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In this thesis we look at plasma turbulence in the scrape-off layer (SOL) of a tokamak, where
blob-like density structures are formed and transported across magnetic field lines to the wall. The
hypothesis that blobs are deformed versions of a conservative ancestor is explored. A conservative,
2D, two-field model for density and vorticity is derived. A set of analytical solutions obtained
along with a Hamiltonian structure for the conservative model. A more complete two-field model is
also presented, including dissipation, parallel losses and sources. This system is numerically solved
with an adapted Runge-Kutta 4th (RK4) order method, presented in conjunction with several
verification methods (such as conservation, discretization error and order of accuracy tests). The
analytic solutions are used to verify that a correct numerical model implementation is correct, and
to check the expected order of accuracy p = 4 is obtained. Simulations of the full model, initialized
with localized blob-like solutions, do show ancestral blob structures to survive the turbulent regime
of the SOL.
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I.

INTRODUCTION

One of the main problems in modern tokamaks, as well
as in other fusion reactors, concerns transport in the outermost region of the plasma, known as the scrape-off layer
(SOL). Extreme inner reactor conditions here present can
have undesirable effects on machine performance and material lifetime [1–3], therefore it is important to understand these effects if they are to be prevented. To better grasp SOL dynamics, several multi-field models for
SOL transport have been developed and numerically implemented [4–11]. Results show the existence inside the
SOL of aggregated blob structures with higher density
and temperature that propagate towards the wall. These
high-density structures are associated with machine-scale
flows that impact on reactor operation and lifetime of
plasma facing components [1–3]. Decreased reactor efficiency and the costs associated with wall damages are
thus a strong motivation for controlling turbulent SOL
transport.
To do this, we start with a simplified 2D, two-field,
conservative model and later add dissipative terms to account for the non-conservative dynamics always present
in the SOL. Previouslly obtained travelling-wave analytical solutions of the conservative model [12] are used here
to test the numerical algorithm that later integrates the
complete, non-conservative model. These conservative
solutions allow for Gaussian-like blob structures and we
conjecture these are the ancestors of the structures found
in previous experiments and simultions [5–11], which are
subsequently deformed by the non-conservative dynamics
[12]. Therefore we are interested to see if the conservative
structures survive the full dynamics of SOL turbulence.
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In Section II, we present the conservative two-field
model implemented in this work, its Hamiltonian structure and traveling-wave type solutions. We also present
the non-conservative complete model used in the simulations, and we discuss some of the aspects regarding the
velocity dynamics of the analytical solutions. In Section
III, we describe the numerical method, a 4th order RungeKutta, and the necessary modifications for our particular
implementation. We also describe our code verification
process, based on the conservative analytical solutions.
In Section IV, we present the results of our verification
methods and later show the results of simulations, initialized using the analytical solutions, for the cases of
conservative, diffusive and complete models. Finally, in
Section V, we summarize the results obtained in this thesis and describe possible future improvements.

II.

BACKGROUND

To retrieve the dynamics of the SOL plasma, we follow [13] and first obtain the Vlasov equation from the
Klimontovich equation by neglecting localized particle
dynamics in favor of ensemble effects, since we are only
interested in the collective behaviour. This describes the
evolution of a charged particle ensemble under an electromagnetic field. We then couple Vlasov’s with Maxwell’s
equations to describe the evolution of the (EM) fields
depending on the particle distribution. The set of equations forms a closed system that provides a statistical
description of plasma dynamics. Fluid reduction is then
performed, reducing our system to equations for velocity averaged quantities such as density and flow velocity.
The Braginskii closure is later used (through Braginskii’s
anisotropic pressure tensor), under the assumption of a
strong magnetic field, to close our system [14]. Our as-
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sumptions are a two-fluid system composed of ions and
electrons in a quasi-neutral regime, a constant but inhomogenious magnetic field aligned with the toroidal direction, and with a small variation in the radial direction
B ≡ B (x) ẑ, cold ions and isothermal electrons to suppress temperature dynamics and, finally, we assume the
flute hypothesis where we neglect parallel dynamics considering constant behavior along field lines. Finally, we
perform a velocity ordering by assuming small quantities
perturbations, leading to a two-field model, for logarithmic density and vorticity:
∂Ln
= − [φ, Ln] − g∂2 (Ln − φ) ,
∂t

(1a)



∂∇2 φ
= − φ, ∇2 φ − g∂2 Ln ,
∂t

(1b)

Z Z


n2 + |∇φ|2 dx1 dx2 ,

∂Ln
= − [φ, Ln] − g∂2 (Ln − φ)
∂t

+D ∇2 Ln + |∇Ln|2
−σk eΛ−φ + S ,


∂∇2 φ
= − φ, ∇2 φ − g∂2 Ln
∂t

+ν∇4 φ + σk 1 − eΛ−φ + S ,

(4a)

(4b)

where the diffusion and viscosity terms, D and ν respectively, were added somewhat heuristically to account for
collisions and also for numerical stability.

where Ln is the logarithmic density, ∇2 φ is vorticity, φ
is potential, g = ∂1 (1/B) is the magnetic curvature term
and [a, b] = ∂1 a∂2 b − ∂2 a∂1 b. We complete our system
using the Poisson’s equation to retrieve potential from
vorticity.
The system (1) is a conservative system, in the sense
that it possesses a non-canonical Hamiltonian, given by
[14, 15]
1
H=
2

then obtain our complete model:

B.

Analytical Solutions of the Conservative Model

The simplicity of the conservative model makes it possible to find analytical solutions, of the traveling-wave
type, in the form [12]:

(2)

Ln(x1 , x2 , t) = f (F (x1 − v1 t, x2 − v2 t))
−gx1 ,
(5a)
φ(x1 , x2 , t) = F (x1 − v1 t, x2 − v2 t)
+v2 (x1 − v1 t) − v1 (x2 − v2 t)
−gx1 ,
(5b)

In the above model we neglected non-conservative dynamics, such as matter influx from the core or particle collisions, we also neglected the dynamics along the
toroidal direction. To obtain a more realistic model, we
must go back to the continuity equation (obtained after
velocity ordering) and introduce a source term S(x1 ) to
the right hand side (RHS), to account for particle influx from the core, and separate the advective term, on
the LHS, into its parallel and perpendicular components,
∇ · (ns v s ) = ∇ · J s = ∇⊥ · J s + ∇k · J s , where J s
is the current density of species s. We then follow [5]
and average our force and continuity equations along the
toroidal direction. Since we assume average behaviour
along magnetic-field lines, the only term with a toroidal
dependency is the parallel divergence of the current density, which reads,

where f is an arbitrary differentiable function and
F (y1 , y2 ) is a function dependent on the traveling-wave
coordinates yi = xi − vi t.

where n = eLn is the non-logarithmic density.

A.

Complete Model

h∇k J s i = −qs σk eΛ−φ ,

(3)



e
where Λ = − 12 log 2π m
is the floating potential at the
mi
edges and σk is the normalized sheath conductivity. We

For the case of f (F ) = αF we can obtain two types of
solutions, a trigonometric solution,

Ln (x1 , x2 , t) = α [φ (x1 , x2 , t) − v2 (x1 − v1 t)
+ v1 (x2 − v2 t)]
+ (α − 1) gx1 ,
(6a)

αg 
φ (x1 , x2 , t) = v2 + g + 2 (x1 − v1 t)
k
− v1 (x2 − v2 t) − gx1
+ A cos [k1 (x1 − v1 t)
+k2 (x2 − v2 t)]
+ B sin [k1 (x1 − v1 t)
+k2 (x2 − v2 t)]
+ C0 + C1 cos [k (x1 − v1 t)]
+ C2 sin [k (x1 − v1 t)] .
(6b)
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and an exponential solution,
Ln (x1 , x2 , t) = α [φ (x1 , x2 , t) − v2 (x1 − v1 t)
+ v1 (x2 − v2 t)]
+ (α − 1) gx1 ,
(7a)

αg 
φ (x1 , x2 , t) = v2 + g + 2 (x1 − v1 t)
k
− v1 (x2 − v2 t) − gx1
+ Ae[k1 (x1 −v1 t)+k2 (x2 −v2 t)]
+ C0 + C1 e[k(x1 −v1 t)]
+C2 e[k(x1 −v1 t)] ,

v1 and v2 are the traveling-wave propagating velocities,
and k1 and k2 are wave numbers, with k 2 = k12 +k22 . Both
solutions were obtained without imposing any boundary
conditions and therefore we are able to choose these parameters freely. A plot of the trigonometric solution (6)
can be seen in Fig. 1 for different time slices.
Choosing f (F ) = ∇Fs also leads to different solutions
depending on the choice of Fs , which must be symmetric
in its travelling-wave coordinates Fs (y1 , y2 ) = Fs (y2 , y1 ).
By choosing, in a generalized way,
Fs =

(7b)

N
X

γi

Ai e− 2 [(x1 −v1 t−ci0 )

2

+(x2 −v2 t−ci0 )2 ]

,

(8)

i=1

where α, A, B, C0 , C1 , and C2 are arbitrary constants,

Ln (x1 , x2 , t) = −

N
X

we obtain a Gaussian type of solution,

n
h
io
γi
2
2
2
2
Ai γi 2 − γi (x1 − v1 t − ci0 ) + (x2 − v2 t − ci0 )
× e− 2 [(x1 −v1 t−ci0 ) +(x2 −v2 t−ci0 ) ] − gx1 ,

i=1

(9a)

φ (x1 , x2 , t) =

N
X

γi

Ai e− 2 [(x1 −v1 t−ci0 )

2

+(x2 −v2 t−ci0 )2 ]

+ v2 (x1 − v1 t) − v1 (x2 − v2 t) − gx1 ,

(9b)

i=1

which we name the ”blob” solution. If we add a sine
function to modulate one of the Gaussian blobs,
h
i
2
2
Fs = A sin (x1 − v1 t − c0 ) + (x2 − v2 t − c0 )
γi

×e− 2 [(x1 −v1 t−c0 )

2

+(x2 −v2 t−c0 )2 ]

,

we obtain,

(10)

 n
h
io
h
i n
h
2
2
2
2
Ln (x1 , x2 , t) = A 4 1 − γ (x1 − v1 t − c0 ) + (x2 − v2 t − c0 )
cos (x1 − v1 t − c0 ) + (x2 − v2 t − c0 ) + 2γ + 4 − γ 2 (x1
(11a)
i γi
h
2
2
2
2
φ (x1 , x2 , t) = A sin (x1 − v1 t − c0 ) + (x2 − v2 t − c0 ) e− 2 [(x1 −v1 t−c0 ) +(x2 −v2 t−c0 ) ] + v2 (x1 − v1 t) − v1 (x2 − v2 t) − gx1 ,
(11b)

where γ determines the width of the blob and c0 its initial positions. A plot of the ”blob” solution (9) can be
seen in Fig. 2 for different time slices. We notice the
blob is surrounded by a low density ring and travels at
constant speed v = (v1 , v2 ) over a background gradient,
compressed in Ln but visible in φ. As for the potential
field, we observe a low potential zone that accompanies
the traveling blob at the same speed.

C.

E × B drift versus travelling velocity

The solutions shown in II B propagate with constant,
pre-defined and independently set velocities v = (v1 ; v2 ),
yet we should expect density structures in a plasma to
be transported by means of the E × B drift. In fact,
E × B advection is included in the model (1), namely,
the first term on the RHS, since vE · ∇ = b̂ × ∇φ · ∇ =

4

FIG. 1. Trigonometric solution (6) with α = A = C1 = −C2 = 1, B = C0 = 0, k1 = k2 = 5, v1 = 0.03, v2 = 0 and g = 8 · 10−4 .

b̂ · ∇φ × ∇ = [φ; ·], and so both density and vorticity are
locally transported with a velocity v E . With the help of
Eqs. (5), the relation

III.

NUMERICAL METHODS

∇Ln · (v − v E ) = g∂2 [f (F ) − F ] ,

(14)

∇Ln · (v − v E ) = g [∂2 (Ln − φ) − v1 ] .

(15)

Although travelling-wave solutions of the conservative
model (1) have been found, the complete model (4) appears too complex for analytical treatment, therefore a
numerical algorithm capable of providing its behaviour
must be implemented in order to ascertain full SOL dynamics. We choose a Runge Kutta 4th order scheme
(RK4) as our time integrating algorithm due to its simplicity, reliability and popularity, which facilitates its implementation and adaptation for our specific case. RK4
is a widespread algorithm therefore we wave a more complete explanation, which can be found in [16], and instead
focus on some of the modifications necessary for our 2D,
two-field, PDE system dependent on time t, two spacial
coordinates (x1 , x2 ), the fields Ln, ∇2 φ, φ and their spatial derivatives. In this case the necessary modifications
are:

The fact that v and v E are not identical bears thus
no contradiction at all, the actual restriction linking the
two being (12), (14) or (15), the two latter conditions
being easier to understand when their RHS’s vanish. As
an example a flow chart of these quantities is presented
in Fig. 3.

• Discretization of our 2D domain into an uniform
mesh, where each point corresponds to an (x1 , x2 )
position, and is assigned the correspondent field
value. This means we can apply the classic RK4
method, for 1D ODEs’, to each individual point.
This can be done simultaneously for all points us-

v E = v − (∂2 F ; g − ∂1 F ) ,

(12)

follows between the two velocities, its projection in the
direction of the density gradient reading
∇Ln · (v − v E ) = [f (F ) ; F ] + g∂2 [f (F ) − F ] ,

(13)

or, considering that both [f (F ) ; F ] = f 0 (F ) [F ; F ] = 0
and [∇2 Fs ; Fs ] = 0,

or, still,
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FIG. 2. Blob solution (9), with N = 1, A1 = −0.025, C10 = 0, γ1 = 200, v1 = v2 = 0.03 and g = 8 · 10−4 .

FIG. 3. Blob solution (9) velocity map, with A1 = −0.025, C10 = 0, γ1 = 200, v1 = v2 = 0.03 and g = 8 · 10−4 , at time t = 10.

ing matrices, which facilitates computations.
• Special care in the computation order of the intermediate RK coefficients κn . Since we solve a two
equation system, to maintain the sequential order
of the coefficients, we must first compute the sameorder κ for both fields before advancing to the next
coeficient. In other words we must first compute

2

∇
κLn
n and κn

φ

2

∇ φ
before proceeding to κLn
n+1 and κn+1 .

• Invertion of Poisson’s equation for the correct RK4
time. Since equations for both fields have a dependency on potential φ, vorticity ∇2 φ must be inverted at each of the four time steps in the RK4
scheme, to make sure we use the potential field
at the correct intermediate time in the subsequent

6
evaluation. Meaning an intermediate evaluation of
2
φ
the vorticity, ∇2 φ (t) + 21 κ∇
for instance, must be
n
inverted to obtain an evaluation of potential at the

∇2 φ
correct time φ t + ∆t
2 , before proceeding to κn+1 .
To evaluate spatial derivatives we use 4th order central finite differences, discretized using an N × N grid of
equally spaced points, with step size ∆x. To invert the
Laplacian in Poisson’s equation we discretize the finitedifference Laplacian into a matrix, the potential field is
vectorized using natural ordering, and Dirichlet or Neumann boundary conditions are added to the RHS of the
equation. The problem then
to solv becomes
 equivalent

ing the linear system ∇2 [φ] = ∇2 φ , which is done
internally using the Matlab framework.

where p is the theoretical order of accuracy and gp is
a function independent of the relative step h. Here we
assume the system to be in the asymptotic regime, which
means the lower order terms dominate for h → 0 and
higher order terms can be neglected. If we compute the
error for two differently spaced meshes, say h and 2h, it
is possible to obtain an expression for the observed order
of accuracy


2h
p̂ = log2
.
(20)
h
The code is considered verified if the observed order of
accuracy p̂ converges to the theoretical order of accuracy
p.
IV.

A.

A.

For our code verification we follow to [17], which
presents several procedures of which we shall use three:
Energy conservation tests, since we posses a Hamiltonian
structure (2); Evaluation of the descretization error, requiring analytical solutions of the tested model, which
were obtained in II B; Order of accuracy test, which evaluates the truncation order of our derivative and time integration schemes.
The order of accuracy test is our verification method
of choice since it ties in discretization and truncation error to obtain the truncation order of the discretization
method, in this case expected to be p = 4. This is done by
computing the discretization error, using the analytical
solutions, for successfully refined meshes. The procedure
computes the discretization error using the analytical solutions and reduces it to a single numerical value using
the average
M
1 X i
|u − ui | ,
h = kuh − uk =
M i=1 h

(16)

or the Euclidian norm
h = kuh − uk =

M
1 X i
|u − ui |2
M i=1 h

!1/2
,

(17)

where u (x1 , x2 , t) is the exact analytical solution,
uh (x1 , x2 , t) is the numerical solution obtained from the
simulation, M = N 2 × tmax
∆t is the total number of points
in the simulation and h is a parameter referring to the
systematic mesh refinement, given by
h=

RESULTS

Code Verification

∆x
∆t
=
,
∆xref
∆tref

Verification

We present verification results for the energy conservation, discretization error and order of accuracy tests,
before proceeding to simulation results.
The energy conservation test was performed for the localized solutions (9) and (11), using zero value boundary
conditions on all fields. Energy variations were of the
order of 10−4 % for both cases.
The discretization error test was performed for all solutions presented in Subsection II B. A plot of the local
error for the ”blob” solution (9) can be seen in Fig. 4 We
calculate the average relative error, given by
N
X
|uih (t) − ui (t)|

ε (t) =

i=1
N
X

,

(21)

i

|u (t)|

i=1

where uh is the numerical solution, u is the analytical
solution and N is the total number of points in the mesh.
The results can be seen in Fig. 5 for all solutions. We
consider these errors to be small relatively to the absolute
values of the solutions.
For the order of accuracy test we used again the localized solutions (9) and (11) and chose for our reference spacial and temporal steps ∆xref = 0.005 and
∆tref = 0.005, respectively. We ran a total of six simulations, meaning a relative step size of h = 20...5 =
[1, 2, 4, 8, 16, 32]. The results for the blob case are shown
in Fig. 6. Both solutions converge to the expected order
of accuracy p̂ → p = 4 when near h = 1.

(18)

where ∆xref and ∆tref are the reference spatial and temporal steps, respectively. The error satisfies the relation,
from the Taylor expansion,

h = gp hp + O hp+2 ,
(19)

B.

Simulation Results

We simulate models of increasing complexity in order
to better discern phenomena and adjust model coefficients. We start by simulating our conservative model,
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FIG. 4. Discretization error of the blob solution (9), with coefficients A1 = −0.025, C10 = 0, γ1 = 200, v1 = v2 = 0.03 and
g = 8 · 10−4 .

using the localized solutions (9) and (11) at t = 0,
with the structures started far from the boundaries as
our initial conditions. We use constant flux for the x1
boundaries of logarithmic density (∂1 Ln|x1 =0,1 ) and fixed
zero boundaries in the cases
 of vorticity and potential
∇2 φ|x1 =0,1 = φ|x1 =0,1 = 0 ; periodic boundary conditions are used on the x2 boundaries for all fields [18].

structure loses it circular symmetry and develops an elongated low density zone where we recognize spin, which is
not surprising given the results in II C.
Finally, we test our complete model (4), using for our
source term [5, 6]

Simulation results show the blob moving poloidaly in
the positive direction and no radial speed. The background gradients in the potential quickly dissipate due
to the boundary conditions, but the localized potential
structures remain and accompany the blob/hole density
structures movement.

and the values for our coefficients are D = µ = 10−6 ,
S0 = 5 · 10−3 , λ = 10−1 , σk = 2.3 · 10−8 and Λ = 3.2. Results for this case are depicted in Fig. 8. As we can see,
the blob rapidly pulls matter filaments from the source
towards its low density ring, as it moves poloidaly in the
SOL. The low density zone is stripped from the structure and moves towards the core while the dense filaments move towards the blob center. The structure is
subsequently deformed and loses its circular symmetry,
revealing a spiraling motion that catches the core filaments, producing the turbulent pattern seen in frame
t = 500. This interaction also alters blob motion, relatively to the previous cases, as the blob inverts its direction and eventually moves in the negative radial and
poloidal directions. The background gradients in the po-

The second set of simulations were done on the diffusive model, which is equivalent to setting the source and

loss terms in the full model (4) to zero S0 = σk = 0 .
Values for the diffusion coefficients D and µ are the
typical values used in similar simulations [6, 8], but
rescaled to match our normalized domain, resulting in
D = µ = 10−6 . Results can be seen in Fig. 7. In
this case the structures acquire both poloidal and radial
movement, in the positive direction. In the blob case the

S (x1 ) = S0 e−(

x1
λ

).

(22)
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structures.
V.

FIG. 5. Relative discretization error, using Eq. (21) for the
trigonometric using g = 8 · 10−4 (red), trigonometric using
g = 0.1 (green) exponential (blue), blob (yellow) and hole
(magenta) cases. The represented fields are Ln (solid line),
∇2 φ (dashed line) and φ (dashed dotted line).

CONCLUSIONS

In this work we explored a conservative model of the
SOL and its analytical solutions, which were able to produce Gaussian-like structures similar to those found in
experimental and numerical works [5–11]. An analysis of
the velocity fields, for these type of solutions, revealed
the existence of blob spin due to E × B drift.
One of our goals was to test the conjecture that conservative blobs found on analytic localized solutions are the
ancestors of blobs. To this end a more complete model
was implemented numerically. We start by implementing
the conservative model and, for the first time, analytic
solutions of a SOL model are used to verify the algorithm.
A battery of tests confirms a proper implementation of
the model.
After testing we proceed with physical exploitation of
the complete model. Simulations using our localized conservative solutions as initial conditions reveal, for typical
parameters of tokamak SOL, that conservative structures
survive the turbulent SOL regime.
A.

Future Work

The code was constructed to include the basic implementation of RK4, control and verification algorithms,
however a series of improvements can still be made to
this basic framework, which include:
• Research and implementation of a semi-implicit integration scheme with inherent numerical instability control, developed during the coarse of this
work.
• Usage of a more lower-level language, such as C++.
• Parallel calculus using the GPU’s.
• Implementation of an adaptive Runge-Kutta
method.
FIG. 6. Order of accuracy test for blob solution (9), with
coefficients A1 = −0.025, C10 = 0, γ1 = 200, v1 = v2 = 0.03
and g = 8·10−4 , using the average (blue) and Euclidean norm
(red).

tential also dissipate as usual, leaving in the potential a
low zone structure which accompanies the density blob.
This structure also diffuses as it moves while high potential zones develop due to the matter filaments entering
from the core. We notice that while these initial structures get deformed and diffused they survive the turbulent dynamics of the non-conservative system. For the
hole case however, the filaments pulled from the core
quickly deform and dissipate the density and potential

• Implementation of overrelaxation or multigrid
methods for he inversion of Poisson’s equation.
• Addition of more complex models with more fields
(temperature, for example) and more complex geometry (3D).
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