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Abstract

The main goal of this article is the numerical solution of elliptic and parabolic obstacle problems by
finite difference methods. Obstacle problems are intrinsically non linear, often formulated as variational
inequalities, and their solutions have typically low regularity and include a free boundary as one of
the unknowns. In this work, we formulate two classical obstacle problems and introduce numerical
methods for their approximation. As an application, we consider the Black-Scholes model for American
call options with dividends through its formulation as a parabolic obstacle problem.

Keywords: obstacle problem; finite differences; variational inequality; Black-Scholes model; American
options.

1 Introduction

This work is focused on the study of the obstacle problems. The main objective is the numerical ap-
proximation of elliptic and parabolic obstacle problems, in particular of the obstacle problem for the heat
equation associated with the Black-Scholes model [4] for the pricing of American options. For other
obstacle type problems arising, e.g., in contact mechanics, fluid mechanics and control theory, we refer
to [7, 16] and [15].

Obstacle problems are often approximated based on their (weak) formulation as variational inequali-
ties due to the low regularity of the exact solution. In fact, the second order derivates in space (and the
first order derivatives in time) are not continuous even when the data is smooth, cf. [6, 14]. Here, we
have implemented finite differences schemes for the numerical approximation of the problems. This is
acceptable for the one-dimensional problems, and some simple two-dimensional problems, even though
the theoretical error estimates are not valid. For more sophisticated methods such as the finite element
method, we refer to [8, 9, 10].

In Section 2, we present three equivalent formulations for the elliptic obstacle problem, namely the
energy minimization problem, the variational problem and the boundary-value problem. In Section 3, we
introduce the Black-Scholes model for the valuation of American options and rewrite it as an parabolic
obstacle problem for the heat equation. In Section 4, we present the finite different methods used for the
approximation of the obstacle problems and in Section 5 report on our numerical results.

2 Elliptic Obstacle Problem

In this section we will introduce three equivalent ways of stating the Elliptic Obstacle Problem: variational
formulation, minimization problem, and boundary-value problem. The results presented here can be
found in [12] and [2], see also [17].

In an obstacle problem, one wants to determine the equilibrium position of an elastic membrane
that lies above an obstacle of height g, subject to a vertical force f . To that end, denote the vertical
displacement of the membrane by p and assume that it is fixed along the boundary ∂Ω of a planar
domain Ω ⊂ R2, i.e., p = 0 on ∂Ω. This means that we have to assume g ≤ 0 on ∂Ω. Moreover, we
assume in the following that g ∈ H1(Ω) and f ∈ L2(Ω); we use standard notation for the Lebesgue
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spaces Lq(Ω), 1 6 q 6 ∞,, Hilbert spaces Hk(Ω), k ∈ N, and the spaces of continuous or continuously
differentiable functions Ck(Ω), k = 0, 1, . . .. Then the set of admissible displacements is

K := {q ∈ H : q > g a.e. in Ω}, (2.1)

where
H := {q ∈ H1(Ω) : q|∂Ω = 0}. (2.2)

The Principle of Minimal Energy states that the displacement p minimizes the total energy of the system
J : H → R, defined as

J (q) =

∫
Ω

(
1

2
|∇q|2 − fq

)
dx. (2.3)

Minimization Problem: Find p ∈ K such that

J (p) = min
q∈K
J (q). (2.4)

Note that K is not a subspace but a convex subset of the Hilbert space H1(Ω). This makes the
problem nonlinear since the minimum is not sought in a linear space. Consequently, the minimization
problem is characterized by a variational inequality instead of an equality.

Variational Problem: Find p ∈ K such that∫
Ω

∇p · ∇(q − p) dx >
∫

Ω

f(q − p) dx ∀q ∈ K. (2.5)

It is straightforward to show that the solution to the Minimization Problem (2.4) is also a solution of the
Variational Problem (2.5), and vice-versa (see [2]). Thus, the two problems are equivalent. Moreover,
we have the following classical result, see [12].

Theorem 2.1. [Existence and Uniqueness] Variational Problem (2.5) admits a unique solution p ∈ K.

It is possible to formulate a Boundary-Value Problem corresponding to the Obstacle Problem intro-
duced as a Minimization Problem. To that end, let Γ be the boundary that divides Ω into two regions: the
contact region Ωc, where p = g, and the contact-free region Ωf , where p > g and the equilibrium of forces
is satisfied. This is illustrated in Figure 1; note that in general the regions may not be simply-connected
and that the boundary Γ may be composed of several parts.

∂Ω

Γ

Ωf

Ωc

Figure 1: The domain Ω partitioned into two regions: Ωf and Ωc.

Assuming that the solution p is regular enough, we can define the following problem.

Boundary-Value Problem: Find p ∈ H2(Ω) ∩ C(Ω) such that

−∆p− f > 0 in Ω

p > g in Ω

(p− g)(−∆p− f) = 0 in Ω

p = 0 on ∂Ω

p = g on Γs
∂p
∂n

{
= 0 on Γ.

(2.6)
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The third equation in (2.6) is a complementary condition which states that one of the first two inequalities
must always hold as equality. The last two, which enforce the continuity of the solution and its normal
derivative across the free boundary are often omitted in the Boundary-Value Problem (strong) formula-
tion. They are included above to emphasise that the free boundary Γ is an important unknown of the
problem.

Since the second-order derivatives of p have a jump across the free boundary that separates the con-
tact region from the contact-free region, the solution will not, in general, be more regular than C1,1(Ω),
i.e. its first-order derivatives are Lipschitz-continuous. In particular, it will never be in C2(Ω), cf. [6]. In
other words, the solution may belong to H2(Ω) but not to H3(Ω).

3 American Options and the Parabolic Obstacle Problem

In this section, we want to analyse the Black-Scholes model [4] for the pricing of American call options
with dividends. Here we follow [3], [11], and [18].

3.1 Black-Scholes Model for American Call Options

The most common options are the European ones, which can only be exercised at a specific maturity
date T , and the American ones, which can be exercised at any time before T . The American options
may have a higher value, since the holder has the additional right of exercising them at any moment.

Consider first the case without dividends payout and let V (S, t) denote the option value for an un-
derlying asset S in an certain instant t. If S belongs to the interval in which V (S, t) < max{S − K, 0}
when considering the possibility of buying a call option for V , there would be an arbitrage opportunity,
since exercising immediately the option of paying K to the seller, one would have a risk-free profit of
S −K − V . Said opportunity would not last long until the arbitragers increased the options price. Hence
it is necessary to impose the following condition when early exercise is permitted.

V (S, t) > max{S −K, 0}. (3.1)

Thus we conclude that American and European options must have different values.
There are some values of S for which it is ideal for the holder to exercise the American option.

Outside those values of S the American option will have the same value as an European option. The
evaluation of an American option is then harder to evaluate than an European option with the same
parameters. That is because, other than calculating the option’s value, one further needs to decide
whether to exercise the option for each value of S. We thus arrive at a Free Boundary Problem, since
at each time step there is a value of S that separates two actions: either the holder keeps the option, or
they exercise it. The value of S that separates these two scenarios is the optimal exercise price Sf (t).

Since the optimal exercise price is not known, it is not possible to impose boundary conditions as in
the European case. However, we do know that the prices are optimal at the free boundary Sf :

V (Sf (t), t) = Sf (t)−K and
∂V

∂S
(Sf (t), t) = 1 (3.2)

While imposing condition (3.1), it is necessary to replace the Black-Scholes equation by an inequality

∂V

∂t
+

1

2
σ2S2 ∂

2V

∂S2
+ rS

∂V

∂S
− rV 6 0. (3.3)

Inequality (3.3) is an equality when V (S, t) > S − K, i.e., when its exercising is not optimal, and it’s a
strict inequality when V (S, t) = S −K.

Considering American call options with dividends, inequality (3.3) needs to be written as

∂V

∂t
+

1

2
σ2S2 ∂

2V

∂S2
+ (r − d)S

∂V

∂S
− rV 6 0. (3.4)

3.2 Parabolic Obstacle Problem

In order to solve the pricing problem for American options with dividend payment, we use a change of
variables in the Black-Scholes equation that leads to a heat equation whose solution supplies a value for
the option. In this section, we assume that the interest rate and the dividend payment satisfy r > d > 0.
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The domain of V is ΩV = {(S, t) : S > 0, 0 6 t 6 T}. We change the variables (S, t) to (x, τ) as
follows:

x = log

(
S

K

)
; τ =

σ2

2
(T − t); q(x, τ) =

V (S, t)

K
. (3.5)

Then the domain of q is Ωq = {(x, τ) : −∞ < x < +∞, 0 6 τ 6 σ2

2 T}. Moreover, we write

q(x, τ) = eαx+βτp(x, τ) (3.6)

with
α = −1

2
(s− 1), β = −1

4
(s− 1)2 − c, (3.7)

where
c =

r
σ2

2

, s =
r − d
σ2

2

. (3.8)

It follows that
q(x, τ) = e−

1
2 (s−1)x−( 1

4 (s−1)2+c)τp(x, τ), (3.9)

where the function p satisfies the heat equation

∂p

∂τ
=
∂2p

∂x2
, −∞ < x <∞ and 0 6 τ 6 T (3.10)

with the initial condition

p(x, 0) = q(x, 0)e
1
2 (s−1)x = max{e 1

2 (s+1)x − e 1
2 (s−1)x, 0}. (3.11)

Let xf (τ) be the boundary of optimal exercise values. The pricing problem for American Call options
with dividend payout is equivalent to finding p(x, τ) and the optimal exercise (free) boundary xf (τ) such
that {

∂p
∂τ = ∂2p

∂x2 if x 6 xf (τ)

p(x, τ) = g(x, τ) if x > xf (τ)
(3.12)

with the initial and asymptotic boundary conditions

p(x, 0) = g(x, 0) (3.13)
lim

x→−∞
p(x, τ) = 0 (3.14)

lim
x→+∞

p(x, τ) = g(x, τ), (3.15)

where
g(x, τ) = e( 1

4 (s−1)2+c)τ max{e 1
2 (s+1)x − e 1

2 (s−1)x, 0}. (3.16)

Observe that equations (3.12) can be written as

∂p

∂τ
− ∂2p

∂x2
> 0 (3.17)

p > g (3.18)(
∂p

∂τ
− ∂2p

∂x2

) (
p− g

)
= 0. (3.19)

These last equations, together with the initial and boundary conditions (3.13), (3.14) and (3.15), form a
parabolic obstacle problem with the function g corresponding to the obstacle.

The parabolic obstacle problem can be formulated as a variational inequality and shown to admit a
unique weak solution, cf. [5]. However, similarly to the elliptic obstacle problem, the regularity of the
solution will always be bounded by the obstacle’s regularity and will never be more regular than C1,1, cf.
[14]. In particular, its first-order time derivative may be discontinuous even with smooth data.
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4 Discretisation Methods

4.1 Elliptic Obstacle Problem

Let Ω ⊂ R2 be a bounded rectangular domain and consider the elliptic obstacle problem (2.6) written in
the form 

−∆p+ f > 0 in Ω

p > 0 in Ω

p(−∆p+ f) = 0 in Ω

p = w on ∂Ω,

(4.1)

where we assume that w > 0 on ∂Ω. Note that we have redefined p and f after the change of variables
p = p′ + g.

Our numerical method for solving Problem (4.1) is based on the complementary condition

min{−∆p+ f, p} = 0.

We approximate ∆p using central finite differences of order 2, i.e.

∆p =
∂2p

∂x2
+
∂2p

∂y2
≈
P ji+1 + P ji−1 + P j+1

i + P j−1
i − 4P ji

h2
;

we assume that the distance between adjacent discretisation points is constant so that δx = δy = h. We
thus obtain the method: for i = 2, . . . ,m and j = 2, . . . , n, solve P ij from

P ji = max{P ji+1 + P ji−1 + P j+1
i + P j−1

i − fih
2

4
, 0}, (4.2)

where the values of P j1 , P jm+1, j = 1, . . . , n + 1, and P 1
i , Pn+1

i , i = 1, . . . ,m + 1 are determined by the
boundary conditions. After choosing the initial approximation P j,(0)

i , i = 1, . . . ,m + 1, j = 1, . . . , n + 1,
we solve problem (4.2) numerically using the iterative Gauss-Seidel scheme (see [1]):

P
j,(k+1)
i = max{P j,(k)

i+1 + P
j,(k+1)
i−1 + P

j+1,(k)
i + P

j−1,(k+1)
i − fih

2

4
, 0}, k = 1, 2, . . . . (4.3)

4.2 Parabolic Obstacle Problem

We consider three finite difference methods for approximating the pricing problem for American options.
For the temporal variable, we use the explicit and implicit Euler methods and the Crank-Nicolson method,
and for the spatial variable the central difference scheme (see [19] and [13]).

The domain Ω = ]M−,M+[× ]0, 1
2σ

2T [ is discretised into a regular and finite mesh of m× n points.
The distances between equidistant points of the mesh are h = δx and k = δτ . The bounded interval
[M−,M+] is chosen in such a way that the free boundary xf (τ) is in [M−,M+] ∀τ ∈ [0, 1

2σ
2T ], where

1
2σ

2T is the option’s maturity date.

4.2.1 Explicit Euler Method

Consider forward differences of order one to approximate ∂p
∂τ and central differences of order two to

approximate ∂2p
∂x2 . Then the heat equation becomes

P j+1
i − P ji

k
+O(k) =

P ji+1 − 2P ji + P ji−1

h2
+O(h2). (4.4)

By ignoring the terms O(k) and O(h2), we get

P j+1
i = αP ji+1 + (1− 2α)P ji + αP ji−1, (4.5)

where α = k
h2 . It is possible to compute P j+1

i explicitly, since at time step j + 1 the values of P ji are
known for every value of i. After obtaining P j+1

i from (4.5), it is still necessary to verify the restriction
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P (x, τ)− g(x, τ) > 0. The scheme thus becomes

yj+1
i = αP ji+1 + (1− 2α)P ji + αP ji−1, i = 2, . . . ,m− 1, j = 1, . . . , n− 1 (4.6)

P j+1
i = max{yj+1

i , gj+1
i }, i = 2, . . . ,m− 1, j = 1, . . . , n− 1 (4.7)

P 1
i = g1

i , i = 1, . . . ,m (4.8)

P j1 = gj1 and P jm = gjm, j = 2, . . . n. (4.9)

In order to guarantee the stability of this scheme, we need to choose the time step so that α 6 1
2 .

4.2.2 Implicit Euler Method

Here we consider backward differences for ∂p
∂τ and central differences for ∂2p

∂x2 . In this case, to compute
the new P j+1

i value, we need to solve a linear system. The restriction P > g must also be satisfied. The
problem can be approximated through the discrete complementarity condition

(−αP j+1
i+1 + (1 + 2α)P j+1

i − αP j+1
i−1 − P

j
i )(P j+1

i − gj+1
i ) = 0 (4.10)

at time step j + 1. Given the computational cost of inverting matrices, one can solve this problem using
an iterative scheme such as SOR. The SOR scheme is similar to the Gauss-Seidel scheme, but may
converge faster.

We start by considering that the first term in the parentheses in (4.10) is zero, i.e.

P j+1
i =

1

1 + 2α
(bj+1
i + α(P j+1

i+1 + P j+1
i−1 )), M−+ 1 6 i 6M+− 1, (4.11)

where

bj+1
i = P ji , i = M−+ 2, . . . ,M+− 2, bj+1

M−+1 = P jM−+1 + αgjM− bj+1
M+−1 = P jM+−1 + αgjM+ .

To define the iterative SOR scheme, let P j,(k)
i be the kth iteration for P ji , and let P j,(0)

i be the initial ap-
proximation. At each iteration the value of the previous approximation is updated by adding a correction
term P

j,(k+1)
i −P j,(k)

i , multiplied by a relaxation parameter ω with an optimal value in [1, 2), to the original
value of P j,(k)

i . Finally, the maximum is computed between the new approximation P
j+1,(k+1)
i and the

payoff gj+1
i .

The implicit Euler method thus reads as follows: chosen P j+1,(0), determine P j+1,(k+1), for k =
0, 1, . . ., from the equations

y
j+1,(k+1)
i =

1

1 + 2α
(bj+1
i + α(P

j+1,(k)
i+1 + P

j+1,(k+1)
i−1 )), i = 2, . . . ,m− 1, j = 1, . . . , n− 1

(4.12)

P
j+1,(k+1)
i = max{P j+1,(k)

i + ω(y
j+1,(k+1)
i − P j+1,(k)

i ), gj+1
i }, i = 2, . . . ,m− 1, j = 1, . . . , n− 1

(4.13)

P 1
i = g1

i , i = 1, . . . ,m
(4.14)

P j1 = gj1, P jm = gjm, j = 2, . . . n.
(4.15)

Note that the value ω = 1 corresponds to the Gauss-Seidel scheme.

4.2.3 Crank-Nicolson Method

The advantage of the Crank-Nicolson scheme over the implicit Euler scheme is the difference between
their rates of convergence; while the implicit Euler scheme is O(k + h2), the Crank-Nicolson one is
O(k2 + h2). Just as the implicit Euler method, the Crank-Nicolson method will be coupled with the SOR
scheme. The method then corresponds to first choosing P j+1,(0), and then determining P j+1,(k+1), for
k = 0, 1, . . ., from the equations

y
j+1,(k+1)
i =

1

1 + α
(bji +

α

2
(P

j+1,(k)
i+1 + P

j+1,(k+1)
i−1 )), i = 2, . . . ,m− 1, j = 1, . . . , n− 1

P
j+1,(k+1)
i = max{P j+1,(k)

i + ω(y
j+1,(k+1)
i − P j+1,(k)

i ), gj+1
i }, i = 2, . . . ,m− 1, j = 1, . . . , n− 1.

The initial and the boundary conditions are (4.14) and (4.15).
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5 Numerical Results

In this section, we present results of the computational implementation of the methods introduced above
for the numerical approximation of the obstacle problems. We have used the programming language
Mathematica for the implementation.

5.1 Elliptic Obstacle Problem

In the following examples, we have used the finite difference scheme presented in Section 4.1 to approx-
imate the solution of the obstacle problems and the Gauss-Seidel iterative scheme to solve the resulting
linear systems.

Example 5.1. Consider the following problem in the domain Ω = ]0, 1[× ]0, 1[
−∆p+ 4 > 0 in Ω;

p > 0 in Ω;

p(−∆p+ 4) = 0 in Ω;

p = w on ∂Ω

where w(x, y) =


0 0 6 x < 1 and y = 0;

y(1− y) x = 1 and 0 6 y 6 1;

0 0 6 x < 1 and y = 1;

0 x = 0 and 0 6 y 6 1.

(5.1)

Figure 2a illustrates an approximation of the solution to this problem.

Example 5.2. Consider the following problem in the domain Ω = ]0, 1[× ]0, 1[
−∆p+ 4 > 0 in Ω;

p > 0 in Ω;

p(−∆p+ 4) = 0 in Ω;

p = w on ∂Ω

where w(x, y) =


x 0 6 x < 1 and y = 0;

1 x = 1 and 0 6 y 6 1;

x 0 6 x < 1 and y = 1;

0 x = 0 and 0 6 y 6 1.

(5.2)

Figure 2b illustrates an approximation of the solution to this problem.

(a) Problem (5.1); (b) Problem (5.2);

Figure 2: Approximation of the solution computed with n = m = 40.

Example 5.3. Consider the following problem in the domain Ω = ]−1, 1[× ]0, 1[

−∆p > 0 in Ω;

p > g in Ω;

−∆p(p− g) = 0 in Ω;

p(−1, y) = p(1, y) = 0 with y ∈ [0, 1];
∂p(x,0)
∂y = ∂p(x,1)

∂y = 0 with x ∈ [−1, 1]

(5.3)
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where g(x, y) = 1− 4x2. In this case we know the exact solution:

p(x, y) =


1−4x2

0

1−x0
(x+ 1) x ∈ [−1,−x0];

1− 4x2 x ∈ [−x0, x0];
1−4x2

0

x0−1 (x− 1) x ∈ [x0, 1],

(5.4)

with y ∈ [0, 1] and x0 = 1 −
√

3
2 . Note that the exact solution belongs to C1,1(−1, 1) but is not in

C2(−1, 1). In Figure 3a, we show the exact solution and an approximation of the problem computed with
n = m = 6 discretisation points. In Figure 3b, we depict the obstacle and an approximation computed
with n = m = 60 discretisation points. Note that the scaling is not the same in the vertical direction in
the two figures.

(a) Exact solution p (orange) and approximation P (blue). (b) Obstacle g (red) and approximation P (blue).

Figure 3: Comparison of the exact solution, numerical approximation and the obstacle in Example 5.3.

In Examples 5.1, 5.2 and 5.3, we chose for the initial approximation a vector P (0) respecting the
boundary conditions and being constant at every other position. The stopping criterion for the iterative
scheme was ‖P (k+1) − P (k)‖∞ 6 ξ, with k = 0, 1, . . ., and several different values were tested for ξ.

In Examples 5.1 and 5.2, we estimated the rate of convergence of the difference scheme using the
asymptotic formula

α ∼ log2

‖P (k+1)
h/2 − P (k+1)

h ‖∞
‖P (k+1)

h/4 − P (k+1)
h/2 ‖∞

. (5.5)

In Example 5.3, the rate of convergence can be computed from the formula

α ∼ log2

‖eh‖∞
‖eh/2‖∞

, (5.6)

where e = p(x, y) − P (k)(x, y), since the exact solution is known. The estimated rates of convergence
are shown in Table 1.

h 0.2 0.1 0.05
Example 5.1 α 1.82 1.34 2.07
Example 5.2 α 1.78 1.47 1.90
Example 5.3 α 2.11 2.07 1.72

Table 1: Approximations of the rates of convergence in Examples 5.1, 5.2 and 5.3.

The results in Table 1 indicate that the theoretical rate of convergence α = 2 is not obtained. We
also note that the approximations for the rates of convergence vary a lot which may be explained by the
rather large values of h, that is, the asymptotic regime has not yet been attained. Using smaller values
of h, one should be able to see the lack of regularity of the exact solution from the observed values of
the rate of convergence.
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5.2 American Options with Dividends

Here we present the results from the implementation of the three finite differences schemes discussed in
Section 4 for the numerical approximation of the American option pricing problem. As explained above,
we first solve a parabolic obstacle problem for the heat equation and then interpret its solution as the
value of an American call option.

Table 2 shows the approximated values of V (S0, t0) using the three schemes with the same values for
h = 0.01, k = 0.000025, m = 200. Note that these values comply with the explicit scheme’s convergence
criterion (α 6 1

2 ). We used the stopping criterium ξ = 10−10 for the implicit Euler and Crank-Nicolson
schemes.

Table 2 shows also the approximations obtained with the k-values fitted to each scheme, given
that only the explicit scheme has a convergence criterion. For the explicit scheme we considered k =
0.000025; for the implicit k = 0.0001; for the Crank-Nicolson k = 0.01. We also considered h = 0, 01,
m = 200 and ξ = 10−10.

Explicit Implicit Crank-Nicolson Implicit Crank-Nicolson
S0 (k = h2/4) (k = h2/4) (k = h2/4) (k = h2) (k = h)

4 0.0378 0.0595 0.0486 0.0597 0.0791
6 0.3752 0.4378 0.4065 0.4383 0.4565
8 1.2309 1.3345 1.2827 1.3353 1.3540

11 3.2868 3.4517 3.3691 3.4530 3.4594
12 4.0948 4.2802 4.1874 4.2816 4.2827
15 6.6890 6.9358 6.8123 6.9377 6.9225

Table 2: Comparison of approximations of the option’s vale using different schemes withK = 8, d = 0.08,
r = 0.1, σ = 0.4 and T = 1.

The results obtained with several tests for each scheme with different values of k show that the
relation between h and k is in agreement with the theoretical values as it comes to estimating the order
of convergence. The explicit Euler scheme is more restricted, since there is a convergence criterion.
The lack of a convergence criterion means that the implicit Euler and the Crank-Nicolson schemes have
better stability properties. This can be seen in Table 2. With k = h the Crank-Nicolson scheme reaches
values only obtained by the other schemes with smaller values of k. However, the computational costs
are higher, since iterative schemes are needed to implement it.

We also wish to study the effect of paying dividends in the option’s value. Table 3 suggests that,
as the dividend rate increases, the call option value decreases for both implicit schemes. A company’s
dividend payment policy may affect the option’s values, since the high payment of dividends decreases
the growth rate of the active’s price. Therefore, the expected growth rate is smaller, which may lead
to a smaller profit. Furthermore, since the dividends are paid in cash to the holder until the dividend’s
payment date, the holders can exercise the option slightly before that time. When the dividend’s payment
is high, exercising before the dividend’s payment date is ideal. Usually the anticipated exercise only
happens if the active has to pay dividends before the maturity date.

Implicit Crank-Nicolson
d d

S0 0.03 0.05 0.06 0.08 0.11 0.03 0.05 0.06 0.08 0.11
4 0.0538 0.0474 0.0444 0.0390 0.0319 0.0597 0.0519 0.0484 0.0420 0.0338
6 0.4746 0.4335 0.4140 0.3772 0.3269 0.5054 0.4577 0.4353 0.3932 0.3366
8 1.4701 1.3720 1.3248 1.2339 1.1063 1.5325 1.4208 1.3674 1.2654 1.1234

11 3.7429 3.5578 3.4675 3.2913 3.0380 3.8384 3.6299 3.5288 3.3328 3.0537
12 4.6159 4.4050 4.3018 4.0998 3.8082 4.7206 4.4832 4.3678 4.1434 3.8227
15 7.3855 7.1048 6.9669 6.6959 6.3016 7.5151 7.1997 7.0459 6.7458 6.3137

Table 3: Approximation of the option’s value using the implicit and Crank-Nicolson schemes, with K = 8,
r = 0.1, σ = 0.4, T = 1, m = 400, h = 0.01 for both, k = h2 for the implicit scheme, and k = h for the
Crank-Nicolson one.
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[8] GLOWINSKI, R., LIONS, J.-L., AND TRÉMOLIÈRES, R. Numerical Analysis of Variational Inequali-
ties. North Holland, 1981.

[9] GUSTAFSSON, T., STENBERG, R., AND VIDEMAN, J. Mixed and Stabilized Finite Element Methods
for the Obstacle Problem. SIAM J. Numer. Anal. 55 (2017), 2718–2744.

[10] GUSTAFSSON, T., STENBERG, R., AND VIDEMAN, J. On finite element formulations for the obstacle
problem - mixed and stabilised methods. Comput. Methods Appl. Math. 17 (2017), 413–429.

[11] HULL, J. Options, Futures and Other Derivatives. Pearson/Prentice Hall, 2009.

[12] KINDERLEHRER, D., AND STAMPACCHIA, G. An Introduction to Variational Inequalities and Their
Applications. Academic Press, 1980.

[13] MAVINGA, N., AND ZHANG, C. Numerical Solutions of American Options with Dividends Using
Finite Difference Methods. NC J Math. Stat. 1 (2015), 1–16.

[14] PETROSYAN, A., AND SHAHGHOLIAN, H. Parabolic obstacle problems applied to finance. In Recent
Developments in Nonlinear Partial Differential Equations, D. Danielli, Ed., vol. 493 of Contemporary
Mathematics. American Mathematical Society, 2007, pp. 117–133.

[15] PETROSYAN, A., SHAHGHOLIAN, H., AND URALTSEVA, N. Regularity of Free Boundaries in
Obstacle-Type Problems. AMS, 2012.

[16] RODRIGUES, J. F. Obstacle Problems in Mathematical Physics. North Holland, 1987.

[17] SORSIMO, A. Solution of the inequality constrained Reynolds equation by the finite element method.
Master’s thesis, Aalto University, 2012.

[18] WILMOTT, P. The Mathematics of Financial Derivatives. Cambridge University Press, 1995.

[19] WILMOTT, P., DEWYNNE, J., AND HORIZON, S. Option Pricing: Mathematical Models and Compu-
tation. Oxford Financial Press, 1994.

10


	1 Introduction
	2 Elliptic Obstacle Problem
	3 American Options and the Parabolic Obstacle Problem
	3.1 Black-Scholes Model for American Call Options
	3.2 Parabolic Obstacle Problem

	4 Discretisation Methods
	4.1 Elliptic Obstacle Problem
	4.2 Parabolic Obstacle Problem
	4.2.1 Explicit Euler Method
	4.2.2 Implicit Euler Method
	4.2.3 Crank-Nicolson Method


	5 Numerical Results
	5.1 Elliptic Obstacle Problem
	5.2 American Options with Dividends


