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Abstract

Due to recent technological developments, autonomous vehicles have seen an increasing growth
in their applications and in their potential to help society. These vehicles, such as mobile robots,
underwater vehicles and, more recently, unmanned aerial vehicles (UAVs) are being used to perform a
variety of missions. With the need for autonomous systems such as the ones described, comes a need
for control systems that allow them to perform their missions in an efficient and safe way while also
being robust to perturbations from their environment of operation. One solution to this problem, is the
use of hybrid control. In this paper, we propose a control strategy that tackles the problem of global
asymptotic stabilisation of a setpoint on Lie groups by means of hybrid control. This can be used
for setpoint stabilisation on the special orthogonal group, the special Euclidean group and the circle.
These particular examples find applications in the problems of 3-axis gimbal stabilisation, rigid-body
stabilisation and orientation tracking for a quadrotor vehicle.
Keywords: Hybrid Control Systems, Geometric Control, Lie Groups, Aerospace

1. Introduction

With the technological developments happening
nowadays, autonomous vehicles are have seen a in-
creasing growth in their applications.With the need
for autonomous systems such as the ones described,
comes a need for control systems that allow them
to perform their missions in a efficient and safe
way while also being robust to perturbations from
their environment of operation. Several approaches
to the control problem of stabilisation and tra-
jectory tracking have been developed. The most
common way is through continuous feedback con-
trollers. Those, however, are limited as it has been
shown that if the underlying configuration space is
not diffeomorphic to R

n , there exists no continu-
ous state feedback that globally asymptotically sta-
bilises a given configuration. One solution to this
problem, is the use of hybrid control as it is pro-
posed in [1]. These controllers allow for closed loop
systems which are globally asymptotically stable.

In this paper, we propose a control strategy that
tackles the problem of global asymptotic stabilisa-
tion of a setpoint on Lie groups by means of hybrid
control. In particular, the dynamical model of the
system considers that the system state belongs to
a Lie Group that is embedded in a higher dimen-
sional Euclidean space, so that the results provided
in [2] can be used. To globally asymptotically sta-
bilise a setpoint for this system, we follow a syner-
gistic hybrid feedback approach, which consists on

the development of a collection of proper indicators
on the Lie group, each of which is associated with a
feedback law. Radial unboundedness of each proper
indicator and the fact the union of their domains
covers the group implies that there exist points in
each domain where controller switching leads to a
decrease of the associated Lyapunov function. We
show that the proposed controller can be applied
not only to the problem of globally asymptotically
stabilising the position and velocity of the extended
dynamical system, but also to the problem of tra-
jectory tracking since Lie group properties allow for
the definition of the tracking error as an element of
the group itself.

We also show that it is possible to meet the con-
troller design assumptions using proper indicators
that are constructed from a smooth atlas of the
group. We derive two feedback laws from this con-
struction, the first of which grows unbounded near
the boundary of each domain, while the second is
bounded during flows of the closed-loop system,
possibly allowing to meet actuation constraints.

We show that the proposed controller can be used
for setpoint stabilisation on the special orthogonal
group, the special Euclidean group and the circle
and that these particular examples find applications
in the problems of gimbal stabilisation, rigid-body
stabilisation and orientation tracking for a quadro-
tor vehicle.

This work was supported by Fundao para a Cin-
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cia e a Tecnologia through the project LOTUS -
PTDC/EEI-AUT/5048/2014.

1.1. Notation

The symbols R and N represent the set of real
numbers and non-negative integers, respectively.
The n-dimensional Euclidean space is represented
by R

n and it is equipped with the inner product
〈u, v〉 := u⊤v for each u, v ∈ R

n and the norm
|x| :=

√

〈x, x〉 for each x ∈ R
n. The zero vector

on R
n is denoted by 0n. The set of m× n matrices

is denoted by R
m×n and the n × n identity ma-

trix is denoted by In. When working with matrices
M ∈ R

m×n, we denote by M⊤ ∈ R
n×m the trans-

pose of M and by M† ∈ R
n×m as its right inverse.

The derivative of a differentiable matrix function
with matrix arguments F : Rm×n → R

k×l is given
by

DF (X) :=
∂vec(F (X))

∂vec(X)⊤

for each X ∈ R
m×n. For scalar functions with

vector arguments V : R
n → R, we make use of

the alternative notation ∇V (x) := DV (x), for each
x := (x1, ..., xn) ∈ R

n. The vector ei ∈ R
3,

i ∈ {1, 2, 3} represent the unit vector with 1 in the
ith component and 0 in the remaining components.
The operator vec : Rm×n → R

mn is defined as the
vector consisting on a concatenation of the columns
of a matrix.

1.2. Organisation

This work is organised as follows. In Section 1.1 we
introduce some notation and definitions that will be
used throughout the paper.

In Section 2 a description of problems that will
be studied is presented. Those are problem struc-
tures that may be applied to any Lie group. In
Section 3, a solution to those problems is proposed.
First, a more standard approach will be proposed
which provides stability to the system but does not
take actuator limitations into account in the de-
sign. Then, a second approach will be introduced
now with saturation of the input included.

In the following Sections, examples of real ap-
plications of the proposed controllers will be pre-
sented. Each section will first introduce the sys-
tem to be studied, followed by the integration of
the hybrid controller. Finally, some results will are
presented based on computational simulations. In
Section 5, the controller will implemented on a gim-
bal. Then, in Section 6, we adapt a quad-copter to
a vehicle moving in an horizontal plane. In Section
7, a solution for the tracking of a set of landmarks
using a fully actuated vehicle will be presented us-
ing a Lie Group structure based on [3].

In Chapter 8 we end the paper with some conclu-
sions regarding the obtained results.

2. Problem Setup

In this work, we consider the problem of glob-
ally asymptotically stabilising dynamical systems,
evolving on an n-dimensional Lie Group G, that are
properly embedded in R

m, meaning G is a subset of
R

m.
A dynamical system evolving on a Lie group G

can be first described by

ẋ = Π(x)ξ (1)

where x ∈ G is the state of system, ξ ∈ R
n is the

input and Π : G 7→ R
m×n is a smooth function

whose image at x is the tangent space to G. Since
G has dimension n, it is possible to define a set of
parametrizations βq : Uq 7→ R

n that map subsets
Uq of G to R

n. These maps will be useful more
further when defining the hybrid controllers.

Remark 1. The dynamical system inherits the Eu-
clidean structure of its ambient space R

m, making
it amenable to the analysis tools in [2]. However,
these dynamics can be formulated without this ad-
ditional structure as in [4, Eq. (10)].

Without loss of generality, we assume that the
setpoint to stabilise for the closed-loop system is
the identity element of the given Lie group G, which
we denote by e ∈ G. Since global asymptotic sta-
bilisation of a setpoint on a Lie group by means of
continuous feedback is not possible in general due
to topological obstructions, we resort to a hybrid
controller as shown in the following problem state-
ment.

Problem 1. Given the dynamical system (1), de-
sign a hybrid controller with state q ∈ Q satisfying

q̇ ∈ Fq(q, x) (q, x) ∈ C1

q+ ∈ Gq(q, x) (q, x) ∈ D1

(2)

and a feedback law (q, x) 7→ κ(q, x) that renders the
set

A1 := {(q, x) ∈ Q× G : x = e} (3)

globally asymptotically stable for the closed-loop hy-
brid system.

In addition to Problem 1, we also address the
more complex problem of globally asymptotically
stabilising a setpoint in a Lie group considering
than the input is the acceleration, rather than the
velocity, as described next. The second model is a
dynamical extension of (1) with a different input
and its dynamics are described by

ẋ = Π(x)ξ

ξ̇ = u
(4)

where x ∈ G, ξ ∈ R
n and u ∈ R

n is the input. In
this case, we reformulate Problem 1 as follows.
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Problem 2. Given the dynamical system (4), de-
sign a hybrid controller with state q ∈ Q satisfying

q̇ ∈ Fq2(q, x, ξ) (q, x, ξ) ∈ C2

q+ ∈ Gq2(q, x, ξ) (q, x, ξ) ∈ D2

(5)

and a feedback law (q, x, ξ) 7→ κ2(q, x, ξ) that ren-
ders the set

A2 := {(q, x, ξ) ∈ Q×G×R
n : x = e, ξ = 0n} (6)

globally asymptotically stable for the closed-loop hy-
brid system.

In the next section, we present hybrid controllers
that solve both Problems 1 and 2.

3. Controller Design

In this section, we present hybrid controllers for
global asymptotic stabilisation of systems (1) and
(4). To achieve the desired goal, we follow a syner-
gistic hybrid feedback approach. More specifically,
we devise a collection of radially unbounded func-
tions on subsets of G and show that it is possible
to globally asymptotically stabilise the desired set-
point through appropriate switching between differ-
ent gradient-based vector fields of the functions in
the given collection. To construct this collection of
functions we resort to the concept of proper indica-
tor that is presented next.

Definition 1 ([2, Definition 7.9]). Let U be an open
subset of G. A function V : U → R≥0

is a proper
indicator on U if it is continuous and, for a se-
quence {xi}i∈N, V (xi) → ∞ when i → ∞ if either
|xi| → ∞ or the sequence {xi}i∈N approaches the
boundary of U . Let A ⊂ U be a compact set. A
function V : U → R≥0

is a proper indicator of A
on U if it is a proper indicator on U and V (x) = 0
if and only if x ∈ A.

Assumption 1. Let Q ⊂ N be a finite set and
{Uq}q∈Q be a collection of open subsets of G satis-
fying

⋃

q∈Q

Uq = G. (7)

For each q ∈ Q, there exists a continuously differ-
entiable proper indicator Vq of e on Uq such that

Π(x)⊤∇Vq(x) = 0k (8)

if and only if x = e.

In Assumption 1, it is required that potential
functions on G exist for each one of the charts that
covers the group and, additionally, their gradient
must be orthogonal to the tangent space to G at
x if and only if x = e. It is implicitly assumed in
Assumption 1 that the identity e ∈ G belongs to
the domain of Vq(x) for each q ∈ Q. In the sequel,
we make use of Assumption 1 in the design of the
hybrid controllers in Problems 1 and 2.

3.1. Controller Design for Position Stabilisation
Under Assumption 1, we are able to define the func-
tion

W1(q, x) :=

{

Vq(x) if (q, x) ∈ W

+∞ otherwise
(9)

for each (q, x) ∈ Q× G where

W1 := {(q, x) ∈ Q× G : x ∈ Uq}.

Using (9), we define the hybrid controller

q̇ = 0,

(q, x) ∈ C1 := {(q, x) ∈ G×Q : µ1(q, x) ≤ δ}

q+ ∈ g1(x) := arg min{W1(q, x)|q ∈ Q},

(q, x) ∈ D1 := {(q, x) ∈ G×Q : µ1(q, x) ≥ δ}
(10)

where δ > 0 and

µ1(q, x) :=W1(q, x)−min
p∈Q

W1(p, x) (11)

for each (q, x) ∈ Q×G. Under Assumption 1, the re-
lations W1, µ1 and g1, given in (9), (11) and (10), re-
spectively, are endowed with some regularity prop-
erties that are important to the robustness of the
closed-loop hybrid system.

Lemma 1. Let Assumption 1 hold. Then, the fol-
lowing also hold:

1. The function (9) is continuous and positive
definite relative to A1;

2. ν1(x) := minp∈QW1(p, x) < +∞ for each x ∈
G;

3. The function µ1 in (11) is continuous;

4. The function g1 in (10) is outer semicontinu-
ous.

Defining the feedback law

ξ = κ1(q, x) := −kxΠ(x)
⊤∇Vq(x) (12)

for each (q, x) ∈ W1, with kx > 0, the intercon-
nection between the system (1) and the controller
defined in (10) is the closed-loop hybrid system
H1 := (C1, F1, D1, G1) given by

(q̇, ẋ) ∈ F1(q, x) (q, x) ∈ C1

(q+, x+) ∈ G1(q, x) (q, x) ∈ D1

(13)

where C1 and D1 are given in (10) and

F1(q, x) := (0,Π(x)κ1(q, x)) ∀(q, x) ∈ C1

G1(q, x) := (g1(x), x) ∀(q, x) ∈ D1

(14)

We make use of Lemma 1 to show that the closed-
loop hybrid system satisfies the so-called hybrid ba-
sic conditions which are pivotal for well-posedness
and asymptotic stability of A1.
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Lemma 2. Let Assumption 1 hold. Then the fol-
lowing hold:

(A1) C1 and D1 are closed;

(A2) F1 is outer semicontinuous relative to C1, lo-
cally bounded relative to C1 and F1(q, x) is con-
vex for each (q, x) ∈ C1;

(A3) G1 is outer semicontinuous relative to D1 and
locally bounded relative to D1.

The hybrid basic conditions (A1)-(A3) as defined
in [2, Assumption 6.5] ensure that the closed-loop
hybrid system is endowed with robustness to mea-
surement noise and that one may resort to invari-
ance principles for hybrid system such as the ones
invoked in the next result.

Theorem 1. Let Assumption 1 hold. Then, the
set A1 in (3) is globally asymptotically stable for
the closed-loop hybrid system (13).

3.2. Controller Design for Position and Velocity
Stabilisation

In order to tackle Problem 2, we follow the same
principles of synergistic hybrid feedback that were
used in Section 3.1. In this direction, we make use
of (9) to define

W2(q, x, ξ) := kxW1(x, q) +
1

2
ξ⊤ξ (15)

for each (q, x, ξ) ∈ W2, and with kx > 0, where

W2 := W1 × R
n.

To globally asymptotically stabilise (e, 0) for (4),
we define the hybrid controller

q̇ = 0,

(q, x, ξ) ∈ C2

q+ ∈ g2(x, ξ) := arg min{W2(q, x, ξ)|q ∈ Q},

(q, x, ξ) ∈ D2

(16)

where

C2 := {(q, x, ξ) ∈ Q× G× R
n : µ2(q, x, ξ) ≤ δ}

D2 := {(q, x, ξ) ∈ Q× G× R
n : µ2(q, x, ξ) ≥ δ}

(17)
with δ > 0 and

µ2(x, ξ, q) :=W2(q, x, ξ)−min
p∈Q

W2(x, ξ, p) (18)

for each (q, x, ξ) ∈ Q× G× R
n.

Similarly to Lemma 1, we show that the func-
tions W2, µ2 and g2 given in (15), (18) and (16),
respectively, are endowed with the same regular-
ity properties that also hold for W1, µ1 and g1, as
shown next.

Lemma 3. Let Assumption 1 hold. Then, the fol-
lowing also hold:

1. The function (15) is continuous and positive
definite relative to A2;

2. minp∈QW2(x, ξ, p) < +∞ for each (x, ξ) ∈ G×
R

n;

3. The function µ2 in (11) is continuous;

4. The function g2 in (10) is outer semicontinu-
ous.

Using the feedback law

u = κ2(q, x, ξ) := −kxΠ(x)
⊤∇Vq(x)− kξξ (19)

for each (q, x, ξ) ∈ W2 with kξ > 0, the intercon-
nection between the system (4) with the controller
defined in (16) and (19) is the closed-loop hybrid
system H2 := (C2, F2, D2, G2) given by

(q̇, ẋ, ξ̇) ∈ F2(q, x, ξ) (q, x, ξ) ∈ C2

(q+, x+, ξ+) ∈ G2(q, x, ξ) (q, x, ξ) ∈ D2

(20)

where C2 and D2 are given in (16) and

F2(q, x, ξ) := (0,Π(x)ξ, κ2(q, x, ξ)) ∀(q, x, ξ) ∈ C2

G2(q, x, ξ) := (g(x, ξ), x, ξ, ) ∀(q, x, ξ) ∈ D2.
(21)

The closed-loop hybrid system (20) also satisfies the
hybrid basic conditions, as shown next.

Lemma 4. Suppose that Assumption 1 holds.
Then, the following are verified:

(B1) C2 and D2 are closed;

(B2) F2 is outer semicontinuous relative to C2, lo-
cally bounded relative to C2 and F2(q, x, ξ) is
convex for each (q, x) ∈ C2;

(B3) G2 is outer semicontinuous relative to D2 and
locally bounded relative to D2.

From the previous lemma, we are able to derive
the following result.

Theorem 2. Let Assumption 1 hold. Then, the
set A2 in (6) is globally asymptotically stable for
the closed-loop hybrid system (20).

4. Saturated Feedback Controller Design

In this section, we present hybrid controllers for
global asymptotic stabilisation of system (1). Un-
like the first approach, in the controller defined in
this section the output will always be contained
within predefined boundaries. Those boundaries
can be tuned to fit the limitations of the system
to be controlled.
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To achieve the desired goal, we again follow a
synergistic hybrid feedback approach. More specif-
ically, we devise a collection of radially unbounded
functions on subsets of G and show that it is possi-
ble to globally asymptotically stabilise the desired
setpoint through appropriate switching between dif-
ferent gradient-based vector fields of the functions
in the given collection.
Let A = {βq, Uq}q∈Q denote a smooth atlas of

G. This set of functions βq : Uq → R
n map subsets

Uq of G which together cover the whole Lie group.
Under Assumption 1, we define the function

Vq(x) =
1

2
|βq(x)− βq(e)|

2 (22)

for each q ∈ Q and x ∈ Uq. Taking (9), we are able
to rewrite W1 as

W1(q, x) :=

{

1

2
|βq(x)− βq(e)|

2 if (q, x) ∈ W

+∞ otherwise

(23)

for each (q, x) ∈ Q× G.
With this defined, we resort on the following re-

sult to define the control law.

Theorem 3. Let Assumption 1 hold and let Vq
be defined by (22). Then, Dxβq(x)Π(x) is a non-
singular matrix in R

n×n for all (q, x) ∈ W1.

To guarantee that the controller to be presented
is bounded, we make the following definition.

Definition 2. We define a scalar saturation func-
tion lb(x) : R → [−b, b], b ∈ R

+ with the following
properties:

1. lb(x) is continuously differentiable for each x ∈
R;

2. lb(0) = 0;

3. lb(x)x > 0 for each x ∈ R \ {0}.

Using this definition, we define the function σb(x) :
R

k → R
k as

σb(x)i = lb(xi) (24)

for i ∈ {1, ..., k} and x ∈ R
k.

Under assumption (1) and, we define the feedback
law

ξ = κb(q, x) := −kx(Dxβq(x)Π(x))
−1σb(βq(x)−βq(e))

(25)
for each (q, x) ∈ W and with kx > 0, the inter-
connection between the system (1) and the con-
troller defined in (10) is the closed-loop hybrid sys-
tem Hb := (C1, Fb, D1, G1) given by

(q̇, ẋ) ∈ Fb(q, x) (q, x) ∈ C1

(q+, x+) ∈ G1(q, x) (q, x) ∈ D1

(26)

where C1 and D1 are given in (10) and

Fb(q, x) := (0,Π(x)κb(q, x)) ∀(q, x) ∈ C1

G1(q, x) := (g1(x), x) ∀(q, x) ∈ D1

(27)

Similar to the previous chapter, we make use of
Lemma 2 to show that the closed-loop hybrid sys-
tem satisfies the so-called hybrid basic conditions
which are pivotal for well-posedness and asymp-
totic stability of A1. From this Lemma, we con-
clude that the system verifies conditions (A1) and
(A3). The following result guarantees that this sys-
tem also verifies the second hybrid condition.

Lemma 5. Let Assumption 1 hold. Then, F1 is
outer semicontinuous relative to C1, locally bounded
relative to C1 and Fb(q, x) is convex for each
(q, x) ∈ C1.

Under Lemmas 2 and 5, we will be able to derive
the next result. The theorem that follows is very
similar to Theorem 1 so on its proof we will focus
on the main differences.

Theorem 4. Let Assumption 1 hold. Then, the
set A1 in (3) is globally asymptotically stable for
the closed-loop hybrid system (26).

With the stability of the closed-loop guaranteed,
the limitations of κb will be shown for each appli-
cation that is considered.
In following sections, we demonstrate how the

controllers presented in sections 3 and 4 can be used
in applications of interest.

5. Gimbal Stabilisation

In this section, we address the problem of globally
asymptotically stabilising a trajectory for a gimbal
using the controllers presented in Chapters 3 and 4.
The dynamics of this system can be written as

Ṙ = RS(ωb) (28)

where R ∈ SO(3) := {R ∈ R
3×3 : R⊤R =

I3, det(R) = 1} is a rotation matrix that maps vec-
tors in a body-fixed frame to the inertial frame and
represents the state of the gimbal and S(v) is given
by

S(v) =





0 −v3 v2
v3 0 −v1
−v2 v1 0



 (29)

for each v =
[

v1 v2 v3
]⊤

∈ R
3. The vector ωb ∈

R
3 is the angular velocity vector in the body frame,

which is considered as an input. Let ωd(t) ∈ R
3

be the desired angular velocity defined for all t ≥
0, Rd(t) ∈ SO(3) be a trajectory to be followed
according to

Ṙd(t) = Rd(t)S(ωd(t)) (30)
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and Re = R⊤
d R be the tracking error. With this

definition, and using (28), (30) and the property

RS(ω) = S(Rω)R (31)

we write the dynamics of this error as

Ṙe = ReS(ωb −R⊤
e ωd) = ReS(ωe) (32)

with ωe = ωb −R⊤
e ωd.

Under the previous assumptions, the system (32)
can be written in the form (1) with x := vec(Re),
ξ = ωe and

Π(x) = −





Re(x)S(e1)
Re(x)S(e2)
Re(x)S(e3)



 (33)

for each Re(x) ∈ SO(3). We define the identity as
e = vec(I3).
To meet Assumption 1, we construct two different

atlas of SO(3) in the next section.

5.1. Finite Atlas of SO(3)
In order to meet Assumption 1, we first define a
potential function Vq as

Vq(x) =
1

2
|βq(x)− βq(vec(I3))|

2 (34)

for each x ∈ Uq, with q ∈ Q := {0, 1, 2, 3} and
such that Vq is a proper indicator of I3 on Uq. The
function βq together with Uq form a maximal atlas
of SO(3). To complete this maximal atlas of SO(3),
let Uq be defined by:










U0 = U

Uq = {Re(x) ∈ SO(3) : R(eq, π/2)Re(x) ∈ U} ,

q ∈ {1; 2; 3}

(35)
where U := {Re(x) ∈ SO(3) : (I3 +
Re(x)) is non-singular} and R(v, α) ∈ SO(3) is a
rotation matrix of an angle α around the axis de-
fined by the unity vector v.
Two functions β1,q and β2,q will be defined in the

following sections.

5.1.1 Cayley Transform

For each x ∈ Uq we define β1,q(x) : SO(3) → R
3 as

β1,q(x) =



















S−1(C−1(Re(x))),

if q = 0

S−1(C−1(R(eq, π/2)Re(x))),

if q ∈ {1; 2; 3}

(36)
where S−1 is the inverse of (29) and C−1(M) is the
inverse Cayley transformation given by

C−1(M) = (I3 +M)−1(I3 −M) (37)

for M ∈ U .

5.1.2 Logarithmic Transform

For each x ∈ Uq, we define the function SL : Q ×
SO(3) → R

3 as

SL(q,Re) =



















S−1(lnRe)

if q = 0

S−1(ln (R(eq, π/2)Re)))

if q ∈ {1; 2; 3}

(38)

for each Re ∈ SO(3) and q ∈ Q where lnRe repre-
sents the natural logarithm of the matrix Re.

We also define the function Mπ : R3 → R
3 as

Mπ(v) =
v

π − |v|
(39)

for v ∈ {v ∈ R
3 : |v| < π}. Using this function, we

then define β2,q : SO(3)×Q→ R
3 as

β2,q(x) =Mπ(SL(q,Re(x))) (40)

for (q, x) ∈ W

This closed-loop system can be applied to a gim-
bal mechanism both in simulation and real environ-
ments. In the following section, we show how this
controller can be implemented.

5.2. System adaptation
The control laws previously described previously
can be tested using a iFlight G40 3 Axis Aerial
Gimbal available in the Dynamic Systems and
Oceanics Laboratory of the Institute for Systems
and Robotics.
Each motor controls one Euler angle in the order

λ =
[

θ φ ψ
]⊤

(pitch, roll, yaw). The rotation
matrix R ∈ SO(3) used as the state of the system,
is defined by

R(λ) = R(e3, ψ)R(e1, φ)R(e2, θ) (41)

as a function of the Euler angles.
The orientation of this gimbal can be controlled

by angular velocity commands λ̇ ∈ R
3 to three mo-

tors.However, the angular velocity of the gimbal
motors λ̇ is not always coincident with ωb thus re-
quiring a transformation before being applied which
is given by

λ̇ =







cos θ 0 − sin θ
sin θ tanφ 1 cos θ tanφ

sin θ

cosφ
0

cos θ

cosφ






ωb (42)

for all λ : cosφ 6= 0.

6. Trajectory Tracking for a Quadrotor

The application of the controllers proposed in Sec-
tions 3 and 4 is the stabilisation of the orientation
of a quadrotor while it is tracking a trajectory. In
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such vehicle, as it will be explained later, if we want
to stabilise its position, there is only one degree of
freedom, expressed as rotation around a fixed axis.
for this reason, the hybrid controller presented will
assume a system evolving in SO(2) with the follow-
ing dynamics

Ṙz = RzS2D(ω̄) (43)

where Rz ∈ SO(2) := {Rz ∈ R
2×2 : RzR

⊤
z =

I2, det(R) = 1} and we define S2D : R 7→ R
2×2

as

S2D(ω) =

[

0 −ω
ω 0

]

. (44)

With this dynamics, the system (43) can be written
in the form (1) with x := vec(Rz) and

Π(x) =
[

R12(x) R22(x) −R11(x) −R21(x)
]⊤

(45)
for each Rz ∈ SO(2). We define the identity as the
matrix I2 leading to A1 = {I2}.
To meet Assumption 1, we construct an atlas of

SO(2) in the sequel.

6.1. Finite Maximal Atlas of SO(2)
We define a set of functions βq that for each q ∈
Q := {0, 1}, map subsets Uq of SO(2) to R. This
set of functions βq together with Uq form a maximal
atlas of SO(2) mapping the entire group.
A rotation matrix Rz ∈ SO(2) can be written as

function of the angle of rotation α ∈ R according
to

Rz(α) =

[

R11 R12

R21 R22

]

=

[

cosα − sinα
sinα cosα

]

(46)

which allows us to write

tanα =
sinα

cosα
=
R21

R11

which is a function of the values of Rz. To get a
value of αq from this, we use the arc-tangent func-
tion arctan : R →

]

− π
2
; π
2

[

together with the sig-
nals of sinα and cosα to determine α such that

{

αq ∈
]

− π
2
; 3π

2

[

, q = 0

αq ∈
]

− 3π
2
; π
2

[

, q = 1
. (47)

This leads to the function atan2(M, q) : SO(2)×
Q→ R defined as

atan2(Rz, 0) =











arctan(tanα) , R11 > 0

arctan(tanα) + π ,R11 < 0
π
2

, R11 = 0

atan2(Rz, 1) =











arctan(tanα) , R11 > 0

arctan(tanα)− π ,R11 < 0

−π
2

, R11 = 0

Based on this function, using αq(Rz) =
atan2(Rz, q), for each (x, q) ∈ Uq × Q, βq(x) :
SO(2) 7→ R is given by

βq(αq(x)) =















α0(x)

(α0(x) +
π
2
)( 3π

2
− α0(x))

, q = 0

α1(x)

(α1(x) +
3π
2
)(π

2
− α1(x))

, q = 1

(48)
with Uq being defined as

U0 = {Rz ∈ SO(2) : R12 6= 1}

U1 = {Rz ∈ SO(2) : R21 6= 1}.
(49)

In the following section we demonstrate how the
controllers from Sections 3 and 4 can be used to
stabilise a quadrotor.

6.2. System Adaptation

We first start by presenting the dynamics of a
quadrotor. A quadrotor is an aerial vehicle con-
sisting on four motors placed in square around a
central platform. The last, is coincident with the
vehicles center of mass. By controlling the four mo-
tors separately, it is possible to generate torques in
all directions along with a total thrust in the verti-
cal axis. This vehicle was modeled by the following
equations of motion











ṗ = vi

Ṙ = R S(ωb)

v̇i = g − T
m
Re3

(50)

according to [5] where p ∈ R
3 is the position of the

vehicle, vi ∈ R
3 is its velocity both in the inertial

frame, R is the rotation matrix that rotates vectors
from the body fixed frame to the inertial frame, g is
the gravity acceleration vector in the inertial frame
and m ∈ R

+ is the mass of the vehicle. In this
model, we assume that aerodynamic forces are not
significant.

The four inputs that the system receives are
the total thrust T and the angular velocity ωb =
[

ω1 ω2 ω3

]⊤
, represented in the body fixed

frame.

To control the position of the vehicle, a contin-
uous saturated was implemented to compute the
total thrust T and the angular speeds ω1 and ω2 re-
quired to grant accelerations a in the inertial frame.
With the trajectory tracking done by this control
law, we need to write the dynamics of the rotation
around the thrust axis so that we can control it with
ω3.

We define rd ∈ R
3 : |rd| = 1, e⊤3 rd = 0 as the de-

sired orientation of the front of the quadrotor in the
horizontal plane of the inertial frame.
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To make the conversion from (50) to an angular
movement around the thrust axis controlled by nz,
let us define r1 = Re1 as the unit vector pointing
to the front of the quadrotor, represented in the
inertial frame.
We also define a reference r1d to be stabilised as

r1d = −
S2(r3)rd
|S(r3)rd|

(51)

which is a projection of the vector rd in the plane
orthogonal to the thrust vector.
Stabilising r1 to r1d is equivalent to stabilising

the vector e1 to e1d = R⊤r1d, both represented in
the body fixed frame. From (51), we can write e1d
as

e1d = R⊤−S2(r3)rd
|S2(r3)rd|

=
−S2(e3)R

⊤rd
|S2(e3)R⊤rd|

(52)

resulting in its dynamics being

ė1d = S(e1d)
−S(e1d)S(e3)S(R

⊤ṙd − S(ωb)R
⊤rd)e3

|S2(e3)R⊤rd|
.

(53)
From (52), we can derive that e3 and e1d are normal
resulting in e⊤3 e1d = 0. With this property, we can
write

S(e1d)S(e3) = e3e
⊤
1d − e⊤3 e1dI3 = e3e

⊤
1d (54)

and then simplify (53) as

ė1d = S(e1d)e3
−e⊤

1dS(R
⊤ṙd − S(ωb)R

⊤rd)e3
|S2(e3)R⊤rd|

(55)

thus having the form

ė1d = S(e1d)e3 ω̄ (56)

with ω̄ given by

ω̄ =
r⊤3 (S(rd)ṙd) + S2(rd)Rωb

r⊤d S
2(r3)rd

(57)

as a function of the system state (through R and
ωb) and the reference rd and its derivative ṙd.

With this reference, we define the matrix Rz ∈
SO(2) as

Rz =

[

cz −sz
sz cz

]

(58)

with cz and sz defined as

cz = e⊤1 e1d (59)

sz = −e⊤2 e1d (60)

which represent the cosine (cz) and sine (sz) of the
oriented angle from e1 to e1d. The identity of this
space corresponds to states where e1 = e1d. The

derivatives of those two parameters can be obtained
as a function of ė1d being given by

ċz = e⊤1 ė1d = −szω̄ (61)

ṡz = −e⊤2 ė1d = czω̄ (62)

after using (56), resulting in the following dynamics
for Rz

Ṙz = RzS2D(ω̄) (63)

as proposed in (50). Finally, we can rearrange ω̄ as
a function of ω3 by taking (57) and rewrite it as

ω̄ =
e⊤
1dS(e3)R

⊤ṙd
|S2(e3)R⊤rd|

−
e⊤
1dS(e3)S(ωb)R

⊤rd
|S2(e3)R⊤rd|

(64)

which leads to

ω̄ =
r⊤d S(r3)ṙd − r⊤d Rω12 r

⊤
d r3

r⊤d S
2(r3)rd

+ ω3 (65)

which has a component dependent on the reference
rd and the system state through R (and r3) and
the angular velocity component ω12 controlled by
the inner loop defined previously and a component
ω3 which is where the hybrid controller will actuate
thus concluding the definition of the system dynam-
ics in SO(2). When computing the input ω3 of the
system, we do so according to

ω3 = ω̄ −
r⊤d S(r3)ṙd − r⊤d Rω12 r

⊤
d r3

r⊤d S
2(r3)rd

(66)

using the results from the ω12 controller together
with ω̄.

7. Trajectory tracking based on Landmarks

The third situation considered in this work, is
the application of the controllers proposed in sec-
tions 3 and 4 to trajectory tracking based on a
set of landmarks. For this case, we consider a
generic, fully actuated vehicle moving in SE(3) :=
(R, p) ∈ SO(3)× R

3. Its position and orientation
are described by

Ṙ = RS(ωb)

ṗ = Rvb
(67)

where R ∈ SO(3) is the rotation matrix that ro-
tates vectors from the body fixed frame to the in-
ertial frame, p ∈ R

3 is the position of the vehicle
and ωb, vb ∈ R

3 are its angular and linear velocities
respectively in body fixed coordinates. It will also
be useful to write the position and orientation and
their dynamics as

M =

[

R p
03 1

]

, Ṁ =M

[

S(ωb) vb
03 0

]

(68)
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to have a similar structure to the landmarks defini-
tion as it be developed forward. After an appropri-
ate transformation that will be presented forward,
we define and error matrix and respective dynamics
with time as

Me =

[

Re pe
0⊤3 1

]

, Ṁe =Me

[

S(ωe) ve
03 0

]

(69)

with ωe, ve ∈ R
3.

With these dynamics, such system can be writ-
ten in the form depicted in (1) with x =
[

vec(Re)
⊤ p⊤e

]⊤
and ξ =

[

ω⊤
e v⊤e

]⊤
. With this

definition, Π(x) is given by

Π(x) =









−Re(x)S(e1) 03×3

−Re(x)S(e2) 03×3

−Re(x)S(e3) 03×3

03×3 Re(x)









(70)

allowing us to apply the controllers presented in
Sections 3 and 4.

7.1. Finite Atlas of SE(3)
We first define a potential function Vq : R12 7→ R

as

Vq(x) =
1

2
|βq(x)− βq(e)|

2 (71)

where e =
[

vec(I3)
⊤ 0⊤3

]⊤
for each x ∈ Uq, with

q ∈ Q := {0, 1, 2, 3} and such that Vq is a proper
indicator of x0 on Uq. The function βq together
with Uq form a finite atlas of SO(3). To complete
this atlas of SE(3), let Uq be defined by:











U0 = U

Uq = {x ∈ SE(3) : R(eq, π/2)Re(x) ∈ U},

q ∈ {1; 2; 3}

(72)
where U := {x ∈ SE(3) : (I3 +
Re(x)) is non-singular} and R(v, α) ∈ SO(3)
is a rotation matrix of an angle α around the axis
defined by the unity vector v.
Similarly to Chapter 5, two functions β1,q and

β2,q will be defined based on the parametrizations
used for SO(3).
The function β1,q was based on the Cayley trans-

form from (37) and is defined as

β1,q(x) =



























[

S−1(C−1(Re(x)))
⊤ pe(x)

⊤
]⊤

,

if q = 0
[

S−1(C−1(R(eq, π/2)Re(x))) pe(x)
⊤
]⊤

,

if q ∈ {1; 2; 3}

(73)
for each (x, q) ∈ Uq ×Q. As for β2,q, we use

β2,q(x) =
[

Mπ(SL(q,Re(x)))
⊤ pe(x)

⊤
]⊤

(74)

for each (x, q) ∈ Uq × Q, with Mπ and SL defined
in (39) and (38) respectively.
Those parametrizations have a structure that is

very similar to the ones used for SO(3) in Section 5
which makes it easier to prove that it fulfils As-
sumption 1.

7.2. System Adaptation with a structure similar to
Problem 1

First, we define the landmarks position in an iner-
tial frame, with center and orientation chosen arbi-
trarily.

Assumption 2. There exist l landmarks in the free
space, for l ∈ N : l ≥ 4, with position pLi ∈ R

3 for
the i-th landmark and such that

1.
P :=

[

pL1 . . . pLl

]

(75)

2.

rank

([

P
1⊤L

])

= 4 (76)

We will consider that the vehicle can obtain the
position of each landmark represented in its body
fixed frame, defined as

[

Lm

1⊤L

]

=M−1L =M−1M0

[

P
1⊤L

]

(77)

where M−1 can be determined by

M−1 =

[

R⊤ −R⊤p
0⊤3 1

]

. (78)

The trajectory to be followed by the vehicle, is writ-
ten relatively to the set of landmarks such that
the desired measurements Ld ∈ R

3×l are obtained
through

[

Ld(t)
1⊤L

]

=M−1

d (t)

[

P
1⊤L

]

(79)

with Md ∈ SE(3) and its dynamics defined as fol-
lows

Md(t) =

[

Rd pd
0⊤3 1

]

, Ṁd =Md

[

S(ωd) vd
0⊤3 0

]

(80)

where Rd ∈ SO(3) represents the desired attitude of
the vehicle relative to the set of landmarks, pd ∈ R

3

is the desired position relative to the same set and
ωd ∈ R

3 and vd ∈ R
3 being the desired angular

and liner velocities respectively, written in the the
desired body fixed frame.
By comparing (77) and (79), it is easy to con-

clude that tracking Lm to Ld is equivalent to track
M−1M0 to M−1

d . From this conclusion, we define
the tracking error

Me :=M−1M0Md =

[

Re pe
0⊤3 1

]

(81)
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which we want to stabilise in I4.
Under assumption 2, we can define

(

[

P⊤ 1L
]⊤

)†

as the right inverse of
[

P⊤ 1L
]⊤

which allows to write Me as

Me =

[

Lm

1⊤L

] [

P
1⊤L

]†

Md (82)

which is function of the desired position and orien-
tation Md relative to the landmarks, the measure-
ments Lm made by the vehicle and the known shape
of the set of landmarks P .

For a first application, we assume the dynamics
of the vehicle to be modelled by (67) with inputs
vb and ωb. Using the structure from (68), we can
write M−1 and its dynamics as

M−1 =

[

R⊤ −R⊤p
0⊤3 1

]

, (83)

˙(M−1) =

[

S(−ωb) −vb
0⊤3 0

]

M−1 (84)

which allows to write the dynamics of the error Me

from (81) as

Ṁe = ˙M−1M0Md +M−1M0Ṁd =Me

[

S(ωe) ve
0⊤3 0

]

(85)
where ωe = ωd − R⊤

e ωb and ve = vd − R⊤
e vb −

R⊤
e S(ωb)pe are the new inputs.

7.3. System Adaptation with a structure similar to
Problem 2

In a second application, we assume the dynamics of
the vehicle to be modelled by 67 with the additional
two equations

ω̇b = −J−1S(ωb)Jωb + n

v̇b = −S(ωb)vb + f
(86)

with news inputs f ∈ R
3 and τ ∈ R

3 both repre-
sented in a body fixed frame. Picking the dynamics
of Me from (85), we derive ωe and ve as

ω̇e = ω̇d + S(ωd)R
⊤
e ωb +R⊤

e J
−1S(ωb)Jωb +R⊤

e n
(87)

for ω̇e and

v̇e =v̇d +R⊤
e S(ωb)(vb −Revd)

+ S(ωd)R
⊤
e (v + S(ωb)pe)

+R⊤
e S(ωb)J

−1ωb +R⊤
e S(pe)n−R⊤

e f

(88)

for v̇e as functions of only the state Me and the
desired trajectory and attitude of the vehicle.

8. Conclusions

With this work, it was possible to study and im-
plement control laws that asymptotically stabilise

systems evolving on Lie groups. The proposed
controllers were able to so, even if the underlying
configuration space is not diffeomorphic to the n-
dimensional Euclidean space they were embedded
in. Besides that, it was possible to develop a satu-
rated feedback control law for the problem of posi-
tion stabilisation.
Those controllers were then successfully adapted

to three systems evolving in different Lie groups.
After appropriate transformations were developed
to write those systems in the form proposed in Sec-
tion 2, all the required assumptions were verified
and then simulations were performed to validate
the theory. As expected, the closed hybrid systems
which resulted from the implementation of the con-
trol laws all shown asymptotic stability for all situa-
tions that were simulated. Furthermore, the system
with the saturated feedback control law, revealed to
be bounded, not increasing beyond a set of values
that can be tuned using the available parameters.
This control law also shown a quicker response for
the same parameters when compared with the non-
saturated feedback law, while also leading to a more
smoother evolution of the system state.
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