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Resumo

O Modelo Padrao (MP) de fisica de particulas é concordante com (quase) todos os dados experimentais
ao nivel das particulas elementares. Contudo, nao € uma teoria completa. A descoberta das oscilagdes
de neutrinos € uma prova inegavel de fisica além do MP, necessitando a existéncia de neutrinos mas-
sivos, incompativeis com o MP. Modelos simétricos de esquerda-direita (LRSMs), onde neutrinos de
direita sdo incluidos de forma natural, e a leveza das suas massas pode ser explicado pelo conhecido
mecanismo de seesaw, sao extensdes populares do MP.

Para fornecer uma explicacdo para as massas fermionicas e para os padroes de mistura observa-
dos, é comum a imposigdo de uma simetria de sabor que actua nas diferentes familias fermiénicas,
constrangindo os acoplamentos. Um exemplo de tal simetria tem base no grupo discreto A4: 0 grupo
matematico mais pequeno que contém uma representagao irredutivel tridimensional. Assim, nos mod-
elos de Ay, as trés familias fermiénicas podem ser naturalmente ligadas.

Nesta tese, depois de uma revisdo do MP, descreveremos os aspectos gerais do LRSM. Depois,
focamo-nos num LRSM especifico, onde se acrescentam flavdes e se impde uma simetria de sabor
Ay x Zs. Varias configuragoes de vacuo para os flavoes sao analisadas segundo os dados de oscilagoes
de neutrinos mais recentes. Investiga-se também a possibilidade de existir violagdo da simetria carga-
paridade espontanea (SCPV). Conclui-se que SCPV é de facto possivel para alguns alinhamentos de
vacuo, e apresentamos as previsdes correspondentes para varios parametros fisicos que podem ser

testados nos presentes e futuros detectores de neutrinos.

Palavras-chave: Modelo de sabor, Grupo de simetria A4, Modelo simétrico esquerda-direita,

Massas e mistura de neutrinos
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Abstract

The Standard Model (SM) of particle physics remarkably agrees with (almost) all experimental data
at the elementary particle level. Still, the SM is not a complete theory. The observation of neutrino
oscillations provides undeniable evidence for physics beyond the SM, requiring the existence of neutrino
masses, unaccounted for in the SM. Popular SM extensions are left-right symmetric models (LRSMs), in
which right-handed neutrinos are included in a natural way, and the smallness of neutrino masses can
be explained by the seesaw mechanism.

To provide an underlying explanation for the observed fermion masses and mixings, one usually
imposes flavor symmetries acting on different fermion families, constraining the particle couplings. An
example of such symmetry is based on the discrete A4 group: the smallest mathematical group with a
three-dimensional irreducible representation. Thus, in this framework, the three SM fermion families can
be naturally accommodated.

In this thesis, after reviewing the SM, we will describe the general features LRSM. Afterwards, we
focus on a particular LRSM, in which flavon fields are added and an A4 x Z, discrete flavor symmetry
is imposed. Several vacuum configurations for the flavon fields are considered and tested in the light of
the most recent neutrino oscillation data. The possibility of having spontaneous charge-parity symmetry
violation (SCPV) is also investigated. We conclude that SCPV is indeed possible for some flavon vacuum
alignments, and we present the corresponding predictions for several physical parameters which could

be tested by ongoing and future neutrino experiments.

Keywords: Flavour Model, A, symmetry group, Left-Right Symmetric Model, Neutrino masses

and mixing
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Chapter 1

Introduction

Nowadays, the general public has heard of Quantum Mechanics (QM) and knows it "has something to
do with live and dead cats” and is somewhat important to physicists. The Standard Model (SM) and
Quantum Field Theory (QFT) are less known outside the physics world, but QM (or misinterpretations
thereof) is widely accepted. This may lead us to believe that the theory has been around for long,
however, it is still quite recent, stemming from the 1900s. Nevertheless, QM was a revolutionary theory
that paved the way for the SM to come to life. As such, any introduction of the SM or its extensions must
include both the journey of the "building blocks of matter”, as well as of QM. And for that, we turn to the

journey of the atom.

1.1 The Journey Of The Atom

As so many other concepts in Physics, the journey of the atom begins in Ancient Greece. Even then,
people wondered about, and tried to find answers to, some questions that still hover around us, such as
the meaning of Life, or what are the building blocks of matter. While Monty Python was able to provide
a satisfying explanation for "The Meaning of Life” in 1983, discovering what are the building blocks of
matter proved more difficult. However, the long journey to answer this began in Ancient Greece, with
the simple assumption that everything must be made of something smaller, eventually arriving at what
would be an elementary particle: something that is not divisible into smaller particles. This was the birth
of the atom, word that comes from the greek, afomos, meaning “indivisible”. Although this idea was
initially a philosophical theory, it made its way into scientific areas circa 1800 when Dalton proposed the
first atomic model. This model, with useful applications to chemistry, stated that elements were made of
extremelly small, indivisible, atoms.

For nearly a century, atoms were thought to be indivisible. However, in the year 1897, J.J. Thomson
divided the indivisible, and discovered the first subatomic particle: the electron. His work on cathode
rays lead him to propose a very light, negatively charged particle which would be a building block of
atoms. This lead to the second atomic model, called the "plum pudding”, which viewed the atom as a

number of negatively charged corpuscles (later called electrons) in a sea of positive charge [1]. A few



years later, one of his students, Ernest Rutherford, provided a new theory of the atom while researching
the deflection angles of a particles passing through a thin gold foil. In the light of any theory of matter
that existed at the time, there were no expectations for the « particles to be deflected at very high
angles. However, Rutherford found this was the case and his interpretation of the results led to the
Rutherford model of the atom, in 1911 [2]. In this model, the atom consisted of a very small charged
nucleus (whether it was positively or negatively charged was unknown at the time), which contained
most of the atom mass, and was orbited by low-mass electrons. Thus, the atomic nucleus came to life.
A few years later, in 1919-20, his work on transmutation, together with the already widespread idea that
Hidrogen was the building block of all chemical elements, lead him to postulate that its nucleus was a
new particle: the proton. In 1921, while working with Niels Bohr, Rutherford theorised the existence of
neutrons. These particles were to somehow compensate the repelling effect of protons in the nucleus,
due to an atractive nuclear force, bringing cohesion to the nucleus. The discovery of this particle lead
James Chadwick to be awarded the Nobel Prize in Physics in 1935.

Taking a step back to the turn of the twentieth century, Max Planck was dealing with the problem of
black-body radiation. This issue had already have some theoretical treatment, but with "catastrophic”
results (namely, the Rayleigh-Jeans law approach to the problem lead to the ultraviolet catastrophe).
However, in "an act of despair” [3], Planck proposed that electromagnetic energy could only be emitted
in multiples of an elementary unit: energy was quantised. This idea, together with Albert Einstein’s
photoelectric effect, is considered the birth of QM. This new theory, initially disregarded by Planck itself
as nothing more than a purely formal assumption, was the cornerstone of a revolution in physics. In
1913, Bohr interpreted Rutheford’s atomic model in the light of QM and the Bohr model was presented.
This model takes Rutherford’s idea of the nucleus and simply adds that electrons orbiting the nucleus
can only do so in quantised orbits. In other words, there are a number of different possible electron
orbits, with a fixed energy and angular momentum. Any transition from one orbit to another occurs in an
instantaneous way, either emitting or absorbing a discrete amount of energy. This shed some theoretical

light on the Rydberg formula, a description of the wavelengths of spectral lines of chemical elements.

The journey of the atomic theory ends in the 1920’s. In 1924, Louis de Broglie proposes that all
moving particles exhibit a wave-like behaviour, at least to some extent. This motivated Erwin Schrédinger
to study whether an atomic electron could be described through a wave-like behaviour, leading to the
Schrédinger equation, which described the electron as a wavefunction. Through this approach, many
of the spectral shortcomings of the Bohr atom were solved. Max Born managed to give the finishing
touch to this atomic model, by proposing that the wavefunction describes all possible states of the
electron. As such, the probability of finding the electron at any given point could be computed through the
wavefunction. In this way, the idea of wave-particle duality was introduced. However, as a consequence
of describing particles as wavefunctions, measuring simultaneously the position and momentum of a
particle becomes impossible. This is the well-known Heiseinberg uncertainty principle. In light of all this,
the atomic orbital model of the atom was born. It describes the electrons of the atom not in orbitals, but
in clouds of probability: an electron may be found anywhere within the atom, but with a sharp probability

distribution around the orbitals.



1.2 Gauge Theories

Despite the sucesses of QM, it failed to incorporate a quantum treatment of the electromagnetic force.
Moreover, it was obvious that the theory needed to incorporate Einstein’s special relativity. Out of these
two requirements, Quantum Electrodynamics (QED) was formulated. Paul Dirac managed to build the
first theory of QED in 1927 [4]. It included electrically charged matter, namely electrons, and the elec-
tromagnetic field. It could explain processes which included a change in the number of particles, such
as the emission of a photon by an electron and the subsequential drop to a lower energy state. In 1928,
Pascual Jordan and Wolfgang Pauli realised that quantum fields were consistent with special relativity
[5] and, in this way, QFT was a powerful theory unifying QM and Special Relativity. Dirac’s attempt to
make the Schrddinger equation relativistic lead him to the discovery of the Dirac equation, which man-
aged to uphold the rules of both QM and Special Relativity, and was able to describe the spin of the
electron. Soon it was realised that this equation needed to be interpreted as a field equation to solve
its problems. In this way, unwanted consequences that arose from the Dirac equation, such as negative

energy solutions, could be interpreted as opposite charge particles. This was the birth of anti-matter.

Developments of QED continued and today this is a simple example of a gauge theory. Gauge
theories are field theories whose Lagrangian is invariant under local transformations of some Lie group
(or symmetry/gauge group). QED can be described as a gauge theory, invariant under the U (1) group.
This merely translates into the Lagrangian being invariant under a phase redefinition. The imposition
that the theory must be locally invariant leads to the introduction of a vector field that cancels the local
character of the transformation: this is known as the gauge principle. The quanta of this vector field
will be the mediator of the interaction, in other words, the “force carrier”. In QED, it is the quanta of the
electromagnetic field, the photon. Since U(1) is an Abelian (commutative) group, QED is known as an
Abelian gauge theory. Chen Ning Yang and Robert Mills, in 1954, tried to provide an explanation for
strong interactions by adapting the concept of QED to non-Abelian gauge theories, which were initially

disregarded as the mediators that arose were massless.

In 1959, Sheldon Glashow, Abdus Salam, and John Clive Ward discovered that the weak and elec-
tromagnetic interaction could be understood as a gauge theory invariant under SU(2) x U(1). In 1964,
Robert Brout and Frangois Englert [6], Peter Higgs [7], and Gerald Guralnik, Carl Richard Hagen, and
Tom Kibble [7], proposed what is now known as the Higgs mechanism. This mechanism relies on adding
a scalar field and have it acquire a non-zero vacuum expectation value, in such a way that below the en-
ergy scale of the spontaneous symmetry breaking, the symmetry group of a gauge theory is broken. The
inclusion of the Higgs mechanism in the theory, done in 1967 by Steven Weinberg [8], allowed for the
mediator of the weak interactions to acquire non-zero masses, maintaining the photon massless, while
simultaneously explaining the absence of Goldstone bosons that arise from the spontaneous symmetry

breaking. In this way, the theory of electroweak interactions was completed.
The remaining ingredient was the strong interaction. In the 1950s, experimental physics discovered
a large amount of particles called hadrons. This lead to the introduction of quarks as the constituents

of hadrons (which could not be elementary), that is, the particles affected by the strong interaction.



Quarks were to have three different charges (as opposed to one in QED), denoted colour. As such,
an SU(3) gauge theory was the basis of Quantum Chromodynamics (QCD), the study of the strong
interaction. Finally, the birth of the SM of particle physics was possible. A gauge theory, invariant
under SU(3) x SU(2) x U(1), which features three generations (families) of quarks and leptons doublets,
composed by up- and down-quarks and charged leptons and neutrinos, respectively. The gauge fields
introduced by the gauge principle are eight gluons, the W and Z bosons, and the photon from the SU(3)
and the SU(2) x U(1) symmetries. Lastly, for the Higgs mechanism to be possible, a scalar (Higgs) field
must be present.

The SM proved itself a very successful theory, propelling the discoveries of the top quark in 1995,
the tau neutrino in 2000, and of the Higgs boson in 2012. Nonetheless, it still leaves some questions
unanswered. One of the main areas in which experimental findings are incompatible with the SM is
neutrino physics. As such, this area quickly became a focus of many physicists, and models that went
beyond the SM (BSM) gained traction.

1.3 The History Of Neutrinos

The study of the g decay launched a conundrum for the world of physics. Unlike what is observed in the
« of v decays, James Chadwick showed in 1914 that the energy spectrum of 3 decay was continuous [9].
This showed an apparent disagreement with the law of energy conservation, as the (5 particle emitted in
the decay should have a specific and well-defined value: the energy difference between final and initial
state. As a way of making the law of energy conservation and the 5 decay compatible, Wolfgang Pauli,
in 1930, proposed an unseen particle, obviously neutral due to charge conservation, which would carry
some of the energy of the decay, allowing for a continuous energy spectrum. And thus, neutrinos came
to life.

Neutrinos are objects of intense study nowadays. However, when neutrinos were proposed, they
were not very well accepted. Niels Bohr had proposed an alternative theory to explain the continuous
spectrum of the § decay that relied on a statistical version of the conservation laws. Nevertheless,
in 1934 experimental evidence against Bohr’s proposal had already arisen. Pauli took profit from this
ocasion to emphasise that the neutrino should exist.

It was not until 1942 that Wang Ganchang proposed an experiment to detect neutrinos through
electron capture [10]. Finally, in 1956, a paper by Clyde Cowan, Frederick Reines, F. B. Harrison, H. W.
Kruse, and A. D. McGuire confirmed the experimental detection of the neutrino [11]. Frederick Reines
was awarded the Nobel prize in physics in 1995 due to this result.

Neutrino studies continued and, in 1962, Leon M. Lederman, Melvin Schwartz, and Jack Steinberger
showed that the neutrino previously discovered was not alone. The neutrino discovered by Cowan and
Reines was the electron neutrino (anti-neutrino actually), whereas now the muon neutrino was detected.
The discovery of the 7 lepton in 1975 came with the expectation of a 7 neutrino, detected in 2000. Leon
M. Lederman, Melvin Schwartz, and Jack Steinberger all received the 1988 Nobel Prize in Physics "for

the neutrino beam method and the demonstration of the doublet structure of the leptons through the



discovery of the muon neutrino”.

In the 1960s, Raymond Davis and John Bahcall discovered something unsettling. They set forth to
measure the flux of neutrinos that were produced in the sun. Neutrinos at the time were thought to be
massless and interact very weakly. This meant that neutrinos produced in the sun could easily go unper-
turbed and reach the Earth. Bahcall computed the theoretical flux of neutrinos that should be measured
on Earth, while Davis devised an experiment to count neutrinos. However, Davis’ measurement were
consistently near 1/3 of the predicted flux of Bahcall’'s theoretical calculations. This discrepancy became
known as the "solar neutrino problem”. Initially, this was thought to be due to an error in either Bah-
call’s calculations, or in the experiment. However, the calculations were replicated and no mistake was
found, and Davis’ scrutiny of his experiment was unfruitful. Nevertheless, it was known that there was
a mechanism, proposed in 1957 by Bruno Pontecorvo, that could be behind the solar neutrino problem.
This mechanism was neutrino oscillations, a process where a neutrino created with a certain flavour
(electron, u, or 7) could be measured to be of a different flavour after propagation. However, for this to
occur, neutrinos must be massive. The general belief that neutrinos were massless, together with the
discovery of parity violation by Madame Wu [12], justified the inclusion of only left-handed neutrinos in
the SM. Neutrino oscillations required a modified version of the SM to allow for neutrino masses and,
furthermore, if neutrinos were, in fact, massive, experiment showed that their masses should be remark-
ably small. Due to this, physicists were hesitant to accept neutrino oscillations as the answer to the solar
neutrino problem.

Neutrino flux that was measured from cosmic rays (atmospheric neutrinos) also showed a deficit
when comparing the experimental and theoretical values. Physicists realised that the problem was not
with the models nor the detectors, but neutrinos were in fact oscillating. The first experimental evidence
for neutrino oscillations came from the Sudbury Neutrino Observatory (SNO) and Super-Kamiokande.
Neutrino oscillations were now a necessity and the first evidence for physics beyond the SM was ac-
knowledged. Arthur B. MacDonald, for his work on SNO, and Takaaki Kajita, for his work on Super-

Kamiokande, were awarded the Nobel Prize in Physics in 2015 for the discovery of neutrino oscillations.

1.4 Beyond the Standard Model

Neutrino oscillations answered the deficit of the measured neutrino flux. However, oscillations require
neutrinos to be massive, which is impossible in the SM. Furthermore, the fact that neutrinos were mass-
less in the SM was somewhat justified: their masses had to be remarkably small. In this way, the SM had
to be extended. Moreover, the smallness of neutrino masses posed a puzzle: if the mass generation
mechanism of neutrinos was identical to the other particles in the SM, there was no reason for them to
be so small. Introducing neutrino masses in the SM was an easy task. The simplest way was to merely
include right-handed neutrinos in the theory. Explaining the smallness of their masses in a natural way
was not so simple.

At this point, we would like to make a quick interlude regarding the last sentence. Firstly, as the

mass giving mechanism has the same origin for all fermions, one would expect all fermions to have



masses lying around the same order of magnitude. However, this is known to be untrue, even without
the inclusion of neutrino masses in our argument. In particular, the Yukawa coupling that governs the
mass of the top quark is near the perturbativity limit, where as the one that governs the electron mass is
six orders of magnitude below. As such, it would be possible to merely admit that the Yukawa couplings
for neutrinos were small since we already have a six order of magnitude range even without them.
However, this assumption would increase the Yukawa range even further, and combined with the fact
that the neutrinos seem to be completely out of the mass range of other particles make Dirac masses
to be seen as unnatural. This leads us to the second (and last) topic of our interlude: the concept
of natural. This concept translates into a way of physicists deeming something more or less elegant
than another. The hierarchy problem is a prime example of this. For the observed Higgs to be at the
electroweak scale, a tremendous fine-tuning is required to cancel out quadratic divergences. However,
by supersymmetrizing the theory, these processes would be automatically cancelled, leaving the boson
mass protected. The fine-tuning solution is deemed unnatural because it requires parameters to cancel
each other, while having no reason to do so. However, this is not a true problem, as it may just be
the way things happened to be, as defended by the anthropic principle [13]. In sum, many naturalness
arguments must be taken with a grain of salt: while they may serve as motivation for more elegant

theories, an unnatural solution may be just as viable as a natural one.

A widely accepted elegant way to generate small neutrino masses is the seesaw mechanism. Al-
though there are different types of seesaw mechanisms, they all have the same underlying principle.
They are based on the fact that it is possible to introduce a very large mass scale in the theory in such
a way that neutrino masses become suppressed by this quantity. Thus, it is possible to explain light
neutrino masses, by having some physics at an energy scale that is still beyond our experimental reach,
rendering us unable to find it.

Although the inclusion of right-handed neutrinos and the use of the seesaw mechanism already goes
beyond the SM as it was initially formulated, models where the gauge group of the SM is modified have
been widely studied in BSM physics. Grand Unified Theories (GUTs) and Supersymmetry are still areas
of great interest in physics. We will however focus on the gauge extension which will be our framework:
the Left-Right Symmetric Model (LRSM).

The SM including neutrino masses and mixing is a theory which agrees with experiment remarkably
well. In this way, most BSM theories work in such a way that the theory is broken down to the SM at
some energy scale (usually high). In this way, SM-like predictions can be achieved and the theory should
hold most (if not all) of the successes of the SM, but features and phenomena that come from the higher
energy scale (the unbroken theory) can be introduced to provide solutions or elegant explanations to
some of the problems of the SM.

The idea that parity violation should be a low-energy phenomenon, and that parity should be restored
at higher energies is very appealing. That is the concept behind LRSMs. A new weak interaction that
acts on the right-handed particles is included, and its symmetry is spontaneously broken at a higher
energy level in such a way that, at the electroweak scale, parity violation is present. In this way, parity

violation is not an imposed feature of the theory, but has an underlying explanation. Moreover, these



models mandatorily feature right-handed neutrinos and the seesaw mechanism. As such, the smallness
of neutrino masses is naturally explained and neutrino mixing is present. Furthermore, these theories
arise naturally from the breaking of SO(10)-based GUTs. Some other interesting aspects of the LRSM

as well as some of the problems it leaves unanswered can be found in [14, 15].

1.5 Flavour Symmetries

The study of the gauge structure of the SM and BSM models provides a very useful insight on the
fundamental workings of our universe. However, these theories have a very high number of free param-
eters. Although gauge symmetries are useful for constraining some observables (such as the correlation
between the W and Z boson masses), most of the parameters remain free and must be fitted by ex-
periment. Moreover, most of them concern flavour: the interactions between quarks, leptons and the
Higgs boson (Yukawa couplings). The discovery of neutrino masses and mixing propelled the study of
flavour physics. The mixing structure initially found was far from random and, in fact, it resembled the

tri-bimaximal (TBM) structure
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Motivated by a symmetry’s ability to constrain parameters (i.e., reduce the number of free parameters
in our theory), the idea of applying a symmetry to the flavour sector of a model to control the Yukawa
couplings came to fruition.

The masses and mixing of the three families of quarks and leptons originate in the Yukawa matrices.
If there was some underlying mechanism that governs the couplings between the different families,
it would directly affect the mixing structure. It could then be possible to explain the observed mixing
pattern from a horizontal symmetry (a symmetry that acts on the different families, rather than on the
elements of each family). In particular, imposing an A, flavour symmetry to the lepton sector in the SM,
we are able not only to reduce the number of free parameters, since only a few Yukawa couplings will
be permitted (and some of the remaining will be correlated), but to naturally arrive at the TBM mixing
pattern. Once again, we recall that the interlude of the previous section is also applicable in this context,
as it is possible to simply attribute the observed mixing pattern to that chosen by nature.

In order to have non-trivial mixing structures in the LRSM, the family symmetry must be broken. It is
possible to take the spontaneous symmetry breaking used to break the gauge symmetry and implement
it on the flavour symmetry. An easy way of performing this is to introduce scalar fields, charged under
the flavour symmetry, but neutral under the gauge symmetry: these are called flavon fields.

Almost every flavour model resorts to non-Abelian discrete symmetries, as they seem to be the only
way of describing non-hierarchical family structures (cf. [16], [17], and references therein). An intimate
connection between the three families of leptons can be achieved through placing them in the same

multiplet (that is, in an irreducible representation). In this way, we can also understand why symmetries



such as A, and S, are often used for flavour model building: they are two of the smallest non-Abelian
groups with a triplet representation.

The origin of flavour symmetries remains unknown when building a flavour model. However, the
origin of these symmetries is also of interest, and may point towards a more complete theory. Some
of the possible origins of flavour symmetries can be found in [16]. For a more detailed introduction to
flavour physics, as well as a compendium of group properties and flavour models, the reader is directed
to [16] and [17].

1.6 Thesis Outline

In chapter 2, we will cover the SM. We will start with its gauge group and field content and derive
most of its phenomenology. The scalar potential, charged currents, and gauge and scalar mass spectra
will be analysed. Moreover, some fundamental concepts for our discussion, such as fermion mixing,
are introduced. Furthermore, we analyse a simple extension of the SM, which includes right-handed
neutrinos, as a way of incorporating leptonic mixing in the theory. Lastly, we analyse the type-l seesaw
mechanism, which will be implemented in our models.

In chapter 3, we introduce an extension of the SM, the LRSM, which will be our framework. We go
through the rich phenomenology of this extension in a similar way to the previous chapter, covering the
scalar potential, the gauge and scalar mass spectra and mixing, and the fermionic mixing. Lastly, we
present some constraints on this model, since it produces many processes and particles which have not
yet been observed.

In chapter 4, a brief introduction on flavour symmetries is given. We also go through the current
neutrino data from oscillation experiments. We then perform a systematic study of flavour models for
the LRSM, from dimension-four models to the reproduction of the model put forth in [18]. Complexity
is added to the models to overcome their flaws, in such a way that the field content of [18] is justified.
Finally, a model similar to [18] is analysed under a new paradigm, where we restrict ourselves to real
parameters in the Yukawa sector, and analyse all its different deviations from [18], based on the list of

minima found in [19].



Chapter 2

The Standard Model and
Right-Handed Neutrinos

As any gauge theory, the SM is a field theory described by fields and a gauge group. While these two
components are intertwined, they serve different purposes: while the field content establishes which
particles exist and are able to interact, the gauge group defines how they interact. Ultimately, changing
the particle content allows for more (or different) particles, whereas changing the gauge group forces a

new perception as to how the fundamental forces of nature act (at least at a higher energy).

As initially formulated, the SM features a truly minimal particle content as all its particles have been
observed (with the discovery of the Higgs boson in 2012), leaving no room for a theory with fewer
particles. The particles featured in the SM are classified into two main categories: fermions and bosons.
Bosons can be either gauge bosons, who arise from the gauge group and are independent of the field
content, or scalar bosons with no spin (hence scalars). In this chapter, we explain the structure and main
features of the electroweak sector of the SM, as well as of a simple extension including right-handed

neutrinos, in which is possible to generate neutrino mass terms.

2.1 The SM

The SM is a gauge theory described by a field content and the SU(3). x SU(2)r x U(1)y gauge group,
where the subscripts denote colour, left-handed, and hypercharge, respectively. As we are focusing

solely on the electroweak sector of the theory, the SU(3). symmetry will not be addressed.

2.1.1 Electroweak Sector of the SM

The SM field content features three families of fermions, both quarks (Q) and leptons (I), and a scalar
field ¢:



%:(“i) @y, o (AR
@) din ¢ (1,-2/3)

L = (”i) L (2,-1), Lin : (1,-2) 2.1)
€; I

where the subscripts L and R denote the chirality (left- and right-handed respectively), and i = 1,2,3
labels the different families. The numbers in parenthesis, (dim;,Y’), denote the transformation properties
under SU(2);, and U(1)y. Namely, dim; is the dimension of the object with respect to the SU(2).
symmetry and Y is the hypercharge. Effectively, dim;, = 2 (dim; = 1) corresponds to a SU(2), doublet
(singlet). The local gauge transformations which ensure the invariance of the SM Lagrangian under the

gauge symmetry are

U, =U,Uy¥y, U = Uy Vg, (2.2)

where Uy, and Uy are the transformations related SU(2)1, r and U(1)y respectively:

Uy = e~ i90(7/2)0(@) Uy = e~/ (Y/2)0(2) (2.3)
Here, the dependence of  in 6(x) and ©(z) clearly shows the local character of transformations. Lastly,
the v and d fields refer to up- and down-type quarks, while » and e denote neutrinos and charged
leptons, respectively. Furthermore, ¢ denotes the scalar field doublet, whose components are labeled

by the superscritpt 0 and +, corresponding to their electric charge.

The sole object of study in gauge theories is the Lagrangian density (or just Lagrangian), which en-
codes all information about interactions and dynamics of the fields. Following the recipe for the minimal
coupling, in order to maintain local invariance, it is required to exchange the ordinary derivative (9,,) for
the covariant derivative (D,,) /

g

— g a,__a -
Oy — D, =0, — ’L§WHT —1=B

5 B (2.4)

where the imposition of local gauge invariance under the SU(2);, x U(1)y symmetries introduces the
gauge boson vector fields W= and B, for the SU(2) and U(1) symmetries, respectively into the
Lagrangian; 7*=%2:3 are the generators of the SU(2) symmetry (the Pauli matrices) and g and ¢’ are the

coupling constants for the SU(2) and U(1) groups.
The electroweak Lagrangian of the SM is
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Lsy = (D"¢)! (DFg) — V (¢) — iW“WW““” - %BWB‘“’
+ il Pli, + Qi PQ;p, + il gPlig + iujgmU;‘R + idelDd;R (2.5)
=Y Y%Qindd;p + Y Qi + YVl dlip +hc.,
i
where the Feynman slash notation is used () = +*D,, where y* are the Dirac matrices and y is a

Lorentz index). The scalar potential V' (¢) (terms containing just the scalar field), will be addressed in

detail in Section 2.1.2. The vector-field strengths W}, and B,,,, are defined by

B, =0,B, - 0,B )
L ! H (2.6)
Wi, = 0,We —0,Wi — gL f*"WW;.

feb¢ are the group structure constants, which can be identified as the components of the Levi-Civita
tensor et for the SU(2) group (and is non-existent for the U (1) group, justifying its absence in the B,

term).

Finally, the SM Lagrangian contains Yukawa terms (last line of (2.5)). The sum over fermion families
was explicitly written, although it may henceforth be omitted by adopting the Einstein notation. Y% are,
in general, complex matrices and ’h.c.” denotes the hermitian conjugate. In order to write the invariant

terms containing Y, the field ¢, which transforms exactly as ¢ under SU(2)y, is defined as

0
b=irg = (z) . (2.7)

Notice that, since by construction there are no right-handed neutrinos in the SM, there is only one

Yukawa matrix for the leptons, as opposed to the two for quarks.

A fermion can be decomposed into its left- and right-handed component

=1L+ ¢r, (2.8)

which are defined through the chirality projectors Py, r,

1+49° 1-—
= = P =
9 ’(/} Rz/]a Q/JL 9

S
VR v = Pri, (2.9)

where 75 = iv%y142~3, and +* are the Dirac matrices. These projectors obey (P, r)* = Pp r, PLPr =
PrPp, =0, and P;, + Pg = 1. Therefore, a mass term for fermions is forbidden by the theory, as it would

break the symmetry group. Namely,

my =m (Yrr + VLR + VrYL + ¥L¥r) = m (Vg + YrYL) (2.10)

is not invariant under a SU(2), transformation, as the product of a doublet and a singlet is not a singlet.

Moreover, such term is not invariant under the U(1)y symmetry as right- and left-handed fermions have

11



different hypercharges. The absence of 11, i1 r terms in (2.10) is due to the property P, ry) = ¢ Pr 1.

Up to now, we are in the presence of a theory with massless fermions, whereas it is a known experi-
mental fact that this must not be true. However, this only holds true if the SM gauge symmetry remains
intact. The scalar potential and the Higgs field will provide an elegant solution for the mass problem
through spontaneous symmetry breaking (SSB) and the Higgs mechanism. This will be studied in the

next section.

2.1.2 The Scalar Potential and the Spontaneous Symmetry Breaking

Empirically, it is known that the vacuum has no charge or spin because of its charge neutrality and
isotropy. Thus, while it is not possible for fermions or non-scalar bosons to have a non-vanishing vacuum
expectation value (VEV), this may not be true for neutral scalar fields. For a general scalar field, the VEV
corresponds to the minimal energy configuration of the field and, as such, is computed through the
minimization of the scalar potential V' (¢). Since the scalar-field content of the SM is minimal, V(¢) has
a simple structure:

V(g) = 1?¢To + MoT9). (2.11)
The minimization equations to find the VEV are

av ov
7_0, W—O. (2-12)

As the scalar field may have a non-null VEV, this translates into (¢°) = v = constant # 0. As such, ¢"

may be described by oscillations around the vacuum h(z), which describe the physical Higgs boson, i.e.

1 [ V2ot
= . 213
i V2 (v + h(x)) ( )

If the constants x2 and ) are positive, then the minimization equations are satisfied for v = 0. However,

taking 42 < 0 and \ > 0, the minimization equations yield a non-zero v, namely
. 2
v=ef| (2.14)

where 6 is a phase which can be put to zero through an appropriate rotation of the scalar field.

This allows for the gauge group of the SM to be spontaneously broken - denoted the electroweak
symmetry breaking (EWSB). That is, while the potential is symmetric under the gauge group, the vacuum

is not, effectively introducing terms in the Lagrangian that break local invariance. Keeping bilinear terms
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only, the derivative terms in the scalar potential read
1
2(Du¢) (D" ¢) =0,hd"h + (v* + h® + 2vh) [492 (W W + Wﬁwml)}

+ (v* + h® + 2vh) [i (gWS’ —g'B,) (gW3 — g'B“)}

o 1 " 2.15
=0uhd"h + 4 (gv)* (W, W + WEIW?") (2.19)
1
+ 70" (9Wi = 'By) (9W*" — g'B)
+ higher order terms,
while the bilinear terms in ¢ result in
_‘_ 2 1 2 T .

A (¢'¢)” = constant + ZM h'h + higher order terms. (2.16)

This allows for bilinear (mass) terms that were nonexistent before EWSB, but necessary for the theory

to fit experiment. While for A it is easy to obtain its mass,

1
mp = Ev\f/\ =/ —2u2, (2.17)

where the experimental data implies m; = 125.09 +0.21 4+ 0.11 GeV [20], it is not that straightforward to
obtain the masses of the gauge bosons, since there are bilinear cross terms with different vector fields.

To obtain gauge boson masses, we need to diagonalize the mass matrix in the basis (WE, B,), i.e.

1
Mg = 5v? . (2.18)

This matrix has eigenvectors
A, =sin GWW,‘:’ + cos 0w B,

(2.19)
Z, = cos GWVVﬁ’ —sinfw B,,,

which are the physical gauge bosons with masses m4 = 0 and m% = v? (¢> + ¢'?) /2 = g*v?/(2¢2),
where the shorthand notation ¢y = cos 0y and sy = sin fy, was introduced. The angle 6y, known as

Weinberg or weak angle, is determined by enforcing that A, is the eigenvector of mass zero:

/

tan Oy = 2. (2.20)
g

On the other hand, Wl} and Wj have no cross terms, and as such have definite masses. However, as

we will see in Section 2.1.3, these are not charge eigenstates. Therefore, one can define

1 A2
Wi _ W:U' + ZWH

==t (2.21)
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which have the same mass as Wﬁ and Wj:

my+ = %g%ﬁ =mzcw. (2.22)

The experimental values of these masses, taken from [20], are mz = 91.1876(21) GeV and myy+ =
80.385(15) GeV.

The fact that there is one gauge boson that remains massless should not be overlooked. Actually,
the scalar doublet ¢ does not have enough degrees of freedom to break all SM symmetries. In fact, the
EWSB breaks the SM group to a different U(1) symmetry, to which corresponds a conserved quantity,
as well as a massless gauge boson. This is the reason why there is charge conservation in our Universe
and the photon is massless. It is then possible to establish a relation between the electric charge (Q),

and the generators of the SM symmetries:

Q= % (Y + 2T3), (2.23)

where Y is the hypercharge and T3 is the eigenstate of the SU(2) generator.

There is still one last symmetry we will discuss, the custodial symmetry. This is an accidental,
approximate symmetry of the theory, and protects the value of the p parameter
2
m

p=—50-. (2.24)

ch
to be close to one (exactly one at tree level). There is one consequence that stems from this symmetry,
which constrains any BSM theory: the addition of SU(2), sensitive scalar fields may prove to force this
parameter to deviate from its unit value at tree level, since the new scalar fields would also contribute to

the masses of the gauge bosons. As such, denoting the new scalar multiplets as ¢, one would find that

. Sop k(14 1) — (I)?] v}
23 (1)}, ’

(2.25)

where I is the weak isospin of ¢, and I} is the third component isospin of ¢, with VEV v;. The

experimental value p = 1.00040 4 0.00024 [20] heavily constrains the VEV of a triplet scalar field.

2.1.3 Fermionic Weak Interactions: Charged and Neutral Currents

One property of gauge theories is that the interactions between matter and gauge fields are fully deter-
mined by local gauge invariance. Explicitly, replacing the ordinary derivative by the covariant derivative
allows the extraction of interactions among matter and gauge fields. The lepton interaction Lagrangian
(%auge) comes from the Dirac interaction terms (third line) of (2.5), which can be expanded in such a
way that, keeping only the fermion-gauge-fermion terms, one has

14



[ _
‘ClGauge :§liL (igW" 7% —ig' B) li. — g'LirBlir
1 (W 7) —gW’+gdB g (W1 _ iW2) e o (2.26)
? g(Whaaw®) gk |\l

It is now clear why the fields W=, which appear on the off-diagonal terms, have been defined. These

terms describe the electroweak charged current (CC) Lagrangian,

Loc = % (A" Wy, i + Ly Wi vig) = ﬁjl oW, +hec. (2.27)

On the other hand, the diagonal terms describe the neutral currents (NC), since they involve only neutral
gauge bosons. Using the definition (2.19), the NC Lagrangian becomes
17 / yn / i
Ly = —5liL [(gew — g'sw) V' Zy + (gsw + g’ ew ) Y Aul lir

1
SViL (gew + 9'sw) V' Z,vir (2.28)

+ 9'lir (cw" Ay — swy" Z,) lir

Recalling (2.20), we see that the neutrino-photon interaction is non-existent, allowing for the identification

of the electromagnetic current

1— 1
Ly =- Slie [(gsw + g'ew )Y AL L + ig'lm, (ew"A,) Lir
9 o o B (2.29)
=-— iglcw (Ley" Aulip — gy Aulir) = =g ewly "L A,
and of the identity e = ¢’ cos 0y = gsin 6y, where e is the proton electric charge. The fermion-gauge

interactions can then be written as

g
£Gauge = e]AA + 9 jZZu + <\/§jCCW + h. C) . (2.30)

2.1.4 Fermion Masses, Mixing And The SM Incompleteness

The EWSB allows not only for massless gauge bosons to become massive, but also generates fermion
masses. As it was shown in (2.10), Dirac mass terms for fermions are explicitly forbidden by invariance
under the SM gauge group. However, after EWSB, the only symmetry that must be preserved is that of
electromagnetism U (1)em, which allows for Dirac mass terms to appear via Yukawa interactions. Namely,

using (2.13), we obtain

Lyk = — Ydij@L(bde _ Yuij@LQBUjR B YlijTiL(ZﬂjR Lhe.
SSB_ i
V2

— M} JULUSL — M%ﬂdﬂ — MiljliL[]L ¥ hoe + L"Ifﬁ‘l[’mlon7

(’U + h) (Ydij@djL + Yuijm’u,j[, + Ylijmlj[/> + h.c. (231)

where Mud! = pY®d! are the mass matrices for fermionic fields, and £&™°" contains the fermion-
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Higgs interaction terms. As, in general, Y*%! are complex matrices, there is no reason to assume that

M4l are diagonal. As such, a rotation is needed to obtain their mass eigenstates (physical basis):
Yir, — (VLw)ij%‘L =Y, tYir— (szp)ij%R =Yg, (2.32)

where v denotes the fermion fields u;, d;, and [;; and the ¢’ denotes the rotated fields. The mass

matrices become
VAT MUV =diag (m., me, ms)

v MaVE =diag (ma, ms, my) , (2.33)
VLMWL =diag (me, my, m.),
where m,, are the measured masses of the fermionic particles. The rotations of the up- and down-type

quarks will affect the quark charged current, contrary to what happens in (2.27), in such a way that the

quark-gauge interactions are not diagonal:

g g

Loo = J5tin VES7" (VE)jy dpa Wi + W = “uipy” (VL"*VE)”_ dj, W, + h.c. (2.34)
giving rise to the Cabibbo-Kobayashi-Maskawa (CKM) matrix, Vekm:
Vorm = Vi VE, (2.35)

which relates down-quark mass and weak eigenstates.

While one could wonder if a similar effect could happen for the quark neutral currents, these connect
up- to up-, and down- to down-type quarks. As such, the NCs quark mixing matrix, VN¢ = VL’“dTVL“’d =1
(due to unitarity of Vg“d), would have no consequence. Therefore, NC are diagonal in the mass basis.

The CKM unitary matrix can be parametrized in the following standard way:

9

C12€C13 $12€13 S13€
- —is —i
Vekm = | —s12¢23 — C12823513€¢ " C12C23 — 512823813€ " S$23C13 | » (2.36)
§12823 — C12C23513€ " —C12823 — $12C23513€ °  C23C13

where the usual notation ¢;; = cos6;; and s;; = sin6,; is used, 0;; are the three mixing angles, and §
is a the CP-violating phase. The more interested reader is directed to [21] for a detailed analysis on
the parameter count of the CKM matrix. Shortly, due to the freedom in rephasing the quark fields by
an arbitrary complex exponential, most phases one would expect in the CKM matrix can be removed,
leaving us with the three mixing angles, and one phase.

Addressing leptons, the absence of right-handed neutrino fields in the SM forbids Dirac mass terms
for neutrinos which are, therefore, massless. As such, rotations in the neutrino fields leave the Yukawa
Lagrangian intact. We can always choose to rotate the neutrinos in such a way that the charged currents

are diagonal. Thus, we define v, ,, - as the neutrino fields that couple to their respective charged leptons
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in the lepton charged current Lagrangian (2.27).

Notwithstanding all of the successes of the SM, it cannot explain all the observed experimental
phenomena in Nature. Namely, the most important of its shortcomings is the nonexistence of neutrino
masses and leptonic mixing. At the time of the formulation of the SM, neutrinos were thought to be mass-
less. This somehow justifies the choice of not including right-handed neutrinos in the theory. However,
neutrino experimental data show undeniable evidence for neutrino oscillations [22]. The observation
of this phenomenon requires not only that (at least two) neutrinos must be massive, but they must be
non-degenerate, as the oscillation probability is proportional to the mass-squared difference.

Neutrino masses and mixing will be our main focus, but there are a few other shortcomings of the SM
like the fact that it does not provide a viable candidate for dark matter, the inability to describe gravity,
among others. Furthermore, there are some issues (arguably not problems per se) such as the hierarchy
problem (that is, an unprotected scalar mass which would require tremendous fine-tuning cancellations
to achieve the measured light Higgs mass) and the absence of gauge coupling unification at higher
energies. This lead physicists to admit a priori that the SM should be a theory that can fit experiment
at low energies, while trying to formulate high-energy theories that would break down to the SM at the
electroweak scale. This is the idea behind extensions to the SM. Simple extensions to the SM, which we
will cover in the next section, were formulated to address the problem of neutrino masses and mixing, in

such a way that, usually, naturally small neutrino masses are generated, in order to avoid fine-tuning.

2.2 Massive Neutrinos In The SM

2.2.1 Dirac And Majorana Neutrino Mass Terms

One way to account for neutrino masses consists in adding right-handed neutrino singlets to the SM.

With such fields, one can write the following neutrino Yukawa term

Ly = —YliLovir +h.c., (2.37)
which, after EWSB, becomes
1 b
— % (1} + h) Y;-jViLVjR + h.c., (238)

containing a Dirac neutrino mass term.

As for quarks, the rotation of the neutrino fields to their mass eigenstates 4 2 3 would lead to a
misalignment of the leptonic charged currents, and the possibility of leptonic mixing, described by a
rotation matrix equivalent to the CKM matrix (2.36). While this is an entirely valid mass mechanism,
given the disparity between quark (or charged lepton) masses and that of neutrinos (< 1 eV), the Yukawa
couplings governing neutrino masses are required to be unnaturally smaller than those of quarks.

Neutrinos are the only electrically neutral fermions in the SM. This opens the possibility of construct-
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ing neutrino Majorana mass terms. We can define the conjugate field as
V=P (2.39)

where C is the charge conjugation matrix. It can also be shown that the equations of motion for both ¢

and ¢ are identical if the electric charge is null:

(i7" 0 — qy" Ay — m)p = 0,

(2.40)
(Z.fy#a;t + qfYHAM - m),(/)c = 0.
As a consequence of ¢ being a spinor, it is possible to write a Majorana mass term of the form
m— m— m* —
—51/11/20 +hc. = —Eﬂﬂﬁc - 71/10¢
- (2.41)
= 5000 + 5 TCy.

This is a quadratic term with no derivatives and, hence, it is in fact a mass term (the factor of one half
is added to avoid double counting of independent fields). This mass term is solely applicable to anti-
commuting fields, because C is anti-symmetric and a commuting field would lead to the cancellation of
@C@T. Furthermore, Majorana masses are only possible for fields with no conserved additive charges
(electric, baryonic, or leptonic), since the above terms would break the corresponding U(1) symmetry
(except for some exceptions, such as Zs,,).

An important conclusion to take from the possibility of having Majorana mass terms is that they
violate lepton number. This implies that we lose the freedom to rephase the neutrino fields as this would
be incompatible with v = v. As we will see later, this results in the impossibility to remove as many

phases from the mixing matrix as in the quark case.

2.2.2 Type-l Seesaw Mechanism

The SM is usually considered as being an effective low-energy description of the Universe, as far as
particle physics is concerned. Some ultraviolet completions of the SM are based on adding new particles
or symmetries at high energies. As such, the new particles will, in general, be heavy (lying, for instance,
around the scale at which a new symmetry would be broken), which explains why they are not observed.
Still, their decoupling may give rise to effective operators, i.e., operators with dimension d > 4. This is
what happens when the W boson is decoupled in lepton-lepton scattering. Another example of this is
the seesaw mechanism, which relies on adding new fields, as for instance right-handed neutrinos in the

case of the type-l seesaw mechanism [23-27], to generate small neutrino masses.

The addition of right-handed neutrino fields and the assumption that lepton number is not conserved,

allows writing the Majorana mass terms
]‘ — i —_— (—
EMaj = 5 (I/IEC IMIT%I/R — I/RMRCZ/RT) s (242)
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where Mpg is a symmetric matrix in family space. Additionally, there will be Yukawa terms (where Y is
a Yukawa matrix)
Ly = =YV dvr +h.c., (2.43)

similar to those of the up-type quarks. After EWSB, we get the usual Dirac mass terms for neutrinos
Lpirac = —~VrMprr, — WMBVR, (2-44)

where Mp = vY". Taking advantage of the fact that we are assuming that neutrinos are Majorana
particles, we can define
v, = (vg)° = CTR", (2.45)

which allows us to write

Loirac = —7aMpvp, +h.c. = —(C1}) " C'Mpvy, + hec.

. (2.46)
=v}  C'Mpvy +hc.=viCMEV, +hc,
(where the anti-commuting nature of v;, and v} was used) and
Ly = —A7gMRCPRT + hc. = —1(C~}) " Mpv + hec. 247)

= L, TC Mgy}, +he.

Combining (2.46) and (2.47), we obtain

1 0 ME v
L= (Vg fo) o b f the, (2.48)
MD MR vy,

where the zero entry is a 3 x 3 null matrix. The type-l seesaw mechanism relies on the assumption that
the typical scale of My is many orders of magnitude higher than Mp. This is not problematic as, recalling
that right-handed neutrinos are gauge singlets, their masses are decoupled from the electroweak scale
VEV, allowing them to be as heavy as needed without affecting the gauge boson masses. In other words,

the scale of My is not protected by the gauge symmetry.

We can finally perform a unitary transformation such that the full mass matrix of (2.48) is diagonal:

Yh) Z g | Mt (2.49)
Vj; Vheavy

0 MT M 0
RT D)= | o , (2.50)
MD MR 0 Mheavy

where R is a unitary transformation. Considering Mz > Mp and performing a perturbative expansion,

and

one gets
Might ~ _MgMglMD7 Mheavy ~ MR» (251)
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which are the seesaw master formulae.
Due to the dependence of Mjgn on Mz!, we are in the position of understanding the origin of the
name “seesaw”: the heavier My, is, the lighter M;;,n+ Will be. Lastly, one should notice that the mixing

between light and heavy neutrinos will be of the order of MMz, which is very small if Mz > Mp.
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Chapter 3

Left-Right Symmetric Model

The SM has proven itself to be a continued success, agreeing with experiment at many levels (perhaps
more than we would wish) [28]. However, there are some issues that motivate the study of BSM physics.
These models are usually a way to achieve more elegant or natural solutions to Nature’s properties than
those of the SM. LRSMs may be considered a natural extension of the SM, as it lowers the level of
disparity between left- and right-handed fields, while accommodating neutrino experimental data [29].

The SM was a theory built to fit experiment. The nature of weak decays motivated the chiral essence
of the theory: the phenomenology of left- and right-handed particles is clearly and abundantly different.
However, there is no reason for this to be the case, and it would be natural to assume that, at a higher
energy scale left and right chirality are at equal footing. This is the idea behind LRSMs: to extend the
gauge group such that at a higher energy, the theory is parity symmetric and that parity is broken in such
a way that a SM-like paradigm can be achieved. Thus, parity violation is no longer an ad hoc assumption
based on empirical evidence, but rather a feature arising from the vacuum configuration of the theory.

LRSMs were proposed in the context of GUTs [30], making these extensions very appealing. In
particular, LRSMs arise naturally from SO(10) based GUTs [31, 32]. Moreover, seesaw neutrino masses
and mixing are automatically included in LRSMs. As such, left-right symmetric extensions of the SM are
capable of solving the problem of neutrino oscillations in a way that is natural, rather than imposed.

In this chapter we study the simplest LRSM, also called the minimal left-right symmetric model
(MLRM).

3.1 Electroweak Sector Of The LRSM

The gauge group of the LRSM is SU(3). x SU(2) x SU(2)gr x U(1)p—_1, where the subscripts indicate
colour, left-handed, right-handed, and the difference between baryon (B) and lepton (L) number [33].
The field content is similar to that of the SM with right-handed neutrinos (the SMR), except for the
scalar fields. There are several versions of this model in the literature (see e.g. [14, 34, 35]), which
differ in their scalar content. Usually, motivated by the idea behind LRSMs, a discrete left-right (LR)

symmetry is imposed. To do so, it is necessary for the scalar sector to have either a right-handed
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doublet or triplet to break the SU(2) r symmetry and a left-handed counterpart for the symmetry to be
realised. However, the left-handed scalar, contrary to the SM, is not sufficient to reproduce masses in
the unbroken model. As such, a bi-doublet is required [36]. Being the discrete LR symmetry optional,
one can choose not to enforce it (see e.g. [37, 38]) and, in this way, there is no need for the extra
left-handed scalar field. This simplifies the scalar potential and reduces the number of extra parameters
as well as of new particles. Since most theories that work under the assumption of the discrete LR
symmetry also assume a negligible VEV for that field [30, 39], the underlying physics is very similar in
both cases. In this chapter we will be working under the paradigm of no imposed LR symmetry and a

right-handed scalar triplet and, as such, the field content of the theory is

U Us
Qir = ( ) :(2,1,1/3), Qir = ( ) :(1,2,1/3)
di di
L R
V; Vi
: (2717_1)7 liRE : (1727_1) (31)
<6i>L (ei)R

0 i + ++
o= 1 93 L (2,2,0), Ap= 53/\/5 o :(1,3,2),
or o O —OR/V2

where, the usual conventions of Chapter 2 are used. The superscript ++ in Ag identifies a doubly-

ol
h
If

charged particle and dimp = 3 denotes a SU(2) R, triplet, dr, ¢1, and ¢- are the field components of the
Higgs triplet and bidoublet, respectively.

Let us first address the gauge transformation properties of the fermionic fields ), namely,
ULr= [eiig,(yﬂ)g(:ﬁ)eiigL’R(T/Q)@(I) =UyUr,r¥L,R; (3:2)

where g, r are the coupling strengths of the SU(2). r groups, and ¢’ is that of U(1)p_r. Here, Y is
the hypercharge, which in this model is the B — L quantum number. To ensure gauge invariance, one

introduces seven gauge fields: (W;'%”),., and B,,. The covariant derivative then reads

) T Y
D,Yrr= (QL - ZgL,R?WL,R,Ut - 29/2Bu> VLR (3.3)

We are now able to construct the fermion-gauge interaction Lagrangian

— . T Y
Ly=1vpyp <Zau toro Wi+ 9’2311,) YL+ (L — R), (3.4)

and the gauge-gauge interaction Lagrangian
1 1 1.,
Ly = _ZWL" Wiipw — ZWR" Wripw — ZB B, (3.5)

following the same definition of (2.6).

As usual, fermion (Dirac) masses come from the Yukawa Lagrangian after EWSB via a Higgs bidou-
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blet. Since Dirac terms couple left- and right-handed fields to a scalar field, the latter must transform as
a left field on the left, and as a right field on the right (&’ = UL@U,T%), hence the bidoublet structure. As

such, we can now construct the Dirac Yukawa Lagrangian

Lo = —liL (ng o+ V), <i>) Lir — Qu (Yg P+ V! é) Qjr +h.c., (3.6)

where @ also transforms as (2,2, 0) under the LRSM gauge group, and can be defined as

0* _ A4t
i) = 7'2(1)*7'2 = 2 d)i . (37)
—¢; A

In order to build the kinetic terms for scalars, we need to account not only for the bidoublet, but also
for Ar. However, since we are using a 2 x 2 representation of the triplet field, we need to make use of
the matricial form to construct singlet invariant terms (see appendix A). Moreover, it can be easily shown
that we do not need to account for @ as its terms would overlap with those of @ (recall the cyclic property

of the trace and the fact that any squared Pauli matrix is the identity). As such, the kinetic part of the

scalar Lagrangian will be

£k — Ty [(DMAR)T (DﬂAR)} e [(D,@)T (D#cb)} : (3.8)

where the covariant derivatives of the scalar fields are

TH, T(L
Dy = 0, — ign W5, 5@ + ign® - Wi,
o - (3.9)
D,Ar =0,Ar —igr 5 Wi Agr| —ig'B.Ag,

in which [A, B] = AB — BA.

3.2 Spontaneous Symmetry Breaking

The most general potential one can write in the LRSM can be divided into ®-® interactions (Vg), Ar-Ag
interactions (Va ), and crossed terms (Vo A, ):
V(@,AR) = V@((I))+VAR(AR)+V¢7AR(‘I),AR). (310)

Explicitly, Vs can be written as

Vo = — p2Tr[@T®] — p2Tr[@T @) — p2" Tr[®T®] + A Tr[®T D)2 + A Tr[®T D] + A3 Tr[®T®]2 a11)
+ A Tr[@T D] Tr[®T D] + M Tr[®T®] Tr[®T D] + N Tr[®T @] Tr[®T ] '

while VA, and Va, & are given by
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Van = —2TALAR] + i THALAR? + aa THALAL] TH{ARAR], (3.12)

Vape = mT[@T0] THALAR] + po T[@T@ARAL] + p3Tr@T®] THALAR] + pTr[®T®) THALAR]. (3.13)

In the above equations, i; have dimensions of mass while \;, «;, and p; are dimensionless coefficients.
Although there are many other dimension-four mass invariants that one may construct with this given
scalar sector, it can be shown that they reduce to linear combinations of the terms included in V(®, Ag).
Hence, as coefficients of the potential are free parameters, it then is possible to ignore all redundant

terms and restrict ourselves to the potential given above.

As there is no reason to assume otherwise, we must assign a VEV to all neutral scalar fields. We

choose:
0 4+
o= [ ) sm gy L[ O ) (3.14)
¢17 ¢g \/5 0 619’02
and
+ ++
Ap [0R/V2 R Y s a0 L (000} (3.15)
8, —5h/V2 V2 \up 0

As Ar is connected to unseen physics and it is the field responsible for the breaking of the new sym-
metry, its VEV must be high enough to ensure that its contributions at low energy are small. Therefore,
we will consider the limit vy > vy, v2. Although all three VEVs can be complex, we are free to rotate two
of them, chosen to be v, and vg, to be real. Therefore, we introduce the imaginary exponential in (3.14),

such that v, is a real positive quantity. Lastly, we introduce three quantities which will be useful later on:

v=/v?+ 03, tanﬁzv—l, e= 2 (3.16)
(%) VR

As in the SM, the vacuum configuration can be determined by minimizing the scalar potential given

in (3.11)-(3.13). For simplicity, we will consider § = 0, leading to the minimization conditions:

o _, W _, 9V

0 — = — =0. A7
87}1 ’ (91)2 ’ 81;3 0 (3 )

In the present model, there is already a field which is a mass eigenstate: the doubly-charged Higgs 5§+
with mass

1
m?S++ = §p21}2 cos 23 + 2a20%. (3.18)
R

The complex neutral fields are defined as the normalised sum of the real and imaginary components,

¢ = % (¢ + g™, (3.19)

where @ is general for ¢9, ¢ and 6%. In the basis of (¢}, ¢35, 1), we find the singly-charged mass matrix
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which, after a unitary rotation U, defined by

cosB sinf 0

U.=|—sinf cosB 0], (3.20)

0 0 1

becomes

0 0 0

1 9 VUR
0 §p2vRsec(26) p22\/§ ) (3.21)

VU
PQW% ZPZUQ cos(23)

This results in two singly-charged Goldstone bosons (GfQ) and one massive charged scalar (H*), of
mass
mi. = épg sec (209) (U cos 46 + v? + 4vR) (3.22)

The relations between mass eigenstates and the fields in (3.1) are

+ o3 +
¢I_L _ V2HZ sin 3 n GI_L cos f — €G; smb’cos(2b’)’
2t 2o (20) V25 @ oo (25)
+ +
L _ V2H* cos B _GEsing— eG, cosﬁcos(26)7
2 4 €2 cos?(28) V2 + €2 cos?(20)
5 eH* cos(28) V2GF
B V24 €e2cos(28) /24 €2 cos(Qﬁ)

(3.23)

Turning now to the imaginary components of the neutral fields, in the basis (¢{%, $3°, §%) we find the

following mass matrix:

% in? 3 [41}2 (A3 —2Xa) + pg'l}%% sec(?ﬁ)] % [41}2 sin’ (A3 —2X2) + pgv%% tan(?ﬂ)] 0
% [41} sin? B8 (A3 — 2\a) + pav tan(Q,B)] %cos2 I [41)2 (A3 — 2)2) + pav% sec(ZB)] 0. (3.24)
0 0 0

Through the simple rotation
0 —cosB sing
Us=10 sinB cosp|, (3.25)
1 0 0

we find two Goldstone bosons, G and GY, and a massive pseudo-scalar A°, of mass
2 2 1 2
myo = v° (A3 — 2A2) + 1P2VR sec(20). (3.26)

For the real components, ¢9", ¢5", and 6%, we determine the masses and physical states perturba-

tively up to first order in ¢, and disregard the mixing between heavy (6% and light (h° and HY) neutral
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Higgs fields. In the basis (9", ¢3", 6%), we find the (symmetric) mass matrix M, Whose entries are:

Mk = {41}2 [cos(2B) (A1 — 2X2 — A3) 4 24 sin(2B)) + 40 (A1 + 2X2 + N3] + pavg sec(2) — pavg |,
Mg = % {4712 [sin(28) (A1 + 2A2 + Ag) + 2M4] — povip tan(28) }

Mreal ;U vR (p1cos B+ 2p3sinf),

M2, = {411 [cos(2B) (A1 4 22 + A3) + 2Ag sin(28)] + 4v” (A1 + 2X2 + A3) + p2vF sec(26) + pavi
Mgl = %U vg [sin B (p1 + p2) + 2p3 cos F],

_ 2
Mreal Q1VR-

(3.27)
We find the masses of the physical states »°, HY, and HY, at first order in ¢, to be
m2, ~ ”% [ sin (28) + 2 (M + Ao) + Ag — cos 48 (200 + Ag)] |
m%[lg 1R % sec (203) [4€ cos® 23 (2X2 + A3) + p2] (3.28)
m?{g ~ alv%{.

Furthermore, denoting the h° — HY mixing angle as «, the neutral complex scalar fields can be written

in terms of the physical fields as

@9 ~ sma+HOcosa+z(AOsmﬁ+G cosﬂ),
#9 ~h%cosa+ HYsinaw — i (AO cos 3 — GY Slnﬁ) , (3.29)
8% ~ HY +iGY.

We will now compute the gauge boson mass spectrum. Introducing the definitions (3.14) and (3.15)
into (3.8), we obtain two different mass matrices, one for the charged gauged bosons -using a similar

definition as in (2.21)- and one for the neutral gauge bosons. Namely,

— Waru
L
Lrass (WZr# W;{”) M3, - +hec. 4= <W§‘L Wk, Bl‘) Mg | Wag,, | (3.30)
R B#
where the mass matrices are
2 1 91 (U% + U%) —2e gL gRrv1v2
M = . , (3.31)
—2e g grvive g% (v + 03 + 20F)
and
1 2 2 2 1 2 2
597 (vf +03) —59LYR (v? + v3) 0
1 1
Mg =5 | —5909r (vF +03) 50k (vF +03 +4v}) —2grg'v} |- (3:32)
0 72gRg’v}23 2¢"%v?
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Although in most cases the phase 6 is assumed to be zero, it was intentionally left general here to
show its irrelevant nature as far as gauge boson masses are concerned. These mass matrices can be
diagonalized through unitary rotations, defining the mixing angles of the gauge bosons, in such a way

that
Wt cos¢ —sin¢)\ [WEe 2919 Re?
L = e tan(?{):22 REPAVR
Wit sin¢  cos(C W'En 9r + (9% — 97 )€

(3.33)

The mixing between W and TV’ can be neglected in most cases, that is, one can safely assume W+ ~
WLi and W'+ ~ ng. Finding the physical neutral gauge boson states is more difficult, as two mixing

angles are needed. However, to a good approximation,

wir cw O(e?) sw ZH
Wi | = —sweosp —sing cweosp | | 2|, (3.34)
B* —swsing  cose  cysing AH

where ¢y and sy maintain the same meaning as before (¢ = cos 0y), being 6y, now given by:

2 2

dJrtY

cosOw = gr, . (3.35)
\/g% (9% +9%) + gr9"

As already mentioned, a second mixing angle, ¢, is need to fully describe the mixing between all neutral

gauge bosons. Namely,
/
cos p = 9 Iy Ow . (3.36)

Var+9?  9r

The matrix entry (1,2) is calculated at order O(e?) since it vanishes if we keep only linear terms. It is

given by

2
GZ cot By cos @ sin® ¢ < 1, (3.37)

since ¢ < 1. From the above results, it can be shown that the Z-Z' mixing is controled by the quantity
[34]

cos @sin® ¢ €2

tan& = < 1. (3.38)

Sw 4

As for the gauge boson masses, we obtain

1 2 2 2
Myw ~ —grv <1 - 6Zsin2 25) , My ~ gngR (1 + 6) ,

2 4
(3.39)
1 g3%.q"? My V2
My~ — 2 4 JRI T My ~ 2 2 ~ —— My
7= 50 91 + Zg? av 7' X VRV IR T+ 9 sin g W,

where My, = Mycy holds true at first order in ¢, as well as /2My» = My sing. Furthermore, as

expected, one gauge boson A* remains massless, allowing us to identify it with the photon.
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3.3 Fermion Masses and the Neutrino Seesaw Mechanism

In the present model, Dirac mass terms stem from the Yukawa Lagrangian (3.6). In general, the up- and

down-type quark matrices M, and M, given by

1 0 1 LAV
My, = S5y +ue ™), Ma= —5(0n¥ +v.eT)), (3.40)

cannot be simultaneously diagonalised. This will induce a misalignment in the CC Lagrangian, resulting
in a quark mixing matrix (CKM matrix). However, unlike in the SM, the physical W+ bosons have a
component from the SU(2) r gauge boson. As such, the charged currents will have a contribution (even
if small) from right-handed quarks. In the basis in which M, is diagonal, M, is diagonalised by the

left-handed CKM matrix, VKM and its right-handed counterpart VgKM:

diag(ma, my, my) = VM Ay SMg (3.41)

where S, is a sign matrix that comes from the diagonalization of M,,.

A thorough analysis of quark phenomenology is beyond the scope of this thesis (the interested reader
is directed to [15] for more detailed studies on this subject). Still, it is worth mentioning that, in general, if
one takes 6 # 0 the two CKM matrices will not coincide (VKM =£ VEKM) [15], and if V,CKM is parametrized
in the standard way (three angles and one CP-violating phase), then there is no freedom left to remove
phases in VM. Thus, all three angles and six CP-violating phases in this matrix will be physical.

The lepton Dirac mass terms are defined through the Yukawa Lagrangian (3.6), resulting in a charged

lepton mass matrix (M;), and a Dirac neutrino mass matrix (mp):

. ~ 1 o~
Ml = — (’UQGZOYVZ + 1}1}/1) ; mp = ﬁ (1)1}/1 + 1)26716}/0 . (342)

However, the presence of right-handed neutrinos in SU(2) gz doublets, and of the SU(2)y triplet Ag,
together with the assumption that lepton number is not conserved, allows for the existence of right-

handed neutrino Majorana terms:

EMaj = —l%(iTgAR)YRlR, (343)

where Yy is a symmetric Yukawa matrix and

. 8 —OR/V2
(iToAR) = (—55/\@ —:}Jr ) . (3.44)

After SSB, we can define the right-handed mass matrix that comes from (3.43) as

MR = \%URYR‘ (345)

We can then apply the procedure for the type-1 seesaw and arrive at the symmetric neutrino mass matrix

of (2.51). Inthe LRSM, the VEV hierarchy vr > v automatically implies Mz > mp and the type-l seesaw
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mechanism is operative (see Section 2.2.2).

3.4 Constraints on the LRSM

Given the rich phenomenology of the LRSM, it is important to study how experimental data constrains the
model. We have already mentioned one important constraint in Section 2.1.2, the p parameter (2.25).
This is a highly-restrictive condition on any BSM physics that includes SU(2);, scalars of dimension
higher than two. Therefore, most LRSM models with a scalar triplet Ay, require its VEV to be very small.
In the case under discussion, this is not an issue since Ay, is absent. Still, as we will see in the following
sections, there are several physical processes which are, for instance, sensitive to the presence of new

scalar and gauge bosons.

3.4.1 Gauge and Scalar Boson Constraints

Neutral meson oscillations (namely, the AF = 2 transitions in the K and B, neutral meson systems)
lead to important constraints on the masses and mixing of gauge and scalar bosons. In the LRSM,
those transitions are mediated by Wx and the neutral flavour-changing Higgs (FCH) H. There are two
possibilities of discrete LR symmetries one may impose: charge conjugation (C) or parity (P), which will

have an impact on the right-handed mixing matrix:
P : VR ~ KUVLKd, C : VR — KUVEKd, (346)

where K, 4 are diagonal phase matrices: K, = diag (', e, ") and K, = diag (e, "%+, ¢?v).

The relevant processes for our discussion are shown in Figure 3.1.

q q q q q q

Figure 3.1: Neutral meson mixing diagrams (taken from [40]).

The detailed analysis of these processes has been performed in [40]. Here, we present only the
results (firstly for the case of C as the LR symmetry), which can be seen in Figure 3.2. In this figure, the
ratio My /My, > 8 is excluded (gray shading) due to perturbative constraints. One should note that this
constraint is an overestimation, and could be less restrictive. The constraints due to LR contributions to
AMpg inthe My — My, plane are shown for two phase configurations: 6. — 6; = 0 or 7, which lead to

constructive or destructive interference between the q¢’ = cc and q¢’ = ct contributions.
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My [TeV]

My, [Tev] My, [Tev]

Figure 3.2: Correlated lower bounds on My,, and My For K systems with C symmetry (taken from
[40]).

My [TeV]
My [TeV]

o]

2 3 4 5 6

Mu, [TeV] Mu, [TeV]

Figure 3.3: Combined constraints on My, and My For B systems with C symmetry (taken from [40]).

|h§s |RE| 0.0, 05—0, 0q—0, MV@? [TeV]

<20 <05 0 ~0 —0.8/2.4 3.7
~1  —1.3/18 3.7

T ~ ~ 1.7 29

~ ~ —0.9 29

<loe <03 0 ~ -0.2/1.5 49
o —0.5/0.8 49

T ~ ~ 0.5 3.7

~ —0.7 33

Table 3.1: Summary of constraints for the C symmetry. In bold are marked the limits where constraints
from B systems prevail over those of K (taken from [40]).

It is possible to see that for 6. — 6, = =, we could have My, > 2.6(3.4) TeV for an allowed LR
contribution to AM g of 50% (30%) when My is kept near the pertubativity limit (black dots). On the
other hand, if . — 6, = 0 allows less restrictive ranges for Myy,, due to the destructive interference. The
results for the B meson systems are shown in Figure 3.3, where the left and right plots correspond to
04 — 05 = 0 and 7 respectively. One can see that the most favourable case (which minimises the LR
scale) with 6, — 0, = 7 leads to My, > 2.9(3.3) TeV at the two (one) o confidence level (CL). The results
for the C case are summarised in Table 3.1, for two benchmark settings of parameters. It is possible to

account for an absolute lower bound on My, of 2.9 TeV at 95% CL.
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My [TeV]
My [TeV]

=

5 6

My, [TeV] M, [TeV]
R R

Figure 3.4: Constraints on My, and My For K systems (left) and B systems (right) with P symmetry
(taken from [40]).

The same procedure can be done for the case of P as the LR Symmetry, with the results shown in

Figure 3.4 (equivalent of FIG 3.2 and 3.3), and summarised in Table 3.2. In this case, the absolute

|h§s |RE| 0. —0: 00— 0s] 04— 0 MV”I};”[TeV]

<20 <05 /2 ~T /4 3.1(3.2)
<lo <03 4.2 (4.1)

Table 3.2: Summary of constraints for the 7 symmetry. In bold are marked the limits where constraints
from B systems prevail over those of K (taken from [40]).

lower bound is set on My, > 3.1(4.2) TeV at two (one) o CL.
The above analysis shows that, when My is kept at the limit of perturbativity (scenario which al-
lows for the lightest W) the most favourable cases predict a new physics energy scale which is within

experimental reach, in the near future.

3.4.2 Neutrinoless Double 5 Decay

An exciting feature of LRSM and Majorana neutrinos is the neutrinoless double 5 decay (0v33). This
process is the focus of many experimental searches (such as NEMO, GERDA, MAJORANA, and others),
as its confirmation would bring meaningful conclusions, like the Majorana nature of neutrinos and the
violation of the lepton number. Furthermore, this is one of the few processes that is sensitive and thus
able to probe the absolute values of neutrino masses (one should recall that neutrino oscillations are
sensitive only to the absolute value of squared-mass differences). As in the previous section, the results
presented here are not model-independent and, as such, the framework will be that of [41].

OvB3p is a process where an atomic nucleus with Z protons decays into a nucleus with Z+2 protons
and the same mass number (A), through the sole emission of two electrons. This is possible only through
the connection of two weak interactions mediated by the W boson and a light Majorana neutrino. The
processes that contribute to this process in the LRSM are shown in Figure 3.5, where diagrams (a)-(d)
contribute via the exchange of light or heavy neutrinos, or W bosons, whereas the diagram (e) is the
contribution from the exchange of the right-handed doubly charged Higgs (6;7). The contribution of

, and saturates current ex-

diagram 3.5 (a) depends on the effective neutrino mass mgg = | >, U3m,,
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Figure 3.5: Processes for neutrinoless double 5 decay in the LRSM (taken from [41]).

perimental bounds if the light neutrinos are degenerate with mass scale m,, ~ mgg ~ 0.3 — 0.6 eV. The
contribution stemming from diagrams 3.5 (¢) and (d) are suppressed by left-right mixing between light
and heavy neutrino mass eigenstates (~ \/W) and, as such, may be considered negligible. Dia-
gram 3.5 (b) contributes via the exchange of heavy right-handed neutrinos and its contribution depends
on the effective coupling ,

en = ivz.ﬂ@. (3.47)

el
i1 N Mg

Similarly, diagram 3.5 (e) depends on the effective coupling of the doubly charged Higgs:
4
e5 = 3 vz e T, (3.48)

where in both (3.47) and (3.48), V is the right-handed PMNS matrix, and m,, is the proton mass. The

experimental data limits these parameters in such a way that |ex]| <2 x 1078 and |es| <8 x 1078 [41].

3.4.3 Lepton Flavour-Violating Processes

The existence of neutrino oscillations implies a non-trivial leptonic mixing. These processes can be
ignored in the SM with light neutrinos only, due to the Glashow-lliopoulos-Maiani (GIM) suppression
mechanism, Am? /m3, ~ 107°°. In the framework of the LRSM, we have to take into account contribu-
tions from heavy neutrinos and heavy Higgs scalars, which may cause observable rates for ;1 — ey and

u — eee decays, diagrammatically represented in Figure 3.6.

The branching ratios (Br) of these processes depend on the large number of model parameters. Still,
they can be simplified through some approximations and assumptions. Namely, assuming similar mass
scales for the heavy particles of the LRSM, i.e. my, ~ mw,, ~ Mg - (which is a natural assumption as

all these masses come from the SSB of the SU(2)r symmetry and are all related to its VEV vg), the
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We We

Figure 3.6: Feynman diagrams for u — ey decay (left) and . — eee (right). The external photon may
come from any charged particle line (taken from [41]).

branching ratios of these processes are given by

Br(u — evy) = M =15x 10_7\gw|2 (:r;rvev\}:) , (3.49)
and . L .,
Br(u — eee) = F;’Zﬂfjejyz) ) 2% 1o7hwh;e|2:z;f“ , (3.50)
where g.,, and h;; describe the effective lepton-gauge boson and lepton-Higgs couplings:
> m?\, > mn, .
Gen =Y _ Vi Vun s = 3 ViV 2, = (3.51)

n=1 R n=1

These approximations are shown to be valid for the case 0.2 < m;/m; < 5 and for any pair of ¢,j =
N,,,Wg,d5" [41]. It can be seen that Br(u — ev) is proportional to the LFV factor |g,|>. Furthermore,
if there are no cancellations, the LFV couplings are of the same order (|gc,.| ~ |} heu]) @nd, therefore,
Br(u — eee)/Br(up — ey) = O(300) for ms, ~ 1 TeV. This is an expected result since ;1 — ece is a
tree-level process, whereas p — e suffers from 1-loop suppression. The current experimental limits at
90%CL are [42, 43]

Brexp (1t — €7) < 4.2 x 10713, Brexp (1t — eee) < 1.0 x 10712, (3.52)

Since both branching ratios are of the same order of magnitude, it is easily seen that the tree-level

process u — eee provides a much more restrictive bound on the LFV processes in the LRSM than

0w —>ey.
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Chapter 4

Flavour Symmetries and Leptonic

Mixing

Flavour models rely on the imposition of symmetries that act on the different families of particles. In
this way, it is possible to strive for an explanation for the observed fermion mass and mixing patterns.
These symmetries constrain the particle couplings, and may result in a more predictive theory. There
are a number of symmetry groups which have been favoured as flavour symmetries (namely discrete
non-Abelian groups [17, 44, 45]), one of which being the A, group. This symmetry relies on one of
the smallest groups with a three-dimensional irreducible representation, allowing for a direct and natural

connection between the three families of fermions.

In this chapter we will review leptonic mixing in the LRSM, and perform a systematic study of A,
flavour models for this theory. We start with the simplest case, dimension-four, and work our way into
more complicated models, which resort to flavons (scalar fields which transform non-trivially under the
flavour symmetry but trivially under the gauge symmetries, which allow the breaking of the flavour sym-
metry). We analyse models with only one flavon (first a singlet flavon, then a triplet), and find that it
is necessary to extend the flavour group by a Z, symmetry. We review typical SM flavour models ap-
plied to the LRSM, and then we analyse LR-symmetric flavour models. We reproduce a model found in

literature, and also arrive at a model which shows possible SCPV.

4.1 Leptonic Mixing In The LRSM

Leptonic mixing stems from the mismatch between the flavour and mass lepton states. Working under
the assumption of lepton number violation, the Majorana nature of neutrinos, and the generation of

neutrino masses through the type-I seesaw mechanism, the effective neutrino mass matrix is

m, = —mDMglmlT), (4.1)
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where My is symmetric (see (3.45)), and mp is defined in (3.42). This matrix can be diagonalized
through a general unitary matrix U”. Therefore, rotating the neutrino fields (roman index) to their mass
basis (greek index) through

vir, = (UY);4 VaL, (4.2)

allows m,, to be diagonal:
U""'m,U" = diag(mi, ma, ms), (4.3)

where m, 7 3 are the neutrino masses.

Denoting the charged-lepton rotation by U?, the left-handed CC Lagrangian becomes

9L (pript) 1 _ 9L (i .
Loc — 5Tty (v U)ail,LWM—i—h.c._ 757 (UPMNS)aillLWM—Fh.C. (4.4)

where Uppns is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix, and the mixing between W,

and W, was neglected. The PMNS matrix can be parametrized in the standard way:
Upnns = diag(e®®s, en, e ) Vdiag(e ™, e %2, 1), (4.5)

where V has the form of the CKM matrix (2.36). There are, then, three leptonic mixing angles (612, 623,
613), one CP-Violating phase 4, and two Majorana phases (a1 2).

Neutrino oscillations experiments are sensitive to two squared-mass differences: a smaller one
(Am3; = m3 — m3), and a larger one with indeterminate sign (Ams = m3 — m?, where | = 1,2).
Taking Am2, = Am3, > 0, we find the Normal Ordering (NO) of neutrino masses: m; < ms < ms. The
other possibility, where AmZ, = Am2, < 0, corresponds to the Inverted Ordering (10): m3 < m; < ma.
The latest global analysis of neutrino experimental data done by [22] can be seen in Table 4.1.

The possible Majorana nature of neutrinos cannot be probed by oscillation experiments and, as such,
the phases «; > in (4.5) are not constrained by them. On the other hand, neutrinoless double g decay
(0vBp) is only possible if neutrinos are Majorana particles, and may prove useful to ascertain whether
this is the case. The relevant quantity for Ov3S is |me.| = |(m.)11], in the basis where charged-leptons
are diagonal. Furthermore, the absolute mass scale of neutrinos remains unknown from oscillation
experiments. Constraints to this quantity can come from, among others, the end-point of the 3-decay
spectrum, and cosmological considerations (indirect measurement), which can limit the neutrino mass
sum . m,. Current experimental constraints from tritum s decays point to m,, < 2 eV [20]. The
most restrictive constraint from cosmological considerations, taking into account the Planck Cosmic
Microwave Background (CMB) data combined with baryon acoustic oscillation and Planck cluster data
estimates )", m; < .0926 eV at 90% CL [20].

4.2 Systematic Study of A, Flavour Models

In this section, we perform a systematic study of A4 flavour models for the LRSM, and asses their validity

given the experimental data of Table 4.1. We start by the simplest model and make our way to more
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Parameter Best fit + 1o 20 range 30 range

Am3, [10-5eV?] 7.56 & 0.19 7.20-7.95 7.05-8.14
|AmZ,| [1073eV?] (NO)  2.55+0.04 2.47-2.63 2.43-2.67
|AmZ,| [1073eV?] (10)  2.49+0.04 2.41-2.57 2.37-2.61
sin® f15/107" 3.217018 2.89-3.59 2.73-3.79
012/° 345710 32.5-36.8 31.5-38.0
sin? fa3/10~* (NO) 4307929 3.98-4.78 & 5.60-6.17 3.84-6.35
O23/° 41.041.1  39.1-43.7 & 48.4-51.8 38.3-52.8
sin® 63/107! (10) 5967017 4.04-4.56 & 5.56—6.25 3.88-6.38
023/° 50.541.0  39.5-42.5 & 48.2-52.2 38.5-53.0
sin? 013/10~2 (NO) 2.15570 099 1.98-2.31 1.89-2.39
013/° 8.447018 8.1-8.7 7.9-8.9
sin” 013/1072 (1O) 2.14070 052 1.97-2.30 1.89-2.39
013/° 8.417018 8.0-8.7 7.9-8.9

§/m (NO) 1401538 0.85—1.95 0.00-2.00
5/° 252150 153-351 0-360

§/m (10) 1.44%528 1.01-1.93 0.00-0.17 & 0.79-2.00
5/° 259 47 182-347 0-31 & 142-360

Table 4.1: Neutrino experimental data from a 2017 analysis. The ranges for each ordering refer to local
minima of the orderings (taken from [22]).

complicated ones, introducing new features (flavons and/or symmetries) as needed.

4.2.1 Dimension-four model (no flavons)

Our starting point is dimension-four models, in which the fields are assigned to representations of the
flavour symmetry, without resorting to flavon fields. However, our options for dimension-four model-
building in our context are very restricted. The scalar fields ® and Ar must be in a one-dimensional
representation of A4 since our model features only one of each. Furthermore, we will only be concerned
with models which have at least one triplet representation of Ay, to fully take advantage of the group
structure. As such, we place right-handed leptons in a flavour triplet, iz ~ 3. Due to the group product,
any other option rather than I, ~ 3 would translate into the vanishing of the Dirac terms: 3 ® 1 = 3 for

any one-dimensional representation. Thus, we arrive at the content of Table 4.2.

Group I, g @ Ap
SU(2)p, 2 2 1
SU(2)r 1 2 2 3
Ul)p-r | -1 -1 0 2
Ay 3 3 1 1

Table 4.2: Field content of the dimension-4 model and symmetry assignments.

The chosen A4 basis is that of [17] and [46], also known as the Altarelli-Feruglio basis. Here, the
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trivial result of the double-triplet product is defined as

(a1, a2,a3)3 @ (B1, B2, 83)3 = (@181 + 23 + a3f2),. (4.6)

Due to the cross-terms in (4.6), to maintain the trivial connection in the kinetic terms, the lepton triplets

are defined as follows:

le,r = (L g lonr l30.R) lo.r=(lirrlsrr o R) - (4.7)

The Yukawa terms for the charged-leptons are restricted by the A4 tensor product, which can be

seen in Appendix B, resulting in

Ly = —I1 (Yz<1> + ﬁ‘f) lr + h.c. (4.8)

+ -~ S - R
= Lhass = —Yiv2 (€Ler + ALpr + 70TR) — Giv1 (€Ler + ALKR + TLTR) , (4.9)

which leads to a triple-degeneracy in the lepton masses (it is easily seen that the mass matrix is propor-
tional to the identity), rendering the model useless. Thus, we see that, following our premises of having
at least one triplet representation of A, and no extra scalars, models that do not resort to flavons are

ruled out.

4.2.2 Flavon Singlet Models

To have a chance of building a valid model, we shall make use of flavons, which allow for more and
different couplings. We will start with the simplest case and assess the validity of the model. As such,
we discuss in this section the addition of a one-dimensional flavon. Although flavon fields are scalars, we
consider them to be dimensionless since we are normalizing them by an overall energy scale. Therefore,
we can regard the flavon alignment as ¢ = (1,92, 13), rather than ¢ = vy (1, 2, ¥3).

The addition of a trivial flavon, ¢ ~ 1, to the content of Table 4.2, changes the Yukawa Lagrangian

and the charged-lepton mass terms to

Ly = —11 (m>+)ffgq>+m>+?fgci>) I+ h.. (4.10)

+ ~ ~ _ _ _
= Llose = =W +y5)v2 (@zer + Aopur + Tomr) — (i + U )v1 (€Ler + FLpr + T2TR) - (4.11)

It is easily seen that this merely redefines the Yukawa coupling, and does not lift the triple-degeneracy
of the previous model. This was expected, as a trivial flavon does not alter the coupling structure of the
A, double-triplet product. In conclusion, the addition of a trivial flavon proves inconsequential.

We discuss then the inclusion of a flavon in a non-trivial singlet representation, ¢ ~ 1’. Any conclu-
sion drawn from this case can easily be applied to the case of ¢» ~ 1”. Following the reasoning of the
previous section, both left- and right-handed leptons must be in the triplet representation, resulting in
the content presented in Table 4.3.
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Group I, lg @ Arp €&
SU(2). 2 2 1 1
SU(2)r 2 3 1
Ulp-r | -1 -1 0 2 0
Ay 3 3 1 1 1

Table 4.3: Field content of the singlet flavon model and symmetry assignments.

The resulting Yukawa terms and charged-lepton mass matrix read

Lvu = —Tp (ylo + Yl%) Olp—1p (f/l‘) + Yl%) dlp + hec. (4.12)
Yo 0 ypvy 7o 0 Yyuy
= M; =02 | yyvy Yo 0 + 01 | Gyuy Jo 0 , (4.13)
0 ygvy Yo 0 Yypvy Yo

which allows for three non-degenerate charged-lepton masses. The left-field rotation, U;, which rotates

the charged-leptons into their physical basis is

1 1 1
U=z |31+ —3a+ivd) 1|, .14)
—s(1+4V3) 3(-1+iv3) 1

We are now in a position to analyse the Majorana terms
15(YR + Yrip)ita Aglg, (4.15)

(recalling that I%, transforms as %) which result in the Majorana matrix

Mr=|[0 d c|, (4.16)

where ¢ = vgy% and d = vryg.
Computing the seesaw matrix, m,,, we find that the lepton rotation matrix U;, defined in (4.14), si-
multaneously diagonalizes M; and m,. As a consequence, this model is incapable of predicting leptonic

mixing since Upyns = 1, and is completely ruled out by experimental data.

4.2.3 SM-Inspired Flavon Triplet Models

Seeing that neither dimension-four nor flavon singlet models may accommodate lepton masses and
mixing, we turn now to models with a three-dimensional A, flavon. Adding more singlet flavons in dif-
ferent representations could eventually allow us to accommodate three non-degenerate charged-lepton

masses. However, we are more interested in taking full advantage of the rich structure of the group,
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so we turn to flavon-triplet models. In this section, we analyse typical SM A, flavour models, applied
to the LRSM. Many A, SM flavour models (such as [47]) are based on placing left-handed leptons, as
well as right-handed neutrinos in an A, triplet, in addition to at least one (usually more) flavon triplet.
On the other hand, right-handed charged-leptons are placed in one-dimensional representations (com-
monly eg ~ 1,ur ~ 1,7 ~ 1”). In the case of the LRSM, right-handed charged-leptons and neutrinos
must be in the same A4 representation since they are in a SU(2)r doublet. However, in our context of
the type-1 seesaw mechanism for neutrino mass generation, we can approximate the structure of those
models by placing left-handed leptons in one-dimensional representations and right-handed leptons in
a triplet representation.

In the following sections we will go over a number of SM inspired models, changing the left-handed

lepton representations as needed.

Model 1

We start with the simplest idea, where all left-handed leptons are placed in the trivial representation,

resulting in the content presented in Table 4.4.

Group (eL,uL,TL) lr d Apg i
SU(2);, 2 1 2 1 1
SU(2)r 1 2 2 3 1
Ul)p-1 —1 -1 0 2 0
Ay (1,1,1) 3 1 1 3

Table 4.4: Field content of model 1 and symmetry assignments.

As our usual procedure, we start by analysing the charged-leptons. The Yukawa Lagrangian and the

corresponding charged-lepton mass matrix read

Lvw =Tz (Y9 @ +¥i9:®) I + hc. (4.17)
Y1 nvs Y1 NP1 13 gi1e

= My =wv2 | yoth1 yatps yatho |+ 01 | o1 Govis Gatde | - (4.18)
Y31 Y3z ysiho Y31 Y3z G3tho

However, the eigenvalues of Mle (i.e., the squared charged-lepton masses) show that this translates

into two massless charged-leptons. Hence, this model is ruled out.

Model 2

We investigate the result of placing one left-handed lepton on a non-trivial singlet representation (which
we will take to be 7 ~ 1”). The previous field content is then modified to that presented in Table 4.5. The

changes in the charged-lepton mass matrix (4.18) will only be visible in its third line (the 71 coupling). In
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Group lp =(er,pr,m) Ilp @ Arp 9
SU(2)L 2 1 2 1 1
SU(2)r 1 2 2 3 1
Ul)p_1 ~1 -1 0 2 0
Ay (1,1,17) 3 1 1 3

Table 4.5: Field content of model 2 and symmetry assignments.

the above model, 7, coupled to the trivial result of the double-triplet product ¢ i :

(V1,v%2,93)3 ® (er, kR, TR)3 = (V1R + Y3pir + Y2TR);- (4.19)

However, since 7, ~ 1”7, we have that 77 ~ 1’. Therefore, 7 must couple to the 1" result of ¢ Ig:

(¥1,%2,¢3)3 @ (R, LR, TR)3 = (V3R + V2R + V1TR) /- (4.20)

The charged-lepton mass matrix is

11 s i 711 Y3 e
My =wvs [ yothr  yotbs yotbo | +01 | Goth1  Gotbs  Gotha | - (4.21)
Y33 Y32 Y3y U3z Y3 Ysin

Once again, we find that this model is not viable since it predicts one massless charged-lepton. Yet, we
find only one massless charged-lepton rather than the previous two. This hints towards the possibility
of having three non-degenerate, massive charged-leptons if all three left-handed leptons are placed in

different one-dimensional representations.

Model 3

Motivated by the previous results, we study the model where all left-handed leptons are placed in differ-
ent one-dimensional representations of A4. Following the reasoning of the previous model, the charged-
lepton mass matrix is easily inferred, associating each line of M; with its respective singlet result of the
double-triplet product. The first line will be the trivial result, (yY1er + ¥sur + Y27r); the second comes
from the 1’ result, (y2eg + V1 g + ¥37r); and finally, the third will be the same as in the previous model.
That is,

Y1 s yiye 11 s i
My =wy [ yotho yarth1 s | +01 | G2th2 Gothr Gotbs | - (4.22)
Y33 Y32 Y31 Y33 Y32 Y31

At this point, contrary to the previous cases, we are no longer able to do an alignment-independent
analysis. Inspired by [47] and [18], we introduce the alignment ¢y ~ (1,0,0) (which in most papers

will read ¥ ~ (1,1,1) due to a different choice of the A, basis). This alignment results in a diagonal,
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non-degenerate charged-lepton mass matrix,
M M] = diag(lal?, b, |e]?), (4.23)

where

a=wvy1 +viY1, b=v2y2+v1¥Y2, C=vay3+ v1¥3. (4.24)
It is clear that ¢» ~ (1,0, 0) is able to predict three independent charged-lepton masses and we can then
proceed to analyse the Majorana terms. The Majorana Lagrangian reads

Lue = T, (YR + Y} ) in2Anln. (4.25)

We see there is a term that is dimension-four, and one other that is effective (flavon term). Since these
terms do not require the Dirac adjoint (barred terms), the dimension-four term will not be diagonal, as it

was in the charged-lepton mass matrix, M,;. The Majorana matrices, Y and Y%, are given by:

1 0 0 2’l/)1 *77[13 *’(/)2 2 0 0
~(1,0,0
i=uhlo o 1], Ya=|-ws 20n —ui| =% 0 0 1. (4.26)
01 0 —thy  — 23 0 -1 0

The seesaw matrix m, = —mpMp'm% results in two degenerate eigenvalues, that is, two degenerate
light neutrino masses. This result is ruled out by experimental data as it would imply Amfj = 0, which
contradicts Table 4.1. In conclusion, this model proves invalid.

In spite of predicting two degenerate light neutrinos, there are at least two scenarios one could im-
plement for a possible valid model. Namely, the present neutrino mass-squared difference data does
not rule out the possibility of two almost degenerate neutrinos and, as such, perturbing the flavon vac-
uum alignment might be a possibility to accommodate neutrino data. On the other hand, implementing
an additional Z, symmetry would allow for the choice of two separate flavon alignments, giving rise to
different predictions on the neutrino sector, due to a different Majorana matrix. This is the basis for the

next model.

Model 4

Introducing a Z», symmetry and a new flavon, we can construct a model where one flavon couples to
Dirac terms, whereas the other couples to Majorana terms. The field content and their charges under

all symmetries is presented in Table 4.6. Attending to the field content, the Yukawa Lagrangian reads
v =1 (V010 + V018 U + e, + T, (YR + Yrt”) im2 Al (4.27)

Choosing for ' the same alignment as the previous section, the charged-lepton and Dirac mass ma-
trices, M; and mp, remain unchanged. Therefore, we know from the previous section that all three

charged-lepton masses can be accommodated. Furthermore, M; and mp are diagonal with the chosen
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GrOUp lL:(eL,,uL,TL) lr d Ag ’(bl PY
SU(Z)L 2 2 1 1 1
SU©2)r 1 2 2 3 1 1
U()p_r 1 10 2 0 0
Ay (1,1,1") 3 1 1 3 3
Za 0 0 1 1 0 1

Table 4.6: Field content of model 4 and symmetry assignments.

alignment. In fact, this model is identical (except for a redefinition of the Yukawa couplings) to a full
left-right symmetric model, which will be covered in Section 4.2.5. Since in both cases we find diagonal
charged-lepton and neutrino Dirac matrices, and an identical Majorana matrix, these models predict an
identical neutrino seesaw matrix. As such, all conclusions that could be taken from this model are identi-
cal to that of Section 4.2.5, under the condition that the Yukawa couplings remain perturbative (< O(1)).
Since we found this to be possible, both models predict the same physical results. As we are more
interested in models that do not break a discrete LR symmetry, we postpone the conclusions for Section
4.2.5.

4.2.4 LR Symmetric Flavon Triplet Models

We abandon the SM-inspired models, as these have already been extensively studied, applied to the
SM, and bring little novelty to our context. We focus now on models which are more natural to the
concept of LRSM and may not be entirely replicated in the SM. In the following sections, we study LR
symmetric models, where both left- and right-handed leptons are placed in the triplet representation of
Ay. As we have previously seen in Sections 4.2.1 and 4.2.2, we need to resort to at least one flavon
triplet to stride for a valid model.

The simplest model one can build under the concept explained above (which we will call LR model
1) is the addition of a triplet flavon to the dimension-four model of 4.2.1. The field content is shown in
Table 4.7.

Group Il g ® Ap ¢
SU(2)r 2 1 1
SU(2)g 1 2 2 3 1
Ulp-r | -1 -1 0 2 0
Ay 3 3 1 1 3

Table 4.7: Field content of LR model 1 and symmetry assignments.

In the A4 group, a double-triplet product results in two triplets and one-dimensional representations
(including a trivial term):
3x3=3+3+1+1+41". (4.28)

As such, the triple-triplet products of the effective Yukawa terms will result in two trivial terms, one for

each triplet result of (4.28). In other words, the Yukawa matrix Y will have two contributions (a more
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detailed analysis can be found in Appendix B).

We start by going through the charged-leptons, as usual. The Yukawa Lagrangian compatible with
Table 4.7 reads

Lhe = —Tp (Y0 + Y0 @l — T (V2 + V,°p) éln + hoc., (4.29)

where Y}? « 1 and Yl‘” will have the usual symmetric and anti-symmetric contributions from the triple-

triplet product:

2P 3 = 0  —3
=yl [ =y~ 208 [+¥i |2 w0 |, (4.30)
-3 29—y 3 0 -

and the tilde matrices (¥;” and Y,*) have the same structure as Y,° and Y;".
The study of [48] shows that, for a single triplet, the vacuum alignments that are able to minimise

the scalar potential are those shown in Table 4.8. First, we ascertain which of the alignments of Table

] Ra-Majasekaran Basis \ Altarelli-Feruglio Basis \
(1,0,0) L1
(1,1,1) (1,0,0)
(1,€%,0) (14 €, 1+ we's, 1+ w?e')
(1,w,w?) (0,0,1)
(—1,w,w?) (—2,-2,1)

Table 4.8: List of possible minima of the one-triplet A4 potential (left column taken from [48]).

4.8 are able to accommodate the experimental values of the charged-lepton masses. Since are unable
to arrive at an analytic expression for the eigenvalues of MlMlT for the alignments ¢ ~ (1 + €%, 1 +
weS, 1 + w?e’), ¥ ~ (0,0,1) and ¢ ~ (—2,—2,1), a numerical search, using the Minuit minimization
routine, is implemented to verify if these alignments pass this first validity check. The results turn out to
be negative, and these alignments are thus classified as unable to provide a valid flavour model for the

field content of Table 4.7.

The alignment ¢ ~ (1, 1,1) results in the charged-lepton mass matrix

a+2b —-b—c c—b
My=|-b—-—c a-b+c 2b , (4.31)
c—b 2b a—b—c

where q, b, and ¢ have the same definitions as in (4.24). Numerically, we find that it is possible to obtain
the squared charged-lepton masses from MlMlT, and a second numerical search, once more based on
the Minuit minimization routine, is implemented to see if leptonic mixing can be accommodated. The
results show that sin 6,3 can only take extreme values, namely, 613 ~ 0° or 90°. We can therefore
conclude that the alignment ¢ ~ (1,1, 1) is unable to fit the current neutrino oscillation data and hence

is excluded.

Finally, we introduce the flavon alignment ¢ ~ (1,0,0), which results in a diagonal charged-lepton
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mass matrix (recalling that M; = v,Y; + v,Y}), with three non-degenerate eigenvalues, able to fit the

charged-lepton masses.

We turn now to the Majorana terms, E(Y}% + Yry)iraArlr, which lead to the Majorana mass matrix

100 207 =y —yy
Mpr =vryro [0 0 1| +vryr | —v% 205 —yY|. (4.32)
0 10 -y =y 204

Introducing ¢ ~ (1,0, 0), the above matrix and the neutrino seesaw matrix read

yOR—l—QyR 0 0 x 0 0
Mg = vg 0 0 v —yr|, me=10 0 x| (4.33)
0 Y% — yr 0 0 x 0

Due to the shape of m,, there is no need to specify the actual entries of m,, and we just mark the
non-zero entries with x. The structure of m,, is a clear indicator that the mixing pattern is not compatible

with experiment, as it does not predict mixing between all three neutrinos.

In the light of these results, we see that our best chance for a model that could be compatible with
experiment would require a Z, symmetry to allow for a flavon that couples to the Dirac terms and one to

the Majorana terms. In this way, we arrive at the field content of [18], explored in the next section.

4.2.5 A Left-Right Symmetric Flavour Model

In this section we will review the flavour model put forth in [18]. This model, based on the A, group, has
the usual field content of the LRSM (including a left-handed scalar triplet Ay ), two flavons triplet fields,
y' and ¥, which are flavons. The inclusion of A, has no influence on the neutrino mixing, since its
VEV is neglected [30, 39] allowing, however, the imposition of the discrete LR symmetry. The relevant
neutrino mass generation mechanism will be the type-I seesaw. The Z, symmetry is imposed in a way
that ¢! is present in the Dirac Yukawa terms, whereas )" appears in the Majorana terms. Additionally,
a flavon singlet ¢ is used to allow for three non-degenerate and non-zero charged-lepton masses. The
choice of the A4 group for flavour symmetry is already deeply rooted in the literature for different gauge
models [47, 49], but [18] was the only paper found which regarded flavour models for the LRSM.

Group I, g ® Ap Ar b v ¢
SU(2); 2 1 2 3 1 1 1 1
SU((2)r 1 2 2 1 3 1 1 1
Ulp_r | -1 -1 0 2 2 0 0 0
Ay 33 1 1 1 3 3 1
Zy 0 1 0 0 1 0 1

Table 4.9: Field content of the LR-model and symmetry assignments
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According to Table 4.9, the Yukawa Lagrangian takes the form of

Lyuk =l (Ye &+ Yo' + Yiph) @ Ip+
i (Ve &+ Ve + Vioe!) 1t (4.34)

+15, (YR + YEYY) ine AR IR

Note that the terms involving A, are omitted, since v, = 0 is imposed. The Yukawa matrices in (4.34)

read
200~ —vh 0 —¢h
Ye=y0ls, Yo=uyn|—-v) —wi 20|, Ye=wuz| v, ! 0 |- (4.35)
5 20h —yf 50—

Identical flavour structure governs }75 and Y o, with a different Yukawa coupling (denoted 7;;, with i =

0,1,2). The mass matrices are computed by
M; =vY + ’01}7, mp =v1Y + UQY/, (4.36)

With Y = Yz + V)1 + Yip and Y = Y; + Y}, + Y. The Majorana mass matrix that follows from the last line
of (4.34) is

100 291 =5 —yy
Mp=vRryro |0 0 1| +vrYr| v} 2¢5 —u¥|. (4.37)
010 —vy  —Y7 29

The absence of the second Yukawa matrix in (4.37) is due to its anti-symmetric nature, which cancels

itself in a symmetric term.

In order to proceed, we need to introduce the flavon alignment. However, the chosen basis of [18]
and this thesis are different. As such, so are the form of the mass matrices and of the flavon alignment.

Nevertheless, an appropriate rotation produces the same physical results. The appropriate rotation is

1 1 1
Uvpoc |1 w w? | (4.38)
1 w? w

with w = ¢27/3, Then, the flavon alignment of [18] reads, in our basis, ¥ o« (1,0,0) and ¥* o (1,w, w?).

This leads to a diagonal charged-lepton mass matrix:

a+2b 0 0
M, = 0 a+(c—b) 0 (4.39)
0 0 a—(b+c)

where a = voyi0 + v1910, b = vy + vigi1, and ¢ = vay;p + vifie. It is possible to verify that the
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charged-lepton masses can be accommodated in this model. Assuming real parameters for simplicity,
the assignment
(Mg 4 mya 4 my3) —2my1 + My +my3) miz — my2

_ _ _
a= 3 , b= 5 ,c= 5 , (4.40)

results in a diagonal squared mass matrix M; M, = diag(m2,mZ, m%), where m;; can be assigned to
any of the charged-lepton masses. Since mp shares the structure of M, it will also be diagonal, and

can be factorized as mp = Adiag(1, r2, r3). The Majorana mass matrix M, is

2z4+1 —w?z —wz
Mg =apg . 2wz 1—2z], (4.41)
2w?z

where ar = vgr yro and z = yr/yro. Finally, the neutrino seesaw mass matrix is

z+1 WZ2Try w22r3
2(32 4 2)r32 2 —322 + Dryr
my, = — L Jra | Jrars , (4.42)
3z+1 3z—1 1—-3z
wz(3z + 2)r3
3z—1

where m = \? /ag.

Through a numerical search, varying the parameters of m,, we are able to reproduce the results
found in [18]. The correlation between sin § and my, (where m, is the mass of the lightest neutrino), sin §
and 6.3, and 6,3 and m, can be found, respectively in the top, middle and bottom plots of Figure 4.1,
where in the left (right) plots of Figure 4.1 we show our results in the case of a NO (IO) mass spectrum.
The results shown are compatible with the latest neutrino oscillation data obtained by the global analysis

of [22], shown in Table 4.1. Different colours correspond to different types of solutions labeled in [18].

Analysing the results for NO, we see there are two different types of solution. One of which (solution
Ap: green dots) results in maximal CP violation, which is currently preferred by experimental data, i.e.,
sind = —1 is very close to the best-fit point (bfp) for the phase ¢. This means that, if we want solutions
near the bfp of 4, this solution automatically verifies that requirement. Nevertheless, in the other type
of solution found (solution By: blue dots), sind spreads throughout the entire range [—1, 1], but also
shows results near sind = —1 for higher values of my. From Figure 4.1 (top left), we see that the
lightest neutrino mass can take any value from around 0.03 to 0.12 eV, while remaining in a region near
sind = —1. However, this range is not for a single type of solution, requiring a shift from solution Ay to

By at around my, ~ 0.09 eV.

While at this point both solutions seem suitable, Figure 4.1 (middle left) shows that the results from
By have a narrow range of results for 623, which is in fact out of the 10 experimental range. As such, we
conclude that the most suitable type of solution is Ay and, from Figure 4.1 (bottom left), we note a clear
correlation between 6,3 and mp, where the higher values of m require proximity to 63 = 45°. Since,

the bfp of 6.3 lies around 41.5°, the resulting my, is small in comparison to the entire range found, being
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Figure 4.1: Results of the A, x Z, left-right symmetric model described in Section 4.2.5. The left (right)
plots correspond to the case of a NO (IO) neutrino mass spectrum. For our analysis, we have used the
neutrino oscillation data from the global analysis of [22], shown in Table 4.1. Different colours correspond
to different types of solutions classified in [18].

my, ~ 0.06 eV. Considering the bfp values of Am3, and Am3,, we see that the heaviest neutrino would

be less than twice the mass of the lightest neutrino, resulting in a non-hierarchical solution.

On the other hand, we find three different types of solutions for 10: A; (green dots), B; (blue dots),
and C; (orange dots). From Figure 4.1 (top right), we see that, similarly to NO, the A; solutions always
result in maximal CP violation, and B; shows a range for |sin §| of approximately [0.8,1]. The new kind
of solution, C7, shares the range for siné of B;. We can see that m, is, in general, smaller than the
case of NO, with C7 predicting much smaller masses than the remaining solutions. Again, larger values

of m, are possible in solution By, whereas A; predicts lighter but comparable values than Bj.
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Interestingly, contrary to NO, where the bfp of 6,35 excluded one solution, we see in Figure 4.1 (middle
right) that all three types of solutions converge at the bfps of sin § and 6.3. This convergence means that
no solution is excluded and all three predict values near the bfps. We do not show any plots of 6,5 nor
0,5 since their values spread all over the allowed range. As such, all three solutions predict values near
the bfps of siné and 6.3, as well as the remaining neutrino observables. This means that our reading
of Figure 4.1 (bottom right) has three different predictions for my, assuming 623 ~ 50°: C7 predicts
my, ~ 0.001 eV, A; predicts my, around 0.03, and B; near 0.08 eV. Similarly to the NO case, the solutions
A; and By predict that all three neutrino masses lie in the same order of magnitude. However, the
solution C7 yields that the heaviest neutrinos would have a mass fifty times greater than the lightest

neutrino, being a more hierarchical solution.

4.2.6 A LR Symmetric Model With Spontaneous CP Violation

An important conclusion to be drawn from the previous sections is that the field content of [18] is the
simplest one that is compatible with experiment, in a LR context. However, there are two questions that
may still be probed: are complex Yukawa couplings needed or is it possible to achieve valid results with
real parameters?; and are the chosen flavon alignments the only possibility, or can we achieve different
results with other choices?

Imposing that the Yukawa Lagrangian has only real parameters allows the study of SCPV in the
model. That is, the absence of explicit CP violating parameters (complex parameters) in the Lagrangian
means that the source of any eventual CP violation must come from the geometric structure of the
flavour group (i.e, the flavon alignment). To this end, the recent publication of [19, 50] gives us the
tools to systematically study our flavour model, going through all possible alignments given in [19], to
ascertain which may be valid.

The method chosen for this study is the following: first, we identify all different flavon alignments for
two A, triplets, and check if they are able to reproduce the experimental charged-lepton masses - this
is our first validity check; second, we take all flavon alignment pairs that contain those who passed the
first validity check, and introduce the remaining alignment in the Majorana specific flavon to see if it may
accommodate the current neutrino experimental data.

The model is described by a A, x Z5 flavour symmetry. Both left- and right-handed lepton are placed
in Ay triplets; two flavons, +! and +, are introduced, one of which is non-trivially charged under the
Z5 symmetry; one A, singlet is added to counteract unwanted consequences of the Z, symmetry (the
vanishing of the dimension-four term). As usual, the scalar fields ® and A are singlets under Ay, but
may be charged under Z,. The content is shown in table 4.10.

Given this field content, we find that the Yukawa Lagrangian reads

Lyuk =l (Ye&+ Yo' + Yigp') lp+
i (et + Vue! + Viow!) Bl (4.43)

+E (Ylg + Ylgd)y) iTgARZR,
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Group Il g ® Ap Ar o' ¢v ¢
SU@2) | 2 2 3 1 1 1 1
suU2gr [ 1 2 2 1 3 1 1 1
Ul)p.r| -1 -1 0 2 2 0 0 0
Ay 3 3 1 1 1 3 3 1
Zs 0 1 0 0 1 0 1

Table 4.10: Field content of the LR-Model with spontaneous CP violation and symmetry assignments.

where the Yukawa matrices have the following structure:

vl 42yt =y vl —(yl — yP)h
Yi= (Y +Ya+Ye) = | —(y} +v2)0b o — (4} — y2)¢} 2y : (4.44)
—(yi — yP)h 2y Y v — ()} + vl
g2t — @+ vl — (G — UV
Vi=(VE +Ya+Ye) = | - +apwh 30 — @ — i)l 294 : (4.45)
— (G — GHvh 24} b o — (@ + o)
Y%+ 2urYY  —yrvY —YRYY
Ye=p+YE) =| —yruy RS Y% —yrYy |- (4.46)

—YRYY Y% — yrVY 2ypiby

The mass matrices are given by

M; = vY; + 1Y, mp = v2Y; + 0 Y, Mp = vRYkg. (4.47)

We must now introduce flavon alignments. We present here the extensive (but not necessarily com-
plete) list of possible minima of the two triplet potential of A4, obtained in [48]. Note that the alignments
presented in [48] are in the basis of [18], and need to be rotated by ' = Uy v, due to our basis choice.
Furthermore, the phases ¢ and ¢’ are fixed by the one-triplet parts of the two-triplet potential, i.e., they
depend on the parameters of the one-triplet flavon potential. The list of minima (possible alignments)
is shown in table 4.11. It can be noted that the commonly used alignment, chosen by [18], is not on
Table 4.11. This goes to show that the method employed by [19] does not result in a complete list of
possible minima. Furthermore, some of the above minima may only hold true for a specific region of
the parameter space. Nevertheless, we will assume that it is always possible to verify the conditions for

them to be minima.

Inspecting the list of minima, we identify twelve different alignments which could be chosen for ! to
check if MlMlT could give rise to m2, m?, and m?2 eigenvalues. We present all possible alignments in

e’ wr

the list below, emphasizing in bold those which are able to reproduce the charged-lepton masses in our
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| Ra-Majasekaran basis |

Altarelli-Feruglio basis

(1,0,0),(1,0,0)

(1,1,1),(1,1,1)

(1,0,0),(0,1,0)

(1,1,1), (1,w,w?)

(1,0,0), (1, €, 0)

(1,1,1), (1 4 €€, 1 + we'’, 1 + w2ei¢)

(1,1,1), (1 4 €€, w + w?e¢’ w? + we'd)

i (
(1,0,0), (0,1, €")
(1,0,0), (e*",0,1)

(1,1,1), (1 + e, w? + e w+ )

(1,0,0),(1,1,1)

(1,1,1),(1,0,0)

(]‘707 0)’ (1,(&),&)2)

(1,1,1),(0,0,1)

(1,€,0), (1, %€, 0)

(14 €%, 14 we'l, 14+ w?e), (1 + e 1+ wes 1+ wzeic/)

(1,€€,0),(0,1,e")

(14 €€, 1 4+ wei, 1+ w?e€), (14 e, w + w?e€’ w? + we'd)

(17 67‘47 O ) (el<7 0’ 1)

(14 ¢, 1+ we, 14+ w2e€), (14 €< w? 4 i< w+ <)

(1,€%,0),(1,1,1)

(14 €14+ we'®, 1+ w?e), (1,1,1)

(17 eicvo)v (1a 717 1)

(14 €, 1+ we, 1+ w?e), (1,1 —iv3,1 4+ iV/3)

(1,€%,0), (1, w,w?)
(1,€%,0), (1, —w,w?)
(1, 1,1), (17 1, 1)
(1,1,1),(1,1,-1)
(1,1,1), (1, w,w?)
(1,1,1), (1,w, —w?)
(1,w,w?), (1,w,w?)

(17 w, w2)7 (17 w, _WQ)

(14 €, 14+ we'®, 1+ w?e¢),(0,0,1)

(14 €%, 1+ we, 14+ w?e®), (1 —iv3,1+1iv/3,1)
(1,0,0), (1,0,0)
(1,0,0), (1,1 +4v/3,1 — iv/3)
(1,0,0),(0,0,1)

(1,0,0), (1 +iv/3,1 —iv/3,1)
(0,0,1),(0,0,1)

(0,0,1), (1 +iv3,1 —iV/3,1)

Table 4.11: List of possible minima of the two triplet A, potential (left column taken from [48])

model:
(1,1,1) (1 —iv3,1+iv3,1) (14 e, 1+ we, 1+ w?e’)
(1,0,0) (1 +iv3,1—4v3,1) (14 €, w+ w?e’, w? + we') (4.48)
(1Lw,w?) (1,1—iv3,1+iv3)  (1+e< w46 w+eld)
(0,0,1)  (L,14+4v3,1—iv3) (1—e 1 —we' 1 —w2ei<).

As a note, we state that if one was adamant in using any of the alignments not in bold in (4.48), two easy
solutions are possible. One could change the representation of the flavon singlet since ¢ ~ 1” allows the
alignment (1,w, w?) to accommodate charged-lepton masses. On the other hand, adding more singlets
in different representations, namely & ~ 1’ and & ~ 1”7, allows that for all alignments in (4.48). We
restrict ourselves to the content of Table 4.10 since it is the simplest.

Having discovered which alignments pass our first validity check, we can then move on to probe
neutrino mixing. All the alignment pairs which feature either (1,0,0), (1,1 +4v/3,1 —iv/3), or (1,1 —
iv/3,1 + i\/3) were tested, as well as the alignment of [18], (1,0,0), (1,w,w?). Our procedure is as

follows:
1. Introduce the alignments ¢! and ¢ into M; and m,,.
2. Compute M; M, and diagonalize it to the form diag(m3, m%,, m%), where m%, < m?, < mZ.

3. Check if the attribution m121 = m?2 ml22 = m?

e’ W

and m?, = m?2 is possible, and retain the rotation

matrix (U").
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Yukawa Majorana Results
Flavon Flavon NO 10
Alignment Alignment Ko 10 30 10
(1,1,1) v X v X
(14 €1+ we, 1+ w?e) | X(V) | X(V) | V(V) | X(V)
(1,0,0) X X X X
(1,0,0) (1,1 +4v3,1 —iV/3) X X X X
(0,0,1) X X X X
(1414v3,1—1iv/3,1) X X X X
(1,w,w?) v X v X
(1,1 +4v3,1 —iV/3) (1,0,0) v X v X
(1,1 —ivV3,14+iv3) | (14+e,1+we, 1 +w?e) | v(V) | V(V) | VV) | X(V)

Table 4.12: Alignment possibilities and results for the "LR spontaneous CP violating flavour model”

4. Diagonalize m,, and retain its rotation matrix (U*) and eigenvalues, checking if the mass-squared

differences are compatible with experimental data.

5. Compute the PMNS matrix (Upuns = U”U”) and check if all the mixing angles are within the
experimental interval. The ¢ parameter is not enforced to be within the experimental limits, as we

want to analyse it separately. Both NO and IO cases were considered.

The extraction of the parameters of the PMNS matrix was done following the method described in Ap-
pendix A of [51]. We analyse the results at the 30 and 10 confidence levels. The results are shown in
Table 4.12.

In the cases where the flavon alignment features a phase {, we analyse both the cases where ( is
taken to be free and the case where it is taken to be zero. The reason for this is to assess the possibility
of "geometrical” CP violation. In other words, the phase ( is an additional possible source of CPV,
making this alignment not a true possible GSCPV case. So, if ( is left free and the model predicts CP
violation, we are in the presence of SCPV since all parameters in the Yukawa Lagrangian are real and
CP violating terms must come from the alignment. On the other hand, imposing the phase ¢ to be zero,
we find that all CP violating terms must come from the geometrical structure of A4, since all phases
in the flavon alignment are calculable In this way, we may say we are in the presence of "geometrical”
SCPV: although the alignment is not a true GSCPV alignment because of ¢, the specific case of { = 0
makes any eventual CPV, in a sense, geometrical. In the above table, the cases where ¢ was left free
are presented between brackets, whereas ¢ = 0 is not.

Looking at Table 4.12, we see that most cases are ruled out by experimental data. Furthermore,
while there are some cases which prove valid at the 3¢ level, all but two are ruled out at the 1o level.
However, we are more interested in the cases where ( = 0 and, as such, we are left with a single case,
which proves valid at the 1o level only for NO.

From all the cases of Table 4.12, there is a single case that can be ruled out prior to a numerical
search: ¢! ~ (1,0,0), ¥ ~ (1,0,0). In this case, as we have seen in Section 4.2.4, the effective

neutrino mass matrix will have the form of (4.33), which is completely ruled out by experimental data.
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Analysing the single case which shows valid for the 1o range, i.e., introducing the flavon alignments
Pl = (1,1 —4v/3,1+1iv3) and ¢” = (2,1 + w, 1 + w?), the mass matrices read

a+2b —(I4+w—-w?)b+c) (1-w+w?)(c—10)
My=]|-14w-w?)(b+c) a—b+c 21 +w —w?)b ’ (4.49)
(1+w—w?)(c—0) 2(1 —w+w?)b a—b—c

a =y} o1y, b=vayl +unifh, ¢ =vayf + 0137, (4.50)

29 + 1 —(I4+w—w?)(ra+7r3) (1—w+w?)(rz—rs)
mp =A| —(1 —w+w?)(ra +13) —rg+r3+1 2(1 4+ w —w?)ry ’ (4.51)

(1+w—w?)(rz —rs) 2(1 — w+ w?)ry —rg—r3+1
1 ~1 2 ~9

A= U2ylo +U1ﬂlo, ry = V2Y; ')i\_vlyl .y = V2Y; ")’\_Ulyl 7 (4.52)

dyr +y% —(h+wiyr) —(y% +wyr)
Mg =vr ) 2(y% + wyr) v —2yr |- (4.53)
2(y% + w?yr)

These are all the needed ingredients to compute the neutrino seesaw matrix, which will not be shown
here, due to its complicated structure.

The results were analysed numerically, through the minuit minimization routine. The variable param-
eters were a, b, and c for the charged-lepton masses; m = A\?/vg, yr, ¥%, r2, and rs for the neutrino
mixing parameters. Although yr and y% were taken as two separate parameters, they can amount as a
single parameter z = yr/y%, as in Section 4.2.5. First, we note that this analysis does not take 3 into
account. However, the requirement that the leptonic (a, b, and ¢) and neutrino (A, 2, and r3) parameters
are free, automatically excludes the case of 3 = n/4. In other words, § = =/4 implies v; = vy and,
therefore, a = A\, b = r2A, and ¢ = r3\. Since this restriction was not applied, our results are valid for
B # w/4. Nevertheless, we note that the leptonic and neutrino parameters can take values very different
from each other, since this difference is not only governed by s, but also by the right-handed scale, vg.
As such, even in the parameter region close to § = 7 /4, we can have valid results through increasing vg
until the Yukawa couplings are perturbative and are not fine-tuned. Since yr and y% can be translated
into a single parameter, our parameter counting shows three parameters for charged-lepton masses
(making them fully constrained), and four parameters in the neutrino sector. Since we are fitting 5+1
parameters (three mixing angles, two mass-squared differences, and one CP violating phase), we are
in the presence of a predictive theory. This is the reason why we choose to keep results that may be out
of the experimental limits for ¢, as we want to look at it as a prediction.

The minuit minimization routine allows us to discern which alignments are valid and the parameter
regions which produce results compatible with the experimental data. We then perform a more thorough
and controlled search in Fortan in the discovered parameter regions. This also proves useful since it
allows us to analyse what are the contributions of each region separately, and which ones are still valid

only at the 3o level. Furthermore, in the Fortran implementation, the charged-lepton parameters, as well
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as m, are not taken to be free, but computed to fit the data. For the case of the «, b, and ¢, this is an

easy task, as we need only to arrive at the theoretical formulae for the MlMlT eigenvalues:

my = (a+ 2b)?%, mpy = (a —b+c)?, mz = (—a+b+c)* (4.54)
From here, we can arrive at multiple possibilities for the parameters a, b, and ¢ that result in the charged-
lepton masses. We can have, for instance,

a:me—l—Tr;H—FmT’ b—

2me — my, — My my, — My

4.
L s (4.55)

which are in the order of 0.1 GeV, taking the experimental values of charged-lepton masses into account.
This shows that the Yukawa couplings are perturbative, since these parameters are lower than v; or v,
(which should lie around the tenths or hundreds of GeV).

For the case of m, this parameter was omitted in the computation of the neutrino seesaw matrix.
This has no effect on the mixing angles and phases, as it is an overall coefficient. We then computed m
to impose the obtained mass-squared differences fit the experimental data, in the cases where this was
possible. All remaining cases were disregarded as invalid. To ensure that we were not arbitrarily shifting
the deviation from experimental data to one of the mass-squared differences, we computed the intervals
where m produced valid results for Am3, and Am?2, separately, intersected them, and chose a random
value from the resulting interval. Finally, we applied m to the neutrino seesaw matrix and extracted all
necessary parameters.

We start by showing a plot for the parameter regions found for this case, to provide the reader with
an easy way of reproducing the results found here. For this model, the 3¢ results are presented by the
green dots, while the 10 level is marked in red. The parameter regions are shown in Figure 4.2, where
the Majorana couplings region is shown in the top, where the left side shows the plot of y% vs. yg,
and the right side shows the slope z = yr/y% vs. y%. In the bottom left, we show the allowed (r2, r3)
parameter space. The found dependency of m in yg is shown in the bottom right.

Figure 4.2 (top left) shows a clear linear dependency between % and yr, that can be confirmed by
Figure 4.2 (top right). This is a clear indicator that = = yr/y% would be an entirely justifiable parameter
choice, at least for this particular model.

From Figure 4.2 (bottom left), we can see that there is more than one allowed parameter region,
although not all are valid for the 1o level. Noting that 3 shows a symmetry around 0 (r3 produces the
same results of —r3), it is possible to identify five different parameter regions, three of which are capable
of producing valid results at the 1o interval. From Figure 4.2 (top right), we can see four different allowed
regions for z, where it was verified that all different five regions identified in Figure 4.2 (bottom left) do
not produce valid results for more than one region of z. In other words, each of the five regions of (ra,
r3) is related to only one of the four regions of z.

Finally, Figure 4.2 (bottom right) shows no clear dependency of m. Nevertheless, as this parameter
can always be computed rather than be random, this brings no problem.

We show the results in Figures 4.3 and 4.4. In the left, we show the plots of all results compatible
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Figure 4.2: Parameter region for the model. In green (red), we show the 30 (10) results. In the top,
we show the parameter regions of the Majorana Yukawa couplings: in the left, 4% vs. yg; in the right,
z = y%/yr vs y%. In the bottom left, we show the allowed region in the (r2,r3) parameter space. In the
bottom right, we show the plot of m vs. yg.

with the mass-squared differences, and the three neutrino mixing angles. In the right, we show all
results compatible with the mass-squared differences, regardless of the values of the mixing angles.
This allows us to see a more complete picture of the influence of the A, symmetry in the results, and
also understand how difficult it is to achieve results within the experimental intervals. In the figures, the

3 and 10 regions are marked by a red and blue rectangle, respectively.

The figures on the left select a certain region of certain types of solution. On the other hand, the
figures on the right select no region (the angles are not constrained) and show results for more types of
solution, since some are not compatible with the experimental values of the mixing angles. This means
that, even inside the regions marked by the rectangles, the right-side figures show more results than

those we find in the left-side ones.

In Figure 4.3 (top right), the rectangles are also constrained by the experimental values of §, whereas
in Figure 4.3 (top left) the red (10) dots are not constrained by §. This explains the discrepancy between
the 1o results on the left and the blue rectangle on the right. We see that, in this case, the left-side figure

is more elucidative than the right-side figure, since it has only a few number of curves.

Looking at Figure 4.3 (top right), we see that there are three preferred regions for 6,3, where we see
a bigger density of points. These regions are around 0 to 25°, 75 to 85°, and the third overlaps the 3¢

f23 region. From Figure 4.3 (top left), we see a more restrictive picture of the right side figure, where ¢
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Figure 4.3: Obtained results for the SCPV model. In green (red), the 30 (10) results. In the left, we
show the results found in which only § is allowed to be out of the experimental data range. In the right,
we show the results where the mass-squared differences are within the 1o range, but all three mixing
angles and § are unconstrained. In the top, we show the correlation of § and #»3. In the bottom, the
correlation between 653 and m,.

can take any value. Taking the 1o level of 6,3, we find ourselves unable to place § at the bfp of —108° for
more than one solution.

Once more, we see that the right-side figure shows many more types of solutions than those in the
Figure 4.3 (bottom left). Nevertheless, from Figure 4.3 (bottom right), we see that this model shows a
symmetry of 6,3 around 45°, as far as m, is concerned. Furthermore, we see from Figure 4.3 (bottom
left) that, at the 1o level, the mass m, is very light, around my = 0.002 eV for the solution which is able
to predict § = —108°, resulting in a slightly hierarchical scenario.

Analysing Figure 4.4 (top left and right), we see once more the symmetry of 653 around 45°. We see
that the 3 and 1o regions are in a densely populated region of the plot. Nevertheless, Figure 4.4 (top
left) shows most of these points disappear when we constrain the mixing angles, leaving us with the
results of this figure. Notwithstanding, it is possible to achieve results at the 1o level from three different
curves in Figure 4.4 (top left), and that both 612 and 623 can be very close to their bfps (34.5° and 41°,
respectively).

We can also see that most of the (023, 613) parameter space is not allowed. Nevertheless, the exper-
imental region for this parameter space is located at an allowed region. Figure 4.4 (middle left) shows

that it is easy to produce valid results in the 1o region, with a preference for values beneath the bfp of

56



79 38 81 82 83 84 85 86 87 88 89 (o] 10 20 30 40 50 60 70
013 (9) 613 (2

8.9
8.8
8.7
8.6

585
m8.4
(=l

@ 8.3

8.2
8.1

7.9

31 32 33 34 35 36 37 38 0 10 20 30 40 50 60 70 80 90
617 (2) 612 (2)

Figure 4.4: Correlations between the three mixing angles for the SCPV model. In green (red) are the 30
(10) results. n the left, we show the results found in which only ¢ is allowed to be out of the experimental
data range. In the right, we show the results where the mass-squared differences are within the 1o
range, but all three mixing angles and ¢ are unconstrained. In the top, we show the correlation between
012 and 6»3. In the middle, the correlation between 6;5 and 615. In the bottom, the correlation between
03 and 615 is shown.

023.

Finally, the bottom plots of Figure 4.4 show no clear symmetry. However, Figure 4.4 (bottom left)
shows that the entire 10 range of the parameter space (613, 612) can be fitted (the 30 range shows a
slight cut for high values of 6,5 and low values of 6;3). This result seems to point towards the conclusion

that the defining prediction to assess if the model is valid or not rests in 6,3 and ¢, which do not show
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results for the entirety of their experimental ranges. Nevertheless, a change in the experimental data may
prove to shift the chosen curves from those in the left-side figures to any other in the right-side figures,
eventually producing different solutions. Notwithstanding, if the experimental data kept funneling the 1o
region, maintaining the bfp, the decisive parameters would be 653 and ¢ (being that the last one does

not show results for its present bfp).
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Chapter 5

Concluding Remarks

The SM is the cornerstone of Particle Physics, whose extension featuring right-handed neutrinos agrees
with experiment on most levels. It is a basilar theory, that has proven its worth more than once, and is the
basis on which most Particle Physics models are built upon. For this reason, the SM and its version with
right-handed neutrinos and the seesaw mechanism are covered in Chapter 2. In that chapter, we analyse
the electroweak sector of the SM, covering the fundamental concepts which will be of relevance, such as

the scalar potential and spontaneous symmetry breaking, leptonic mixing, and the seesaw mechanism.

Despite all the successes of the SM, it is a theory motivated by experiment that features some
aspects that could have an underlying explanation. The SM is constructed so that parity violation is
present, in agreement with Wu’s experiment. However, the idea that, at a higher energy scale, parity is
restored, is appealing, as it would provide a reason for the observed parity violation at our energy scale.
In order to accomplish this, it is possible to extend the SM into a LRSM. These models have a more
complicated structure and content than that of the SM, predicting a larger number of Higgs bosons, a
right-handed weak force, and, of course, parity restoration. Additionally, we find that in these models, the
seesaw mechanism appears naturally, allowing it to accommodate neutrino oscillations and masses. In
Chapter 3, we cover the electroweak sector of this theory, its scalar and gauge boson mass spectra, and
the seesaw mechanism. Since this model predicts a number of new particles, it is important to study the
constraints on the model. These new particles may participate in some processes which are studied in
particle accelerators such as the Large Hadron Collider (LHC), and imposing that these processes must
be in agreement with the experimental data, allows for constraints on the masses of the new particles,
for instance, to be derived. For this reason, we end Chapter 3 with a quick overview of experimental

constraints to the predictions of the LRSM.

Neutrino oscillations are one focus of study of Neutrino Physics. This phenomenon implies a non-
trivial lepton mixing, as well as non-vanishing neutrino masses. The SM (in its strictest sense) cannot
accommodate neutrino masses nor non-trivial lepton mixing. This is the reason for its extension featuring
right-handed neutrinos. However, extensions such as the LRSM also provide the possibility of neutrino
oscillations. The sector that governs neutrino oscillations (the Yukawa or flavour sector) is also the

sector with the most number of free parameters. This facilitates the task of predicting lepton mixing
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compatible with experimental data, but provides no underlying reason for the observed mixing pattern.
Learning from a symmetry’s ability to constrain a theory (which can be seen by the effects of the gauge
symmetries), together with the fact that it would provide an explanation for the theory’s mixing pattern,
the idea of applying a flavour symmetry to the Yukawa sector came to fruition. A flavour symmetry affects
only the allowed couplings between particles, introducing no new forces as a gauge symmetry would. In
this way, it is possible to reduce the number of free parameters in the flavour sector, making the theory
more predictive, while providing an explanation for the observed mixing pattern.

The observed pattern of neutrino oscillations was far from random. It was quickly discovered that it
could eventually be represented by the TBM structure (or a deviation thereof). Since there is a known
connection between the TBM structure, and symmetry groups such as Ay, this group became a very
well known and used flavour symmetry. Moreover, since this symmetry is to be applied to the flavour
sector, and there are only three families of particles, groups with a three-dimensional representation
allow for a direct and natural connection between all different families, as they can be placed in the same
flavour multiplet. Since A4 is one of the simplest groups which features a three-dimension irreducible
representation, it further cemented the choice of A, when constructing flavour models.

Although flavour models for the SM are widely studied in the literature, such models for the LRSM
are still scarce. In Chapter 4, we performed a systematic study of different flavour models for the LRSM.
The goal was to ascertain whether it was possible to build a simpler model compatible with experimental
data than the one found in [18], and to replicate their results. As such, in Chapter 4, we quickly go
through some aspects of lepton mixing, and a number of flavour models to verify their validity. Although
we concluded that the simplest flavour content needed to have results compatible with experiment is the
one of [18], the study of [48] allowed us to perform a systematic study of different flavon alignments. The
results of [18] are reproduced, but we also find an interesting possibility for a flavour model where all
Yukawa couplings and the flavon scalar potential coefficients are taken to be real, and it is still possible to
find SCPV. Although the used vaccum alignment is not associated with GSCPV since it has an arbitrary
phase, imposing that the phase vanishes leads to a real scalar flavon potential. This means that the
only possible source of CPV stems from calculable phases associated with the A4 group, i.e., from the
group’s structure. In sum, although it may not be a model that features GSCPV in its strictest sense, it
could be said in a broader sense.

Although this thesis shows a systematic study which leads to one model with interesting results, this
work can be expanded. First and foremost, the analysis of the last model of Chapter 4 can be performed
lifting the requirement of the vanishing of the phase of the flavon VEV, and of real parameters. This may
open the possibility for other flavon alignments to be compatible with experimental data. Furthermore,
the list of possible minima of two flavon triplets of [48] is extensive but not complete. As such, any update
to the list should also be analysed when applied to our model. Lastly, the study of [48] also provides
an extensive list of possible minima of the one and two triplet potential for the A(27), A(54), and S,.
Thus, repeating the systematic study done in here for these symmetries may result in valuable insight

on flavour model building for the LRSM.
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Appendix A

SU(2) Representations

Our scalar content of the LRSM features one SU(2) triplet. As seen by [52], since SU(N) acts only on
C¥, we need to know the different representation of SU(N), in order to have a group with the same
restrictions (that is, structure), but that acts on C™. For the specific case of SU(2) triplets, we can use

the adjoint representation of SU(2).

We can arrive at the generators through the relation
(T&)ye = —if " = =i (A1)

for the case of SU(2). As such, we find the three generators of SU(2), T,, a = 1,2, 3:

00 0 0 0 i 0 —i 0
Tiv=10 0 —i|, =10 0 0], Ts3=1|i 0 0O (A.2)
0 i 0 —i 0 0 0 0 0

Since T3 is commonly used to define the charge operator, it is in our interest to work in the basis
where this generator is diagonal. To that end, we perform the transformation 7! = KT, K1, where K is

a unitary transformation (similarity transformation). Defining K as

1 —i 0
1
K=— 21, A3
7 0 0 —V2 (A3)
-1 —i 0

0
0o o |- (A.4)
0



Applying the same transformation to the other generators, we see that

0 1 0 0 — O
1 1
TN=—11 0 1], To=—1i 0 —il. A5
1=/ 2=/ i 1 (A.5)
01 0 0 =1 0

A.1 Application to the Higgs Sector

Since the triplet A = (A, As, A3) is a SU(2) triplet, it transforms as A — €72 A, Performing the

transformation K defined above, the transformation reads as (KA) — ¢i©7c (K A), where

A1 —iAq
1
KA=— —V2A . A.6
\/i \[ 3 ( )
—A1 — iy

The charge operator (Q = Ts1, + T5r + Y/2), acting on KA, reads

Y +2
QEa) =5 | v | (A7)
Y -2

Since we want one neutral component (we want to have a non-zero VEV such that the symmetry can
be spontaneously broken), the hypercharge can be Y = —2,0,2. Making use of the Pauli matrices, we

can have write the triplet in a 2 x 2 structure:

Ay A —iA
Aon, e b i e (A.8)
V2 V2 A N, A

AO
—A~ 2AY
Y =-2: KA = A~ , A:L V2 ; (A.9)
2\ -veA—— A
A~
A-i-
7A0 2IAT
Y =0: KA=| A0 |, A=L v2 ; (A.10)
2\-v2a- A0
—A—
A+t
AT 2ATT
V2 \ yBA0 ATt
—AO0

Since we are interested in the Majorana coupling of right-handed fermions, (5 Aglg, Ar must take
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the hypercharge Y = 2 for this term to be invariant under the LRSM gauge group.
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Appendix B

A, Representation Basis and Tensor

Products

We are working in the basis used in [46]. Denoting the generators by a and b, on the three-dimensional

representation, they are given by

-1 2 2 1 0 O
1
a=312 -1 2|, b=10 w? 0 (B.1)
2 2 -1 0 0 w

1 1 1
1
U,=—1]1 2 B.2
w \/g w w ( )
1 w? w

B.1 Tensor Products

Denoting the left multiplet as « and the left as 5 (or 8 = (81, B2, B3) if it is a triplet), the singlet-singlet

and singlet-triplet products are given below:

aqr X ﬁl” — (aﬁ)l, (BS)

Bs
ar X B3 —=alp|, (B.4)
B2
B2
ar x By — o | B | - (B.5)
ﬂl
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Applying the convention for triplet 3 for «, the double-triplet products are:

az X f3 = (o f1 + aofs + azfBa), (B.6)

az X B3 = (a3fs + a1 B2 + aBi) s, (B.7)

az X B3 = (efa + asf + a1P3),,, (B.8)
20181 — 23 — azf a2f3 — asfs

az X 3 — 20303 — a1 e — a1 | T | a1Be — a1 | - (B.9)
202002 — o3P — a1 f3 agfi — a1fs

A very interesting result for flavour models is the trivial component of the triple-triplet product. We
present here, for commodity, the resulting trivial component of a general triple-triplet product, which is
computed by successively applying the above rule (B.9). Denoting a general constant ¢; for the first

term and ¢, for the second, we find

26171 — Bayz — B3y Bayz — Bavye
axfBxy—=ax|28y3— iy —Ponn | + | Bive—Bonn | = (B.10)
28272 — B371 — B1y3 Bav1 — Bivs

—  ai[e1(2B171 — Bav2 — Bays) + ca(—Bsy2 + B273)]
+  aglei(—Bsm + 20272 — Biv3) + c2(Bsy1 — B173)] (B.11)
+  asler(=Bey1 — Bive + 2B373) + ca(—Bam1 + Biv2)]-

Extracting the mass matrix from the above result is simple, by replacing « by i, 3 for +, and v by Iz.
However, recalling that, due to our basis choice, we must take I;, = (ez, 7z, iz ), the second and third line
of the mass matrix must be switched for the mass matrix M to be in the basis (e, iz, 7)) M (e, i, Tr) " -

As such,

2911 —3(er +e2)  —a(cr —c2) eRr
ILlr = (€L, 0L, 7L) | —tha(cr +c2)  —ti(er — c2) 29301 KR (B.12)
—3(c1 — c2) 2hacy —11(c1 + c2) TR

is the general structure of a triple-triplet mass matrix.
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