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Abstract

This dissertation aims to continue the work previously developed in the ALIV project, by studying
and developing the Tilt-Quadrotor, a flying vehicle capable of both vertical take-off and landing and
horizontal high speed flight with great efficiency. This platform has a great range of motions, made
possible by the tilting of two of its four rotors by the action of servo motors, with the main advantage
being the possibility of horizontal motion without the tilting of the platform central core. First the
Tilt-Quadrotor actuator models are introduced and the its principal motions are explained and proven
possible mathematically. The equations of motion are defined and the models of the sensors present in
the real life prototype are developed. The Tilt-Quadrotor non-linear model is implemented in Simulink
with an LQR controller for both position and attitude, obtained from a linearized model. Estimators
for the all three attitude angle, altitude and vertical velocity are developed based on the Kalman
Filter. The performance of all controllers and estimators are assessed in the simulator, where it is
shown that the controller and estimator pair can stabilise the platform that is capable of performing
all motions. The work presented in this dissertation culminates in the experimental validation of the
results obtained in simulation. The ALIV3 prototype was tested and successfully achieved stable flight.
Keywords: Tilt-Quadrotor, Extended Kalman Filter, Linear-Quadratic-Regulator, Attitude Control,
Experimental Validation

1. Introduction

Unmanned Aerial Vehicles (UAV) are rather pop-
ular nowadays, not only as a hobby but also with
real world applications being widely studied espe-
cially in the academia. Although primarily used
in the latter as a medium for testing new control
methodologies, a recent trend has given an increas-
ing focus to new types of aircraft with different con-
figurations.

The motivation is to solve the inherent under-
actuation of traditional multi-rotors, thus allowing
a more precise and complete control, which is re-
quired by many applications such as surveillance,
mapping or inspection operations. Several experi-
ments have been made with fully actuated multiro-
tors, with good results (e.g. [4]).

The Autonomous Locomotion Individual Vehicle
(ALIV) approach is the addition of four servo mo-
tors which can tilt, in two directions, two of the
four rotors of the platform. As such the plaform is
capable of a greater range of motions, from which
the main advantage is the possibility of horizon-
tal travel without the need of tilting the platform
central core. Unlike a classical quadrotor the Tilt-

Quadrotor can also maintain its position while in a
tilted configuration.

This paper presents the derived dynamic equa-
tions of the Tilt-Quadrotor, with the goal of achiev-
ing attitude stabilization of the platform. The
model of the quadrotor and of its actuators and
sensors are described in section 2. The platform
performance and testing in simulation with the de-
veloped controllers and estimators is shown in sec-
tion 3. Lastly the simulation results are validated
experimentally, as shown in chapter 4.

2. Tilt-Quadrotor model

This sections presents the Tilt-Quadrotor model in-
cluding the dynamics of the actuators (DC motors,
servo motors and propellers) and the measurements
of the sensors which will be used for the simula-
tor developed in MATLAB Simulink. The Tilt-
Quadrotor is also explained in more detail.

2.1. Coordinate systems

It is important to establish the coordinate system
and its variables. Two reference frames will be
adopted in this work according to which the forces,
moments and movement of the quadrotor can be de-
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scribed, the inertial reference frame and the body-
fixed frame, which are shown in Figure 1.

Figure 1: Inertial and Body-Fixed Frames adapted
from [5]

The earth inertial frame adopted is the North-
East-Down (NED) frame where the frame origin is
located flat on the surface of the earth with the x, y
and z axis pointing North, East and Down, respec-
tively. This frame is also centered on the quadrotor
initial position O. The second frame is fixed in the
quadrotor center of gravity Oc, with the ux axis
pointing forward, the uy axis pointing to the right,
and the ux axis pointing downward. Vectors ex-
pressed in the earth inertial frame are marked with
the superscript I and vectors expressed in the body-
fixed frame are marked with the superscript B.

2.2. Actuation
There are several actuators in this system. The
brushless direct current motors operate in conjunc-
tion with electronic speed controllers (ESC). The
ESC receive a PWM signal and are thus responsible
for the commutation of the motor coils. The model
of the motor can be approximated by a first order
system [3], in which the PWM signal is related to
the motor angular velocity ωi through:

ωi

PWMi
=

Ki

τs+ 1
(1)

where Ki is the dc gain of the motor and τ its time
constant.

Similarly for the servo motor, the rotation angle
is related to the input PWM signal by:

θi
PWMi

=
Ki

τs+ 1
(2)

According to [2] the thrust Ti and moment Qi of
propeller i can be related to the propeller angular
speed by:

Ti = KTω
2
i (3)

Qi = KQω
2
i (4)

where KT and KQ are the coefficients of thrust and
moment respectively and can be obtained experi-
mentally.

2.3. Control allocation

Unlike a classical quadrotor where the rotors in op-
posite sides rotate in the same direction, the Tilt-
Quadrotor has a different configuration. If the Tilt-
Quadrotor were to have that classical configuration
the propeller moments would be added when tilted
in the same direction, like in a forward motion con-
figuration, as shown in 2.

Figure 2: Tilt-Quadrotor x movement with classical
quadrotor propeller configuration

As such rotors need to rotate in the same direc-
tion in adjacent pairs, as shown in figure 3 where the
rotors shown in green rotate in a clockwise direction
while rotors shown in orange rotate in a counter-
clockwise direction.

Having defined how the different actuators be-
have independently it is now important to under-
stand how they influence each other, and ultimately
how the forces and moments produced by each pro-
peller, are related to the total forces and moments
acting on the quadrotor. Figure 3(a) shows the Tilt-
Quadrotor when the first servo motors are actuated,
effectively tilting rotors 2 and 4 about the x axis by
an angle of φ2 and φ4 respectively. On the other
hand the action of the other two servo motors is
depicted in 3(b) by the tilting of rotors 2 and 4
about the y axis by an angle of θ2 and θ4 respec-
tively. It should be noted that all 4 servos can move
independently and in both directions.

The total forces and moments produced by and
acting on the quadrotor, in a hovering configura-
tion, are then given by :
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(a)

(b)

Figure 3: Tilt-Quadrotor configuration

ΣFx = −T2 sin(θ2) cos(φ2) − T4 sin(θ4) cos(φ4) (5)

ΣFy = T2 sin(φ2) cos(θ2) (6)

ΣFz = −[T1 + T2 cos(θ2) cos(φ2) + T3

+T4 cos(θ4) cos(φ4)] +mg
(7)

ΣMx = T2 cos(φ2) cos(θ2)d− T4 cos(φ4) cos(θ4)d

+Q2 sin(θ2) cos(φ2) −Q4 sin(θ4) cos(φ4)
(8)

ΣMy = (T1 − T3)d−Q2 sin(φ2) cos(θ2)

+Q4 sin(φ4) cos(θ4)
(9)

ΣMz = −Q1 +Q2 cos(φ2) cos(θ2) +Q3

−Q4 cos(φ4) cos(θ4) − T2 cos(φ2) sin(θ2)d

+T4 cos(φ4) sin(θ4)d

(10)

2.4. Equations of motion
The quadrotor position PI = [x, y, z]T in the iner-
tial frame is related to the velocity in the body-fixed
VB = [u, v, w]T frame by (11). The quadrotor atti-
tude is described by the Euler angles Φ = [φ, θ, ψ]T .
The angular velocity is given by ΩB = [p, q, r]T and
is measured in the body-frame, where p, q and r cor-
respond to the angular velocities around the ux, uy
and uz axis respectively. The dynamics and kine-
matics of the Tilt-Quadrotor can be summarized by

the following equations in accordance to [10].

ṖI = SVB (11)

Φ̇B = TΩB (12)

mV̇B = FB +mSTgI − Ω̇B ×mVB (13)

I Ω̇B = MB − ΩB × I ΩB (14)

where S is the rotation matrix that transforms a
vector in the body fixed frame to the inertial frame
and is obtained by:

S = Sz(ψ) ∗ Sy(θ) ∗ Sx(φ) (15)

The transformation matrix T relates the angu-
lar velocity in the body-fixed frame with the Euler
angle rates [1] and is given by:

T =

1 sin(φ) tan(θ) cos(φ) tan(θ)
0 cos(φ) − sin(φ)
0 sin(φ) sec(θ) cos(φ) sec(θ)

 (16)

2.5. Sensors

The prototype autopilot board is equipped with an
InvenSense MPU-600 IMU which has a 3-axis ac-
celerometer, a 3-axis gyroscope, a 3-axis magne-
tometer and a barometer.

2.5.1 Accelerometer

The accelerometer readings can be simplified
through calibration for a near hovering situation
(see [9]) to:

āB = STgI + Ω̇ × r + Ω × (Ω × r) +µµµa (17)

where µµµa is the accelerometer Gaussian noise and
r = [rx, ry, rz] is the distance of the IMU to the
platform CG.

2.5.2 Gyroscope

From [7] the gyroscope readings are modelled by:

ΩB = ΩB +µµµg (18)

where µµµg is the gyroscope Gaussian noise.

2.5.3 Magnetometer

According to [5] the magnetometer readings can be
simplified through proper calibration to:

NB = STNI +µµµm (19)

where NI is the earth magnetic field vector and µµµm

the Gaussian measurement noise.
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2.5.4 Barometer

The barometer reading in Pa is given by:

p̄ = p0 ∗ (1 − h

44330
)5.255 + µb (20)

where p0 is the atmospheric pressure at sea level in
Pa , h the altitude of the quadrotor in m and µb

the Gaussian noise.

2.5.5 ALIV3

Regarding the ALIV3 prototype it should be men-
tioned that the platform weighs 1903g and the mo-
ments of inertia, identified by [8] are presented in
the table below:

Table 1: Platform moments of Inertia

Inertia [kg ·m2]

Ixx 0.0367

Iyy 0.0262

Izz 0.0504

3. Control and estimation design
In this section the development of the controllers
for the attitude and position of the Tilt-Quadrotor
is described.

3.1. Control design
The model of the actuators and the kinematics and
dynamics model of the Tilt-Quadrotor can be lin-
earised to a state space model:

ẋ = Ax+Bu (21)

with the state x = [Ω, Ṗ,Φ,P]T . The input vector
u(8×1) = [PWMi]

T has all the eight PWM inputs,
where the first four correspond to the DC motors,
and the last fours correspond to the for servos re-
sponsable for the tilting angles φ2, φ4, θ2 and θ4 re-
spectively. The state and input matrices are:

A =


03×3 03×3 03×3 03×3

03×3 03×3 03×3 03×3

I3×3 03×3 03×3 03×3

03×3 I3×3 03×3 03×3

 (22)

B =



0 0.067 0 −0.067 0 0 0.008 −0.008
0.067 0 −0.067 0 −0.008 0.008 0 0
−0.005 0.005 0.005 −0.005 0 0 −0.06 0.06

0 0 0 0 0 0 −0.005 −0.005
0 0 0 0 0.005 0.005 0 0

−0.004 −0.004 −0.004 −0.004 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


(23)

The resulting controllability matrix has rank 12,
thus proving that the system is fully controllable.

However the position in the x and y direction and
their respective velocities, can’t be obtained and
will be assumed as known. One interesting obser-
vation of (23) is that the yaw motion is about 10
times more sensitive to the motion of servo motors 3
and 4, than to the speed of each of four DC motors.
Furthermore the servo motion influence on yaw is
comparable to the influence of the DC motors on
the roll and pitch motions. As such it is predicted,
that the yaw motion of the Tilt-Quadrotor could
be almost as fast as roll and pitch motions, unlike
classical quadrotors where the yaw motion is con-
siderably slower.

Lastly it should be noted that the linearized
model leads to some loss of information regarding
the model of the Tilt-Quadrotor. Any tilting of the
rotors will lead to a decrease in the vertical com-
ponent of thrust and thus it will have a negative
impact in the quadrotor vertical acceleration. How-
ever this influence is not present in the linear model
as can be seen by the zeros in the last four columns
of the fourth row of (23).

3.1.1 Attitude control

The attitude LQR controller is obtained using the
following weight matrices:

Qatt = diag([750, 1000, 450, 7000, 10500, 800]); (24a)

Ratt = diag([0.01, 0.01, 0.01, 0.01, 0.05, 0.05, 0.05, 0.05]);
(24b)

where the first three elements of Qatt are in
[(s/rad)2] and the last three in [rad−2], while the
elements of Ratt are all in [µs−2].

The performance of the LQR controller is ac-
cessed through tests where all thee attitude angles
are excited by a 5 degree step response. Figure 4
presents the results obtained.

The presented response has oscillations but it is
fast for all three angles, and it has no static errors.
As predicted the yaw motion is almost as fast as the
other two angles. Considering that the yaw angle is
not fulcral for stabilization the controller gains are
smaller and as such the yaw response could be even
faster if required.

3.1.2 Position control

The altitude response shown in figure 5 is obtained
with the following weight matrices:

Qalt = diag([2500, 10000]); (25a)

Ralt = diag([0.01, 0.01, 0.01, 0.01, 0.01, 0.01, 0.01, 0.01]);
(25b)

where the elements of Qalt are in [(s/m)2] and
[m−2] respectively, and the elements of Ralt are in
[µs−2].
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Figure 4: Attitude control response to step refer-
ences

Figure 5: Altitude control response to a step refer-
ence

Figure 6 shows the position and angular response
to a 1m step in the positive x direction, achieved
with the following weight matrices for the position
controller:

Qpos = diag([2500, 2500, 3500, 3500]); (26a)

Rpos = diag([0.01, 0.01, 0.01, 0.01, 0.01, 0.01, 0.01, 0.01]);
(26b)

where the first two elements of Qpos are in [(s/m)2]
and the last two in [m−2], and the elements of Rpos

are in [µs−2].
As predicted the Tilt-Quadrotor is capable of per-

forming horizontal motions without tilting its cen-
tral core. The results are analogous for the y direc-
tion. Another test was made to evaluate the Tilt-
Quadrotor position response in the x axis to a 5
degree pitch step response.

Figure 7 shows that the Tilt-Quadrotor is capa-
ble of maintaining its position even when its central
core is tilted. The slight drift (≈ 20cm ) is explained
by the fact that the attitude controller has a higher
priority on actuation and as such, once the pitch-
ing motion is complete the drift completely stops.
It should also be noted that without the position
controller the drift would grow much faster, even in

Figure 6: x Position control response to a step ref-
erence

Figure 7: x position hold response for a pitch ma-
noeuvre

the first moments. The results are analogous to the
roll angle and y position hold.

3.2. Estimation design

In order to have a good performance the Tilt-
Quadrotor needs to have accurate information
about its states. Since some states like the atti-
tude angles or vertical velocity can not be directly
measured, the development of estimators is a re-
quirement.

3.2.1 Attitude Estimation

For the attitude estimation the Kalman Filter [6]
is used, more precisely, a very popular variation,
the Extended Kalman Filter, where the model is
linearised about the current time step [11]. Ac-
cording to [13] it is a good approach to use the
gyroscope measurements as input signals in order
to predict the attitude angles. The accelerometer
is then used to correct the integration of gyroscope
measurements. However since the Tilt-Quadrotor
is capable of producing forces in all three axis of its
body-fixed frame, the accelerometer readings may
be corrupted by the force produced by the tilting
of the rotors, and as such the magnetometer is also
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used for the state estimation of all three attitude
angles, as per accordance with [12].

The roll and pitch angles are computed from the
magnetometer measurements and used in the EKF
from:

φ̄ = arctan

[
Ny

Nz

]
(27)

θ̄ = arcsin
[
−Nx

]
(28)

Defining y = [āx, āy, ḡx, ḡy, ḡz, φ̄, θ̄, Nz]T , x =
[φ, θ, ψ]T and u = [ḡx, ḡy, ḡz]T the EKF model for-
mulation is:

xk = I3×3xk−1 + τI3×3uk−1 + wk−1 (29)

yk = Ckxk +

02×3

I3×3

03×3

uk + vk (30)

where wk and vk are the stochastic process and mea-
surement noise respectively. Matrix Ck will have to
be defined at each iteration and is given by:

Ck =



0 −g 0
g 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 −cos(x−

k (3))


(31)

The EKF manages to estimate all three attitude
angles in its entirety with great accuracy as shown
in figure 8.

Figure 8: Attitude Estimation

in which the following weight matrices were used:

QEKF = diag([0.02, 0.02, 5]); (32a)

REKF = diag([0.093, 0.088, 0.245, 0.301, 0.196, 0.054, 0.054, 0.029]);
(32b)

where the elements in QEKF are in [rad2] and the
elements of REKF are in [(rad/s)2].

3.2.2 Altitude estimation

For the altitude and vertical velocity estimation
a simple Kalman Filter was developed with the
barometer as the only measuremnt:[

żk
zk

]
=

[
1 0
τ 1

] [
żk−1

zk−1

]
+ wk−1 (33)

yk =
[
0 1

] [żk
zk

]
+ vk (34)

where the following matrices were used:

QKFalt = diag([45, 0.5]); (35a)

RKFalt = 400; (35b)

PKFalt = I2×2 (35c)

The first and second elements of QKFalt and
PKFalt are in [(m/s)2] and [m2] respectively while
RKFalt is in [Pa2]. Lastly the initial state vector
is xo = [0, z0]T where z0 is the quadrotor initial
altitude.

Figure 9: Altitude estimation

Even though the only used sensor is the barome-
ter the altitude estimation is quite satisfactory. The
barometer has the added bonus of being indepen-
dent of the quadrotor attitude and velocity. How-
ever since no input signal was used the velocity esti-
mation has a delay which is expected as the velocity
is obtained by the derivative of the barometer signal
and especially because this signal has a low update
frequency.

4. Results
In this section the simulator and experimental re-
sults will be presented and discussed.
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4.1. Simulation results
In the simulator the KF based estimators and the
LQR controllers are tested in conjunction. Because
the estimator results are not completely precise and
have unwanted noise the weight matrices had to be
adjusted. Figure 10 shows the Tilt-Quadrotor atti-
tude and position response to 3 different angular re-
sponses. The following wheight matrices were used:

Qatt = diag([750, 3000, 450, 4000, 10500, 800]);
(36a)

Qalt = diag([50, 100]); (36b)

Qpos = diag([2500, 2500, 3500, 3500]); (36c)

R = diag([0.1, 0.1, 0.1, 0.1, 0.1, 0.1, 0.1, 0.1]);
(36d)

where the same matrix R was used for all 3 con-
trollers.

Figure 10: Tilt-Quadrotor simulator results to dif-
ferent angular step references

4.2. Experimental results
The final goal of this project is to implement these
findings in a real life prototype, the ALIV3. As
such the linearised model of the Tilt-Quadrotor is
implemented in a Pixhawk board with a modified
version of the PX4 flight stack. Figure 4.2 shows
the results of the platform testing in a quadrotor
arena.

The ALIV3 has a tendency to drift to the left and
as such a small positive tilt is required to maintain
position. This is mostly likely due to vibrations
in the main arms, or a bad trim point in one of
the servos. Nonetheless the response is fast and
accurate, although with overshoots and oscillations
which can be removed with fine tuning.

The platform does not drift forward nor back-
wards and as such the pitch angle has a more
stable reference and thus a more stable response.
The forward and backward motion of the platform
was tested, albeit with the classical configuration
achieved by the tilting of the central core, as can be
seen in figure 11(b) around the 35sec to the 40sec

(a) Roll angle φ response

(b) Pitch angle θ response

(c) Yaw angle ψ response

Figure 11: Attitude response of the ALIV3

mark. The platform travelled several metres for-
ward, stopped, and then travelled backwards, once
again reaching a stable position.

Lastly the yaw angle response is discussed. The
platform responds well, keeping its yaw angle close
to the reference and is only slightly affected from
the controlling motions of the other angles, mean-
ing that the linearised model is a good approxima-
tion. Special attention should be given to the spikes
around the 25sec and 42sec mark in figure 11(c).
The first spike corresponds to a yaw rotation com-
mand of about 90◦, which is then quickly reversed.
The platform performs this motion at speeds reach-
ing 200◦/s, which is a great result. The second spike
corresponds to a full rotation about the z axis in
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three quick and successive motions. Once again the
platform performs this motion with great speeds.

Figure 4.2 shows the PWM signals sent to two DC
motors and two servo motors. The influence of servo
motors 3 and 4 on yaw motion is obvious. There is
a clear correlation between the yaw angle shown in
figure 11(c) and the servo signals in figures 12(c)
and 12(d). As expected the actuation of servos 3
and 4 is symmetrical for a yaw motion, as shown.
Outside of yaw motions, servo motors 3 and 4 are
still active, as they are required to maintain a yaw
moment balance, whenever the platform performs a
roll motion, which as discussed previously, are more
frequent and intense than the pitch motions.

Figure 13 shows the ALIV3 in stable flight.

5. Conclusions

The work developed, and described in this paper,
culminated in the following contributions and con-
clusions. Some suggestions for future work are also
mentioned.

The Tilt-Quadrotor non-linear model was de-
veloped including the model of its actuators and
sensors. The designed controllers and estimators,
based on the linearized model stabilized the plat-
form. It was shown that the platform is capable of
performing all motions described. The developed
simulator can be used to continue the study of this
platform. A good approach would be the testing of
non-linear control methods, as the linearized model
inevitably leads to some loss of information of the
model.

A controller based on the linearized model was
implemented in a real life prototype, the ALIV3,
and the results experimentally validated. The plat-
form achieved attitude stabilization and can con-
tinue to be worked on towards the experimental val-
idation of horizontal motion with a levelled central
core.

The work described in this article also resulted
in an accepted paper with the title ”The Tilt-
Quadrotor: Modelling and Attitude Stabilization”
to be presented in the 44th European Rotorcraft
Forum, in Delft, The Netherlands1.
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