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Abstract— Optimal motion planning under uncertainty is
a challenging problem, in particular if the optimization has
to be performed on the belief space. One state of the art
approach to this problem is an iterative version of the LQG
algorithm. However, this method assumes unbounded actuation.
This paper proposes a constrained version of this algorithm,
designated here ciLQG, by integrating a Primal-dual interior-
point method, to cope with arbitrary inequality constraints,
such as bounded actuation, into an iterative LQG (iLQG)
algorithm. As in iLQG, the locally optimal solution is computed
using a continuous POMDP framework and the belief dynamics
are computed using an EKF and approximate the user defined
value function to a quadratic function which is valid in the
vicinity of a nominal trajectory. Simulation results illustrate
the advantages of the proposed approach.

I. INTRODUCTION

Trajectory planning has been subject to a significant
amount of research in the past decades, particularly into
optimal planning for deterministic situations, where the state
of the robot is known at every stage of the trajectory.
This problem becomes harder to solve when the planning
algorithm is done under uncertainty, where both observations
and motion are subject to noise, leading to the usual approach
of considering a belief space instead of the state space.

An approach to solve this problem was presented in (Berg
et al. 2012) where an iterative Linear-Quadratic Gaussian
(iLQG) was used to compute the locally optimal trajectory
[9]. This method has no reference to bounded actuation,
which can befall into an infeasible trajectory if actuation is
bounded.

To avoid reaching any infeasible actuation, we propose
to include a Primal-dual interior-point method to the iLQG
algorithm, hereby designated constrained iLQG, or ciLQG
for short. We assume arbitrary inequality constraints in the
actuation and the ciLQG computes the solution within those
boundaries.

The locally optimal solution is computed using a continu-
ous state POMDP framework [6] and approximates the value
function to a quadratic function in some regions of the belief
space which is valid in the vicinity of a nominal trajectory.
This value function is to be mini mized and it should lead
to a locally optimal path that relies on reaching the target
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location with the least uncertainty possible. Intuitively, in
order to achieve this goal, the robot must navigate through
locations where the amount of information lost is minimal
and pass near regions where information about the state is
gained, such as localization beacons. Attaining the best local
certainty of the state at any time of the path prevents the
robot from collisions, not reaching the goal and ultimately
not getting lost. The motion planner should consider a control
policy to be used at any current state of the robot and, due
to the measurement noise, which can be complete or partial,
the state of the robot is a distribution over the set of possible
states, the belief space.

In order to compute the locally optimal trajectory, the
motion of the robot through the belief space is obtained using
an Extend Kalman Filter (EKF), which then is integrated in
an approximate value function. This value function is to be
minimized using a ciLQG algortihm to generate a control
policy. The first nominal trajectory is obtained using the RRT
algorithm, guaranteeing an initial feasible and collision free
trajectory.

As for the experimental results we use the same scenario
as (Berg et al., 2012) to compare the approaches, showing
that ours is able to keep feasibility imposed by the actuation
constraints.

The structure of this paper is the following: section III
and IV introduces the mathematical framework of iLQG
and Primal-dual interior-point method respectively, section V
describes the algorithm of ciLQG and section VI illustrates
some simulation results for simple examples. Conclusions
are drawn in section VII.

II. RELATED WORK

Partially-Observable Markov Decision Processes
(POMDPs) [6] are a widely studied topic for motion
planning under uncertainty [11]. This framework is known
for its scalability problem, once it can only be applied
directly to low dimensional state problems [5]. Some
different algorithms were presented to solve POMDPs
problems using value iteration (Zhang, et al. 2005) [10].
One way to better scale a POMDP problem relies on an
appropriate discretization of the problem which can be
solved by direct collocation and standard SQP methods
(von Stryk, 1993) [13]. Another way to solve them count in
the discretization of a small number of instances sufficient
to solve the situation (Berg et al. 2011) [12]. We adopt the
later to solve this problem, but we encounter this method
can become infeasible regarding the control policy used.



To avoid reaching any infeasible actuation, we decided
to add a Primal-dual interior-point method [3] and [17] to
the iLQG algorithm. Other methodologies to preempt the
system from the infeasible domain are presented such in
(Fletcher 1971) [14] used in (Murray, 1979) [2] or using
an active-set method (Schittkowski, 2009) [15]. There is still
work developed in Primal-dual exterior exterior point method
(Yamashita et al, 2010) [16].

The limitations to the actuators is user defined and the
algorithm performs within those boundaries. Some of the
previous mentioned approaches describe a constrained differ-
ential dynamic programming algorithm for predicted values
in order to avoid a stochastic control problem, whereas
our approach deals and computes a solution regarding the
stochastic situation with the option of adding obstacles to the
robot’s environment [18]. Li and Todorov (2005) proposed
a similar approach than ours for the stochastic problem, but
in their case they actively force some values to 0 [7] and
obstacles could not be added.

III. ILQG APPROACH

Let X ⊂Rn represent the space of all possible states x of
the robot, U ⊂Rm represent the space of all possible control
inputs u of the robot and Z ⊂ Rk represent all the possible
sensor measurements z that the robot may receive.

The belief dynamics are propagated using a Bayesian
filtering as described in [9]:

bbbt+1 = β [bbbt ,uuut ,zzzt+1]. (1)

Being B ⊂ {X → R} the space of all possible beliefs. The
belief state are represented by Gaussian distributions bt =
[x̂̂x̂xt ,
√

Σt ] with mean x̂̂x̂xt and variance Σ. The square root of
the variance is taken into account for numerical robustness
of the algorithm presented in [9].

To find the control policy πt :B→ U for all the time-steps
that leads to the locally optimal trajectory it is necessary
minimize the cost objective function given by:

E
z1, ...,zl

[
cl [bbbl ]+

l−1

∑
t=0

ct [bbbt ,uuut ]
]
, (2)

where l is the time horizon.
Using a backward recursion procedure, as suggested in

(Thrun et al., 2005), the control policy can be obtained using
a value iteration given by:

vl [bbbl ] = cl [bbbl ] (3)

vt [bt ] = min
ut

(ct [bt ,ut ]+ E
zt+1

[
vt+1[bt ,ut ,zt+1]

]
) (4)

πt [bt ] = arg min
ut

(ct [bt ,ut ]+ E
zt+1

[
vt+1[bt ,ut ,zt+1]

]
) (5)

where, in our algorithm the minimization is done over the
domain of U which is delimited by the boundaries set by
the user, whereas in [Berg et al. (2012)] the minimization
is made over a boundless space of ℜn. This aspect is key
so that the computed policy does not contain any infeasible
time-steps.

A. Minimization of the value iteration

Following the iLQG approach [Berg et al. (2012)], after
combining all the terms to take into account the uncertainties,
the propagation of the belief state over the belief space and
the observation model, the value iteration function defined
in (4) is simplified to a general representation:

vt [bbbt ] =min
ut

(
1
2

[
bbb− b̄bbt
uuu− ūuut

]T [Ct ET
t

Et Dt

][
bbb− b̄bbt
uuu− ūuut

]

+

[
bbb− b̄bbt
uuu− ūuut

]T [ctctct
dtdtdt

]
+ et

)
(6)

The simplest way to solve this closed loop is to derive
the function with respect to u and equating to 0 (assuming
that Dt is positive-definitive so that the minimum can be
computed) results in

uuu− ūuut = D−1
t Et(bbb− b̄bbt)−D−1

t dtdtdt (7)

obtaining the control policy for the current time-step t in a
linear form given by:

uuut = πt [bt ] = Lt(bbbt − b̄bbt)+ εltltlt + ūt , (8)

Lt =−D−1
t Et ltltlt =−D−1

t dtdtdt , (9)

with ε initially set to 1 and its usage is explained further in
this section.

Filling (7) into (6) gives the value function vt [bt ], so it
only depends of bbb.

Collecting all the coefficients in order to get the approxi-
mate of the value function as a quadratic function

vt [bbb]≈
1
2
(bbb− b̄bbt)

T St(bbb− b̄bbt)+(bbb− b̄bbt)
Tssst + st (10)

with St ≥ 0, we get

St =Ct −ET
t D−1

t Et (11)

ssst = ccct −EtD−1
t dddt (12)

st = et −
1
2

dddT
t D−1

t dddt (13)

This computation is carried out through all the length
of t to obtain the coefficients to perform the dynamic
programming.

B. Applying the control policy

In order to achieve a locally optimal control policy, the
previously computed control policy is put into practice result-
ing into a new trajectory which can be better or worse than
the previous one, the last valid nominal trajectory represented
by b̄̄b̄bt . The first nominal trajectory, i = 0, comes from the
initial trajectory obtained by using RRT trajectory planning
[1], although another suboptimal trajectory planner could be
used.



b̄̄b̄b(i+1)
0 = bbb0, ū̄ūu(i+1)

t = L(i)
t

(
b̄̄b̄b(i+1)

t − b̄̄b̄b(i)t

)
+ εlll(i)t + ū̄ūu(i)t

b̄̄b̄b(i+1)
t+1 = g

[
b̄̄b̄b(i+1)

t , ū̄ūu(i+1)
t

]
. (14)

Where g is the propagation of the belief using the extended
Kalman filter according to the dynamic of the robot.

The new trajectory is then submitted into test so that the
confirmation of acceptance is evaluated as it is described fur-
ther in section V. The new policy is accepted if it generates
a better, with smaller cost than the previous trajectory. If the
generated trajectory is not better than the previous nominal
one, the parameter ε is used as a backtracking line search
and it is divided in half ensuring convergence [19].

This approach developed in the paper of [Berg et al., 2012]
does not contemplate any constrains regarding the control
policy, so, in certain time-steps, there can be some entries of
uuu that demand more effort to the control unities than what it
can afford. This effect can originate an infeasible trajectory,
since the robot can’t reach the final destination as it has not
enough power to move so fast. It can also provoke some
damage to the robot and uncontrolled motion.

To overcome this situation and attain bounded actuation
for (3) and (4), it is needed to perform the minimization of (5)
over a bounded space given by U . Under that scope we pro-
pose adding a Primal-dual interior-point method algorithm
[3] to obtain the policy similar to the one represented in (8)
to originate a feasible policy and then carefully applying it
as represented in (14).

The novelty of this paper consists in the integration of
the Primal-dual interior-point method in the iLQG algorithm,
that grants more robustness to the procedure. This integration
is thoroughly explained in the next section.

IV. PRIMAL-DUAL INTERIOR-POINT METHOD

Regarding the interior-point method it is used a Primal-
dual interior-point which consists in solving a minimization
quadratic convex problem with inequality constraints. Adapt-
ing the problem formulation to our situation originated from
(6) we get the following minimization problem:

Minimize q(u) =
1
2

uT Du+uT (Et(bbb− b̄bb)+dtdtdt −Dūuu
)

w.r.t. u , (15)
subject to Au≥ ppp .

Where D is symmetric and positive semidefinite as re-
quested. Considering that c = Et(bbb− b̄bb)+dtdtdt−Dūuu and where
the h x n matrix A and the right-hand side b are defined by

A = [ai]i∈I , ppp = [pi]i∈I , I = {1,2, ...,h},

with h the number of constraints.
Rewriting the KKT conditions in this notation and adding

a slack variable yyy ≥ 0, we get the following system of
equations:

Duuu−AT
λλλ +ccc = 0, (16a)

Auuu−yyy− ppp = 0, (16b)
yiλi = 0, i = 1,2, ...,m, (16c)

(yyy,λλλ )≥ 0. (16d)

Since it is assumed that D is positive semidefinite, these
KKT conditions are not only necessary but also sufficient, so
we can solve the convex quadratic program (15) by finding
the solutions of the system (16).

Given a current iterate (uuu,yyy,λλλ ) that satisfies (yyy,λλλ )> 0, it
is possible to define a complementarity measure designated
as duality measure, µ , by

µ =
yyyTλλλ

m
, (17)

which comprises the desirability of each point in the search
space. A certain point should be more desirable when it
is further away from the boundary. This desirability can
be evaluated as the average value of the pairwise product
of yyyTλλλ .

To derive the primal-dual interior-point methods we use
the approach presented in [3] by considering the perturbed
KKT conditions given by

F(uuu,yyy,λλλ ,σ ,µ) =

Duuu−ATλλλ +ccc
Auuu−yyy− ppp

Y Λeee−σ µeee

= 0, (18)

where

Y = diag(y1,y2, ...,ym),

Λ = diag(λ1,λ2, ...,λm),

eee = (1,1, ...,1)T ,

and σ ∈ [0,1] which is called a centering parameter. The
solutions of (18) define the central path as long as the
conditions σ > 0 and µ > 0 holds. The central path is a
trajectory that leads to the solution of the quadratic problem
as term σ µ goes to zero.

By fixing µ (17) and applying Newton’s method to (18),
the following linear system is obtained:

D 0 −AT

A −I 0
0 Λ Y

∆uuu
∆yyy
∆λλλ

=

 −rdrdrd
−rprprp

−ΛY eee+σ µeee

 , (19)

where

rdrdrd = Duuu−AT
λλλ +ccc, rprprp = Auuu−yyy− ppp. (20)

The next iteration is computed as follows:

(uuu+,yyy+,λλλ+) = (uuu,yyy,λλλ )+α(∆uuu,∆yyy,∆λλλ ), (21)

where α is chosen to retain the inequality (yyy+,λλλ+)> 0.



A. Applying the Primal-dual

In order to get the matrices Lt and the vector lt it is
compulsory to solve the system (19) to get the equation that
defines ∆uuu which is:

∆uuu =−uuu+
(
D+AT Y −1

ΛA
)−1 [

AT Y −1
Λyyy+AT Y −1

Λppp

−AT Y −1
ΛY eee+AT Y −1

σ µeee+AT
λλλ −ccc

]
. (22)

Updating c = Et(bbb− b̄bb)+dddt −Dūuu into the term ∆u

∆uuu =−uuu+
(
D+AT Y −1

ΛA
)−1 [

AT Y −1
Λyyy

+AT Y −1
Λppp−AT Y −1

ΛY eee+

+AT Y −1
σ µeee+AT

λλλ −Et(bbb− b̄bb)−dtdtdt +Dūuu
]
. (23)

To incorporate the Primal-dual interior-point method into
the iLQG we need to obtain an expression that defines the
control policy in the form

uuut = Lt
(
bbbt − b̄bbt

)
+ ltltlt + ūuut , (24)

we need to rearrange the terms to sort out the parameters Lt
and ltltlt .

Replacing (23) in (21), we get the policy to minimize the
value iteration function in a closed loop.

Under the conditions of α = 1 and uuu lies near the bound-
ary, the terms with the dual variables cannot be neglected
once they hold values representing the barrier constraint
which is active in some instances of the variable uuu.

Gathering the terms according to their dimensions, the
resulting format is obtained.

uuu+ ≈−
(
D+AT Y −1

ΛA
)−1

Et(bbb− b̄bb)+

+
(
D+AT Y −1

ΛA
)−1 [

AT Y −1
Λyyy+AT Y −1

Λppp

−AT Y −1
ΛY eee+AT Y −1

σ µeee

+AT
λλλ −dtdtdt +Dū̄ūu

]
− ū̄ūu+ ū̄ūu (25)

Notice that −ū̄ūu+ ū̄ūu was added in order to reach the term
ū̄ūu presented in the goal function. All the other terms were
absorved by the term ltltlt which now contain more information
rather than just the descent direction. Concluding:

Lt =−
(
D+AT Y −1

ΛA
)−1

Et (26)

ltltlt =
(
D+AT Y −1

ΛA
)−1 (

AT Y −1
Λyyy+AT Y −1

Λppp (27)

−AT Y −1
ΛY eee+AT Y −1

σ µeee+AT
λλλ −dtdtdt +Dū̄ūu

)
− ū̄ūu.

The parameter α is computed as suggested by [3] and α = 1
is attained as the Primal-dual converges and the residuals of
the perturbed KKT conditions reach zero.

V. PROPOSED ALGORITHM

The algorithm to execute all this process is represented in
Algorithm 1. Notice that with this approach it is necessary
to have as initial value bbb = b̄bb and then it is updated as the
algorithm proceeds with the computation.

Considering that the term b̄bbt
(i+1)− b̄bbt

(i) can have a diver-
gent action over uuu and it is computed only during the loop B,
after the minimization took place in the loop A, the parameter

while Local optimal path not found do
Compute approximation of value function and the
respective parameters at [b̄bbl ];
Initial bbb− b̄bb = 0;
while (Cost iter i+1)>(Cost iter i) and ε > εtol do

while max(bbb−bbbnew)> ∆tol do
for Decreasing t do /* Loop A */

Compute C,ccc,D,ddd,E,e;
Compute
min

1
2

uuuT Duuu+uuuT
(
E
(
bbb− b̄bb

)
+ddd−Dūuu

)
s.t. min 6 uuu 6 max;

Compute S,sss,s;
end
Obtain L, and l;
bbb(i+1)

0 = bbb0;
for Increasing t do /* Loop B */

u(i+1)
t =

ξ Lt

(
b̄bbt

(i+1)− b̄bbt
(i)
)
+ξ εltξ εltξ εlt + ūt

(i);
¯

bbb(i+1)
t+1 = g

(
b̄bbt

(i+1)
,ūuut

(i+1)
)

;
end
bbb = b̄bbnew, such as (bbb− b̄bb) = b̄bbnew− b̄bb;

end
Compute approximation of value function and
the respective parameters at new [b̄bb,ūuu] and
compare the parameters values with the values
of the current nominal trajectory;
if Worse path then

ε = ε/2;
else

New path iteration accepted, ε = 1;
end

end
end

Algorithm 1: ciLQG algorithm

ξ is set to allow a feasible uuu for the next iteration. The
iterative procedure allows us to converge the control policy
to a locally optimal as the term bbb−bbbnew between cycles
of the inner while loop is reduced. After convergence, it is
noted that ξ is equal to 1, but to achieve convergence, some
dumped steps have to be made.

A. Applying the control policy

After collecting the terms Lt (26) and lllt (27), it is now
possible to fill the following equation which is slighty
different than (14).

b̄̄b̄b(i+1)
0 = bbb0, ū̄ūu(i+1)

t = ξ L(i)
t

(
b̄̄b̄b(i+1)

t − b̄̄b̄b(i)t

)
+ξ εlll(i)t + ū̄ūu(i)t

b̄̄b̄b(i+1)
t+1 = g

[
b̄̄b̄b(i+1)

t , ū̄ūu(i+1)
t

]
. (28)

B. Accepting a new trajectory

For both cases the evaluation of a new candidate nominal
trajectory is made in a similar way.

We reintroduce the control policy used in (28) thus having:



Fig. 1. Initial trajectory computed using an RRT
planner. The goal location is represented as a
green dot.

Fig. 2. Locally optimal solution computed using
iLQG. Infeasible portions of the trajcetory are
represented in red

Fig. 3. Locally optimal solution computed using
ciLQG. A blue portion of the trajectory means that
it is feasible

ū̄ūu(i+1)
t = ξ L(i)

t

(
b̄̄b̄b(i+1)

t − b̄̄b̄b(i)t

)
+ξ εlll(i)t + ū̄ūu(i)t . (29)

The control policy of a ith iteration is

uuu−ūuu(i) = L(i)
t

(
bbb− b̄bb(i)t

)
+ξ εltltlt ,

⇒
(

uuu− ūuu(i+1)
t

)
+
(

ūuu(i+1)
t − ūuu(i)t

)
= ξ L(i)

t

(
(bbb− b̄bb(i+1)

t )+(b̄bb(i+1)
t − b̄bb(i)t )

)
+ξ εlll(i)t ,

⇒
(

uuu− ūuu(i+1)
t

)
+ξ L(i)

t (b̄bb(i+1)
t − b̄bb(i)t )+ξ εlll(i)t

= ξ L(i)
t

(
(bbb− b̄bb(i+1)

t )+(b̄bb(i+1)
t − b̄bb(i)t )

)
+ξ εlll(i)t ,

⇒
(

uuu− ūuu(i+1)
t

)
= ξ L(i)

t

(
bbb− b̄bb(i+1)

t

)
. (30)

This control policy gives us the relative police of iteration
i+1 over the control policy of iteration i. To assess if this
new iteration is better than the current nominal trajectory
we followed the same procedure as apresented in [9] except
for the fact of using ξ L(i)

t instead of L(i)
t evaluating the

parametric form of the approximated value function.
In practice we conclude that ξ is equal to 1 as the

algorithm converges so it is not an issue to distinguish one
method from the other.

VI. RESULTS

In this section, we compare the ciLQG and the iLQG
algorithms over different environments and try to validate
our approach to constrain the control input. Both algorithms
were implemented using Matlab2016b R©, 2.9Ghz Intel R©
i7

TM
computer.

As for the results, both algorithms receive the same initial
guess and the environment for the robot is the same, as well
as the robot’s motion and observation models.

A. 2D Point robot

Using a 2D Point robot system as presented in (Berg et al.,
2012), we computed an initial nominal trajectory given by
the RRT algorithm presented in figure 1. The ellipse show
the amount of uncertainty that the robot holds at the time
instance where the ellipse is centered. A light-dark domain
was used [4], where the measurement uncertainty increases
with the distance from the light source.

In the first example the domain has no obstacles. After
setting the environment, we run both iLQG, figure 2, and
ciLQG, figure 3, algorithms. The iLQG algorithm took 8
seconds to computed the solution, while ciLQG algorithm
lasted 83 seconds. This increase in time is due to the Primal-
dual convergence criteria.

We observe that both final locally optimal trajectories look
similar and they fulfill the purpose of getting to the target
location with the least amount of uncertainty regarding the
robot’s state. The main difference between the solutions is
the control input requested to the robot.

In Figure 2, the input exceeds the bounds of the actuator
leading to an unfeasible solution, represented by the red
portions of the trajectory, whereas in Figure 3 the input is
within the actuator’s bounds generating a feasible trajectory
represented by an all blue itinerary. The comparison between

Fig. 4. Coordinate X requested control input for the room with no obstacles
- iLQG (blue), ciLQG (green), control bounds (red)

the requested control input is plotted in figure 4. We can see
that our approached computes the locally optimal trajectory
within the feasible domain. As for the iLQG approach,
around 15% of the time steps are outside the feasible domain.
Only one of the coordinates violates the boundaries.

The same amount of time-steps were used in both sce-
narios. We notice, as well, that using ciLQG the number
of iterations accepted decreases at a expense of that each
iteration takes longer to converge.

As for the second example, represented in figures 5, 6 and
7, we introduce some obstacles and a circular beacon, which



Fig. 5. Collision free initial nominal trajectory
computed with RRT with obstacles

Fig. 6. Local optimal solution using iLQG with
a part of the trajectory infeasible

Fig. 7. ciLQG algorithm’s output revealing a
feasible, collision free trajectory

means that the measurement noise varies quadratically in
both directions holding its minimum at the beacon location
(demonstrated by the red dot). The cost function regarding
the distance to the obstacles can be tunned by the user to set
how close or how far away the robot can be from the obstacle
[8]. The iLQG algorithm lasted 68 seconds to converge,
while ciLQG computed the final result in 149 seconds.

Fig. 8. Coordinate Y requested control input for the room with obstacles
- iLQG (blue), ciLQG (green), control bounds (red)

Once again, in this example, we stumbled into the fact
that both algorithms compute a locally optimal motion plan,
but the iLQG algorithm exceeds the control bounds, also
in about 15% of the trajectory, represented in figure 8. And
once more, the ciLQG approach computes a feasible solution
despite having a computation time trade off.

As the robot has no considerable dimensions in a 2D Point
robot, it can pass close to the obstacles without colliding with
them.

As mentioned previously, when applying the control policy
in (28), the value of ξ is, in both examples, always equal to
one confirming the convergence and setting the acceptance
criteria of a new nominal trajectory identical to the one
presented in (Berg et al., 2012) [9].

VII. CONCLUSIONS AND FUTURE WORK

With the ciLQG approach we generate a locally optimal
trajectory, which never exceeds the actuator’s bounds and
avoids obstacle collisions over a stochastic situational prob-
lem.

We also conclude that despite taking more computation
time, the results shown reveal a success concerning the
ciLQG feasible performance.

As for future work, we intend to test this algorithm in more
complex scenarios, and system dynamics. We also want to
extend ciLQG to hybrid systems.
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