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Instituto Superior Técnico, Universidade de Lisboa, Portugal

July 2019

Abstract

Numerous systems need to estimate their position in space and time to perform their assigned tasks.
However, for cases where GNSS tracking is not an option (like indoor and in underwater environments),
the techniques to produce a reliable position estimate are subject to measurement noise and also other
phenomena, like transmission delay and packet loss. The present work aims to address this problem
resorting to a statistical estimation algorithm, in which lost packages correspond to missing entries
in a temporal sequence from data-stream. Initially, the localization problem is formulated through a
maximum likelihood estimator for a generic network of nodes, that have access to the distance and
angle measurements between them with no loss of information of any kind. This approach results in a
non-convex optimization problem. The next step, to deal with package loss, faces this problem from a
temporal perspective and incorporates in it the prior probability of the missing measurements, which
results in a maximum a posteriori estimator for a generic network. The overall MAP estimator is
approximated via convexification. An optimization algorithm is presented to obtain the solution of the
convex problem. The method developed is robust, convex and does not require any particular anchor
configuration. It improves accuracy in one order of magnitude, when compared with a state-of-the-art
method.
Keywords: Missing data, Maximum Likelihood Estimator, Maximum a Posteriori Estimator, Convex
Optimization, Statistical Learning

1. Introduction

In a communication network, loss of information
packets occurs when communication fails between
agents. We focus on the topic of estimation under
lost data, applied to the specific case of Autonomous
Underwater Vehicles (AUVs). Underwater commu-
nication is difficult due to the high conductivity of
water that severely disrupts radio wave propaga-
tion, restricting the use of Global Navigation Satel-
lite Systems (GNSS) to obtain the position of ve-
hicles in this environment. Since there is no GNSS
information available, it is necessary to find other
ways to track the position of the vehicles. One com-
mon approach is to use multiple vehicles that com-
municate between themselves and share information
about their relative positions, which is called a coop-
erative approach. When each agent can locally com-
pute its own position, merely relying on information
from neighbor agents, it is called a distributed ap-
proach (opposed to a centralized one). However,
there will always be situations where data is lost in
transmission between agents. It is therefore of great
importance to be able to harness the information of
lost packets and to do so with the maximum pre-
cision possible. Furthermore, methods of this type
rely on statistical estimators, and this sort of ap-
proach cannot deal with missing data, reinforcing

the idea that there is the need for algorithms that
can handle packet losses, not only in the case of
AUVs but also other flying or terrestrial vehicles.

The state estimation problem with missing mea-
surements has attracted research interest in the last
few years and when designing a state estimator, it
is important to take into account the missing data
phenomenon to improve the estimation performance
in real life. Common approaches use a set of ran-
dom variables satisfying certain probabilistic distri-
butions to characterize the phenomenon of the miss-
ing measurements, where each sensor can have an
individual missing probability. Authors in [1] de-
signed a time-varying state estimator such that, in
the presence of missing measurements and random
disturbances, an upper bound of the estimation er-
ror covariance was obtained based on the discrete
Riccati difference equations. In [2] the authors pro-
pose a stochastic model when multiple binary ran-
dom variables with known probabilities, describe
the transmission delays and packet dropouts. The
model is optimized via a distributed fusion Kalman
filter. In [3], a robust Kalman filter is designed
for linear uncertain systems subjected to random
delays and missing measurements, also character-
ized by Bernoulli random variables. Introducing the
stochastic uncertainties into the process noise, the
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original Kalman filter is transformed into a stochas-
tic parameterized uncertain system. Authors in [4]
considered the problem of absolute position recon-
struction assuming that each agent is equipped with
a global positioning system (GPS), and compass,
and also range and bearing sensors. The problem
is cast under the maximum likelihood framework,
addressed by a linear least squares approximation
solves in a distributed and asynchronous way that
proved to be robust to packet losses and random
delays.

We propose a distributed and robust localiza-
tion algorithm for GNSS-denied environments, un-
der the presence of missing measurements, directed
at generic networks with noisy measurements of
ranges and bearings between its nodes, capable of
handling packet losses, without requiring initializa-
tion near the true position. We put forward a novel
maximum a posteriori (MAP) estimator to han-
dle packet losses, accounting for previous positions
and previous measurements of the missing packets,
we present a convex relaxation and a distributed
and simple estimation algorithm with proven con-
vergence.

2. Problem Formulation

In light of previous considerations, we present a
localization algorithm to estimate the position of
the nodes of a network with a variable number of
AUVs (nodes) under the presence of missing mea-
surements. The anchors are assumed to be vehi-
cles with access to an accurate positioning system.
Each vehicle is assumed to have a modem provid-
ing noisy distance measurements between itself and
other vehicles within a certain range. Each vehicle
might also be equipped with a vector sensor produc-
ing bearing measurements between vehicles. This
angular information is assumed to be already in a
common frame of reference, which could be obtained
resorting to compass measurements, so that all an-
gles are expressed concerning the North direction,
for instance. It is further considered that if node 1,
for example, has measurements concerning node 2,
then the reverse is also true. All vehicles are mobile
and can follow any trajectory, including anchors.

The aim of this work is to determine the posi-
tion of each vehicle of a network in the presence
of missing sensor data, during a certain time in-
terval. In order to achieve our goal, we first de-
fine our network as an undirected connected graph
G(t) = (V(t), E(t)), where each different graph cor-
responds to a given time instant. The vertices of
the graph V(t) ⊆ {1, ..., n} correspond to the vehi-
cles and the edges E(t) =

⋃
v
Ev(t) correspond to the

measurement of type v available between node i

and node j, at time t. The anchors are defined by
A(t) ⊆ {1, ...,m}. Moreover, the subset Avi (t) ⊆ A(t)

contains the anchors relative to which node i has
an available measurement of type v at time t. In
particular, Adi (t) = {k ∈ A(t) : ∃rik} refers to distance
measurements and Aai (t) = {k ∈ A(t) : ∃qik} to angle

measurements.

We consider that each node has measurements
available with respect to all its neighbors within
a certain distance. At time t, the noisy distance
measurement between nodes i and j is represented
by dij(t) = dji(t) and the noisy distance measure-
ments between node i and anchor k is represented
by rik(t). The noisy angle measurements θij(t) be-
tween nodes i and j, at time t, is represented as
a unit-norm vector in the correspondent direction
uij(t). Similarly, the noisy angle measurement γik(t)

between node i and anchor k is given by the unit-
norm vector qik(t). We will consider two types of
edges, Ed(t) = {i ∼ j : ∃dij(t)} which corresponds to
distance measurements and Ea(t) = {i ∼ j : ∃uij(t)}
which corresponds to angle measurements. The po-
sition of sensor i at time t is defined by xi(t) ∈ Rp

and the position of anchor k is defined by ak(t) ∈ Rp

where Rp represents the Euclidean space of dimen-
sion p. We consider the cases where p = 2 (2D) and
p = 3 (3D).

At the current time instant t, the distances ob-
served between nodes are do(t) = {dij(t) : i ∼ j ∈
Ed(t)}. However, due to data packet losses or trans-
mission delays there might be unknown distance
measurements. These unknown distances between
nodes i and j are defined as du(t) = {dij(t) : i ∼ j /∈
Ed(t), i ∼ j ∈ E(t − 1)}. Moreover, the edges that
correspond to missing measurements are given by
Eu(t) = {i ∼ j : i ∼ j /∈ Ed(t), i ∼ j ∈ E(t− 1)}. When the
missing distance measurements occur between one
node and one anchor, node i has a distance mea-
surement relative to anchor k at time t−1 available.
There is, however, no measurement available at time
t. The subset containing these anchors is defined by
Aui (t) = {k : k ∈ Ai(t − 1), k /∈ Ai(t)}. Furthermore,
regardless of the type of measurement that is lost,
the subset Vu(t) ⊂ V(t) contains all the nodes that
are related to each missing measurement.

It is assumed that when the packet is lost at
time t, both the distance measurement and the an-
gle measurement relative to that packet are consid-
ered missing data. It is also assumed that when
occurs a random delay in the transmission, the re-
spective information packet is treated as missing
data. The problem is to estimate the unknown
sensor positions and as nuissance parameters, the
random missing measurements. The node position
x(t) = {xi(t) : i ∈ V(t)} is estimated given measure-
ments {dij(t) : i ∼ j ∈ Ed(t)} ∪ {rik(t) : k ∈ Adi (t), i ∈
V(t)} ∪ {uij(t) : i ∼ j ∈ Ea(t)} ∪ {qik(t) : k ∈ Aai (t), i ∈
V(t)}. The random missing measurements are es-
timated from the previous measurement and node
position estimate. It should be noted that, under
this section, we drop the time dependency notation
for clarity purposes.

2.1. Maximum Likelihood Estimator with Complete
Data

A common assumption is to model distance noise
with a Gaussian distribution of zero mean and vari-
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ances σij and εik, for node-node and node-anchor
edges respectively. Bearing noise is better modeled
by a von Mises-Fisher distribution, specially devel-
oped for directional data, with mean direction zero
and concentration parameter κij and λik, for node-
node and node-anchor edges. The distance measure-
ments have the distributions dij ∼ N (||xi − xj ||, σ2

ij)

and rik ∼ N (||xi − ak||, ε2ik). With the additional as-
sumption of independent and identically distributed
noise, the maximum likelihood estimator is given by
the optimization problem

minimize
x

fdist(x) + fang(x) (1)

where the functions are given by

fdist(x) =
∑

i∼j∈Ed

1

2σ2
ij

(||xi − xj || − dij)2

+
∑
i∈V

∑
k∈Ad

i

1

2ς2
ik

(||xi − ak|| − rik)2, (2)

and

fang(x) = −
∑

i∼j∈Ea

κiju
T
ij

xi − xj
||xi − xj ||

−
∑
i∈V

∑
k∈Aa

i

λikq
T
ik

xi − ak
||xi − ak||

. (3)

2.2. Convex Relaxation

Problem (1) is non-convex in both the distance and
angle terms. Non-convexity in distance terms will
be relaxed according to the approach in [5], where
a similar formulation is considered. Firstly, a new
variable yij is introduced to obtain the following
equivalent formulation

(||xi − xj || − dij)2 = inf
||yij ||=dij

||xi − xj − yij ||2. (4)

The constraint is relaxed as ||yij || ≤ dij , that corre-
sponds to the norm ball defined as {xi : ||xi − xj || ≤
dij}. The same reasoning is applied to node-anchor
edges. However, the problem still is non-convex
because of the angle terms. The angle terms are
relaxed with the optimal values from the distance
terms minimization, using the optimal terms to ap-
proximate the bearing terms. Applying these re-
sults to the bearing term between two nodes, xi−xj
is approximated by yij and ||xi − xj || is approxi-
mated by dij . The nodes angular terms become
xi−xj
||xi−xj ||

≈
yij
dij

and for the anchors xi−ak
||xi−ak||

≈ wik
rik

.

The

final expression for the relaxed optimization prob-
lem is

minimize
x,y,w

f̂dist(x, y) + f̂ang(x,w)

subject to ||yij || ≤ dij , ||wik|| ≤ rik,
(5)

where the functions are given by

f̂dist(x, y) =
∑

i∼j∈Ed

1

2σ2
ij

||xi − xj − yij ||2

+
∑
i∈V

∑
k∈Ad

i

1

2ς2
ik

||xi − ak − wik||2, (6)

and

f̂ang(x,w) = −
∑

i∼j∈Ea

κiju
T
ij

yij

dij
−
∑
i∈V

∑
k∈Aa

i

λikq
T
ik
wik
rik

. (7)

2.3. Maximum a Posteriori Estimator with Missing
Data

The novel part of our method is now introduced:
the MAP estimate formulation to take into account
packet losses and random delays.

It is assumed that each node of our network trav-
eled in average a certain distance during the un-
observed interval. The distance traveled is limited
by a maximum value, which is obtained considering
the maximum distance that an AUV can travel in a
certain amount of time, by taking into account the
maximum possible speed of the vehicle.

The position of the nodes is assumed to be related
to the position of the previous time instant t− 1, by
an unknown displacement εxi , that is modeled by a
Gaussian distribution with zero mean and variance
β2
i , that is εxi ∼ N (0, β2

i ). The standard deviation β

corresponds to the maximum distance that a node
can travel in a time instant.

When an edge has one missing measurement of
dij , the corresponding nodes are affected. To han-
dle the missing measurement, it is assumed that the
positions of the nodes i and j, at time t, are related
with their previous positions, at time t−1. Between
time instants, a vehicle can travel a distance βi with
a probability of 68%, since in a normal distribution
about 68% of values fall within one standard devia-
tion of the mean. βi is defined by the speed of the ve-
hicle and the sampling time. When a measurement
of type rik is lost, the same reasoning is applied, ex-
cept that only one node is affected, since the anchors
have access to their position throughout the trajec-
tory. In the presence of a missing measurement at
instant t, it is assumed that the missing distance
measurement dij(t) is related to the distance mea-
surement of the previous time instant dij(t−1) by εdij ,
that is modeled with a Gaussian distribution with
zero mean and variance ρ2, that is εdij ∼ N (0, ρ2

ij).
When a packet is lost, we assume that the distance
measured between instants cannot change signifi-
cantly, because AUVs commonly travel in formation
and ∆t, the amount of time between time samples is
so considerably small that the vehicles do not travel
very far in the meantime. From now on, a missing
distance measurement between two nodes, is defined
as Ωij(t). In the same way, the missing measure-
ment of distance between one node and one anchor,
from now on is defined as Υik(t). Here, we also as-
sume that the errors are independent and identically
distributed. When there is a missing measurement
between two nodes i and j at time t, the distance
Ωij(t) is estimated based on the previous distance
measurement dij(t − 1) plus a parameter ρij . This
parameter is related to the position parameters βi
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and βj , in such that −(βi + βj) ≥ ρij ≤ βi + βj .

According to Bayes’ theorem, the posterior distri-
bution of the MAP estimator is given by the product
of the likelihood function with the prior distribu-
tion. The final optimization problem is given by

minimize
x(τ),y(τ),w(τ),

Ω(τ),Υ(τ)

t∑
τ=t−T0

(
f̂dist(x(τ), y(τ), w(τ))

+ f̂ang(x(τ), y(τ), w(τ))

+ fprior(x(τ),Ω(τ),Υ(τ))

)
subject to ||yij(τ)|| ≤ dij(τ), ||wik(τ)|| ≤ rik(τ)

if i ∼ j ∈ Eu(τ) : ||yij(τ)|| ≤ Ωij(τ)

if k ∈ Au(τ), i ∈ V(τ) : ||wik(τ)|| ≤ Υik(τ).

(8)
where the functions f̂dist(x(τ), y(τ), w(τ)) and
f̂ang(x(τ), y(τ), w(τ)) are defined in (6) and (7),
respectively, and

fprior(x(τ),Ω(τ),Υ(τ)) =∑
i∈V(τ)

1

2β2
i

||xi(τ)− xi(τ − 1)||2

+
∑

i∼j∈Eu(τ)

1

2ρ2
ij

(
Ωij(τ)− dij(τ − 1)

)2
+

∑
i∈V(τ)

∑
k∈Au

i
(τ)

1

2δ2
ik

(Υik(τ)− rik(τ − 1))2 . (9)

With the introduction of the prior terms, the opti-
mization problem remains convex, since these terms
are quadratic and therefore convex.

2.4. Consecutive Missing Measurements

For simplicity, we assume that there are no two con-
secutive missing measurements of the same type in
time. This means that, if at time instant t there is
a missing distance measurement ij between node i

and node j, there cannot exist a missing distance
measurement Ωij between the same nodes i and j

at the time instant t− 1. The same reasoning is ap-
plied to missing distance measurements Υik between
nodes and anchors. Admitting larger intervals for
missing data is not a problem for our formulation.

3. Implementation

The optimization problem (8) will be rewritten in
matrix notation to be implemented.

We define matrix A as A = IT0
⊗ (C ⊗ Ip), where

C is the arc-node incidence matrix C. The direc-
tion of the edges is chosen arbitrarily, therefore the
entries A corresponding to each node will have a
positive or negative sign depending on the chosen
edge direction.

The distance term, concerning measurements be-
tween nodes, is reformulated as

t∑
τ=t−T0

∑
i∼j∈Ed(τ)

1

2σ2
ij

||xi(τ)− xj(τ)− yij(τ)||2

=
1

2
||ΣNBAx− ΣNBy||2 (10)

where ΣN is the diagonal matrix of 1
σij

. Matrix B is

an indicator of which terms concerning this type are
missing and removes them from the optimization
problem.

The anchor terms follow a similar reasoning, ex-
cept it is also necessary to concatenate along the
different nodes, other than the edges and the time
window. Therefore, wi(τ) = {wik(τ)}

k∈Ad
i

(τ)
, w(τ) =

{wi(τ)}i∈V(τ) and w = {w(τ)}t−T0≤τ≤t. Addition-
ally, αi(τ) = {aik(τ)}

k∈Ad
i

(τ)
, α(τ) = {αi(τ)}i∈V(τ) and

α = {α(τ)}t−T0≤τ≤t.

The distance term, concerning node-anchor mea-
surements, is reformulated as

t∑
τ=t−T0

∑
i∈V(τ)

∑
k∈Ad

i
(τ)

1

2ς2
ik

||xi(τ)− ak(τ)− wik(τ)||2

=
1

2
||ΣADEx− ΣADα− ΣADw||2 (11)

where E is a selector matrix, indicating which node
has a measurement relative to each anchor and ΣA
is the diagonal matrix of 1

ςik
. Matrix D is an in-

dicator for the terms concerning this type of edge
that are missing, in order to remove them from the
optimization problem.

Looking at the angle measurements in (7) we

define ũij(τ) = κij
uij(τ)

dij(τ)
and q̃ik(τ) = λik

qik(τ)

rik(τ)
.

Following the same reasoning as before, u(τ) =

{ũij(τ)}i∼j∈Ea(τ) and u = {u(τ)}t−T0≤τ≤t. Simi-
larly, qi(τ) = {q̃ik(τ)}k∈Aa

i
(τ), q(τ) = {qi(τ)}i∈V(τ) and

q = {q(τ)}t−T0≤τ≤t.

The angle term concerning measurements be-
tween nodes may be reformulated as

−
t∑

τ=t−T0

∑
i∼j∈Ea(τ)

κiju
T
ij(τ)

yij(τ)

dij(τ)
= −BuT y (12)

and the angle term concerning measurements be-
tween nodes and anchors may be reformulated as

−
t∑

τ=t−T0

∑
i∈V(τ)

∑
k∈Aa

i
(τ)

λikq
T
ik(τ)

wik(τ)

rik(τ)

= −DqTw.

(13)

In the presence of a missing measurement, the re-
spective angle term is eliminated from the optimiza-
tion problem. The angle measurement uij is re-
moved by the corresponding zero entry from matrix
B and the angle measurement qik is removed by the
corresponding zero entry from matrix D.

The prior terms follow the same considerations.
The prior term concerning the positions of the nodes
is reformulated as

t∑
τ=t−T0

∑
i∈V(τ)

1

2β2
i

||xi(τ)− xi(τ − 1)||2

=
1

2
||ΣXx− ΣXxprior||2 (14)

where xprior is a vertical concatenation of all pre-
vious positions t − 1 of vector x, that is xprior(τ) =

{xi(τ−1)}i∈V(τ) and xprior = {xprior(τ)}t−T0≤τ≤t, and

ΣX is the diagonal matrix of 1
βi

.

The prior term concerning node-node distance
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measurements is defined as
t∑

τ=t−T0

∑
i∼j∈Ed(τ)

1

2γ2
ij

(Ωij(τ)− dij(τ − 1))2

=
1

2
||ΣΩKΩ− ΣΩKdprior||2 (15)

where K is a selector matrix that indicates which
distance measurements of type dij are missing and
consequently will be estimated. Matrix B in (10)
is B = (I − K). The concatenated vectors contain-
ing the missing variables are composed by Ω(τ) =

{Ωij(τ)}i∼j∈Eu(τ) and Ω = {Ω(τ)}t−T0≤τ≤t. The
concatenated vectors containing the prior values
are dprior(τ) = {dij(τ − 1)}

i∼j∈Ed(τ)
and dprior =

{dprior(τ)}t−T0≤τ≤t. ΣΩ is the diagonal matrix of
1
γij

.

Lastly, the prior term concerning node-anchor
distance measurements is reformulated as

t∑
τ=t−T0

∑
i∈Vu(τ)

∑
k∈Au

i
(τ)

1

2ς2
ik

(Υik(τ)− rik(τ − 1))2

=
1

2
||ΣΥNΥ− ΣΥNrprior||2 (16)

where where N is a selector matrix that indi-
cates which distance measurements of type rik
are missing. Matrix D in (11) is D = (I − N).
The concatenated vectors with the missing variable
are Υi(τ) = {Υik(τ)}k∈Au

i
(τ), Υ(τ) = {Υi(τ)}i∈Vu(τ)

and Υ = {Υ(τ)}t−T0≤τ≤t and with the prior val-
ues are riprior

(τ) = {rik(τ − 1)}
k∈Ad

i
(τ)

, rprior(τ) =

{riprior
(τ)}i∈V(τ) and rprior = {rprior(τ)}t−T0≤τ≤t and

ΣΥ is the diagonal matrix of 1
δik

.

Thus, the optimization problem in (8) may be
rewritten as

minimize
x,y,w,
Ω,Υ

1

2
||ΣNBAx− ΣNBy||2

+
1

2
||ΣADEx− ΣADα− ΣADw||2

−BuT y −DqTw

+
1

2
||ΣXx− ΣXxprior||2

+
1

2
||ΣΩKΩ− ΣΩKdprior||2

+
1

2
||ΣΥNΥ− ΣΥNrprior||2

subject to ||yij(τ)|| ≤ dij(τ), ||wik(τ)|| ≤ rik(τ)

if i ∼ j ∈ Eu(τ) : ||yij(τ)|| ≤ Ωij(τ)

if k ∈ Au(τ), i ∈ V(τ) : ||wik(τ)|| ≤ Υik(τ).

(17)

We introduce the variable z = (x, y, w,Ω,Υ) and de-
fine Z = {z : ||yij(τ)|| ≤ dij(τ), i ∼ j ∈ Ed(τ), ||wik(τ)|| ≤
rik(τ), i ∈ V(τ), k ∈ Adi (τ), t − T0 ≤ τ ≤ t}. The for-
mulation in (17), can be expressed in a quadratic
form

minimize
z

1

2
zTMz − bT z

subject to z ∈ Z

if i ∼ j ∈ Eu(τ) : ||yij(τ)|| − Ωij(τ) ≤ 0

if k ∈ Au(τ), i ∈ V(τ) : ||wik(τ)|| −Υik(τ) ≤ 0.

(18)

where matrix M that we obtain is defined by M =

M1 +M2 +M3 +M4 +M5, with

M1 =
[
ATBΣN −ΣNB 0 0 0

]T
×
[
ΣNBA −ΣNB 0 0 0

]
, (19)

M2 =
[
ETDΣA 0 −ΣAD 0 0

]T
×
[
ΣADE 0 −ΣAD 0 0

]
, (20)

M3 =
[
ΣX 0 0 0 0

]T
×
[
ΣX 0 0 0 0

]
, (21)

M4 =
[
0 0 0 KTΣΩ 0

]T
×
[
0 0 0 ΣΩK 0

]
, (22)

and

M5 =
[
0 0 0 0 NTΣΥ

]T
×
[
0 0 0 0 ΣΥN

]
, (23)

and b = b1 + b2 + b3 + b4 + b5, with

b1 =
[
0 Bu Dq 0 0

]T
, (24)

b2 =
[
ETDΣA 0 −ΣAD 0 0

]T
ΣADα, (25)

b3 =
[
ΣX 0 0 0 0

]T
ΣXxprior , (26)

b4 =
[
0 0 0 KTΣΩ 0

]T
ΣΩKdprior , (27)

and

b5 =
[
0 0 0 0 NTΣΥ

]T
ΣΥNrprior . (28)

3.1. Nesterov’s Method for a strongly convex function

The method chosen to minimize problem (8) is Nes-
terov’s simplest method [6]. Nesterov’s method is an
accelerated proximal gradient method for minimiz-
ing constrained problems with composite objective
functions [7]. The problem is defined as

minimize
x

f(x) = g(x) + h(x) (29)

where g(x) : Rn → R is a differentiable function with
Lipschitz continuous gradient L and h(x) is closed
and convex, so that the proxt(.) operator is well de-
fined. Note that h(x) can be used to equivalently ex-
press a convex constraint set. Also, there exist some
constants m ≥ 0 and L ≥ 0, designated as the strong
convexity constant and the Lipschitz constant, re-
spectively, such that the functions g(x)− m

2 x
T x and

L
2 x

T x− g(x) are convex.

Under the aforementioned assumptions, Nes-
terov’s Method to find a solution for problem (18),
where our objective function is strongly convex (m >

0), is given by

y = x(k−1) +
1−

√
m/L

1 +
√
m/L

(
x(k−1) − x(k−2)

)
, (30)

with constant step size tk = 1/L,

x(k) = proxtkh(y − tk∇g(y)), (31)

where the prox-operator (or proximal mapping) of
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a function h(x) is defined as

proxh(x) = argmin
u

(
h(u) +

1

2
||u− x||22

)
. (32)

In order to solve problem (18) with the method pre-
sented in this section, we need to define g(z), h(z),
proxh(.) and L and m.

The minimization function in (29) is composed
by g(z) and h(z), where g is a differentiable func-
tion and h may not be differentiable. To encode the
constraint set od Problem (18) in the unconstrained
Problem (29), we encode the set Z in the cost, as
an indicator function g(z) = 1

2 z
TMz − bT z and

h(z) =

0 if z ∈ Z

+∞ otherwise.
. (33)

Function g(z) = 1
2 z
TMz−bT z will be the cost in (18).

We need to take the constraints in set Z into ac-
count to solve our problem, using the prox-operator.
The conditions in Z are projections onto L2-norm
balls centered at the origin, with the general for-
mat {z : ||z|| ≤ d}. The projection of z onto set Z is
the rescaling of point z towards the origin when its
norm exceeds d, that is

PZ (z) =

z, if ||z|| ≤ d
z
||z||d, if ||z|| > d,

(34)

and the projection onto Z is the prox-operator of
the indicator function h.

Finally, it is necessary to obtain the values for
the Lipschitz constant L and the strong convexity
constant m of the function g(x). The value of the
step size is given by tk = 1/L.

The strong convexity constant is found by rear-
ranging function g(x) into f(x) + m

2 ||x||
2, where f is a

convex function. The strong convexity constant is
given by

m =
∑

i∈V(τ)

1

β2
i

+
∑

i∼j∈Eu(τ)

1

ρ2
ij

+
∑

i∈V(τ)

∑
k∈Au

i
(τ)

1

ς2
ik

.

(35)

The Lipschitz constant is obtained by the follow-
ing condition

||∇f(x)−∇f(y)||2 ≤ ||M ||2||x− y||2. (36)

where the gradient difference was manipulated until
the expression on the right was obtained.

The Lipschitz constant is defined by

L = ||M ||

≤ λmax(M1) + λmax(M2) + λmax(M3)

+ λmax(M4) + λmax(M5).

(37)

3.2. Final Distributed Algorithm

Introducing the values of m, L and the correct gra-
dient, the explicit formulation of the Nesterov’s
method for distributed application is given by

ẑk = zk +
1−

√
m/L

1 +
√
m/L

(zk − zk−1) (38)

and

zk+1 = PZ (ẑk −
1

L
Mẑk +

1

L
b). (39)

where PZ is the projection onto set Z. Since the
problem formulation is convex, z0 can be initialized
with any value.

4. Results

In the implementation of (38) and (39), there was
a computational setback that prevented the attain-
ment of results. Thus, we resorted to CVX for Mat-
lab, a package developed to solve convex optimiza-
tion problems [8]. The MAP estimator was tested
by implementing the optimization problem (17) us-
ing CVX and it would be equivalent to implement
(18). Our estimator was tested for three 2D tra-
jectories: a linear trajectory, a spiral trajectory of
formation vehicles, and a linear trajectory where
the vehicles do not travel in formation. Then, the
method was also tested for a 3D helix trajectory.
where the vehicles travel in formation, in a circu-
lar motion with speed constant in magnitude but
changing direction. These trajectories are presented
in Figures 1−4 and they allow performance evalu-
ation for linear and circular motions. The start of
each trajectory is marked with a star. In the linear
and spiral trajectories, the nodes travel inside the
convex hull of the anchors.
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Figure 1: Linear trajectory with three nodes, in blue
line, traveling inside of the convex hull of three an-
chors, in black lines, describing similar trajectories.
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Figure 2: Spiral trajectory with three nodes, in blue
line, and three anchors, in black lines, describing
similar trajectories.
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Figure 3: Linear trajectory where the vehicles do
not travel in formation, with two nodes, in blue line,
and two anchors, in black lines.
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Figure 4: Helix trajectory with two nodes, in blue
line, traveling outside of the convex hull of three an-
chors, in black lines, describing similar trajectories.

In a realistic scenario, there are undesired random
disturbances in measurements. All ranges are con-
taminated by Gaussian noise with zero mean and
constant standard deviations, from now on denoted
as σd. Bearings are contaminated by von Misses
Fisher noise with zero mean direction and constant
concentration parameters, from now on denoted as
κa. These values are assumed to be known a priori
since, in real applications, these parameters can be
estimated from previous experiments.

Our algorithm was tested with the introduction of
random packet losses. These are stochastic events
and were simulated taking into account the percent-
age of missing measurements desired. Our method
is limited by the assumption that two consecutive
missing measurements cannot occur. In a real sce-
nario, this could happen, however in large data sets
with thousands of data entries, the probability of oc-
curring two consecutive packet losses is rather low.
Due to this assumption, the maximum percentage of
missing measurements that can occur is about 50%.
For this case, the estimation results are presented in
Figure 5 for the linear trajectory, in Figure 6 for the
spiral trajectory, in Figure 7 for the non-formation
linear trajectory and in Figure 8 for the helix tra-
jectory.
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Figure 5: Estimated positions in a linear trajectory
with 50% missing measurements, subjected to noise
with σd = 0.5 m, κa = 6000.
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Figure 6: Estimated positions in a spiral trajectory
with 50% missing measurements, subjected to noise
with σd = 0.5 m, κa = 6000.

The MPE of the MAP estimator with 50% missing
measurements averaged over 50 MC trials is 1.139 m

for the linear trajectory, 3.107 m for the spiral trajec-
tory, 1.223 m for the non-formation linear trajectory
and 0 m for the helix. The RMSE of the estimated
Ω and Υ is 0.701 m in the linear trajectory, 0.716 m in
the spiral trajectory, 0.9534 m in the non-formation
linear trajectory and 0.473 m in the helix trajectory.
From all trajectories, the MPE is larger in the spiral
trajectory since our method does not take velocity
changes into account.

The estimation results were obtained having in
consideration the parameters of the prior terms for
each trajectory. The prior parameter of position β

defines the maximum distance that a node with a
missing edge can travel between two-time instants.
The prior parameters of distance are ρij for a node-
node edge and δik for a node-anchor edge and from
now they will be both designated by ρ. This pa-
rameter defines the maximum value for the distance
between two vehicles when the respective measure-
ment is missing. These parameters were chosen con-
sidering the type of trajectory and the velocity of
the vehicles. The value chosen for the linear trajec-
tory was β = 2.04 m.
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Figure 7: Estimated positions in a linear trajectory
where the vehicles do not travel in formation, with
50% missing measurements and subjected to noise
with σd = 0.5 m and κa = 6000.
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Figure 8: Estimated positions in a helix trajectory,
with 50% missing measurements and subjected to
noise with σd = 0.5m and κa = 6000.

The case of the spiral trajectory is slightly com-
plicated since the vehicles are in a circular motion
and travel at constant angular speed. At each time
instant, the velocity changes in direction and mag-
nitude and our method does not handle velocity
changes. Nonetheless, the prior parameter β can
be computed taking into account that information.
The approach used consists in calculating the max-
imum distance traveled between time instants. The
value chosen for the spiral trajectory was β = 10 m

having in consideration the maximum velocity at-
tained by the vehicles in the spiral trajectory.

In the case where the optimization problem was
solved for each time step at a time, β could be com-
puted by βi = ||xi(t− 1)− xi(t− 2)||, to obtain a more
accurate result since β would be closer to the actual
value.

In the linear trajectory, the vehicles travel in for-
mation and the change in distance is small (it de-
pends on the noise). Therefore the change in the
distance measurement between time distance will be
on average, equal to the standard deviation of the
noise introduced in these measurements. In the spi-
ral trajectory, the vehicles travel at constant angu-
lar speed and the distance measurement will change

in time. However the distance variation is around
1 m, which is considerably small in the given tra-
jectory, so the value chosen for ρ is kept from the
linear trajectory. Therefore, ρ = 0.5 m for both tra-
jectories.

Following the same reasoning as the position pa-
rameter β, the distance parameter at each instant
could be computed by ρij = dij(t− 1)− dij(t− 2).

This reasoning is explained in the linear trajec-
tory where the vehicles do not travel in forma-
tion. In this trajectory, the nodes travel at differ-
ent speeds. Our method has a good performance
in this trajectory, where the nodes do not travel
in formation and at different velocities. Although
the performance in a trajectory where the vehicles
travel in formation in a linear trajectory is better,
the maximum MPE obtained is 1.223 m. Nonethe-
less, the maximum error is smaller than the MPE
in the spiral trajectory because our MAP estima-
tor does not handle velocity changes in direction
and magnitude. In this trajectory and layout of the
network, we prove that our method does not re-
quire the anchors to be deployed at the boundary
of the network. This occurs due to the introduction
of bearing terms, that give information about the
direction of the nodes.

In the helix trajectory, the estimator parameters
β and ρ were chosen similarly to the linear and spiral
trajectories, where the vehicles travel in formation.

4.1. Algorithm Performance Evaluation

The influence of noise in the algorithm performance
is analyzed by the impact of the variables σd and
κa in the 2D linear and spiral trajectories. The
MPE variation with distance noise is presented in
Figure 4.1 and is compared for standard deviation
values obtained with current instrumentation and
for larger values above 1 m. Variation of the MPE
with bearing noise is evidenced in Figure 4.1, with
κ converted to the equivalent standard deviation in
degrees.
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Figure 9: Variation of MPE with distance standard
deviation, averaged over 50 MC trials.

It is observed that the MPE increases with higher
values of noise in both cases, as expected. The esti-
mation error is higher in the spiral trajectory than
in the linear trajectory, due to the velocities changes
which are not taken into account, as mentioned be-
fore. The error increases almost in a linear form and
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Figure 10: Variation of MPE with angle standard
deviation over 50 MC trials.

at the same pace for both trajectories.

4.2. Influence of Missing Data in Performance

The algorithm is then tested for different amounts
of missing data. The percentage of missing mea-
surements was varied between 0% and 50%, which is
the maximum percentage of missing data that our
method can handle due to its limitations. In Fig-
ure 11 is presented the behavior of the MPE with
the variation of packet losses in the 2D linear and
spiral trajectories.
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Figure 11: Variation of MPE with the percentage of
missing measurements averaged over 50 MC trials.

The MPE increases with the percentage of miss-
ing data, which is intuitively expected. The lack of
measurements leads to an increase in the estimation
error. Once again, as observed, the results obtained
are consistent with the previous results, the MPE
is higher for the spiral trajectory than for the linear
trajectory. The increase of the estimation error is
almost linear in both trajectories and it increases
at a higher rate in the spiral trajectory. The varia-
tion of the MPE of the linear trajectory where the
vehicles do not travel in formation lies between the
MPE of the linear and spiral trajectories.

4.3. Comparison with state-of-the-art method

To assess the quality of the method developed in this
work, it was compared with a variance-constrained
approach [1]. Our algorithm and the state-of-the-
art method are evaluated for the same network and
the same trajectories, which correspond to the lin-
ear and spiral trajectory in study.

Firstly, this method was tested for the linear tra-
jectory represented in Figure 1. In Figure 12 is de-
picted the Mean Navigation Error (MNE) compar-

ing our method and the method in [1]. In Figure 13
is represented the Empirical Cumulative Distribu-
tion Function (CDF) of our method compared to
the state-of-the-art method. The Empirical CDF is
an estimate of the cumulative distribution function
that generated the data observed.

It is evident that our method has a better per-
formance than method [1] in a linear trajectory. In
Figure 12, the Mean Navigation Error obtained with
this method is one order of magnitude higher than
the MNE obtained with our method. In Figure 13,
the error is averaged per vehicle and per number of
trajectory points and the Empirical CDF approxi-
mates the CDF of the normal distribution, which is
the distribution of the random variables in our prob-
lem. It is observed that our method outperforms
the method in [1]. The MPE of the state-of-the-art
method for 5% missing measurements is 20.984 m,
opposed to 0.311 m obtained with our method.
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Figure 12: MNE throughout the linear trajectory
with 5% missing data, averaged through 100 MC
trials. The vertical axis is in logarithmic scale.
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Figure 13: Empirical CDF for 100 MC trials on
the linear trajectory with 5% missing data. The
horizontal axis is in logarithmic scale.

The method in [1] was then tested in the spiral
trajectory represented in Figure 2. The MNE com-
paring our method and this method is depicted in
Figure 14 and the Empirical CDF of each one is pre-
sented in Figure 15. The MPE of the state-of-the-
art method for 5% missing measurements is 49.440

m, opposed to 0.806 m obtained with our method.

5. Conclusions

In this work was proposed one of the first ap-
proaches to network localization in the presence of
missing measurements using a convex optimization
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Figure 14: MNE throughout the spiral trajectory
with 5% missing data, averaged through 100 MC
trials. The vertical axis is in logarithmic scale.
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Figure 15: Empirical CDF for 100 MC trials on the
spiral trajectory with 5% missing data. The hori-
zontal axis is in logarithmic scale.

problem. First, we formulated an MLE problem for
the localization of a generic network, including dis-
tance and angle measurements between nodes and
also between nodes and anchors. Range and bearing
terms were subjected to an existing convex relax-
ation. Then, a novel MAP estimator was proposed
to handle missing distance measurements. This es-
timator is based on the MLE formulation with the
addition of the prior information of distance mea-
surements and nodes’ positions to the likelihood
function of the MLE. Each data packet includes one
distance measurement and one angle measurement
and when a packet is lost, both measurements are
considered missing.

The method we present is distributed, convex and
does not require initialization. The nodes are not
required to be inside of the convex hull of the an-
chors, due to the introduction of angular informa-
tion with an appropriate relaxation. Future de-
velopments could address the computational set-
back encountered in this work and the Nesterov’s
Method could be implemented using the algorithm
presented. Without loss of generality, we assume
that are not two consecutive missing measurements
on the same edge. Despite the increase of missing
measurements has a major influence on accuracy,
the results obtained for high percentages of miss-
ing data are satisfactory. Under this topic, future
work could focus on separating the angle and range
relaxation to consider possible angle measurements
when there are missing ranges.

Comparing our method applied to circular and
linear motion, it has a better performance in the lin-
ear one since the changes in velocity are not taken
into account, but future developments could try
to include a velocity component in the model. In
the simulations performed, it was considered that
the algorithm has access to true model parameters,
which depend on the accuracy of instrumentation.
In a more realistic scenario, access to these parame-
ters might not be known a priori. In future develop-
ments, the parameters could be estimated from the
received measurements along with the predicted po-
sitions.

When compared with a variance-constrained ap-
proach to recursive state estimation with missing
measurements, our algorithm reveals superior accu-
racy, over one order of magnitude higher.
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rior Técnico, November 2018.

[6] L. Vandenberghe, “Accelerated proximal gra-
dient methods.” http://www.seas.ucla.edu/

~vandenbe/236C/lectures/fgrad.pdf, 2016
(accessed March 15, 2019).

[7] Y. Nesterov, “Gradient methods for minimizing
composite functions,” Mathematical Program-
ming, vol. Series B, pp. 125–161, August 2013.

[8] I. CVX Research, “Cvx: Matlab software
for disciplined convex programming, version
2.1.” http://cvxr.com/cvx/, Accessed May
29, 2019.

10


