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Abstract—After analysing and choosing the soil models to be 

considered, the response of simple grounding electrodes (vertical 

and horizontal) to lighting currents was simulated using the 

transmission line theory. These simulations were performed for 

both frequency dependant and independent models, for soils with 

low-frequency resistivities of 300 Ωm, 1000 Ωm and 4000 Ωm and 

for first and subsequent strokes. It was possible to verify that the 

dependence with frequency is responsible for the reduction of the 

magnitude of the harmonic impedance and for the increase of the 

capacitive effect. This causes the reduction of the grounding 

potential rise, the impulse impedance and the impulse coefficient, 

being this reduction more significant for soils with high 

resistivities and for subsequent strokes. It is also noticeable that 

the effective length, for first strokes, becomes larger when 

considering the frequency dependence, while for subsequent 

strokes there are not significant differences between the effective 

lengths of the frequency dependant and independent models. All 

these results show the importance of considering the frequency 

dependence of the soil parameters when studying the response of 

grounding electrodes to lightning currents. 

Keywords - Soil permittivity, soil resistivity, frequency 

dependence, grounding electrode, lightning current, transmission 

line theory. 

 

I.  INTRODUCTION 

For many years the soil representation would assume its 
parameters to be frequency independent, both the resistivity and 
the permittivity, either for being common practice or simply 
because it was believed that the practical results would not be 
affected in a significant way. However, nowadays this is known 
to be incorrect, since these parameters are highly influenced by 
the variation of the frequency. As a result, this dependency will 
act on the way the grounding electrodes respond to a lightning 
stroke. Having this into consideration allows the creation of 
models that are able of accurately simulate the behaviour of 
grounding systems, which is essential to guarantee the security 
of people and infrastructures. 

In a way of clarifying the dependency with the frequency of 
the soil parameters, each section will present one of the main 
elements of this study. So, in Section II, the soil parameters 

themselves will be introduced, as well as the different soil 
models capable of representing their variation with the 
frequency. Section III will include the study of the electrode, 
showing the equations needed to calculate the parameters of a 
horizontal and a vertical electrode, as well as the different 
models that can be adopted. The analytical representation of the 
lightning strokes will be shown in Section IV, along with the 
parameters that characterize the first and subsequent strokes 
measured at Morro do Cachimbo Station, in Brazil, and at San 
Salvatore Station, in Switzerland. Finally, in Section V, the 
results and simulations will be presented, being the conclusions 
taken during this study described in Section VI. 

II. THE SOIL 

To fully understand the behaviour of the soil, one has first 

to consider the parameters that characterize it. When the 

dependency with the frequency is not taken into consideration, 

both the soil resistivity (𝜌) and the soil permittivity (𝜀) are 

assumed to be constant. The value assumed for the resistivity 

is, generally, the value measured at low-frequencies (𝜌0) and for 

the relative permittivity (𝜀𝑟) is usually between 2 and 80 [1]. 

Also, due to the high variability of these parameters, either 

because of the water content, the temperature or even the depth 

at which the measurements are taken, the soils of each region 

will be characterized by the median of the values measured 

during the year. However, since the frequency rise, result of the 

lightning stroke, will have a big impact on the soil parameters, 

the assumption that the parameters are constant often lead to 

inaccurate results [14]. 

To establish a correct soil model, several studies, based on 

experimental measurements, were performed in a way of 

deriving expressions capable of accurately representing the 

dependence of the soil parameters with the frequency. In this 

section, the equations of seven different soil models will be 

presented and divided in terms of their causality and behaviour 

along a specified frequency range. 

 



A. Scott Model 

One of the first studies addressing the dependency of the 

soil parameters with the frequency was presented by Scott in 

[1-2], where were obtained expressions that represent the soil’s 

relative permittivity and conductivity (𝜎), which is the inverse 

of the resistivity, as a function of the frequency. These 

expressions are 

 𝜎(𝑓) = 10𝐾 × 10−3 

 

(1a) 

𝐾 = 0.028 + 1.098 log10(𝜎100𝐻𝑧) −
0.068 log10(𝑓) + 0.036 log10

2 (𝜎100𝐻𝑧) −
0.046 log10(𝑓) log10(𝜎100𝐻𝑧) + 0.018 log10

2 (𝑓)  

(1b) 

 𝜀𝑟(𝑓) = 10𝐷  

 

(2a) 

𝐷 = 5.491 + 0.946 log10(𝜎100𝐻𝑧) −
1.097 log10(𝑓) + 0.069 log10

2 (𝜎100𝐻𝑧) −
0.114 log10(𝑓) log10(𝜎100𝐻𝑧) + 0.067 log10

2 (𝑓)  

(2b) 

 

where 𝑓 represents the frequency and 𝜎100𝐻𝑧 represents the soil 

conductivity, in [mS/m], measured at 100 Hz. 

 

B. Smith-Longmire Model 

By using Scott’s measurements, Longmire and Longley 

presented, in [3], a new formulation for the parameters, which 

was later modified by Smith and Longmire in [4], where were 

included measurements by Wilkenfeld. The result were the 

expressions given by 

 

𝜎(𝑓) = 𝜎0 + 2𝜋𝜀0 ∑ 𝑎𝑖𝐹𝑖

(
𝑓

𝐹𝑖
)

2

1+(
𝑓

𝐹𝑖
)

2
13
𝑖=1    

 

 

(3) 

 𝜀𝑟(𝑓) = 𝜀∞ + ∑
𝑎𝑖

1+(
𝑓

𝐹𝑖
)

2
13
𝑖=0   

 

(4) 

 𝐹𝑖 = 𝐹(𝜎0) 10𝑖−1   

 

(5) 

 𝐹(𝜎0) = (125𝜎0)0.8312 (6) 

 

where 𝜀0 is the vacuum permittivity (𝜀𝑜 ≅ 8,854 × 10−12 F/m), 

𝜀∞  represents the limit of the relative permittivity at high-

frequencies, assumed to be equal to 5, and 𝜎0 [S/m] represents 

the soil conductivity at low-frequencies which, in this case, is 

calculated by solving (3) for the specified value of 𝜎100𝐻𝑧 and 

for a frequency of 100 Hz. The coefficients  𝑎𝑖  are listed in 

Table 1. 

 
Table 1 – Coefficients 𝑎𝑖. (Values extracted from [4]) 

𝒊 𝒂𝒊 𝒊 𝒂𝒊 

1 3.40 × 106 8 1.25 × 101 

2 2.74 × 105 9 4.80 × 100 

3 2.58 × 104 10 2.17 × 100 

4 3.38 × 103 11 9.80 × 10−1 

5 5.26 × 102 12 3.92 × 10−1 

6 1.33 × 102 13 1.73 × 10−1 

7 2.72 × 101   

C. Messier Model 

This model, also based on Scott’s data, was initially 

demonstrated by Messier in [5] and later perfected in [6]. The 

expressions presented are 

 

 
𝜎(𝑓) = 𝜎0 (1 + √

4𝜋𝑓𝜀∞

𝜎0
)   

 

 

(7) 

 
𝜀𝑟 =

𝜀∞

𝜀0
(1 + √

𝜎0

𝜋𝑓𝜀∞
)  

(8) 

 

Here, unlike the previous model, 𝜀∞  represents the 

permittivity at high frequencies and was defined as being equal 

to 8𝜀0. Also different from the Smith-Longmire model is the 

value of 𝜎0, which is assumed to be equal to 𝜎100𝐻𝑧 [S/m]. 

 

D. Visacro-Portela Model 

This representation of the soil parameters was proposed by 

Visacro and Portela in [7] where, using their own 

measurements, the following expressions were obtained: 

 

 
𝜎(𝑓) = 𝜎0 (

𝑓

100
)

0.072

  

 

(9) 

 
𝜀𝑟(𝑓) = 2.34 × 106 (

1

𝜎0
)

−0.535

𝑓−0.597  
(10) 

 

where 𝜎0  is assumed to be equal to 𝜎100𝐻𝑧 [S/m]. 

 

E. Portela Model 

One of the most used models was presented by Portela in 

[8], where, by using his own measurements, the author arrived 

at the expression given by 

 

𝜎(𝑓) ± 𝑗𝜔𝜀(𝑓) = 𝜎0 + ∆𝑖 [𝑐𝑜𝑡 (
𝜋

2
𝛼) ± 𝑗] (

𝜔

2𝜋×106)
𝛼

  (11) 

 

being 𝜔 the angular velocity (𝜔 = 2𝜋𝑓 rad/s) and 𝜎0 assumed to 

be equal to 𝜎100𝐻𝑧. As for the statistical parameters, this work 

will use their median values, which are: ∆𝑖 = 11.71 × 10−3 S/m 

and 𝛼 = 0.706, as indicated in [9]. 

  

F. Visacro-Alipio Model 

In [10], Visacro and Alipio, based on their own data, created 
the following expressions: 

𝜎(𝑓) = 𝜎0 {1 + [1.2 × 10−6 (
1

𝜎0
)

0.73

] (𝑓 −

100)0.65}   

 

 

(12) 

𝜀𝑟(𝑓) = 7.6 × 103 𝑓−0.4 + 1.3  for  𝑓 ≥ 10kHz (13) 

where 𝜎0 is assumed to be the same as 𝜎100𝐻𝑧. It’s also important 
to note that (12) is only valid for frequencies between 10 kHz 
and 4 MHz. For values lower than 10 kHz, Visacro and Alipio 
advise the use of the value obtained for 10 kHz. 



G. Alipio-Visacro Model 

More recently, Visacro and Alipio created a new model and 
presented it in [12]. There, they represented the frequency 
dependence of the soil parameters as 

 𝜎(𝑓) = [𝜎0 + 𝜎0 ℎ(𝜎0) (
𝑓

106)
𝛾

] × 10−3   (14) 

  

𝜀𝑟(𝑓) =
𝜀∞

′

𝜀0
+

tan(
𝜋𝛾

2
) 10−3

2𝜋𝜀0(106)𝛾 𝜎0 ℎ(𝜎0) 𝑓𝛾−1  

 

(15) 

 

where 𝜎0 [mS/m] is assumed to be equal to 𝜎100𝐻𝑧. As for the 
parameters ℎ(𝜎0) , 𝛾  and   𝜀∞

′ 𝜀0⁄ , their values are indicated in 
Table 2. In this work were used the mean values. 

 
Table 2 – Parameters of the Alipio-Visacro model. (Extracted from [12]) 

 ℎ(𝜎0) 𝛾 𝜀∞
′ 𝜀0⁄  

Mean results ℎ1 = 1.26 × 𝜎0
−0.73 0.54 12 

Relatively 

conservative results 
ℎ2 = 0.95 × 𝜎0

−0.73 0.58 8 

Conservative 

results 
ℎ3 = 0.70 × 𝜎0

−0.73 0.62 4 

 

➢ Comparison of the Models 

In a way of comparing the different soil models, one must 

address both their causality and their overall results in the 

frequency domain. The causality of the first six models was 

addressed in [13] where, by applying the Kramers-Kronig 

relationships, it was possible to determine the following models 

as causal: Smith-Longmire, Messier and Portela. As for the 

Alipio-Visacro model, its causality was analysed in [11], from 

where was concluded that its curves are in agreement with the 

Kramers-Kronig relationships, thus proving its causality. 

After simulating the models’ expressions in MATLAB, the 

curves of both resistivity and relative permittivity were 

obtained and presented in Figs. 1-3. 

 

 
Fig. 1 – Comparison of the resistivity (left) and the relative permittivity (right) 

of the different soil models (𝜌100𝐻𝑧 = 300 Ω𝑚). 

 

 
Fig. 2 – Comparison of the resistivity (left) and the relative permittivity (right) 

of the different soil models (𝜌100𝐻𝑧 = 1000 Ω𝑚). 

 

 
Fig. 3 – Comparison of the resistivity (left) and the relative permittivity (right) 

of the different soil models (𝜌100𝐻𝑧 = 4000 Ω𝑚). 

 

For all models, as the frequency rises, both the values of 
resistivity and relative permittivity decrease. In the case of the 
resistivity, this happens because, as the frequency rises, the 
values for the current density, in the soil, increase, which causes 
the lowering of the resistivity. As for the permittivity, it presents, 
for low-frequencies, very high values, being the molecules of the 
soil highly polarized. So, since the frequency rise hinders the 
polarization phenomenon, the value of the permittivity will 
suffer a significant reduction. 

By analysing the curves, it can be seen that, while the 
Visacro-Portela and Portela models have a different behaviour 
than the rest, probably due to the different set of data they´re 
based on, the other soil models predict similar results. It is also 
noticeable that the models start to differ more from one another 
at high-frequencies and for higher values of  𝜌100𝐻𝑧. 

Having all the above results into consideration, it was 
possible to determine which soil models will be used in the 
simulations. Those models are: Smith-Longmire, Messier, 
Portela, Visacro-Alipio and Alipio-Visacro. Note that, even 
though the Visacro-Alipio model didn´t pass the causality tests 
and the Portela model presents a different behaviour than the 
rest, since they’re highly popular, both will be considered. 

 

III. THE ELECTRODE 

The creation of simulations capable of accurately 
representing a grounding system depends heavily on a rigorous 
analytical representation of the electrode’s parameters. Only by 
doing this is it possible to determine the system’s impedance 
and, consequently, the potential developed during a lightning 
strike. However, choosing the right approach is not an easy task, 
since it has, not only to be accurate, but also of practical 
implementation. Of all the existing approaches, the ones that 
stand out the most in the literature are: 



• The Circuit Approach [20-25], where the electrode is 
represented, or by a resistance [Fig. 4(a)], in a low-
frequency case, or by a lumped R-L-C circuit [Fig. 4(b)], 
in a high-frequency case, or even by a segmented R-L-C 
circuit [Fig. 4(c)]. Then, by solving the nodal equations, 
simple expressions, capable of representing the 
grounding system, are obtained. 

• The Electromagnetic Field Approach [27-32], which is 
the most accurate method and often used to validate other 
approaches, since it requires fewer approximations than 
other methods. Even so, because it requires the system to 
be linear, phenomena like soil ionization (which will not 
be considered in this study) cannot be represented. 

• The Hybrid Approach [33-37], which is a combination of 
both the circuit and the electromagnetic approaches. It 
achieves very accurate results while at the same time 
represents the system in a simpler way than the 
electromagnetic field approach. 

• The Transmission-Line Approach [38-41], where the 
electrode is represented as a lossy transmission-line, 
divided into N sections [Fig. 4(c)], each section being 
characterized by a resistance, an inductance and a 
capacitance. 

 

Fig. 4 – Grounding electrode models. (a) Low-frequency resistance. (b) High-
frequency lumped R-L-C circuit. (c) High-frequency segmented R-L-C 

circuit. (Extracted from [26]) 

 

From all the above approaches, it was selected the 
transmission-line method, since both the electromagnetic field 
approach and the hybrid approach are very complex and of 
difficult implementation, and the circuit approach is not as 
accurate as the transmission-line approach [26]. 

Having chosen the method, it is time to calculate the line 
parameters 𝑅, 𝐿 and 𝐶. From consulting the works of Dwight 
[42] and Sunde [18], it was possible to determine the expressions 
that represent the parameters of a vertical and horizontal 
electrode. 

For a vertical electrode, of length 𝑙  and radius 𝑎 , the 
equations of its parameters are: 

 𝑅 =
𝜌

2𝜋𝑙
[ln (

4𝑙

𝑎
) − 1]   

 

(16) 

 𝐶 =
2𝜋𝑙𝜀

ln(
4𝑙

𝑎
)−1

   

 

(17) 

 𝐿 =
𝜇𝑙

2𝜋
[ln (

2𝑙

𝑎
) − 1]  (18) 

 

where 𝜇  is the magnetic permeability of the soil, which is 
assumed to be equal to the vacuum permeability (𝜇0). 

For a horizontal electrode, of length 𝑙, radius 𝑎 and buried at 
a depth of 𝑑, the equations are: 

 𝑅 =
𝜌

𝜋𝑙
[ln (

2𝑙

√2𝑎𝑑
) − 1]   

 

(19) 

 𝐶 =
𝜋𝑙𝜀

ln(
2𝑙

√2𝑎𝑑
)−1

   

 

(20) 

 𝐿 =
𝜇𝑙

2𝜋
[ln (

2𝑙

√2𝑎𝑑
) − 1]   (21) 

 

However, it is often used (18) for both the horizontal and 
vertical electrodes’ inductances, as indicated in [18]. 

Finally, the per-unit-length parameters 𝐺′ , 𝐿′  and 𝐶′ , are 
given by 

 𝐺′ = 1 𝑅𝑙⁄  

 

(22) 

 𝐶′ = 𝐶 𝑙⁄  

 

(23) 

 𝐿′ = 𝐿 𝑙⁄  (24) 
 

These parameters will be necessary to calculate the harmonic 
grounding impedance, which will be calculated at the input of 
the transmission-line and considering an open circuit. The 
analytical expression of the harmonic impedance is obtained 
through the transmission-line equations 

 𝑈(𝑧) = 𝑈𝑖𝑒
−�̅�𝑧 + 𝑈𝑟𝑒�̅�𝑧 

 

(25) 

 𝐼(̅𝑧) =
�̅�𝑖

𝑍𝑤
𝑒−�̅�𝑧 −

�̅�𝑟

𝑍𝑤
𝑒�̅�𝑧  (26) 

 

being �̅�(𝑧) and 𝐼(̅𝑧) the complex amplitudes of the voltage and 

current, respectively, at a position 𝑧 in the line, �̅�𝑖 the complex 

amplitude of the incident wave’s voltage and �̅�𝑟  the complex 

amplitude of the reflected wave’s voltage. 𝑍𝑤  and 𝛾  are the 

frequency dependent parameters, the characteristic impedance 

and the propagation constant, respectively, which are defined by 

the equations 

 
𝑍𝑤 = √

𝑗𝜔𝐿′

𝐺′+𝑗𝜔𝐶′  

 

(27) 

 𝛾 = √𝑗𝜔𝐿′(𝐺′ + 𝑗𝜔𝐶′) (28) 

 



Then, by solving (25) and (26) at the input of the line (𝑧 = 0), 

and then again assuming an open circuit at the end of the line 

[𝐼(̅𝑧 = 𝑙) = 0], it can be obtained the equation given by 

 𝑈(𝑧 = 0) = 𝑍𝑤 coth(𝛾𝑙) 𝐼(̅𝑧 = 0) (29) 

 

where 𝑈(𝑧 = 0)  is the potential developed at the input and 

𝐼(𝑧 = 0) is the incident current, both as a function of frequency. 

And so, the harmonic grounding impedance is given by 

 𝑍(𝜔) = 𝑍𝑤 coth(𝛾𝑙) (30) 

 

being 𝑙 the total length of the electrode. 

 

IV. THE LIGHTNING CURRENT 

Due to the probabilistic nature of lightning strokes, a correct 
analytical representation can be a challenge. As a way of 
determining which types of strokes are the most common, 
CIGRE (International Council on Large Electric Systems) 
gathered measurements from all around the world, presenting, in 
[46], the values for the lightning parameters.  

 CIGRE also adopted the waveform proposed by Anderson 
and Eriksson in [47, p. 85], which is a negative downward 
stroke. Another characteristic of the lightning strokes, that 
became evident by analysing the data, was that most lightning 
flashes contain multiple strokes, more specifically, one double-
peaked first stroke, followed by one or more single-peaked 
subsequent stroke. 

In this work, the values for the parameters of first and 
subsequent stroke taken into consideration are the ones 
measured at San Salvatore, in Switzerland, and at Morro do 
Cachimbo, in Brazil, which are indicated in Tables 3-4. 

 

Table 3 – Median parameters of the first and subsequent strokes, measured at 
San Salvatore Station. (Values extracted from [47]) 

Type 𝑰𝒑𝟏 

[𝒌𝑨] 

𝑰𝒑𝟐 

[𝒌𝑨] 

𝑻𝟏𝟎 
[𝝁𝒔] 

𝑻𝟑𝟎 
[𝝁𝒔] 

𝑻𝟓𝟎 
[𝝁𝒔] 

𝑺𝟏𝟎 

[𝒌𝑨/
𝝁𝒔] 

𝑺𝟑𝟎 

[𝒌𝑨/ 

𝝁𝒔] 

(𝒅𝒊 𝒅𝒕⁄ )𝒎𝒂𝒙 

[kA/𝝁𝒔] 

First 

stroke 

27.7 31.1 4.5 2.3 75.0 5.0 7.2 24.3 

Sub. 

stroke 

11.8 - 0.6 0.4 32.0 15.4 20.1 39.9 

 

Table 4 – Median parameters of the first and subsequent strokes, measured at 

Morro do Cachimbo Station. (Values extracted from [49]) 

Type 𝑰𝒑𝟏 

[𝒌𝑨] 

𝑰𝒑𝟐 

[𝒌𝑨] 

𝑻𝟏𝟎 

[𝝁𝒔] 
𝑻𝟑𝟎 

[𝝁𝒔] 
𝑻𝟓𝟎 

[𝝁𝒔] 
𝑺𝟏𝟎 

[𝒌𝑨/
 𝝁𝒔] 

𝑺𝟑𝟎 

[𝒌𝑨/ 

𝝁𝒔] 

(𝒅𝒊 𝒅𝒕⁄ )𝒎𝒂𝒙 

[kA/𝝁𝒔] 

First 

stroke 

40.4 45.3 5.6 2.9 53.5 5.8 8.4 19.4 

Sub. 

stroke 

16.3 - 0.7 0.4 16.4 18.7 24.7 29.9 

 

The names of the parameters shown are the following: 

𝐼𝑝1 – first peak maximum amplitude; 

𝐼𝑝2 – second peak maximum amplitude; 

𝑇10 – front time between 10% and 90% of the first peak 
maximum amplitude; 

𝑇30 – front time between 30% and 90% of the first peak 
maximum amplitude; 

𝑇50 – time it takes for the current amplitude to decay 
50% of the second peak maximum amplitude; 

𝑆10 – average current steepness between 10% and 90% 
of the first peak maximum amplitude; 

𝑆30 – average current steepness between 30% and 90% 
of the first peak maximum amplitude. 

(𝑑𝑖 𝑑𝑡⁄ )𝑚𝑎𝑥 – maximum rising rate of the current. 

 

➢ Analytical Representation of the lightning strokes  

In an attempt of mathematically representing curves with the 
characteristics of the lightning strokes, Heidler proposed, in 
[50], a new expression called Heidler function where, by 
summing and adjusting multiple functions, it is possible to 
obtain the desired current waveforms. This sum of Heidler 
functions is given by 

 

𝑖(𝑡) = ∑ ((
𝐼0𝑘

𝜂𝑘
) 𝑒

(
−𝑡

𝜏2𝑘
)

(
(

𝑡

𝜏1𝑘
)

𝑛𝑘

1+(
𝑡

𝜏1𝑘
)

𝑛𝑘
 
))𝑚

𝑘=1   

 

 

(31a) 

 

𝜂𝑘 = 𝑒
−(

𝜏1𝑘
𝜏2𝑘

)(
𝑛𝑘𝜏2𝑘

𝜏1𝑘
)

1
𝑛𝑘

 

 

(31b) 

 

So, in a way of obtaining curves with the characteristics 
indicated in Tables 3-4, one must use the Heidler function’s 
parameters presented in Tables 5-6, which were extracted from 
[51]. 

 

Table 5 – Parameters of the seven Heidler functions needed to represent the 

median values of the first strokes, measured at San Salvatore Station and 
Morro do Cachimbo Station. (Values extracted from [51]) 

 San Salvatore Morro do Cachimbo 

𝒌 𝑰𝟎𝒌 

[kA] 

𝒏𝒌 𝝉𝟏𝒌 

[𝝁𝒔] 

𝝉𝟐𝒌 

[𝝁𝒔] 

𝑰𝟎𝒌 

[kA] 

𝒏𝒌 𝝉𝟏𝒌 

[𝝁𝒔] 

𝝉𝟐𝒌 

[𝝁𝒔] 

1 3.0 2.0 3.0 76.0 6.0 2.0 3.0 76.0 

2 4.5 3.0 3.5 25.0 5.0 3.0 3.5 10.0 

3 3.0 5.0 5.2 20.0 5.0 5.0 4.8 30.0 

4 3.8 7.0 6.0 60.0 8.0 9.0 6.0 26.0 

5 13.6 44.0 6.6 60.0 16.5 30.0 7.0 23.2 

6 11.0 2.0 100.0 600.0 17.0 2.0 70.0 200.0 

7 5.7 15.0 11.7 48.5 12.0 14.0 12.0 26.0 

 

 

 



Table 6 – Parameters of the two Heidler functions needed to represent the 
median values of the subsequent strokes, measured at San Salvatore Station 

and Morro do Cachimbo Station. (Values extracted from [51]) 

 San Salvatore Morro do Cachimbo 

𝒌 𝑰𝟎𝒌 

[kA] 

𝒏𝒌 𝝉𝟏𝒌 

[𝝁𝒔] 

𝝉𝟐𝒌 

[𝝁𝒔] 

𝑰𝟎𝒌 

[kA] 

𝒏𝒌 𝝉𝟏𝒌 

[𝝁𝒔] 

𝝉𝟐𝒌 

[𝝁𝒔] 

1 10.7 2.0 0.25 2.5 15.4 3.4 0.6 4.0 

2 6.5 2.0 2.1 230.0 7.2 2.0 4.0 120.0 

 

Finally, by plotting the equations in MATLAB, are obtained 
the curves which will be used to simulate the response of the 
grounding electrodes. These curves are presented in Figs. 5-6. 

 

 

Fig. 5 – Waveforms of the first stroke (left) and the subsequent stroke (right) 
simulated for the values measured at San Salvatore Station. 

  

 

Fig. 6 – Waveforms of the first stroke (left) and the subsequent stroke (right) 

simulated for the values measured at San Salvatore Station. 

 

 

V. THE ELECTRODE’S RESPONSE 

This section will present the several parameters that 
characterize the electrode’s response to a lightning stroke, which 
are: the harmonic grounding impedance, the grounding potential 
rise (GPR), the impulse impedance, the impulse coefficient and 
the effective length. These parameters are obtained through 
MATLAB simulations and shown in plots that include, not only 
the soil models adopted in Section II, but also the curves for the 
frequency independent model, characterized by constant soil 
parameters, being the resistivity equal to the value of 𝜌0 and the 
relative permittivity assumed to be equal to 10, which is the 
value often used in these type of studies [14]. 

 

➢ Response Parameters 

The harmonic grounding impedance,  𝑍(𝜔) , as referred in 
Section III, was calculated at the electrode’s input, which is the 
point where the lightning strikes, and is given by (30). 

The GPR represents, in the time domain, the voltage 𝑢(𝑡) 

developed at the input, in response to the injected lightning 
current 𝑖(𝑡) . This parameter is calculated by performing an 
Inverse Fast Fourier Transform (IFFT) in (29), where the term 

𝐼(𝑧 = 0) is obtained by using the Fast Fourier Transform (FFT) 
algorithm in the current 𝑖(𝑡). 

Having the time domain curves for both the GPR and the 
lightning current, it can be obtained, for a certain electrode 
length, the respective impulse impedance, 𝑍𝑝, which is given by 

  𝑍𝑝 = 𝑉𝑝 𝐼𝑝⁄  (32) 

 

being 𝑉𝑝  the maximum value for the voltage and 𝐼𝑝  the 

maximum value for the lightning current. 

As for the impulse coefficient, 𝐼𝑐, it corresponds to the ratio 
between the impulse impedance and the low-frequency 
resistance, 𝑅𝐿𝐹, as indicated by 

 𝐼𝐶 = 𝑍𝑝 𝑅𝐿𝐹⁄   (33) 

 

This low-frequency resistance is simulated by using the 
expressions for the resistance indicated in Section III, for a 
constant value of soil resistivity, which will correspond to the 
value of 𝜌0. 

Finally, it’s possible to determine the effective length of the 
electrode, 𝐿𝐸𝐹 , either by checking the length from which the 
reduction of the impulse impedance stops being noticeable, or 
by seeing the length at which the impulse coefficient starts to 
increase. 

 

➢ Simulation and Results 

The simulations presented in this paper are for a horizontal 
electrode with the characteristics indicated in Table 7, and for 
three types of soils: 300 Ωm (low-resistivity soil), 1000 Ωm and 
4000 Ωm (high-resistivity soil). The results will be presented for 
the first and subsequent strokes measured at Morro do 
Cachimbo. 

 

Table 7 – Characteristics of the simulated electrode. 

Electrode 

Type 𝒍 [m] 𝒂 [m] 𝒅 [m] 

Horizontal 30 0,007 0,5 

 

1) Harmonic Grounding Impedance  

The module and phase of the harmonic grounding impedance 
are shown in Figs. 7-9, for the three soil types and for a 
frequency range of 100 Hz to 4 MHz. 

According to the figures, when the frequency dependence is 
considered, the module of the impedance, after a certain 
frequency, suffers a significant reduction, when compared to the 
model with constant soil parameters. This dependency is also 
responsible for the intensification of the capacitive effect, 



characterized by the negative values observed in the harmonic 
impedance’s phase. 

 

Fig. 7 – Module (left) and phase (right) of the harmonic impedance for the 

electrode described in Table 7, buried in a soil with 𝜌0 = 300 Ωm 

 

 

Fig. 8 – Module (left) and phase (right) of the harmonic impedance for the 

electrode described in Table 7, buried in a soil with 𝜌0 = 1000 Ωm 

 

 

Fig. 9 – Module (left) and phase (right) of the harmonic impedance for the 

electrode described in Table 7, buried in a soil with 𝜌0 = 4000 Ωm 

 

 
Also, both the capacitive effect and the reduction of the 

impedance’s amplitude are amplified for high-resistivity soils, 
which also causes the lowering of the frequency from which 
these effects are noticeable. This happens because, as it can be 
seen in Figs. 1-3, the reduction of the resistivity is more abrupt 
for higher values of 𝜌0  while, at the same time, the relative 
permittivity presents values much higher than the ones usually 
assumed. 

 

2) Grounding Potential Rise 

The GPR is represented in Figs. 10-12, for the three types of 
soil and for the first and subsequent strokes measured at Morro 
do Cachimbo. 

The reduction of the GPR values, when considering the 
frequency dependence, occurs because of the reduction of the 
resistivity values, which is responsible for the higher reduction 
of the voltage. It is also evident that this reduction is more 
pronounced for high-resistivity soils since, as it was already said, 

the effects of the frequency dependence in these soils are more 
significant and start for lower frequency values. This is also the 
cause for higher reduction along the wave tail, for high-
resistivity soils, when compared to the wave tails for low-
resistivity soils, where the reduction is less significant. 

 

 

Fig. 10 – GPR of the electrode described in Table 7, subjected to a first stroke 

(left) and a subsequent stroke (right), in a soil with 𝜌0 = 300 Ωm. 

 

 

Fig. 11 – GPR of the electrode described in Table 7, subjected to a first stroke 

(left) and a subsequent stroke (right), in a soil with 𝜌0 = 1000 Ωm. 

 

 

Fig. 12 – GPR of the electrode described in Table 7, subjected to a first stroke 

(left) and a subsequent stroke (right), in a soil with 𝜌0 = 4000 Ωm. 

 

In addition, the reduction of the GPR is greater for 
subsequent strokes since, due to the shorter rise-times, these 
strokes present higher frequency components than the first 
strokes, which causes the intensification of the capacitive effect 
and the reduction of the resistivity. 

 

3) Impulse Impedance 

Having been obtained the values of the impulse impedance 
for different electrode lengths, it was possible to simulate the 
curves from Figs. 13-15, which represent this parameter’s 
variation for the three types of soil considered and for a first and 
subsequent strokes. 

 



 

Fig. 13 – Variation of the impulse impedance with the length of the electrode 

described in Table 7, subjected to a first stroke (left) and subsequent stroke 

(right), for a soil with 𝜌0 = 300 Ωm. 

 

 

Fig. 14 – Variation of the impulse impedance with the length of the electrode 
described in Table 7, subjected to a first stroke (left) and subsequent stroke 

(right), for a soil with 𝜌0 = 1000 Ωm. 

 

 

Fig. 15 – Variation of the impulse impedance with the length of the electrode 
described in Table 7, subjected to a first stroke (left) and subsequent stroke 

(right), for a soil with 𝜌0 = 4000 Ωm. 

 

In all curves is demonstrated that the increase of the 
electrode’s length results in the decrease of the impulse 
impedance, up until a length from which this parameter becomes 
approximately constant. This length corresponds to the effective 
length. In the plots is also represented the behavior of the low-
frequency resistance, that continues to decrease even after 
reaching the effective length. 

It is noticeable that the difference between the values 
obtained, when considering the frequency dependent soil models 
and the model with constant soil parameters, increases with the 
value of 𝜌0 , which is in agreement with the fact that high-
resistivity soils result in higher reductions of the voltage peaks. 
This difference is also more evident when considering a 
subsequent stroke. 

 

4) Impulse Coefficient and Effective Length 

By using the values of Figs. 13-15, is possible to obtain the 
curves of the impulse coefficient, which are presented in Figs. 

16-18, for the three types of soil and for first and subsequent 
strokes. 

 

 

Fig. 16 – Variation of the impulse coefficient with the length of the electrode 

described in Table 7, subjected to a first stroke (left) and subsequent stroke 

(right), for a soil with 𝜌0 = 300 Ωm. 

 

 

Fig. 17 – Variation of the impulse coefficient with the length of the electrode 

described in Table 7, subjected to a first stroke (left) and subsequent stroke 

(right), for a soil with 𝜌0 = 1000 Ωm. 

 

 

Fig. 18 – Variation of the impulse coefficient with the length of the electrode 

described in Table 7, subjected to a first stroke (left) and subsequent stroke 

(right), for a soil with 𝜌0 = 4000 Ωm. 

 

The results obtained for the impulse coefficient are in 
accordance with the ones obtained for the impulse impedance, 
since values smaller than unity are found when considering the 
frequency dependence, being these values even smaller for high-
resistivity soils and for subsequent strokes. Furthermore, after 
reaching the effective length, the values of the impulse 
impedance start to increase, since, even though the impulse 
impedance remains constant, the low-frequency resistance 
continues to decrease. 

As for the effective length, it increases with the value of 𝜌0, 

seeing that the increase of soil resistivity is associated with lower 
losses along the electrode. Moreover, when comparing the two 
types of lightning currents, lower effective lengths are found for 
subsequent strokes, result of the higher losses caused by the 
higher frequencies. Finally, by comparing the frequency 
dependent results with the frequency independent model, it 



becomes clear that, while the effective length doesn’t suffer 
significant changes for a subsequent stroke, in first strokes, the 
frequency dependence increases the effective length. This 
increase is related to the lower attenuations along the electrode, 
caused by the high values of soil permittivity verified for the 
range of frequencies that characterize the first strokes, when 
compared to the ones usually assumed for a frequency 
independent model. 

 

➢ Additional Notes  

Even though the results for the vertical electrode weren´t 
presented in this paper, its parameters were simulated by the 
author, being the results in accordance with the ones obtained 
for the horizontal electrode, with the only difference being the 
lower values of harmonic impedance verified for the vertical 
electrode, which causes the GPR, impulse impedance, impulse 
coefficient and effective lengths to be lower. 

Also, all the above results were validated by comparing the 
simulated plots with the curves presented in [14], where a good 
agreement was found, being the small differences caused by the 
different approaches chosen to represent the electrodes, since 
this work used the transmission-line approach and in [14] is used 
the hybrid approach (HEM). These results are very important 
since they show that, by using a simple method, like the 
transmission-line approach, it is possible to obtain results almost 
identical to the ones obtained by more complex and rigorous 
methods, like the hybrid approach, while at the same time 
requiring less computer power. 

Finally, the results also show a good agreement between the 
response parameters when considering different soil models, 
except for the Portela model, which used a different set of data 
than the other models. Even so, the differences between the soil 
models become more pronounced for high-resistivity soils. 

 

VI. CONCLUSIONS 

This work presented the most important aspects in the study 
of the grounding electrode response to lightning currents, having 
analyzed the impact of the frequency dependence of the soil 
parameters on this response. 

Firstly, from the analysis of the existing soil models, it was 
possible to verify that all models predict a similar behavior for 
the soil parameters, being that the rise of frequency causes the 
reduction of both the values of resistivity and permittivity. It was 
also possible to observe larger differences, between the soil 
models, for higher frequencies and values of low-frequency 
resistivities. After addressing the causality of the models, it was 
shown that the ones that satisfy the causality tests are: Smith-
Longmire, Messier, Portela and Alipio-Visacro. In addition to 
these models, it was also considered the Visacro-Alipio model, 
since it is a very common one. 

Having chosen the transmission-line approach to represent 
the electrode and presented the equations that characterize the 
lightning currents, the equations of the response parameters 
were obtained. By simulating these parameters in MATLAB, for 
the values of lightning currents measured at Morro do 

Cachimbo, is was possible to see that, for a horizontal electrode, 
the dependency with the frequency results in the reduction of the 
amplitude of the harmonic grounding impedance and in the 
intensification of the capacitive effect, when compared to the 
frequency independent model, being these effects more 
noticeable for high-resistivity soils. 

Furthermore, it was shown that the GPR also suffered a 
reduction when considering the frequency dependency, being 
this reduction higher for high-resistivity soils and for subsequent 
strokes. 

As for the variation of the impulse impedance and the 
impulse coefficient with the electrode’s length, it was 
demonstrated that their values suffer a significant reduction 
when compared to the frequency independent model, with this 
reduction being more noticeable for high-resistivity soils and for 
subsequent strokes. Moreover, it is easy to verify that, for first 
strokes, the effective length increases when considering the 
frequency dependence, while for the subsequent strokes the 
effective length doesn’t suffer significant changes. 

From all this analysis it can be concluded that, having into 
consideration the frequency dependence of the soil parameters 
is essential to correctly represent the behavior of grounding 
electrodes subjected to lightning currents, since it’s parameters 
are greatly affected by it, even more so when considering high-
resistivity soils. 

In a way of making this study a more complete and rigorous 
one, future research must be done so that nonlinear phenomena, 
such as soil ionization, could be included in the simulations. 
Also, these studies should also consider stratified soil and be 
performed for more complex grounding systems, and not only 
for vertical and horizontal electrodes. 
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