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In this work, using Dynamical Systems techniques, we have derived a new control strategy for the
manoeuvring of the direction of the exhaust of the thrusters, that allows to transfer a satellite between any two
Keplerian orbits in the same plane. The initial and final Keplerian orbits are completely defined by different
values of the scalar and vectorial constants of motion of the Kepler problem: energy, angular momentum and
Laplace-Runge-Lenz vector. During transfers, the orbits are non Keplerian, and the constants of motion are
no longer invariant. In order to reach the target orbit, the control process is done by varying the constants of
motion along the non-Keplerian orbits.
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Introduction

variation of these quantities in order to reach the
final target orbit.
In Sec. 2 we derive the equations of motion of
the variable mass Kepler problem for different control conditions. In Sec. 3, we present transfers with
constant angular momentum and the method for
rotating the orbit in the plane. In Sec. 4 we show
a particular case of transfers with both variable angular momentum and energy. In Sec. 5 we combine
the previous methods in order to implement a transfer between two circular orbits. In Sec. 6 we outline
the main conclusions and discussion of our work.

In the context of Orbital Dynamics, the satellites
describe Keplerian orbits and, depending on their
mission, it may be required to change their orbit of
motion. This can be achieved by using the propulsion system integrated in the spacecraft consisting
of several thrusters that expel mass in the opposite
direction of the motion of the spacecraft. Hence, it
is possible to control the intensity and the direction
of the exhaust gases in order to guide the satellite
to a different orbit. This choice of the intensity
and direction of the exhaust gases is, in general,
a complex Optimal Control problem that involves
the minimization of an integral function in the presence of constraints, making use of the Pontryagin’s
maximum principle [3]. These numerical methods
demand a lot of computation and they may not converge when dealing with a high-dimensional problem. A different type of control of a pendulum was
presented by [1] and it consisted in controlling the
energy of the pendulum in order to guide it to the
inverted vertical position.
In high-thrust systems, manoeuvres are simply
done by turning on the propulsion system at specific points in the orbit, considering the speed variation instantaneous. The Hohmann transfer [2] is
a well-known high-thrust manoeuvre that transfers
a satellite between two circular orbits, minimising
the energy expenditure.
In this work, we derive a new control strategy inspired in [1] that allows to start a transfer at any
point of the initial orbit or instant of time, increasing the manoeuvrability of the process. We derive
the equations of motion of the variable mass Kepler
problem and we consider transfers between orbits
in the same plane. The initial and final Keplerian
orbits can be completely defined by the scalar and
vectorial constants of motion of the Kepler problem:
the energy, angular momentum and Laplace-RungeLenz vector. However, during the transfer, the orbit
is not Keplerian and these quantities are no longer
constant. In this way, our goal is to control the
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The control of the variable mass Kepler
problem

Let us consider a restricted two body problem described in a reference frame S centred at the primary body system, the centre of the gravitational
force. The motion will be described in a three
dimensional configuration space with coordinates
(x, y, z) ∈ R3 . The primary body has mass M , and
the secondary body or satellite has mass m. The
reference frame S is inertial in the limit m/M → 0.
For orbit control and transfer between different Keplerian orbits, we assume that the secondary body
has its own propulsion system. When the propulsion system is turned on, the secondary body loses
mass and the equation of motion in S is given by
m

1
d2 r dm
−
u = −GmM 3 r,
dt2
dt rel
r

(2.1)

where r = (x, y, z) ∈ R3 , G is the universal gravitation constant and urel = (ux , uy , uz ) is the velocity
of the mass lost by the satellite, measured in the
satellite reference frame. For a satellite with a large
mass compared with the mass lost by the propulsion system, used in transfers and orbit corrections,
1 dm
we make the approximation m
dt = γ, where γ < 0
is a time independent constant. Let’s consider only
two-dimensional transfers in the plane of the orbit,
such that r = (x, y) and urel = (ux , uy ). Introducing γ into (2.1) and rewriting equation (2.1) in
1

µ/(r03 ζ 2 ) = 1, we obtain ζ 2 = µ/r03 and τ becomes
dimensionless. Introducing the definitions of ux , uy
and uz , the rescaled radial variable and the control
(2.2) parameter ε = γ̄ ū/r0 into (2.6), we finally obtain
the control equations

1

where µ = GM and γurel = (γux (t), γuy (t)) is
 s̈ = − 2 + sθ̇2 + ε cos(θ − φ(τ ))
s
1
(2.7)
a time dependent two-dimensional vector. If the
 

 d s2 θ̇ = −εs sin(θ − φ(τ )).
propulsion system is turned off, then urel = ~0.
dτ
However, if the propulsion system is turned on, we
write (ux (t), uy (t)) = (u cos φ(t), u sin φ(t)), where In this case, the only control variable is the angle φ.
φ(t) is the control longitude escape angle of the Considering the angular momentum of the satellite
satellite, measured in the reference frame S and u L = s × ṡ, its components are
is the jet intensity. The escape angle φ(t) will be
Lx = Ly = 0
used for orbit transfers and u assumes values in the
(2.8)
interval Iu = [0, umax ]. With this choice, we implicL = Lz = s2 θ̇.
itly assume that manoeuvring is done with a thrust
propulsion system able to adjust the escape angle The total effective energy is
φ, as well as the jet intensity u. Under these condi

1
1 2 L2z
tions, the system of equations (2.2) can be derived
ε
ṡ + 2 − + εs cos(θ − φ(τ )) (2.9)
H =
from the Lagrangian
2
s
s
components, we obtain

x

 ẍ = −µ 3 + γux (t)
r

 ÿ = −µ y + γuy (t)
r3

L=

1
1 2
(ẋ + ẏ 2 ) + µ + γxux (t) + γyuy (t). (2.3) and
2
r

dH ε
= −εsφ̇ sin(θ − φ(τ )).
(2.10)
dτ
The effective energy of the Keplerian orbit is


1 2 L2z
1
H0 =
(2.11)
ṡ + 2 −
2
s
s

Using polar coordinates (x, y) = (r cos θ, r sin θ),
the Lagrangian can be written as
1
1 2 2 2
(ṙ +r θ̇ )+µ +γux (t)r cos θ+γuy (t)r sin θ.
2
r
(2.4)
From (2.4), we derive the following equations of motion of the satellite under propulsion control

1

 r̈ = −µ 2 + rθ̇2 + γux (t) cos θ + γuy (t) sin θ
r
 d  2 

r θ̇ = −γux (t)r sin θ + γuy (t)r cos θ.
dt
(2.5)
To simplify the parametric dependence and to
single out the order of magnitude of the variables,
we introduce new radial and temporal variables
s = r/r0 and τ = ζt, where r0 is a spatial scale
of the problem and s has no units. The constant ζ
will be determined later. Then, by (2.5), the new
Lagrangian becomes
 

µ 1
1 2
L̄ = ζ 2 r02
ṡ + s2 θ̇2 + 3 2 +
2
r0 ζ s

γ̄
s (ūx (t) cos θ + ūy (t) sin θ) ,
r0
(2.6)
where the dot (˙) denotes the derivative with respect to τ , γ̄ = ζγ and ūx,y,z = ζux,y,z . Choosing
L=

and it follows that
dH 0
= εṡ cos(θ − φ(τ )) − εsθ̇ sin(θ − φ(τ )). (2.12)
dτ
The effective energy H 0 matches the effective energy of the Keplerian orbit associated with the
phase space coordinates (s, ṡ, θ, θ̇). The time derivative (2.12) is, in general, non null when the control
is turned on, allowing the observation of the variations of the effective energy of the orbit.
We further consider the Laplace-Runge-Lenz vector

s 
x̄ 
ȳ 
˙ z−
˙ z+
A = ṡ × L − = ȳL
ex − x̄L
ey ,
s
s
s
(2.13)
where we introduced the rescaled cartesian components s = (x̄, ȳ) = (x, y)/r0 and the angular momentum components (2.8). ex and ey are the usual
cartesian versors. Furthermore, A2 = 1 + 2HL2 .
The in plane orientation of the orbit of the satellite
is given by A. If ε = 0, then dA/dτ = 0. For ε 6= 0,
we obtain
dA
= (ε sin φLz + ȳ˙ L̇z )ex + (−ε cos φLz − x̄˙ L̇z )ey .
dτ
(2.14)
In the plane of the orbit, the possible modifications of the trajectory can be done through changes

1 Equation

of motion (2.2) is valid in the limit m/M → 0.
Otherwise, (x, y, z) are the coordinates of the secondary body
relative to the center of mass of the variable mass two-body
system, and µ = µ(t) = G(M + m(t)). However, in most
applications, the condition m/M ' 0 is fulfilled.
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on the angular momentum, effective energy or orientation of the Laplace-Runge-Lenz vector. With
this purpose, we distinguish three types of transfers: i) transfers with constant angular momentum, ii) transfers with constant effective energy and
iii) transfers with both variable angular momentum
and effective energy. We will just consider transfers
between orbits with positive angular momentum,
Lz > 0, so that the trajectories are counterclockwise in the configuration plane and clockwise in the
phase space. For transfers with negative angular
momentum, the technique is similar.

×

×
×

×

×

(a) Graph of the effective
potential.

Transfers with constant angular momentum
3.1 Phase space geometry
We now consider transfers between Keplerian orbits
with different effective energies and constant angular momentum, i.e., Lz is assumed to be constant.
By the second equation in (2.7), we have the control
condition sin(θ(τ ) − φ(τ )) = 0. This implies that
φ(τ ) = θ(τ ) or φ(τ ) = θ(τ ) ± π. Therefore, the attitude angle φ(τ ) changes with the polar angle θ(τ ),
and, by (2.7), under control, we have

1
L2z


− 2 + σε
=
 s̈
3
s
s
(3.1)

L

z
 φ̇ = θ̇ =
,
s2

(b) Orbits in phase space
with ε̄ = 0.
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×

(c) Orbits in phase space
with ε̄ = −0.1 and σ = 1.

, if ε = 0
, if ε 6= 0 ∧ φ = θ

×

(d) Orbits in phase space
with ε̄ = −0.1 and σ = −1.

Figure 1: (a) Graph of the effective potential (3.6). In (b),
(c) and (d), we show the phase space trajectories for the controlled Kepler problem with constant angular momentum,
with ε̄ = −0.1. The crosses show the position of the fixed
points of the dynamics: (a) s̄∗0 = 1, (b) s̄∗1 = 0.9217 and (c)
s̄∗−1,1 = 1.1535 and s̄∗−1,2 = 2.4236. In the non-controlled
case, the radial coordinate of the fixed point is associated
0
to the minimum energy H̄min
= H̄ 0 (s̄∗0 , 0) = −0.5. In (b)
and (c), the effective energies corresponding to the position
of the fixed points are H̄ 0 (s̄∗1 , 0) = −0.4964, H̄ 0 (s̄∗−1,1 , 0) =
−0.4911 and H̄ 0 (s̄∗−1,2 , 0) = −0.3275. The dashed orbits in
(b) and (d) correspond to the limit effective energy between
closed and open orbits.

where

0


1
σ=


−1

×

(3.2)

, if ε 6= 0 ∧ φ = θ ± π.

where ε̄ = εL4z and the dot (˙) here represents the
derivative with respect to τ̄ .
The effective energy variation (2.12), with H̄ 0 =
2 0
Lz H , is rewritten as

Since Lz is constant, the transfers between two
Keplerian orbits imply the existence of angular attitude controls. The angular attitude control is described by the second equation in (3.1) and, if the
radial problem is solved, this angular control is determined. This implies that, during the change of
orbit, ε 6= 0, the orientation of the propulsion system follows one of the conditions φ(τ ) = θ(τ ) or
φ(τ ) = θ(τ ) ± π and θ(τ ) is evaluated at each time
τ . The transfer is initiated at time τ = τ0 , with
effective energy H00 and will stop when the final effective energy Hf0 is reached.
To simplify the numerical analysis, we now introduce scaled variables
s
τ
s̄ = 2 , τ̄ = 3
(3.3)
Lz
Lz

dH̄ 0
˙
= σ ε̄s̄.
dτ̄

(3.5)

In order to reduce the dimension of the problem
to the radial component s̄, and since the angular
momentum is constant, we define the effective potential from the Hamiltonian (2.9) as
V̄ ε (s̄) =

1
1
− + σ ε̄s̄,
2s̄2
s̄

(3.6)

that will be used to study the topology of the orbits
of the system (3.4) in phase space.
In Fig. 1a, we depict the graphs of the effective
and the system of differential equations (3.1) is writpotential
(3.6) for the Kepler problem and for
ten as

the
different
control choices, φ = θ or φ = θ ± π.
1
1


− 2 + σ ε̄
 s̄¨ =
For these three cases, the phase space orbits of
s̄3
s̄
(3.4) the satellite under control have globally different

1

 θ̇ =
,
topologies and different fixed points. These orbits
s̄2
3

Table 1: Fixed points, stability and orbits topology of the
system (3.4) (corresponding to constant angular momentum
transfers), depending on the control parameters.

are represented in Figs. 1b-1d.
Let us analyse the stability of the fixed points
of the system of equations (3.4). For the non controlled case ε̄ = 0 or σ = 0, corresponding to the
Kepler problem, there is one fixed point coinciding
with the circular orbit of radius s̄∗0 = 1 and corresponding to the minimum of the effective energy,
0
H̄min
= H̄ 0 (s̄∗0 , 0) = −0.5. The full line curve in
Fig. 1a shows the effective potential graph for this
condition and, in Fig. 1b, we plot the corresponding
phase space trajectories. Clearly, the orbits in the
˙ are closed for H̄ ε = H̄ 0 < 0.
phase space (s̄, s̄)
For ε̄ 6= 0, considering φ = θ or σ = 1, we obtain
one fixed poind with coordinates (s̄∗1 , 0). The effective potential (3.6) has an absolute minumum at
s̄ = s̄∗1 , as we may observe in Fig. 1a. Therefore the
orbits in the phase space are everywhere closed, as
shown in Fig. 1c. This fixed point with coordinates
(s̄∗1 , 0) is Lyapunov stable of centre type.
Let us analyse the stability of the fixed points of
the system of equations (3.4). Consider first the
non controlled case σ = 0, corresponding to the
Kepler problem. In this case, there is one fixed
point coinciding with the circular orbit of radius
s̄∗0 = 1 and corresponding to the minimum of the
0
effective energy, H̄min
= H̄ 0 (s̄∗0 , 0) = −0.5. The full
line curve in Fig. 1a shows the effective potential
graph for this condition and, in Fig. 1b, we plot
the corresponding phase space trajectories. Clearly,
˙ are closed for
the orbits in the phase space (s̄, s̄)
H̄ ε = H̄ 0 < 0.
For ε̄ 6= 0 and σ = 1, there is one fixed point with
coordinates (s̄∗1 , 0). The effective potential (3.6) has
an absolute minumum at s̄ = s̄∗1 , as we may observe
in Fig. 1a. Therefore the orbits in the phase space
are everywhere closed, as shown in Fig. 1c. This
fixed pointis Lyapunov stable of centre type. For
σ = −1 and ε̄ < ε̄lim , there are no fixed points. If
ε̄ = ε̄lim , there is one fixed point with coordinates
(s̄∗ (ε̄lim ), 0) = (1.5, 0) corresponding to an inflexion point of the effective potential (3.6). This fixed
point is unstable. Therefore, for ε̄ ≤ ε̄lim , the orbits in the phase space are everywhere open. For
ε̄ > ε̄lim , there exist two fixed points with coordinates (s̄∗−1,1 , 0) and (s̄∗−1,2 , =), with s̄∗−1,2 > s̄∗−1,1 ,
that correspond to a local minimum and local maximum of the effective potential (3.6), respectively.
The first fixed point is Lyapunov stable of centre
type and the second is Lyapunov unstable of saddle
type. In this case, the orbits are only closed in the
˙ < H̄ ε (s̄∗−1,2 , 0)∧s̄ < s̄∗−1,2 .
range defined by H̄ ε (s̄, s̄)
The case ε̄ > ε̄lim is shown in Figs. 1a-1d.
The stability of the fixed points that we have just
analysed is summarised in Table 1.
subsectionControl choices
A transfer between two Keplerian orbits with dif-

Fixed point

Stability

Range of
closed orbits

σ=0

s̄∗0 = 1

stable
(centre)

H̄ ε = H̄ 0 < 0

σ=1
(φ = θ)

s̄∗1

stable
(centre)
stable
(centre)

Control choice
ε̄ = 0

s̄∗−1,1

ε̄ < 0

ε̄ > ε̄lim
σ = −1
(φ = θ ± π)
ε̄ = ε̄lim

s̄∗ (ε̄lim ) = 1.5

unstable
(saddle)
unstable

ε̄ < ε̄lim

–

–

s̄∗−1,2

everywhere
˙ < H̄ ε (s̄∗−1,2 , 0)
H̄ ε (s̄, s̄)
∧ s̄ < s̄∗−1,2

none

none

ferent effective energies H̄ 0 and constant angular
momentum can be performed by changing the attitude control angle φ, in order to monotonically vary
the effective energy, until the desired one is reached.
From the practical point of view, the attitude variables of the thrusters are evaluated at successive
instants of time τ̄i , with δτ̄ = τ̄i+1 − τ̄i small. This
enables to evaluate the effective energy H̄ 0 (τ̄i ) and
to change the values of φ at the instants τ̄i . In this
way, the control variable σ is chosen as

˙ sign H̄f0 − H̄i0 ,
σ = − sign(s̄)
(3.7)
where H̄f0 is the final orbit effective energy and
H̄i0 = H̄ 0 (τ¯i ) is the orbit effective energy at the
instant τ̄i at which the variables of the system
are evaluated. Since the choice (3.7) depends on
the signs of s̄˙ and of the difference of effective
energies (H̄f0 − H̄i0 ), the sign of the control variable
changes when crossing s̄˙ = 0, or when the final
effective energy is reached. The control choice
(3.7) is sufficient to implement transfers where the
effective energy of the orbit increases monotonically, Hf0 > H00 . However, for a transfer to a final
Keplerian orbit with lower effective energy, this
choice may be insufficient due to the geometry of
the orbits.
Let us analyse the case of transfers with a decrease of the effective energy of the orbit, Hf0 < H00 .
In this case, the control command (3.7) becomes
˙ so the choice of control is σ = 1 for
σ = sign(s̄),
s̄˙ > 0 and σ = −1 for s̄˙ < 0.
Let’s start to consider the case ε̄ > ε̄lim . In
Figs. 2a and 3, we show the orbits corresponding
to the control choices σ = 1 and σ = −1 intersecting at s̄˙ = 0. Consider first Fig. 2a and observe
the transitions in the region s̄ > s̄∗−1,2 . Starting in
a point with s̄˙ > 0 of an orbit σ = 1 (grey) and
following the orientation indicated by the arrows,
the orbit eventually intersects s̄˙ = 0. The choice
of control (3.7) presupposes that, after this instant,
the sign of s̄˙ changes to s̄˙ < 0 and the next orbit
would be of σ = −1 control type (orange). However,
by the orientation given by the arrows, we observe
4

0
[H̄min
, H̄00 ] is accessible with this method, with
0
H̄0 being the effective energy of the initial orbit.)

that this two conditions are not compatible and the
new orbit leads to s̄˙ > 0 again. As a consequence,
the effective energy of the orbit increases instead of
decreasing and, to compensate this, the sign of the
control command σ changes alternately in the following instants τ̄i , while the condition s̄ > s̄∗−1,2 is
still verified. The solution for this control problem
consists in turning off the control once the satellite
crosses s̄˙ = 0 in s̄ > s̄∗−1,2 . The satellite will then
follow a Keplerian orbit (with constant effective energy) and the control is turned on when a point
with s̄˙ = 0 is reached. This point belongs already
out of the problematic region.
Consider now the orbits in phase space crossing
s̄˙ = 0 in the region s̄∗1 < s̄ < s̄∗−1,1 limited by the
first and second vertical lines in Fig. 2a, and also
represented with more detail in Fig. 3. We observe
that the same control choice problem happens inside this region. In this way, it is not possible to
guarantee that the satellite can reach an orbit with
˙ < H̄ 0 (s̄∗1 , 0). To reach
an effective energy H̄ 0 (s̄, s̄)
an orbit with an effective energy value in that range,
the solution consists in finding an orbit with control σ = ±1 that intersects with the final Keplerian orbit, or that intersects with another orbit with
σ = ∓1 control type which in turn intersects with
the final Keplerian orbit.
Considering the case ε̄ < ε̄lim , in Fig. 2b, we show
the orbits corresponding to the control choices σ =
1 and σ = −1 intersecting at s̄˙ = 0. Again, since
the orbits that correspond to the control σ = −1 are
everywhere open, we observe that the same problem
of control choice at s̄˙ = 0 happens for s̄ > s̄∗1 .
The algorithm to implement a constant angular
momentum transfer to a orbit with lower effective
energy is summarised as follows:

If step 1 is not valid and there are no orbit
intersections, we apply step 2.

2. The control is chosen in order to monotonically decrease the orbit effective energy. In
this way, at s̄˙ = 0, if ε̄ ≤ ε̄lim ∧ s̄ ≥ s̄∗1 or
ε̄ > ε̄lim ∧ (s̄ ≥ s̄∗−1,2 ∨ s̄∗1 ≤ s̄ ≤ s̄∗−1,1 ), the
control is turned off so that the satellite follows a Keplerian orbit (with constant energy
H̄ 0 ) until it reaches s̄˙ = 0 again. Otherwise,
the control is chosen according with (3.7).

(a) Orbits in phase space with ε̄ = −0.1.

1. At the starting point of the transfer, τ̄ = τ̄0 ,
(b) Orbits in phase space with ε̄ = −0.15.
and every time that s̄˙ = 0, verify if there exists
Figure 2: Orbits in phase space corresponding to σ = 1
a controlled orbit, σ = ±1, that intersects

(grey) and σ = −1 (orange) intersecting at s̄˙ = 0 for the

(i) the final Keplerian orbit (and in this case control parameters (a) ε̄ = −0.1 and (b) ε̄ = −0.15. The
the control has only one step, σ : ±1 → 0) vertical lines denote the position of the fixed points s̄∗1 , s̄∗−1,1
and s̄∗−1,2 in (a), and s̄∗1 in (b).
or
(ii) another controlled orbit with σ = ∓1 control type which in turn intersects with the
final orbit (in this case the control has two
steps and is turned off when the final energy is reached, σ : ±1 → ∓1 → 0).
(Note that in (ii), the effective energy variation
may not be monotonic but the final Keplerian
orbit can be reached directly. The extremest
situation (which will be discussed further below) corresponds to a transfer to the circular
orbit corresponding the fixed point s̄∗0 = 1 (and Figure 3: Orbits in phase space corresponding to σ = 1
(grey) and σ = −1 (orange) intersecting at s̄˙ = 0 inside the
it is depicted in Fig. 4). If the minimum effec- region s̄∗ ≤ s̄ ≤ s̄∗ , limited by the vertical lines.
1
−1,1
0
tive energy H̄min
= −0.5 can be reached, it
proves that any effective energy in the interval
5

3.2 Transfer simulations
3.2.1 Transfer from a hyperbolic orbit to
the circular orbit
In Fig. 4, we simulate the transfer of a satellite
starting in an initial hyperbolic orbit with effective
energy H̄00 = 0.01 to the circular orbit with radius
s̄f = 1 and effective energy H̄f0 = −0.5. The initial
conditions of the transfer are (s̄0 , s̄˙ 0 ) = (3, 0.7586),
and θ0 = 2.292. The trajectories in the phase and
configuration spaces are shown in Figs. 4a and 4b,
respectively. In Fig. 4c we observe the variation of
the control parameter σ and, in Fig. 4d, the variation of the effective energy of the orbit. In Fig. 4c
we observe that the control starts with σ = 1, since
the initial condition corresponds to s̄˙ > 0, from
(3.7). When the trajectory crosses s̄˙ = 0, the radial coordinate belongs in the problematic region
s̄ > s̄∗−1,2 , so the control is turned off, σ = 0,
and the satellite follows a Keplerian orbit. When
it reaches s̄˙ = 0 again, the control is turned on
again with the choice (3.7), until the trajectory intersects the orbit σ = 1 that leads directly to the
final orbit with H̄f0 = −0.5. The time of the transfer is ∆τ̄ = 38.26. The energy
expenditure can
R
be measured by the quantity |ε̄|dτ̄ = 2.401, since
that, by (3.6), ε̄ corresponds to a rescaled acceleration, so this quantity can be understood as the
additional velocity increment given to the satellite,
in the same way as the energy expenditure formula
of the Hohmann transfer [4].
This example proves that it is possible to lower
the orbit effective energy to the minimum value of
0
H̄min
= −0.5 (circular orbit).

×

(b) Satellite trajectory in
configuration space.

(c) Variation of the control
command σ.

(d) Effective energy
variation.

Figure 4: Transfer with constant angular momentum from a
hyperbolic orbit with effective energy H̄00 = 0.01 to a circular
one with effective energy H̄f0 = −0.5, with ε̄ = −0.1. The
transfer starts at the phase space point (s̄0 , s̄˙ 0 ) = (3, 0.7586)
and θ0 = 2.292. The blue, black and grey points in (a) and
(b), as the vertical lines in (c) and (d), denote the instants
of the beginning of the transfer, the intersection with one of
the orbits that contains the final point and the end of the
transfer,
respectively. The transfer time is ∆τ̄ = 38.26 and
R
|ε̄|dτ̄ = 2.401.

Fitting (3.8) to the data in the region |ε̄| < 0.05,
we obtain the parameters presented in Tab. 2. The
resulting model allows the prediction of the transfer duration for small values of |ε̄|, avoiding a long
computation through simulation. The fitting function translates a scaling relation between ∆τ̄ and
|ε̄|.

3.3

Transfer time and energy expenditure
depending on the control parameter
In this section, we study the transfer time and energy expenditure of a constant angular momentum
transfer between a circular orbit (H̄00 = −0.5) and
a parabolic one (H̄f0 = 0), for different values of
the control parameter ε̄. For this purpose, several
transfers for values of |ε̄| ∈ [0.000316, 0.5] were numerically simulated. The results of the simulations
are presented in Fig. 5.
Considering first the transfer time, and observing
Fig. 5a, we can model its background behaviour by
a linear function as
log ∆τ̄ = c1 + c2 log |ε̄|

(a) Satellite orbit in phase
space.

Table 2: Fitting parameters of (3.8) to the data in Fig. 5a.

|ε̄| range

c1

c2

R2

< 0.05

0.33

-1.07

0.99

Let us compare the results obtained for the duration and energy expenditure of the transfers for
low values of the thrust parameter |ε̄|, with the lowthrust manoeuvres calculations. In low-thrust manoeuvres [4], it is considered that the thrust is small
enough so the orbit is always approximately circular during the transfer. It is also assumed that the
thrust and velocity vectors are aligned, in order to
optimise the rate of variation of the orbit specific energy. This last condition is the same as the one that
we have obtained for constant angular momentum
transfers, φ = θ. From [4], there is a relation of inverse proportionality between the transfer time and
thrust. In our case, c2 ≈ 1, (3.8) so the results are
compatible. However, the calculations in [4] are ap-

⇒ ∆τ̄ = c3 · |ε̄|c2 , (3.8)

where c3 = exp(c1 ). As previously said, since ε̄
corresponds to a rescaled thrust
R acceleration, the
energy expenditure parameter |ε̄|dτ̄ translates a
velocity increment given to the spacecraft. By (3.8),
and noticing that |ε̄| is constant for each transfer,
the energy expenditure parameter can be written as
Z
|ε̄|dτ̄ = |ε̄|∆τ̄ = c3 · |ε̄|c2 +1 .
(3.9)
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Consider an initial Keplerian orbit with effective
energy H̄ 0 . If the control is turned on at the point
with coordinates (s̄0 , s̄˙ 0 ) of the initial orbit, with
the choice θ = φ or σ = 1, the satellite describes
a closed orbit in phase space, as we have seen
in Fig. 1c. This orbit intersects with the initial
Keplerian orbit at two mirrored points with the
coordinates (s̄0 , s̄˙ 0 ) and (s̄0 , −s̄˙ 0 ). On the other
hand, the orbit precesses in the configuration
space, meaning that its orientation changes continuously. In this way, by turning on the control
with the choice σ = 1 and turning it off at one
of the referred intersection points, it is possible
to reach a Keplerian orbit defined by the same
angular momentum and effective energy as the
initial one, but with a different orientation α that
is defined by the Laplace-Runge-Lenz vector as
A = (A cos α, A sin α). Depending on the starting
and ending points of the transfer, the variation of
the orientation of the orbit, ∆α, and the transfer
time, ∆τ̄ = τ̄f − τ̄0 , will differ.
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(a) Plot of the transfer time ∆τ̄ and fitting
curve.
●

●

●
●
●
●
●
●
●
●
●
● ●
●
● ●
●
●
●
●
● ●
● ●
●
●
●●
●
●
●
●
●
●
●
●●●●●●●●●
●
●
●
●
●●
●
●
● ●
●
●
●
●
● ●●●●
● ● ●
●
●
●●
●
● ●●●● ●
●
●
●
●
●
●●●
●● ● ●● ●●
●
●
●●
●
●
●
●
●●
●
●
●
●● ●
●●
●
●●
●
●●
●●●
●
●
●
●
●
●
●
●
●
●● ● ●●
●
●
●
●
●●
●
●●
●●●●
●●●
●●● ● ● ●
● ●
● ●
● ●
● ● ●
● ● ● ●
● ● ● ● ●
● ● ● ● ● ● ●
● ● ● ● ●●●●● ● ● ● ●
● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●
● ● ● ● ● ● ● ● ● ● ● ●
●

●

●

●

(b) Plot of

R

The method presented previously can also be applied for the rotation of any Keplerian orbit, including parabolic and hyperbolic ones.
In Fig. 6, we study the rotation of a Keplerian
orbit with effective energy H̄ 0 = 0.05. In Fig. 6a,
we plot the phase space transfer orbits. In Figs. 6b
and 6c, we plot the variation of the orientation angle and the transfer time, respectively. The results
are presented as a function of the initial position
s̄0 . The blue curves correspond to transfers starting with s̄˙ 0 > 0 and ending at s̄˙ f = −s̄˙ 0 , the orange
curves correspond to transfers starting with s̄˙ 0 < 0
and ending at s̄˙ f = −s̄˙ 0 . The grey curves correspond to full orbit transfers, i.e., ending in the same
point where they started, s̄˙ f = s̄˙ 0 . In this case, we
observe again that clockwise rotations can only be
achieved with transfers starting with s̄˙ 0 > 0 (blue).
However, the obtained change in the orientation angle is small (< π/16). From Fig. 6c, we observe that
the duration of transfers starting with s̄˙ 0 < 0 (orange) is almost constant and, for transfers starting
with s̄˙ 0 > 0, it increases approximately in a linear
way with s̄0 .
For instance, in Figs. 7a and 7b, we show the
transfer trajectories in the phase and configuration
spaces, respectively, for a transfer starting at s̄0 =
4.244. In Fig. 7b it is evident the change on the
orientation angle of the orbit, denoted by ∆α.

|ε̄|dτ̄ and fitting curve.

Figure 5: (a) Plot of the time of the constant angular momentum transfers between the circular and parabolic orbits,
depending on the control parameter |ε̄|. The orange curve
represents the fit of the data for |ε̄| < 0.05 with the function
in (3.8) and the resulting parameters in Table 2. Note the
both vertical and horizontal logarithmic
scales. (b) Plot of
R
the energy expenditure quantity |ε̄|dτ̄ for the same conditions as in (a). The inset plot is an ampliation of the region
|ε̄| ∈]0, 0.06] in order to better observe the peaks. The results
were obtained by numerical simulation of each transfer, obtaining ∼ 250 points with an average distance between them
of 0.002.

proximate while ours are not, so the relation is not
exactly inverse. Considering the energy expenditure, in low-thrust manoeuvres, it does not depend
on the value of the thrust. In our case, from Fig. 5b,
for small values of |ε̄|, we see that the background
behaviour cannot be considered constant and it is
well fitted by our model. For larger values of |ε̄|,
the fit cannot be used to model the function and
the energy expenditure tends to 1.
The peaks over the background curve appear
when the orbits pass near the unstable fixed point
(s̄∗−1,2 , 0). This causes a decrease of the radial velocity and hence an increase of the transfer time.
Moreover, the closer the orbit passes to the unstable
point, the longer the transfer takes, corresponding
to greater peaks in Figs. 5a and 5b.
4
3.4 In-plane orbit orientation
In this section, we present the method to rotate
a Keplerian orbit in the plane, i.e., to change the
orientation of the LRL vector.

Transfers with both variable angular momentum and effective energy

4.1 Phase space geometry
We now consider transfers with both variable angular momentum and effective energy. A particular situation corresponds to the control choice
7

where

0





1
σ=




 −1

, if ε = 0
π
2
π
, if ε 6= 0 ∧ φ = θ − .
2

, if ε 6= 0 ∧ φ = θ +

By (2.10) and (2.12),

(a) Orbits in phase space.

dH ε
dH 0
εLz
=
=σ
.
dτ
dτ
s

(b) Orientation angle
variation.

(4.3)

The purpose of this transfer is to vary the angular
momentum of the orbit, starting the control at the
initial Keplerian orbit with angular momentum Lz0 ,
and stopping the control when a final orbit with the
target angular momentum value Lzf is reached. In
this transfer, we disregard the variation of the effective energy variation that can be corrected using a
posterior constant angular momentum transfer. In
this way, this transfer can replace a constant effective energy one and overcome its accessibility problem2 .
We observe that the sign of the angular momentum variation in the second equation in (4.1) is
equal to the sign of the effective energy variation
in (4.3) so these functions vary in the same direction.

(c) Transfer time.

Figure 6: Study of the variation of the in-plane orientation
of a Keplerian orbit with effective energy H̄ 0 = 0.05, considering constant angular momentum transfers with attitude
control φ = θ and with ε̄ = −0.1. (a) Phase space transfer
orbits starting with s̄˙ 0 and ending with s̄˙ f = −s̄˙ 0 . The black
orbit corresponds to the Keplerian orbit with effective energy H̄ 0 = 0.05. The blue transfer orbits correspond to the
initial condition s̄˙ 0 < 0 and the orange orbits to s̄˙ 0 > 0. In
(b) and (c), the interpolation curves for the orientation angle
variation and transfer time are shown using the same colour
code, depending on the initial position s̄0 . The grey curves
in (b) and (c) correspond to transfers starting and ending at
the same point, s̄˙ f = s̄˙ 0 . These results are obtained from an
interpolation of 200 points.

4.2 Control choices
According with the second equation in (4.1), the
variation of the angular momentum implies
σ = − sign (Lzf − Lzi ) ,

(4.4)

where Lzf is the final orbit angular momentum and
Lzi = Lz (τi ) is the angular momentum at the instant i at which the system is evaluated. In this
way, since the control only depends on Lzi , it does
not change during the transfer and it is turned off
when the final angular momentum is reached.

×

(a) Satellite orbit in phase
space.

(4.2)

(b) Satellite trajectory in
configuration space.
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Figure 7: Trajectories in the (a) phase and (b) configuration spaces for a constant angular momentum transfer with
the control choice σ = 1 or φ = θ and with ε̄ = −0.1, with
the goal of rotating the initial Keplerian orbit with effective
energy H̄ 0 = 0.05 by an angle ∆α = −1.130. The transfer
starts at (s̄0 , s̄˙ 0 ) = (4.244, 0.7181). The blue, orange and
black curves correspond to the initial (on), final (off) and
transfer orbits, respectively. In (a), the initial and final trajectories overlap since the phase space is rotation
invariant.
R
The time of the transfer is ∆τ̄ = 11.289 and |ε̄|dτ̄ = 1.129.

Example: Transfers between circular orbits

There are two ways of implementing a transfer between two circular orbits. There are two ways of
doing this:
(i) a constant effective energy transfer followed by
a constant angular momentum transfer;
(ii) a both variable effective energy and angular
momentum transfer followed by a constant angular momentum transfer.

φ(τ ) = θ(τ ) ± π/2, so that (2.7) is rewritten as

L2z
1

 s̈
− 2
=


3

s
s

d
(4.1)
Lz = σεs

dτ



Lz

 θ̇
=
,
s2

2 The study of constant effective energy transfers is not
presented here. There is an accessibility problem in this type
of transfers when trying to increase the angular momentum
to values near the fixed point which corresponds to the maximum value of Lz . Moreover, they can only be applied for
transfers between elliptic orbits.
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For a constant effective energy, the circular orbit
coincides with the fixed point (s∗0 , 0), corresponding to the maximum accessible value of angular momentum. In this way, case (i) can only be used for
transfers that imply a decrease of the angular momentum, since they already start in the maximum
value. Case (ii) is general and can be applied to increase or decrease the radius of the orbit. Analysing
the angular momentum and effective energy
pexpressions for the circular orbit, Lz (s∗0 , 0) = s∗0 and
H 0 (s∗0 , 0) = −1/(2s∗0 ), an orbit with a greater radius also has greater Lz and H 0 . Since the method
with variable effective energy and angular momentum, (ii), implies a variation of these both quantities in the same direction, the final correction of the
effective energy can be done in a faster way. In this
way, we here present an example using case (ii).
In Fig. 8, we represent a transfer, between between two circular orbits with radii s0 = 2 and
sf = 1, using case (ii). In Figs. 8a and 8b, we
show the trajectories in the phase and configuration
spaces, respectively. In Figs. 8c and 8d, we plot the
variation of the angular momentum and effective
energy. In Fig. 8e, we show the choice of control.
Note that depending on the type of transfer, σ is
defined as (4.2) during the variable effective energy
and angular momentum transfer, and as (3.2) during the constant angular momentum transfer. The
total duration of the transfer is ∆τ(ii) = 10.311.
These methods can also be applied for transfers
between elliptic, parabolic or hyperbolic orbits, following the same procedure. In those cases, we can
start the transfer at any point of the orbit, while a
Hohmann transfer starts in the periapis or apoapsis of the initial orbit. The transfer times cannot be
compared directly, since they depend on the thrust
parameter ε. For that, we may use the results in
Sec. 3.3, that can provide an approximation for the
duration of the transfers.
6

×

(a) Satellite orbit in phase
space.

(b) Satellite trajectory in
configuration space.

(c) Angular momentum
variation.

(d) Effective energy
variation.

(e) Variation of the control
command σ.
Figure 8: Transfer between two circular orbits with radii
s0 = 2 and sf = 1, using a variable effective energy and
angular momentum transfer followed by a constant angular
momentum transfer. The blue, yellow and black dots in (a)
and (b), as the vertical lines in (c), (d) and (e), denote the
initial and final instants of the transfer, and the change of
attitude control, respectively. In (e), σ has different definitions depending on each type of transfer. The duration of
each transfer are ∆τLz var = 2.098 and ∆τLz cte = 8.293, so
the total transfer time is ∆τ = 10.311.

the minimum achievable energy. Using this type of
transfers, due to the precession of the orbits for a
particular choice of control, it is possible to turn
on and off the control in specific points of the orbit in order to change the orientation of the LRL
vector, thus changing the orientation of the orbit.
This points are chosen accordingly with the desired
variation of the orientation and in such a way that
the initial and final orbits have the same angular
momentum and energy.
In Sec. 4, using a particular angular control condition, it was possible to implement a transfer that
varies both the effective energy and angular momentum. This variation happens in the same direction,
i.e., an increase/decrease of one of these quantities implies an increase/decrease of the other. This
transfer can be used with the purpose of varying
the angular momentum disregarding the effective
energy variation, so it replaces a constant effective

Conclusions

We have shown that our on-off control strategy can
be applied to transfer a satellite between two Keplerian coplanar orbits. From the equations of motion
of the variable mass Kepler problem, and considering the intensity of the exhaust gases constant, it
was possible to obtain the angular control component in order to perform three types of transfers:
with constant angular momentum, with constant
energy or a particular case of a transfer with variable angular momentum and energy.
Considering transfers with constant angular momentum in Sec. 3, it is possible to change the energy
of the orbit. In this case, despite the problematic
accessibility regions, it was possible to construct an
algorithm to reach any energy equal or greater than
the energy of the circular orbit, that corresponds to
9

energy transfer and overcomes its accessibility problem. The effective energy can then be corrected by
a posterior constant angular momentum transfer.
In Sec. 5, using combinations of the previous
transfers, we presented the possible ways of making a transfer between two circular orbits. We concluded that a combination of a both variable angular momentum and effective energy transfer followed by a constant angular momentum one is the
best way of doing it, since no accessibility problems
arise in this method. Moreover, since in a both variable angular momentum and effective energy transfer these quantities vary in the same direction, the
transfer is also faster.
As future work, the calculation of the thrust parameters of some engines could be done and used to
simulate a real transfer. However, we predict that
those simulations could be slow and require better
computational resources. The three-dimensional
problem could also be studied, trying to develop
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a similar strategy to change the plane of the orbit.
We have already applied some effort in this regard
but without outcomes, leading us to believe that
the problem can only be solved using an Optimal
Control approach.
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