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Abstract

Explaining the emergence and evolution of cooperation remains an open challenge to a large
plethora of research areas. Public goods problems, where players contribute (or not) to a collective
goal, are paradigmatic examples in which free riders may profit from the contributions of others. Many
of these problems involve repeated interactions and uncertain returns, where a minimum number of
contributions must be reached to avoid future losses. This type of dilemmas often referred to as
collective-risk dilemmas (CRD) is widespread in natural and social settings, from group hunting to
environmental governance. Here we resort to the toolkit of evolutionary game theory and stochastic
population dynamics to analyse the effect of reciprocal strategies in this context. We model the
adoption of strategies as two coupled Markov processes in which individuals revise their preferences
taking into consideration the decisions and achievements of others. We show that even if prevalent,
conditional strategies have a marginal impact on the overall collective achievement when compared
with the case in which only unconditional strategies are present. We further show that if collective
action affects the amount of resources available in the future, cooperation thrives. This result is shown
to depend on the rates of renewal and consumption of shared resources. The proposed analytical
framework is general enough to be adapted to a wide range of N-person stochastic public goods,
common pool resource dilemmas, and arbitrarily large strategy sets.

Keywords: evolutionary game theory, direct reciprocity, repeated games, collective-risk dilemma,
cooperation

1. Introduction
The problem of maintaining a public good has

always been a hard one to solve. On one hand,
some individuals are willing to spend part of their
resources or time in order to preserve this public
good; on the other hand, each one selfishly benefits
from taking the most from it without giving any-
thing back. Both from a rational and an evolution-
ary perspective, each individual profits from free-
riding on others’ contributions, a behaviour that
leads to the famous tragedy of the commons [5].

We will focus on a threshold public goods game
known as the collective-risk dilemma (CRD) [7, 11],
in which if a group fails to reach a minimum number
of cooperators, all players face a risk of future losses.

To discourage free-riders - individuals who take
advantage of the contributions of others without
contributing themselves - direct reciprocity [6, 11]
will be considered and studied: by including re-
peated interactions, players are able to retaliate
when they are being explored by defecting in the
next round. By considering repeated encounters

instead of a one-shot game, new hypotheses arise:
firstly, individuals may cooperate conditionally on
the outcome of the previous round, emerging new
strategies which reciprocate against the group ac-
tions of the past. Evidence from experiments [3, 8]
show that a big percentage of the population in-
volved in collective action situations are conditional
cooperators, individuals who are willing to cooper-
ate initially, and continue doing so as long as the a
significant proportion of the group also cooperates,
so it is relevant to include this type of strategy when
studying the collective-risk dilemma.

Secondly, whenever groups fail to reach the mini-
mum threshold, the amount of resources in the next
round may be reduced. Including this assumption
helps understand how individuals react to the dam-
age they create in the common pool when the group
effort to cooperate is not enough to preserve it.

This type of public goods game can be adapted
to many real life situations where a minimum num-
ber of cooperators much be reached in order to have
an impact. One such example is related with envi-
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ronment summits. The urgency in reducing green-
house gas emissions and mitigating climate change
demands countries and institutions to all join forces
and collectively cooperate toward the environment,
otherwise the effects will be felt by all. However,
the measures proposed in environment agreements
do not have the necessary impact unless enough par-
ties decide to cooperate. For the past years, many
important results have been reached in order to un-
dertand how to promote cooperation in this setting.
For example, it has been shown that cooperation
benefits from high risk [1, 7] and small groups [1, 2].

Furthermore, we study cooperation in the context
of evolutionary game theory [9] in finite populations
where individuals revise their preferences by com-
paring their own achievements with the ones of the
others. In this context, the most successful traits
(embodied as strategies) spread in the population.

2. Population Dynamics and Small-
Mutation Approximation

Consider a well-mixed population (individuals
can potential interact with equal probability with
all others) of finite size Z where each individual fol-
lows one strategy chosen from the set of strategies
S. Note that all individuals are considered to be
equal, the only distinguishing factor is the strategy
they hold.

Strategies change in discrete time according to
a mutation-selection process. At each time step,
a random individual is selected and his strategy
is updated. With probability µ -the mutation
probability-, it suffers a mutation that will ran-
domly draw a new strategy from S. Note that the
mutation may select the same strategy as the one
the individual had before. With probability 1 − µ,
the individual may imitate the strategy of another
randomly selected individual B. The probability p
that A adopts B’s strategy is given by the Fermi up-

date rule [11] p =
(
1 + eβ(fA−fB)

)−1
where fA (fB)

is the fitness of strategy A(B) and β ≥ 0 measures
the intensity of selection. High values of β translate
to a higher probability of imitating, in contrast to
β → 0 where the fitness does not have a big impact
in the selection of the new strategy. With proba-
bility 1− p, A does not change his strategy. Under
natural selection, individuals with better traits are
imitated more often, which entails those strategies
to spread in the population.

We introduce the Small Mutation Approxima-
tion (SMA) [4, 12] in order to define an embedded
Markov chain whose stationary distribution approx-
imates that of the population. Given that the im-
itation process does not introduce strategies that
are not already present in the population, all new
strategies are a result of mutations. In the absence
of mutations, if the population reaches a monomor-

phic state, that is, a state where all players have the
same strategy, it will stay there forever. Consider-
ing a small mutation probability µ, if a mutation
is introduced in one of these monomorphic states,
then one of two things may happen: or the mutant
strategy spreads and takes over the entire popula-
tion, or it becomes extinct. In both cases, the popu-
lation ends up in a monomorphic state. The validity
of this method comes from the fact the mutations
are rare enough that every time a mutation occurs a
monomorphic state is reached before another muta-
tion occurs. Consequently, the population will have
at most two different strategies simultaneously at
all times.

Under the SMA, we define a reduced Markov
chain whose state space is the set of monomorphic
configurations of the population and whose station-
ary distribution gives the average time the popula-
tion spends in each of the monomorphic states. The
transition probability between states is given by the
probability of a mutant strategy taking over the en-
tire population, that is, reaching the monomorphic
state where all agents hold the strategy of the mu-
tant. Denoting by A the mutant strategy and by
B the other strategy in the population, the fixation
probability is given by [10]

ρAB =

1 +

Z−1∑
x=1

x∏
j=1

T−(j)

T+(j)

−1 . (1)

Here T±(x) gives the probability of changing the
number of A-strategists by ± one, in a population
with x A-strategists and Z − x B-strategists and is

given by T±(x) = x
Z
Z−x
Z

(
1 + e∓β(fA(x)−fB(x)

)−1
,

with x ∈ {0, ..., Z− 1} for T+ and x ∈ {1, ..., Z} for
T−.

With Equation (1) we can compute the transition
matrix of the embedded Markov chain Λ = [Λ]S×S ,
where ΛAB is the probability that a population in
state A will go to state B after the occurrence of a
single mutation, as

ΛAB =
ρBA
|S| − 1

, A 6= B (2)

ΛAA = 1− 1

|S| − 1

∑
S∈S
S 6=A

ρSA. (3)

By computing the left-eigenvector of Λ with respect
to eigenvalue 1, we obtain the stationary distri-
bution of the population within the monomorphic
states, which gives the average fraction of time it
spends in each of the states.

3. Models
3.1. Stochastic Computation of the Payoff in the

Repeated Collective-Risk Dilemma
We consider a finite and well-mixed population

of size Z in which individuals gather in random
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groups of size N < Z and within them play a re-
peated collective-risk dilemma. In each round, in-
dividuals are given an endowment b and they can
either cooperate, in which case they pay a frac-
tion c of their endowment, known as the cost, or
they defect and do not pay anything. Depending
on the number of cooperators in a round NC and
on the risk r of losing their endowment, we consider
a round to be collectively successful is the thresh-
old is met, or if it is not with probability 1 − r,
that is, collective success is met with probability
σ(NC) = θ(NC −M) + (1 − r)(1 − θ(NC −M)),
where θ is the Heaviside step function given by
θ(x < 0) = 0 and θ(x ≥ 0) = 1.

We consider individuals’ strategies to be condi-
tional in the sense that they cooperate with differ-
ent probabilities depending on if the previous round
was or not collectively successful. Each strategy de-
fines how individuals act on every round of the game
in the following way: they are defined as a tuple
(p0, p1) where p0 is the probability of cooperating if
the previous round was collectively successful and
p1 if it was not. We consider 4 strategies: ALLD
≡ (0, 0), pTFT ≡ (0, 1), TFT ≡ (1, 0) and ALLC
≡ (1, 1). ALLD and ALLC are unconditional de-
fectors and cooperators, respectively. TFT corre-
sponds to individuals that cooperate initially and
keep cooperating as long as success is met, but de-
fect if it is not met. pTFT on the contrary act
as compensators, cooperating only when collective
success is not met. In each round, there is a prob-
ability ε that each individual does not act accord-
ingly to their strategy, which stands for behavioural
errors.

After each round, we consider a probability w
of existing a next round, leading to an average of
m = (1− w)−1 rounds.

The payoff of each round depends on the num-
ber of cooperators with each strategy present in the
group, so if there are NS individuals with strategy
S is one round and NS,C of them cooperated, the
payoff of that strategy is given by

πS(NS,C , NC) = b σ(NC)− cbNS,C
NS

, (4)

that is, individuals with strategy S get to keep their
endowment if the round is collectively successful
and a fraction NS,C/NS of them paid the cost cb
to cooperate.

Note that due to the SMA there are at most two
different strategies in the population at the same
time, so denoting them by A and B we can define a
Markov chain to compute the payoff of the repeated
game with state space (NA,C , NB,C) ∈ {0, ..., NA}×
{0, ..., NB}. With this Markov chain we are able to
compute the probabilities of in each round having
exactly (NA,C , NB,C) cooperators for each strategy,

giving a total of NC = NA,C + NB,C cooperators.
Denoting by sn the state distribution of the group
in round n, we are able to compute the payoff of
the repeated game as ΠS(NS) =

∑2m
n=0 sn πS , for

S = A and S = B.

Assuming that in the first round strategies co-
operate with probability pS0 , the initial state distri-
bution s0 can be computed as the product of two
binomial distributions, with parameters (NS , p

S
0 )

for strategy S = A and S = B.This corresponds
to the probability of having NS,C(i) cooperators
out of the NS agents with strategy S, given the
probability pS0 of cooperating, for each state i ∈
{1, ..., (NA + 1)(NB + 1)}.

To compute the state distribution of the next
rounds we must define the transition matrix A of
this Markov chain, for which the transition proba-
bility Aij of moving from state i to state j is given
by the product of each of the strategies moving from
state i to j: Aij = PrAij Pr

B
ij . Here, PrSij is the

probability of going from a state with NS,C(i) co-
operators with strategy S to NS,C(j) cooperators,
out of the NS agents in the group, for S = A and B.
For each strategy S, this probability is given by the
binomial distribution with parameters (NS , P

S
C (i)),

where PSC (i) = σ(i)pS0 + (1 − σ(i))pS1 is the proba-
bility of one individual with strategy S cooperating
if in the previous round the group was in state i.
With the initial distribution and the transition ma-
trix we are able to compute the distribution of the
group in each round and hence compute the payoff
of the repeated game.

Considering the population to be well-mixed, the
fitness of a strategy in the population is the average
payoff over all possible groups of N players in which
that strategy is present and is given by fS(x) =(
Z−1
N−1

)−1∑N−1
j=0

(
x−1
j

)(
Z−x
N−j−1

)
ΠS(j + 1), where x ∈

{0, ..., Z} is the number of individuals with strategy
S in the population.

3.2. Finite Resources in the Collective-Risk
Dilemma

We propose a slight modification of our model to
cope with the fact that the resources we share are
finite and consequently the continued non coopera-
tive actions of players affect the amount of resources
available to all in the next round.

We adapt the Markov chain associated to the
payoff values’ computation, henceforth consider-
ing the state space to be {(NA,C , NB,C , ϕ) ∈
{0, ..., NA} × {0, ..., NB} × Φ}, where Φ is the set
of levels of available resources. Firstly, we con-
sider Φ = {1, ϕmin}, with ϕmin < 1, meaning
that either all resources are available and agents
receive the whole endowment b, or part of the re-
sources have been depleted and so they receive just
a fraction ϕmin b. Then, we extend this set to be

3



𝒊𝒇	𝑵𝑪 ≥ 𝑴

𝒓

𝜸

𝝋𝒌

𝒓
𝒊𝒇	𝑵𝑪 < 𝑴

𝜸

𝒓

𝜸

𝝋𝒌-𝟏𝝋𝒌/𝟏𝝋𝟏

𝜸

𝒓

…

𝒓

𝜸

𝝋𝒏

𝒓

𝜸

…

Figure 1: Transitions between the levels of available resources for each group. In level ϕ1

the full amount of resources are available and the amount is successively smaller until level ϕn in which
the lowest amount is available. When in level ϕk, the group moves to level ϕk+1 with probability r if the
threshold is not met, and to level ϕk−1 with probability γ if the threshold is met.

Φ = {ϕ1, ..., ϕn} where ϕ1 = 1 and ϕk ∈ [0, 1] such
that ϕ1 < ϕ2 < ... < ϕn.

The payoff of strategy S ∈ {A,B} is given by

πS(NS,C , NC , ϕ) = ϕ b σ(NC) − cbNS,C

NS
, which is

the same as before but with the fraction of available
resource ϕ multiplying the endowment.

We consider the levels of resources to influence
the state transitions as is depicted in Figure 1: if
collective success is not met, there is a probability
r of in the next round there being fewer resources
available (that is, moving from level ϕk to level
ϕk+1); conversely if collective success is met, there
is a probability γ (the resources’ renewal rate) that
there will be more resources in the next level (that
is, moving from level ϕk to level ϕk−1). We assume
that in the first round the group has the full amount
of resources at their disposal.

4. Results
4.1. Measuring Cooperation

We introduce the level of cooperation η as the
weighted average fraction of rounds of the repeated
CRD in which the threshold is overcame, with the
weights given by the stationary distribution of the
population over the monomorphic states.

4.2. Conditional Strategies in the Repeated
Collective-Risk Dilemma

Considering Figure 2, we observe that the level of
cooperation grows with the risk, which is expected
since if there is a higher probability of loosing their
endowment, individuals profit from paying a cost to
keep it, and so cooperative behaviours will spread in
the population. We can also observe that the level
of cooperation for smaller risks is somewhat higher
for the repeated game with conditional strategies
than for the one-shot game.

Moreover, from the state diagrams in Figure 3
we see that the population spends a considerable
amount of time following conditional strategies:
when the risk is small following the pTFT strat-
egy, but for high risk the TFT strategy prevails. As
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Figure 2: Level of cooperation of the popu-
lation for different values of risk. The higher
the risk, the more groups reach the threshold. For
smaller risks, considering repeated rounds improves
cooperation, but not significantly. (Z = 50, N =
6,M = 3, b = 1, c = 0.1, w = 0.9, ε = 0.1, β = 1)

the arrows suggest, conditional reciprocal strategies
are promoted by evolution.

We conclude that even though the population
spends a considerable amount of time following con-
ditional strategies, these do not have a large impact
on the overall accomplishments of the population.
However small, the strategy that compensates for
the lack of contributions of the past, pTFT, is re-
sponsible for the differences observed in the level
of cooperation between the one-shot game and the
repeated one with conditional strategies.

Analysing the impact the average number of
rounds has on the level of cooperation (Figure 4)
we can conclude that considering the repeated game
with conditional strategies results in achieving the
cooperative threshold in more rounds. Moreover,
when we consider the same strategy set but with dif-
ferent probabilities of cooperating in the first round
cooperation is even greater, in particular for fewer
rounds, showing that the first actions have impact
on the whole game.
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Figure 3: State diagrams of the population
for r = 0.2 and r = 0.8. In (a) the risk is
0,2 and in (b) r = 0.8. The numbers represent
the fraction of time the population spends in each
monomorphic state, the dashed arrows transitions
with probability 1/Z, the lighter arrows transitions
with probability greater than 1/Z and the thicker
ones with probability greater than 2/Z. The color
of the states illustrates how cooperative that state
is: blue is for ηS = 1, red for ηS ≈ 0 and yellow
for values in between. (Z = 50, N = 6,M = 3, b =
1, c = 0.1, w = 0.9, ε = 0.1, β = 1)
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Figure 4: Level of cooperation of the popula-
tion for different average number of rounds.
For fewer rounds, conditional strategies (q0, p0, p1)
improve the level of cooperation considerably. Con-
sidering conditional strategies promotes coopera-
tion in comparison to existing only unconditional
ones. (Z = 50, N = 6,M = 3, b = 1, c = 0.1, r =
0.2, ε = 0.1, β = 1)

We show the results are robust to changes in the
other variables.

4.3. Finite Resources in the Repeated Collective-
Risk Dilemma

When adding the possibility of receiving a smaller
endowment when group cooperation is not sufficient
to ensure the sustainability of the resources, the
whole group loses from the defective actions of some
members.

If considering only two possible amounts of avail-
able resources (all of them or just a fraction ϕmin),
note that ϕmin = 1 corresponds to the previous

model where we had infinite resources and that as
ϕmin decreases, the difference between the amount
of resources in the two levels increases until we ei-
ther have all resources, or none at all. In Figure 5
(a) the fact that cooperation grows with the de-
crease of ϕmin suggests that when faced with finite
resources individuals are more willing to cooperate,
which is expected since agents loose more when they
move to the lowest level so it is worth it to pay the
cost to cooperate to maintain a high amount of re-
sources.

With this approach the consequences of coopera-
tive and non cooperative actions are seen right away
and are either high or low. In reality, the effect hu-
mans have on the environment can be of multiple
magnitudes and it may take a long time before we
are able to observe the results of the actions taken
in this moment. Consequently, having only two lev-
els of impact is an oversimplification which may not
reflect correctly the behaviour we wish to analyse,
reason why we augment the set Φ with more inter-
mediate levels

We observe in Figure 5(b) that if there are only
two levels of resources, one with the full amount
and the other with none, cooperation thrives. By
incrementing the levels between these two opposites
we see that cooperation gradually decreases. More
levels mean that more rounds without reaching the
threshold are necessary to have the same impact,
that is, the amount of resource decreases slower.
Consequently, it is not as harmful to have less than
M cooperators when Φ is larger. Moreover, com-
pensators spread in the population as we add more
levels.

Small renewal rates γ also promote cooperation
whenever the risk is high since it makes it less prob-
able that the amount of resources grow after they
have already been overused.

4.4. Resource-Based Strategies

Until now, we have considered strategies to be
outcome-dependent, that is, individuals cooperated
depending on if in the previous round they kept
their endowment or not. Yet, when adding to the
model different possible amounts of resources, other
possibilities arise. For example, we may consider
individuals to cooperate depending on the fraction
of available resources. In this context, consider-
ing two levels of available resources, the strategy
TFT≡ (1, 0) can be understood as individuals who
cooperate only when to total amount of resources is
available, defecting otherwise. On the other hand,
pTFT≡ (0, 1) corresponds to individuals who only
cooperate when the group does not possess the full
amount of resources, compensating for the lack of
contributions of the past. We denote these strate-
gies that depend on the amount of available re-
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(a) (b)

Figure 5: Level of cooperation for the repeated CRD with finite resources. (a) Considering
Φ = {1, ϕmin}, the smaller ϕmin is, the more agents cooperate. (b) Different number of levels, uniformly
distributed between ϕ1 = 1 and ϕn = 0. Cooperation has a peek for two levels, and gradually decreases
when more levels are added to the set Φ. (γ = 0.6, Z = 50, N = 6,M = 3, b = 1, c = 0.1, w = 0.95, r =
0.2, ε = 0.1, β = 1).

sources as resource-based strategies.

Applying the model with this type of strategies,
we observe, by comparison with the outcome-based
strategies, that both have a similar behaviour, even
though resource-based strategies lead to an increase
in cooperation for lower renewal rates.

5. Conclusions

When the risk of future losses is high, strategies
which cooperate only if a sufficient number of agents
cooperated in the previous round are favoured by
evolution. On the other hand, when the percep-
tion of risk is low, compensators emerge in the pop-
ulation, that is, individuals who contribute more
to make up for the lack of contributions of oth-
ers. Moreover, when considering conditional strate-
gies that depend only on the outcome of the pre-
vious encounter, the initial action can have a big
impact in the outcome of the game. Experimental
results [3, 8] evidence the presence of conditional
strategies in public goods games and our results
show that they indeed prevail in the population,
however they do not improve significantly the over-
all achievements of the population, suggesting that
one-shot games model correctly the level of cooper-
ation of a population engaged in a CRD, but not
the strategic profiles of players. In conformity with
other works, [1, 2, 7] we also conclude that coopera-
tion is promoted by higher risk and smaller groups.

A big advantage of considering repeated rounds is
that collective actions of players can influence the
amount of resources available in the next round.
We concluded that when over-exploitation leads to
decreased amount of resources, cooperation thrives.
That is, individuals make more efforts to reach the
threshold when not reaching it can result in a big
loss in the amount of resources available. More-

over, when considering the decrease in the amount
of resources more gradual, we see that compen-
sators become more advantageous and cooperation
decreases, suggesting that the rate at which re-
sources are overused influences the actions of play-
ers. As for the rate at which resources renew them-
selves, if it is low then cooperation thrives.

The model developed in order to compute the
payoff of the repeated CRD is general enough that
can be easily adapted to other repeated games and
sets of strategies, as we have done by considering
finite resources and resource-based strategies.
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