain of existence. A sec-
ond line of research was related to the inclusion of mag-
netic charge in the EMS models, yielding dyonic BHs.
It was shown, that the conclusions for generic EMS BHs
are similar to the ones of dilatonic BHs, yielding an ex-
tremal limit in the domain of existence. The entropy of
scalarized BHs was computed revealing, that scalarized
solutions are entropically favoured over a comparable RN
BH. Lastly, the EMS model was generalised to include an

axionic-like coupling. Then the well known case of the
axionic coupling was studied. The domain of existence of
such solutions was obtained, being bounded by a critical
line for sufficiently large α, and approximating extremal
RN BHs for small values of the coupling. A similar pro-
cedure was followed for a power-law coupling, for which
spontaneous scalarization occurs. The domain of exis-
tence of such solutions was obtained, now being bounded
by an existence line (that depends on the magnetic to
electric charge ratio) and by a set of extremal solutions.
It was shown that in the region of non-uniqueness, scalar-
ized solutions are entropically prefered over the compa-
rable RN BHs.
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