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Abstract

Plasma-based accelerators are strong candidates for a highly anticipated generation of compactparticle accelerators. A proton-driven plasma wakefield experiment (the AWAKE experiment) at CERNwill test the underlying concept using long proton bunches that undergo the self-modulation instability(SMI). The e�ectiveness of the experiment hinges on the successful and predictable development of thisinstability, which fragments the initial proton bunch into smaller beamlets with lengths of the order ofthe plasma wavelength.Using numerical particle-in-cell simulations, this work investigates the e�ects of inevitable event-to-event variations of the initial parameters of the experiment on its outputs, concluding that thedi�erences in the observed e�ects are always of the same order as the initial variations and deter-ministic injection of electrons is thus possible. A hypothetical version of the experiment where thedriver particles are substituted by antiprotons is also studied, which is able to achieve higher wakefieldamplitudes through not-fully-understood nonlinear e�ects. Lastly, a powerful tool is developed toinvestigate the nonlinear phase of self-modulated particle-driven wakefields (after saturation of theSMI), for which no theory exists and where the wakefield amplitude drops steeply. This tool consistsof a parallel program that calculates the individual contributions of single beamlets to the overallwakefield, and leads to the conclusion that the spatial decline of the amplitude (along the beam) is dueto incoherent interference of single wakes, while the temporal decline (along the propagation distance)is due to the loss of driver charge, the reasons for which are not yet understood in depth.
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1. Introduction

The rapid development of particle physics in thelast seventy years has created a demand for everhigher collision energies in particle accelerators,where theories can ultimately be tested. Cutting-edge technology has pushed the energy frontieragain and again and has consistently been able toprovide the collision energies sought by the sci-entific community. Nevertheless, current technol-ogy is reaching a limit, as the impressive budgetsfor both existing and projected colliders can at-test: e.g. e7.5 billion for the Large Hadron Collider(LHC) and e7.7 billion for the International LinearCollider (ILC) [1], respectively.
Current accelerator schemes rely on radiofre-quency (RF) cavities to accelerate particles, by let-ting electromagnetic waves resonate inside them.The magnitude of the electric fields in these cav-ities, however, is limited by the dielectric break-down of the material that constitutes them. A limit

on the acceleration gradient (which is of the orderof 100 MV/m for RF cavities) translates into longeracceleration distances if higher energies are to bereached.This is why the concept of a plasma-based ac-celerator is so interesting in the pursuit of morepowerful particle acceleration. Plasmas are al-ready ionized, and can therefore sustain muchhigher electric fields than any other medium. Themaximum field that still allows the propagation ofwaves inside a plasma is of the order of the non-relativistic wavebreaking field [2]:
E0 =

cmeωp
e

≈ 0.96
√
n0 [cm−3] [V/cm] , (1)

where c is the speed of light and ωp is the plasmafrequency given by ω2
p = n0e

2/ε0me, which de-pends on the plasma density n0, the elementarycharge e and the electron mass me (ε0 is the vac-uum permittivity). For a typical plasma density of1018 cm-3, E0 ∼ 100 GV/m, an acceleration gradi-
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ent that is three orders of magnitude higher thanconventional RF cavities.The first concept for a plasma-based accelera-tor was proposed in 1979, and consisted of a rel-ativistic and intense laser pulse which would ex-cite a large-amplitude plasma wave with a phasevelocity close to c [3]. Relativistic particles couldthen be accelerated by this wave, as long as theybecame phase-locked with it. The unavailability ofintense and short laser pulses at the time stim-ulated the invention of other schemes reliant onlong pulses of lower intensity, such as plasmabeat-wave acceleration (PBWA) [4]. In this casethe wakefield is excited resonantly by the beat fre-quency between two laser pulses (which must ful-fill the condition ω2 − ω1 ' ωp).Plasma wakefields can also be driven by a rel-ativistic particle bunch, however. This schemeis called simply plasma wakefield acceleration(PWFA) [5]. Short, ultra-intense laser pulses carrya limited amount of energy, and as long as stagingmethods are still in their infancy, PWFA is the mostpromising scheme to achieve high particle ener-gies in a single stage, since particle bunches canhold more energy than laser pulses.The wakefield in a plasma-based acceleratoracts as a transformer between the driver and thewitness particles, transferring energy from one tothe other. In order to maximize the final energyof the witness particles, then, the energy of thedriver must be as high as possible. The most en-ergetic particle bunches on Earth are produced atthe European Organization for Nuclear Research(CERN), which is what led to the inception of theAdvanced Proton Driven Plasma Wakefield Experi-ment (AWAKE) [6, 7].This experiment intends to demonstrate theconcept of PWFA using 400-gigaelectronvolt pro-ton bunches supplied by the Super Proton Syn-chrotron (SPS) at CERN to accelerate injectedelectrons. The SPS proton bunches are not idealsince their considerable length (12 cm) could notdrive a wakefield e�ectively (the length of thedriver should be of the order of the plasma wave-length λp, given by λp = 2πc/ωp). On the otherhand, it is impossible to compress such highly en-ergetic bunches to lengths of the order of 100 µm,ie. the approximate plasma wavelength λp thatthis scheme would require [6].The solution to this issue consists of letting thelong proton bunch undergo an instability that wasfirst observed in long laser pulses propagating inplasma: the self-modulation instability (SMI) [8].Under its action, the bunch progressively frag-ments into much smaller “beamlets” (with a lengthof the order of λp) due to periodic transverselyfocusing and defocusing regions. This instability

Table 1: Plasma and beam parameters of the AWAKE experi-ment [10].
Parameter Value

Plasma density n0 7·1014 cm-3
Plasma length L 10 m
Proton bunch population Nb 3·1011
Proton bunch length σzb 12 cm
Proton bunch radius σrb 200 µm
Proton energy Wb 400 GeV
Proton bunch normalized emittance εbn 3.5 µm
Electron bunch radius σre 250 µm
Electron energy We 15 MeV

eventually saturates and the initial proton bunchis self-consistently transformed to a format thatcan resonantly excite the wakefield.
This instability must be seeded, however, to pre-vent the competing hosing instability from dis-rupting the proton beam [8, 9]. In AWAKE theseed consists of an ionizing laser pulse that co-propagates with the center of the proton bunch ina 10-meter-long plasma cell filled with rubidiumgas, thereby simultaneously fulfilling the functionof creating plasma.
In the future, electrons will be injected witharound 15 MeV at 4 m of propagation distance,after the SMI has saturated and the bunch has be-come fully self-modulated [10]. The main parame-ters of the AWAKE experiment are listed in Table 1.
As an example of what the accelerating mecha-nism at AWAKE looks like, Fig. 1 depicts the self-modulated proton bunch and a line-out of the axialwakefield Ez (close to the axis). Electrons are ac-celerated in regions where Ez is negative, i.e. ev-ery half-wavelength. However, and though this isnot shown in Fig. 1, the radial electric field Er al-ways trails the axial field with a phase di�erenceof π/2, so the regions where electrons are bothaccelerated and focused are actually a fourth of awavelength (λp/4) long. The highlighted area inFig. 1, in green, represents one of these regions.
Bearing in mind that AWAKE relies on a beam-plasma instability to succeed, it is vital to under-stand whether the experiment’s outputs are ro-bust against inevitable and realistic variations ofthe initial parameters. This work will build onprevious e�orts in this direction [11]. On theother hand, there are some open questions con-cerning both the physics of self-modulated plasmawakefield accelerators and the AWAKE experimentspecifically, which will also be addressed here.These studies will rely on particle-in-cell simu-lations performed with the relativistic, massivelyparallel code OSIRIS [12].
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Figure 1: Representation of the self-modulated proton bunch (in blue), the axial electric field Ez close to the axis (red line)and a region where electrons can be accelerated (green rectangle), based on simulation data. The horizontal coordinate is thedistance with respect to the head of the beam.

2. Sensitivity Analysis

The purpose of a sensitivity analysis is to ascer-tain the robustness of a numerical model. This isusually done by refining the model (or certain pa-rameters of the model) and guaranteeing the con-vergence of the results for a certain level of refine-ment. In this case the parameters of the model(i.e. the simulation) are already set, through acombination of reasonable estimation and compu-tational compromise, and the purpose of the anal-ysis is to establish whether the results are alreadysafely within an area of convergence. This will laya foundation of reliability upon which the resultsfrom similar simulations throughout this work canrest.
The AWAKE experiment is simulated in two-dimensional cylindrical coordinates , where theOSIRIS coordinates x1 and x2 correspond to theusual z and r coordinates, respectively. The sim-ulation window moves in the x1 direction at thespeed of light, thus accompanying the protonbunch and its evolution. There are three particlespecies in the simulation: the background plasmaelectrons, the proton beam and a witness electronbeam. The latter is implemented with an extremelylow density so that this species does not a�ect themain phenomena.
The general parameters of the simulation arelisted in Table 2. Note that all quantities in OSIRISare normalized to combinations of n0, ωp, c, me,

e and E0 (from Eq. 1), where the backgroundplasma density n0 is an independent variable thatallows their conversion to physical units. Taking
n0 = 3.5·1014 cm-3, L1 in Table 2 corresponds to42.41 cm, L2 to 2.28 mm and the total propaga-tion distance to 15.06 m. The physical parameterschosen for the simulations in this section do notcorrespond entirely to the AWAKE nominal param-eters, but the sensitivity analysis performed herewill still be valid.

The initial profile of the proton bunch nb was im-

Table 2: General parameters of the baseline simulation for thesensitivity analysis.
Parameter Normalized units

Length of simulation box, L1 1492 k−1
pHeight of simulation box, L2 8 k−1

pNumber of cells in x1 direction, n1 18000
Number of cells in x2 direction, n2 425
Time step 0.012 ω−1

pPropagation distance 53000 k−1
p

plemented according to:
nb(ξ, r) =

nb0
2

[
1 + cos

(√
π

2σ2
zb

(ξ − ξh)

)]
e
− r2

2σ2
rb ,

(2)

for ξ0 ≤ ξ ≤ ξh, where ξ is the beam co-movingcoordinate given by ξ = z − ct, nb0 is the den-sity at the peak of the profile (assumed here as
nb0 = 4·1012 cm-3), σzb is the rms bunch length(taken as σzb ≈ 17.8 cm), σrb is the rms bunchwidth (taken as σrb ≈ 282.8 µm), ξ0 is the positionwhere the function crosses the ξ axis (in this sim-ulation ξ0 = 1 k−1p ) , and ξh is the position of thebeam head, where the ionizing laser pulse is co-propagating in the real experiment (in this simula-tion ξh = 1480 k−1p ).The numerical parameters chosen for the anal-ysis were the resolutions in the x1 and x2 di-rection (increase by 1.5 and decrease by 1/√2with respect to the baseline) and the number ofnumerical particles per cell of the proton beamspecies, henceforth signified by ppcp+ (increaseby 1.52 = 2.25). These numerical particles, alsocalled macroparticles, represent an averaged en-semble of real particles.The output from OSIRIS simulations includesthe distribution of the fields and charge densitiesin the simulation region. A direct comparison ofthis data for the axial and radial electric fields Ezand Er and for the proton charge density ρp+ wasperformed at three di�erent regions (each with awidth of 45 k−1p ) along the beam: the head (cap-
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turing the front of the proton bunch), the middle(about halfway through the simulation window)and the tail (close to the left boundary of the win-dow). In addition, three di�erent simulation times
t1, t2 and t3 were probed for this comparison, cor-responding to around 1, 8 and 14 m of propaga-tion distance, respectively.From this comparison it was noticed that barelyany di�erences exist in the head region of thebeam for all three quantities (Ez, Er and ρp+) andacross all three probing times. The head of thebeam is the location along the simulation windowwhere there is less numerical noise (even as thesimulation advances in time), probably because itis composed of “fresh” (undisturbed) plasma en-tering the window from the right, while numeri-cal error accumulates along the beam and causesnoisier data towards the tail region. This lack ofnumerical noise may be the reason why the resultshere are so robust against simulation parametervariations.In the remaining regions (middle and tail) di�er-ences could be perceived. At the beginning of thesimulation the wakefield is still growing and its am-plitude can be comparable to that of small fieldsassociated with beam density fluctuations causedby the initial bunch temperature. This means thatat this stage the electric fields are both noisier (ex-cept around the head of the beam) and more sen-sible to variations of the simulation parameters.As might be expected, this is especially true forthe tail of the beam.The run with an increased number of particlesper cell displays the most pronounced di�erencesin such regions (where there is most noise). Thehigher number of macroparticles e�ectively anni-hilates all noise even in the tail region, though af-ter t1 the noise mostly disappears and so do thedi�erences between these runs.It was also found that there is generally mostsensitivity towards the resolution in the x1 direc-tion, and that most results are not fully convergentwith those of this run, both in terms of the configu-ration of the fields/charge density and their mag-nitudes.An overview of the evolution of the wakefieldscan be obtained by calculating the average am-plitude of Ez in the entire simulation window foreach simulation time. The results produced bythis diagnostic are shown in Fig. 2, where thehighest sensitivity can once again be observed forchanges of the resolution in the x1 direction. Theresults from the baseline simulation have clearlynot converged to those of the refined resolution in
x1. This means that the baseline simulation deliv-ers slightly overestimated values (by around 8%)for the amplitude of Ez up to the peak (which is
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Figure 2: Average axial electric fieldEz versus the propagationdistance for all the sensitivity analysis runs.

itself anticipated in time by roughly 6%), and un-derestimated values after the curve begins to fallagain (at most by 8%).The total proton charge at each time was alsocomputed and compared for the di�erent param-eter variations. Though the di�erent curves con-verge at the end of the simulation, between 6 and15 m the total proton charge is underestimated inthe baseline run by up to 10%.There is in fact a sizable discrepancy betweenthe results from the baseline simulation and thosewith a finer resolution in x1, but the magnitudeof these deviations has been determined, whichat least enables the estimation of a margin of er-ror when drawing conclusions about the quantitiesa�ected. It should be mentioned that these find-ings are particularly relevant when deducing ab-
solute values from the simulations or their post-processed results. However, most objectives setout for this work are based on relative results be-tween di�erent runs, where the incomplete con-vergence found in this section is not critical.
3. Parameter scans of the AWAKE simulation

The objective of this section is to determine howexpectable variations of the initial parameters ofthe AWAKE experiment can a�ect its outputs, mostnotably the wake characteristics and the final en-ergy of hypothetical accelerated electrons. Shot-to-shot fluctuations of the proton bunch driver pa-rameters of the order of a few percent are to beexpected.The motivation for this study is two-sided. Onone hand, it is interesting to understand how theinstability at stake here, the SMI, reacts to varia-tions of the driver bunch that triggers it, which isa more fundamental question and not necessar-ily tied to AWAKE. On the other hand, it is crucialfor AWAKE to show that, despite its reliance on aninstability, electrons can be injected deterministi-cally into this accelerator.
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Table 3: Di�ering simulation parameters with respect to theones in Table 2, used for the parameter scans.
Parameter Normalized units

Length of simulation box, L1 1663 k−1
pNumber of cells in x1 direction, n1 20063

The standard simulation used for comparing theparameter scans is slightly di�erent than the onedescribed in the previous section and in Table 2.The simulation window is longer in order to ac-commodate parameter variations of the protonbunch length, and the number of cells in the x1direction is also increased so that the resolutionin this direction remains equivalent.The values for the beam dimensions used inthese simulations are closer to AWAKE’s nominalparameters, with the rms length σzb = 12.6 cmand width σrb = 200 µm. The proton beam pro-file is described by the same equation as before(Eq. 2), though the positions of the beam head andthe function’s zero are shifted: here ξh = 1651 k−1pand ξ0 = 80.2 k−1p . The peak density nb0 also hasa di�erent value here, calculated from the bunchdimensions mentioned above and the fixed bunchpopulation Nb = 1.5·1011 through the equation
nb0 =

Nb
(2π)2/3 σ2

rb σzb
, (3)

giving nb0 ≈ 1.89·1012 cm-3. In addition, the ion-ization radius rp is set as 150 µm (this is the heightup to which there is plasma in the simulation win-dow). In all other respects the standard simu-lation here is identical to the baseline one fromthe last section. The di�ering simulation param-eters are displayed in Table 3. For a backgroundplasma density of 7·1014 cm-3, L1 corresponds to33.43 cm, L2 to 1.61 mm and the total propaga-tion distance to 10.65 m.The following experiment parameters were var-ied for this study: the rms proton bunch length
σzb (±5%) and width σrb (±5%), the protonbunch population Nb (±5%), the plasma radius
rp (±5%), and the rms timing jitter of the protonbunch with respect to the ionizing laser pulse ∆t(±15 ps).Equation (3) means that, if the density is keptconstant, any variations of the proton bunch’s di-mensions lead to a simultaneous change of thebunch’s population (a parameter we wish to an-alyze independently as well). Hence, in order toavoid mixing variations of two parameters, thedensity nb0 was altered in runs with variations ofbunch dimensions so as to conserve Nb. On theother hand, the timing jitter ∆t is in practice aphase shift of the cosine in Eq. (2) with respect

to the position of the beam head ξh, thus encap-sulating either more or less charge depending onwhether the maximum of the cosine is moved tothe right or left of ξh. This shift will be denoted byan additional term ∆ξ in the cosine argument fromEq. (2):
cos

(√
π

2σ2
zb

(ξ − ξh −∆ξ)

)
. (4)

Ignoring possible e�ects due to the di�erentshape of the bunch’s profile, the absolute valuesof variation of ∆t (±15 ps) correspond to di�er-ences of ±2.85% in the amount of charge drivingthe wake.
3.1. Properties of the wake

The results for the average amplitude of the axialelectric field Ez are shown for all the variations inFig. 3. Two groups of experiment parameters canbe identified according to their qualitative e�ectson Ez. Variations of the rms beam dimensions σzband σrb cause inversely proportional variations ofthe average |Ez|, while the bunch population Nb,the substantially equivalent timing jitter ∆t andthe plasma radius rp (at a much smaller scale) areproportional to it. Linear wakefield theory predictsthat Ez ∝ nb0 (see Eq. (5) on p. 7, where nb0 is im-plicit in the density profile nb(ξ, r)), and the resultsfrom this diagnostic seem to confirm this relation-ship, since according to Eq. (3) nb0 ∝ Nb σ−2rb σ−1zb .Although σrb should have a larger e�ect on Ezthan σzb, this is only observed until the maxi-mum of the average axial field, where variations of
±10% w.r.t. (with respect to) the standard run arereached at 5 m. At the peak these variations beginto decrease and the e�ects of σzb variations be-come dominant, with a maximum of around ±8%at 5.3 m.At the end of the plasma cell, or at 10.33 m(since the plasma medium only begins after a
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Figure 3: Average amplitude of Ez versus the propagation dis-tance for all parameter scans.
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length of one simulation window, or approximately33 cm), the results from all the runs have con-verged to di�erent values and the largest variationw.r.t. the standard run is of around ±3% for therms bunch length σzb. This result is perfectly sat-isfactory for the proof-of-principle experiments tobe conducted at AWAKE, though the larger ampli-tude variations around the middle of the propaga-tion distance could be problematic for the produc-tion of high-quality electron beams in the future.During the growth of the SMI the phase velocityof the wake varies considerably, and continues tochange slowly even after the saturation of the in-stability [13]. This can have the e�ect of decreas-ing the dephasing length available for the acceler-ation of an injected electron, so it is crucial to in-vestigate how the phase of the wakefield evolvesand how it reacts to di�erent initial parameters.The local phase shift of the wake w.r.t. its headwas determined through a fit of the function f(ξ) =
A sin [kp (ξ − ξh) + φ], where A and φ are the fit-ting parameters, to the electric field (by takinga line-out and dividing it into several fitting win-dows).The position along the beam chosen for thecomparison of the evolution of the phase shiftthrough time was approximately 11.7 cm behindthe head of the beam. The phase shift gener-ally grows along z, with the exception of a plateauaround 3.5 m, which is linked to the saturation ofthe SMI. Before and after this plateau the mag-nitude of the e�ects is below the initial parame-ter variations. At the plateau, however, the largestvariations are for the rms bunch width σrb (around5% larger at 3.5 m and 5% smaller at 3.2 m).
3.2. Behavior of accelerated electrons

This section will study the behavior of acceleratedelectrons using a specially devised tool (whichis essentially a one-dimensional particle pusher).We wish to determine the injection point along thepropagation distance for an electron to achieve acertain final energy.This is accomplished by “positioning” an elec-tron at z = 10.33 m (the end of the plasma cell)and at a certain ξf (some final position along thewake) with a certain final energy γf , and propagat-ing it backwards in time through a leapfrog-typerelativistic particle pusher. The longitudinal forceacting on the electron is surmised from a line-outof Ez close to the axis for that particular simu-lation time. The time (or propagation distance)when the electron meets a cell where the electricfield is positive (i.e., where it would lose energy)will determine the minimum injection point zinj (aminimum threshold for the energy of the electronat injection was also imposed, corresponding to
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Figure 4: Minimum injection point for electrons with γf = 2000versus their final position along the beam w.r.t. the head ξf−ξhfor all parameter scans.

15 MeV).The comparison of the resulting injection pointdata for all the parameter scans was performed fora region located around 12 cm behind the head ofthe beam and for a final energy of 1 GeV (γf =2000). This data is shown in Fig. 4, whereby theregion corresponds to the accelerating and focus-ing fourth of a plasma wavelength.It is visible that the decreased bunch dimen-sions σzb and σrb and the decreased timing jitter
∆t seem to shorten the accelerating and focusingregion by around 5%. Around the middle of thegraph, it can be conclusively observed that the in-jection point is proportional to the bunch popula-tionNb and inversely proportional to the bunch di-mensions, though the variations are of only ±2%.These results show that the most importantvariables underpinning deterministic injection,namely the size and position of an acceleratingand focusing wakefield phase and the injectionpoint along z, vary by the same order of a drivingbunch’s shot-to-shot oscillations.
4. Single beamlet linear wakefield solver

At the moment there is a theoretical apparatusthat describes exclusively the linear stage of theSMI, where the long particle bunch becomes fullyself-modulated and the axial wakefield Ez growsexponentially [13]. After the saturation of the SMI(the nonlinear stage), however, the amplitude ofthe wakefield drops significantly (see Figs. 2 and3) and, despite numerical studies [14, 15], it is notfully understood why this happens.One of the possibilities currently under consid-eration as an explanation for the nonlinear phaseis related to the incoherent interference betweenthe wakes driven by each beamlet. In order for asingle beamlet’s wakefield to add constructively toan existent wave, the beamlet must be located ina decelerating and focusing region of the original
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wakefield. This problem is in fact spatiotemporal.The behavior of the wakefield must be understoodboth along the beam at a fixed time (spatially) andalong a certain propagation distance for a fixedbeam position (temporally).Understanding the nonlinear phase of the SMItheoretically is the motivation behind the develop-ment of a computer program that combines linearwakefield theory with simulation data. This pro-gram uses the charge density data from OSIRISsimulations after self-modulation has occurred,identifies and isolates the beamlets, calculateseach beamlet’s wakefield, and sums all the contri-butions to an overall Ez distribution. This methodwill for the first time separate the contributionsfrom single beamlets.The axial electric field excited in plasma by anaxisymmetric particle beam with a given densityprofile nb(ξ, r) in cylindrical coordinates is givenby the equation [2]
Ez(ξ, r) = 4πek2p

∫ ξ

∞
dξ′
∫ ∞
0

dr′r′

cos [kp(ξ − ξ′)] I0(kpr<)K0(kpr>) nb(ξ
′, r′) ,

(5)

where I0 and K0 are the zeroth-order modifiedBessel functions, and r<,> stands for the small-est/largest of r and r′. Both infinities in the in-tegrals represent the regions beyond the beam inquestion (in the case of ξ) and above the beam(in the case of r). In practice, however, after eachbeamlet there will be a finite position ξf after whichall density values are zero. The same is true inthe transverse direction, for some rf . Using this,a discretized version of Eq. 5 was obtained whichcould be implemented in the program and thussolved numerically. The computation of Ez andother parts of the program were parallelized (dis-tributed over di�erent processes).This program was written in the C programminglanguage, where the Message Passing Interface li-brary was used for its parallelization. It has beencompiled on a 1920-core cluster at IST, and testedusing up to the full cluster capacity (1800 nodes)without any issues.In order to prove the accuracy of the algorithm,a simple benchmark was devised to test the pro-gram. This benchmark consisted of a single shortelectron bunch propagating in plasma in the lin-ear regime of wakefield excitation, with an axiallyGaussian and radially cosinusoidal density profile.The resulting electric field was in excellent agree-ment with that obtained from a PIC simulation.
4.1. Applications in the AWAKE simulations

The program was used to determine the axial wakefrom the density data of the AWAKE simulation atthree di�erent times chosen after the linear phase
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of the SMI, corresponding to the propagation dis-tances z ≈ 6.39, 8.52 and 10.65 m.There was moderate agreement between theprogram- and simulation-derived field distribu-tions in the middle and tail regions at 6.39 m, butthe results converge for the other two times. Thehead region is identical at all three times. As men-tioned before, the head region is least subject tocumulative noise e�ects along the simulation win-dow, which may suggest that the disagreementbetween simulation and program results in otherregions is mostly due to numerical noise. The av-erage amplitudes of Ez for the simulation and thewakefield solver are presented in Fig. 5, demon-strating the subtle convergence of both results forlater times and their generally good agreement.The program was also used to test the the-ory of incoherent interference between the wakescaused by each beamlet. The wakefield solverwas modified so as to stop after a given num-ber of beamlets and to produce both the wake-field originated exclusively by the last beamlet,and the overall wakefield generated by the remain-ing beamlets. This allows the direct observationof how the field caused by a consecutive beamletadds to the field already present. This modifiedversion of the code was applied to the last twotimes mentioned above (z ≈ 8.52 and 10.65 m),and for three di�erent beamlet numbers: 8, 90 and170 (counted from the head of the beam).The relative amplitudes of the consecutive wakew.r.t. to the exisiting one do not change betweenboth times. The relative amplitude is a measureof how much influence the next beamlet can ex-ert over the present wakefield, and it obviously de-creases along the beam. In this case the relativeamplitudes are roughly 20%, 0.3% and 0.1% forbeamlets number 8, 90 and 170, respectively.The eighth beamlet is still located very closely tothe beam head, which may explain why its wake is
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almost imperceptibly out of phase with the exist-ing wake, as was observed. By the ninetieth beam-let, however, there is an unambiguous phase-shiftof about a fourth of a period, or λp/4. This phaseshift remains virtually unchanged through bothsimulation times.Around the tail of the beam (beamlet number170) the phase shift at 8.52 m is the same as themiddle region, i.e. λp/4, which can be observedin Fig. 6. Surprisingly, though, between this dis-tance and 10.65 m the position of this beamlet isadvanced and the phase-shift thereby evolves to afully canceling half-period, or λp/2. This obviouslydoes not mean that protons are moving faster than
c, but rather that some protons on the left side ofthe beamlet at 8.52 m were lost to defocusing, andother protons were refocused on the right side,so that it appears as though the beamlet has ad-vanced. This mechanism is nonetheless only ob-served at the tail of the beam, where the relativeamplitudes of the individual wakes are extremelysmall, and so it cannot be held as a significant fac-tor behind the amplitude decline along z (tempo-rally).These observations nonetheless prove that the
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Figure 7: Average amplitude of the axial electric field (gray)and total driver charge below 3 k−1
p or approximately 0.6 mm(black), according to simulation results.

incoherence between consecutive contributions tothe overall wakefield by single beamlets must bethe dominating cause for the decline of the electricfield amplitude along the beam (along ξ). The factthat the results from the linear wakefield solveroverlap with the ones from PIC simulations impliesthat no significant nonlinear phenomena are beingoverlooked, and that the phenomena exposed bythe wakefield solver are the sole cause for the am-plitude drop in ξ.What is truly decisive for the amplitude decreasein z is the fact that driver charge is gradually lost.Based on the simulation results, the average am-plitude of Ez is plotted alongside the total protoncharge below r = 3 k−1p in Fig. 7. This radial limitis to avoid tallying driver charge that is still insidethe simulation window but is not contributing towakefield generation. The identical trends of bothcurves after saturation of the SMI (around 6 m)indicate that driver charge loss is the overwhelm-ing cause for the decreasing wakefield amplitudealong time (or z).
5. Antiprotons as wakefield drivers

As mentioned in section 1, PWFA was initially pro-posed with electrons in mind as the wakefielddrivers [5], and most experiments use this setup.The AWAKE experiment is unusual in comparisonwith previous e�orts in that its wakefield driver isa positive particle. It has been found that the pos-itive counterparts of electrons, positrons, seem tobe less e�cient at driving a wakefield [16], whichbegs the question whether the negative counter-parts of protons would in turn excite the wakefieldat AWAKE more e�ectively. This section thus ex-plores a hypothetical substitution of the particlesin the AWAKE driver bunch by their antiparticles:antiprotons.With the exception of the bunch dimensions(σzb = 12.6 cm and σrb = 200 µm) and the plasmadensity (n0 = 7·1014 cm-3), the baseline simula-
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tion used for this study is exactly the same as theone described in section 2. For this plasma den-sity, the physical length of the simulation windowis 29.99 cm, its height is 1.61 mm and the totalpropagation distance is 10.65 m.The simulation with an antiproton driver did pro-duce beneficial results. The average amplitude of
Ez, for example, falls less rapidly after saturationand is about 1.5 times higher than that for pro-tons at the end of the plasma cell (see Fig. 8). Per-haps expectedly, the amount of charge driving thewakefield is also higher after the peak, by a fac-tor of around 2.8. In addition, almost 4.6 timesmore witness electrons remain inside the simula-tion window by the end of the plasma cell.A first attempt at understanding why the an-tiproton driver is able to conserve so much of itscharge was directed at the field energy containedin focusing and defocusing areas of the radial elec-tric field Er, which contributes most to the radialforces acting on the bunch particles. This calcula-tion yielded the graphs displayed in Fig. 9.In general most of the energy in the proton runis in defocusing fields, while for the antiproton runthe majority of it is in focusing fields. The di�er-ent rates of decline lead to a considerable distancebetween the focusing energies of both runs after10 m, where the focusing energy for the antipro-ton driver is around 3.8 times higher than the onefor the proton driver. This may explain the dispar-ity in retained driver charge.This diagnostic inadvertently supplies someclues regarding the linearity or nonlinearity of theplasma wakes, since a linear regime would implythat the energies associated with focusing and de-focusing fields are the same. The larger the imbal-ance between these energies, the more nonlinearthe respective wake will be. This imbalance canbe perceived as the distance between the focus-ing and defocusing curves in Fig. 9 for each driver.The generally larger distance for antiprotons in-dicates that the wake generated by them is more
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nonlinear than the one generated by protons.It should be remarked that, according to linearwakefield theory, the amplitude of the axial wake-field Ez should be proportional to the total chargedriving the wake (note the integration of the beamdensity profile nb(ξ, r) in ξ and r in Eq. (5)). For thisreason, one would expect the increase factors inthe amplitude of Ez and in total wakefield-drivingcharge for the antiproton run to be similar, which isnot the case (the factors are 1.5 and 2.8, respec-tively). This means that, although antiprotons areable to excite wakefields more e�ciently than pro-tons, the amount of antiproton charge availablewould suggest that even higher wakefields couldbe achieved.In order to investigate why the antiproton driverdoes not transfer as much energy as expected tothe wake, a diagnostic was devised to track thepresence of driver charge in accelerating and de-celerating fields. The result can be seen in Fig. 10.During the saturation phase of the SMI (6 –10 m) the antiproton driver transfers much moreenergy to the wake. However, this proportion of
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charge (the one in decelerating regions) graduallydecreases as z grows (note the diminishing dis-tance between the solid brown and blue curves).In fact, after 10 m of plasma, although there isoverall less proton charge, a higher portion ofit (61%) is contributing energy to the wake asopposed to the portion of antiproton charge left(55%). At first the idea that this di�erence couldexplain the underwhelming average amplitude of
Ez for antiprotons was entertained, but this dif-ference is far too small to lend this argumentationany credibility.
6. Conclusion

After establishing the reliability of the numericalmodel being used to simulate the AWAKE exper-iment, a parameter scan of the initial conditionsof the experiment was performed. The relative ef-fects were consistently seen to be of the order ofthe parameter variation (the largest recorded fac-tor between both was 2), which means that the de-terministic injection of electrons is possible. It canthus be concluded that electron acceleration in theAWAKE experiment is viable for proof-of-principleexperiments and possibly beyond, for high-qualityelectron beams.
In section 4 we sought to understand exactlywhy the amplitude of the wakefield drops duringthe nonlinear stage of the SMI by developing aparallel program that can solve the linear equa-tion for Ez numerically. It was found that thespatial decline of the wakefield amplitude (alongthe beam) is due to incoherent interference be-tween the wakes caused by each single beamlet.The temporal decline (along the propagation dis-tance), on the other hand, was found to be corre-lated with the loss of driver charge.
Finally, we investigated whether antiprotons aremore e�cient wakefield drivers than protons, asis the case for electrons and positrons. This wasshown to be true with exceeding clarity, thoughthe wakefield amplitude is lower than might beexpected considering the increased driver chargeavailable for antiprotons. It was observed that alower portion of antiprotons transfers energy tothe wakefield after saturation of the SMI in com-parison with the proton case, but this alone can-not account for the discrepancy. Moreover, it wasshown that the wakefields driven by antiprotonsare more nonlinear than the those driven by pro-tons.
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