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In this thesis, after reviewing the SM, we will describe the general features of left-right symmetric
models (LRSMs). Afterwards, we focus on a particular LRSM, in which flavon fields are added and
a A4 ×Z2 discrete flavour symmetry is imposed. Several vacuum configurations for the flavon fields
are considered and tested in the light of the most recent neutrino oscillation data. The possibility
of having spontaneous charge-parity symmetry violation (SCPV) is also investigated. We conclude
that SCPV is indeed possible for some flavon vacuum alignments, and we present the corresponding
predictions for several physical parameters which could be tested by ongoing and future neutrino
experiments.

I. INTRODUCTION

The advent of Quantum Mechanics (QM) in the turn
of the twentieth century opened an entire new field of
study in physics that was just as much controversial as
strange. Quickly, QM gave way to new, more robust, the-
ories that provided a more suitable description of reality,
and soon, the study of elementary particles and their in-
teractions (particle physics) became one of the main areas
in physics. The most important landmark happened in
the second half of the twentieth century, with the formu-
lation of the Standard Model (SM) of particle physics.

The reason why the SM represents such an important
milestone in physics is due to its many successes - un-
til recently, most experiments agreed with high precision
with SM predictions. The last major achievement in the
field has been the discovery of the Higgs boson, also pre-
dicted by the SM.

Despite all successes of the electroweak theory, there
are still some questions to which the SM does not provide
a satisfactory answer. Namely, the discovery of neutrino
oscillations (awarded the Nobel prize in 2015) brought
forth an important dilemma for the SM: neutrinos are
massive, contrary to the model’s prediction. Neverthe-
less, the SM is an excellent basilar theory upon which
many extensions can be constructed in order to solve
some (or all) of the SM shortcomings. For instance, the
addition of right-handed neutrinos solves the problem of
neutrino masses, incorporating the possibility of neutrino
oscillations in the theory. However, aesthetically, there
is also a deep chirality asymmetry in the SM that has
little foundation: left- and right-handed particles are not
treated equally. Still, this could be just due to differ-
ent energy scales in which the parity and the electroweak
symmetry are broken. This idea is in the basis of left-
right symmetric models (LRSMs).

First, we will go through the well known SM. After-
wards, the rich phenomenology of a LRSM will be stud-
ied. The mass spectrum and mixing of gauge and scalar
bosons will be determined. Furthermore, charged cur-
rents and fermionic mixing will also be covered. In order
to increase the level of predictability in the fermion mass
and mixing sector, we impose flavour (horizontal) sym-
metries. As such, the narrower focus of the work will

be the study of flavour symmetries in a minimal LRSM
(MLRM) and the study of lepton mixing in light of recent
neutrino oscillation data.

II. THE STANDARD MODEL

The SM is a field theory described by fields and a gauge
group. While these two ingredients are intertwined,
they serve different purposes: while the field content es-
tablishes which particles exist and are able to interact,
the gauge group defines how they interact. Ultimately,
changing the particle content allows for more (or differ-
ent) particles, whereas changing the gauge group forces
a new perception as to how the fundamental forces of
nature act (at least at a higher energy).

A. Electroweak Sector of the SM

The SM gauge group is SU(3)c × SU(2)L × U(1)Y ,
where the subscripts are for colour, left-handed, and hy-
percharge, respectively. Throughout this document, we
will not address the SU(3)c symmetry, dealing only with
the electroweak sector of the theory. There are three fam-
ilies of fermions (quarks, Q, and leptons, l), where left-
handed fields are placed in SU(2)L doublets, whereas the
right-handed ones are singlets. The theory also features
a SU(2)L Higgs doublet, φ. In summary, the fields and
their transformations properties are:

QiL =

(
ui
di

)
L

: (2, 1/3),
uiR : (1, 4/3),
diR : (1,−2/3),

liL =

(
νi
ei

)
L

: (2,−1), liR : (1,−2),

φ =

(
φ+

φ0

)
: (2,−1).

(1)

where the subscripts L and R refer to left and right-
handed respectively, and i = 1, 2, 3 denote the three fam-
ilies. The numbers in parenthesis, (dimL, Y ), denote
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the transformation properties under the gauge group.
Namely, dimL is the dimension of the object with respect
to the SU(2)L symmetry, and Y is the hypercharge. The
electric charge of a particle (Q) can be computed through
the relation

Q =
1

2
(Y + 2T3) (2)

where T3 is the third component of isospin.
In order to ensure local invariance under the SU(2)L×

U(1)Y group, the ordinary derivative (∂µ) must be re-
placed by the covariant derivative (Dµ). For a generic
field Ψ:

∂µΨ→ DµΨ =

[
∂µ + i

g

2
W a
µ τ

a + i
g′

2
Bµ

]
Ψ, (3)

where four gauge bosons must be introduced, namely
W a=1,2,3
µ and Bµ for the SU(2) and U(1) symmetries

respectively. In (3), g and g′ are the coupling constants
for SU(2)L and U(1)Y , and τa are the Pauli matrices.

B. The Scalar Potential and Spontaneous
Symmetry Breaking

Empirically, it is known that the vacuum has no charge
or spin because of its charge neutrality and isotropy.
Thus, while it is not possible for fermions or non-scalar
bosons to have a non-vanishing vacuum expectation value
(VEV), this may not be true for neutral scalar fields. For
a general scalar field, the VEV corresponds to the mini-
mal energy configuration of the field and, as such, is com-
puted through the minimization of the scalar potential,
V (φ):

V (φ) = µ2φ†φ+ λ(φ†φ)2. (4)

The only possibility where the VEV is non-zero and the
potential is bounded from below is µ2 < 0 and λ > 0.
In this case, the scalar field can be described by its VEV
along with oscillations around it (the physical Higgs par-
ticle h): φ = v + h(x), where v is the resulting VEV,

v = eiθ
√
−µ2

λ
, (5)

in which θ is a phase that can be taken zero. This is
how Spontaneous Symmetry Breaking (SSB) occurs, the
potential is symmetric under the gauge group but the
vacuum is not. After SSB, bilinear (mass) terms arise in
the Lagrangian.

In particular, for neutral gauge boson masses, we need
to diagonalise the mass matrix

M2
0 =

1

2
v2

[
g2 −gg′
−gg′ g′2

]
, (6)

given in the basis (W 3
µ , Bµ). Its eigenvectors are:

Aµ = sin θWW
3
µ + cos θWBµ,

Zµ = cos θWW
3
µ − sin θWBµ,

(7)

which correspond to the physical gauge bosons. The an-
gle θW , known as Weinberg or weak angle, is determined
by enforcing that Aµ is the eigenstate of mass zero:

tan θW =
g′

g
. (8)

Defining

W±µ =
W 1
µ ∓ iW 2

µ√
2

, (9)

we find that the full boson mass spectrum is

mh =
1

2
v
√
λ =

√
−2µ2, (10)

mW±µ
=

√
1

2
g2v2, (11)

mZ = v

√
g2 + g′2

2
=

gv√
2cw

, (12)

mA = 0. (13)

C. Fermion Weak Interactions: Charged and
Neutral Currents

The lepton-gauge interaction Lagrangian in the SM is
given by

Llint =
i

2
liL

(
ig /W

i
τ i − ig′ /B

)
liL − g′liR /BliR =

− 1

2

(
νiL liL

) −g /W 3
+ g′ /B g

(
/W

1 − i /W 2
)

g
(
/W

1
+ i /W

2
)

g /W
3

+ g′ /B

(νiL
liL

)
− g′liR /BliR,

(14)
where /D ≡ γµDµ, and γµ are the Dirac matrices. The
off-diagonal terms describe the electroweak charged cur-
rent (CC) Lagrangian, which for leptons is

LlCC =
g√
2

(
νiLγ

µW−µ liL + liLγ
µW+

µ νiL
)

≡ g√
2
jl,µCCW

−
µ + h.c..

(15)

On the other hand, the diagonal terms describe the neu-
tral currents (NC), since they involve only neutral gauge
bosons. Using the definition (7), the NC Lagrangian be-
comes:

LlNC = −1

2
liL [(gcW − g′sW ) γµZµ + (gsW + g′cW ) γµAµ] liL

1

2
νiL (gcW + g′sW ) γµZµνiL

+ g′liR (cW γ
µAµ − sW γµZµ) liR.

(16)
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D. Fermion Masses and Quark Mixing

SSB allows not only for massless gauge bosons to be-
come massive, but also generates fermion masses. Via
SSB, we can extract fermion masses from the Yukawa
terms. Namely, we obtain

LYuk ≡

−Y dijQiLφdjR − Y
u
ijQiLφ̃ujR − Y

l
ij liLφljR + h.c.

SSB−−−→

− 1√
2

(v + h)
(
Y dijdiLdjL + Y uijuiLujL + Y lij liLljL

)
+ h.c.

=−Mu
ijuiLujL −Md

ijdiLdjL −M l
ij liLljL + h.c. + Lfint,

(17)
where Mu,d,l = vY u,d,l are the mass matrices for
fermionic fields, and Lfint contains the fermion-Higgs in-
teraction terms. As, in general, Y u,d,l are 3× 3 complex
matrices, there is no reason to assume that Mu,d,l are
diagonal. Hence, a rotation is needed to define the mass
eigenstates (physical basis):

ψiL →
(
V ψL

)
ij
ψjL ≡ ψ′jL ψiR →

(
V ψR

)
ij
ψjR ≡ ψ′jR,

(18)
where ψ denotes the fermion fields u, d, and l; and the ψ′

denotes the rotated fields. The mass matrices become:

V uL
†MuV uR =diag (mu,mc,mt) ,

V dL
†
MdV dR =diag (md,ms,mb) ,

V lL
†
M lV lR =diag (me,mµ,mτ ) ,

(19)

where mψ denotes the mass of particle ψ. The rotations
of up- and down-type quarks will affect the quark-charged
current in such a way that the quark-gauge interactions
are not diagonal:

LqCC =
g√
2
u′iL (V uL )

∗
ji γ

µ
(
V dL
)
jk
d′kLW

−
µ + h.c.

=
g√
2
u′iLγ

µ
(
V u†L V dL

)
ij
d′jLW

−
µ + h.c.,

(20)

giving rise to the Cabibbo-Kobayashi-Maskawa (CKM)
matrix, VCKM:

VCKM = V u†L V dL , (21)

which relates quark mass and weak eigenstates. Leptonic
CCs are not affected since the absence of neutrino mass
terms in the theory allows us to rotate charged leptons
to any basis.

III. THE LEFT-RIGHT SYMMETRIC MODEL

The SM is a theory built to fit experiment. The nature
of weak decays motivated the chiral essence of the theory:
the phenomenology of left- and right-handed particles is

clearly and abundantly different. However, there is no
reason for this to be the case, and it would be natural to
assume that, at a higher energy, left and right chirality
are at equal footing. This is the idea behind left-right
symmetric models: to extend the gauge group in such a
way that at a higher energy, the theory is parity sym-
metric and that parity is broken in such a way that a
SM-like paradigm can be achieved. Thus, parity viola-
tion is no longer an ad hoc assumption based on empirical
evidence, but rather a feature arising from the vacuum
configuration of the theory. Moreover, neutrino masses
and mixing are automatically accounted for in LRSMs.

A. Electroweak Sector of the LRSM

The gauge group of the LRSM is SU(3)c × SU(2)L ×
SU(2)R×U(1)B−L, where B−L stands for the difference
between baryon and lepton numbers. There are several
versions of this model in the literature [1, 2] which differ
in their scalar content. Usually, motivated by the con-
cept of this theory, a discrete left-right (LR) symmetry is
imposed. To do so, it is necessary for the scalar sector to
have either a right-handed doublet or triplet to break the
SU(2)R symmetry, and a left-handed counterpart for the
symmetry to be realised. However, the field content of
the LRSM requires a Higgs bidoublet for Dirac terms to
exist. Since the discrete LR symmetry is optional, there
is no need for the extra left-handed scalar field. This
simplifies the scalar potential and reduces the number
of extra parameters and particles. Since most theories
that work under the assumption of the discrete LR sym-
metry also assume a negligible VEV for that field, the
underlying physics is very similar in both cases. In this
section, we work under the paradigm of no imposed LR
discrete symmetry, and we consider the existence of a
right-handed scalar triplet resulting in the field content

QiL ≡
(
ui
di

)
L

: (2, 1, 1/3), QiR ≡
(
ui
di

)
R

: (1, 2, 1/3)

liL ≡
(
νi
ei

)
L

: (2, 1,−1), liR ≡
(
νi
ei

)
R

: (1, 2,−1)

Φ ≡
(
φ0

1 φ+
2

φ−1 φ0
2

)
: (2, 2, 0), ∆R ≡


δ+
R√
2

δ++
R

δ0
R −

δ+
R√
2

 : (1, 3, 2).

(22)
The subscripts L and R denote left- and right-handed.
i = 1, 2, 3 identifies the fermion family, and the super-
scripts of the scalar fields are their electric charge. The
numbers in parenthesis characterise the transformation
properties under the theory’s gauge group. φ1 and φ2

are the components of the Higgs bidoublet Φ.
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The electric charge can be computed through the hy-
percharge (Y = B − L), where T3 are the eigenvalues of
the SU(2) generators:

Q = T3L + T3R +
B − L

2
. (23)

Under gauge transformations, the fermion fields trans-
form as:

Ψ′L = ULUY ΨL, Ψ′R = URUY ΨR, (24)

where UL,R and UY are the SU(2)L,R and U(1)Y trans-
formations, respectively, and gL,R and g′ are the cou-
plings of SU(2)L, SU(2)R, and U(1)B−L. As before, ~τ
are the SU(2) generators:

UL,R = e−igL,R(~τ/2)~θ(x), UY = e−ig
′(Y/2)Θ(x), (25)

where ~θ(x) and Θ(x) show the local character of the
transformations. To ensure gauge invariance, one intro-
duces seven gauge fields: (W 1,2,3

L,R )µ, and Bµ. The covari-
ant derivates then read

DµΨ′L =
(
∂µ − igL ~τ2 ~WLµ − ig′ Y2 Bµ

)
ΨL,

DµΨ′R =
(
∂µ − igR ~τ2 ~WRµ − ig′ Y2 Bµ

)
ΨR.

(26)

We are now able to construct the fermion-gauge inter-
action Lagrangian

Lf = ψLγµ

(
i∂µ + gL

τa

2
W a
Lµ + g′

Y

2
Bµ

)
ψL+(L→ R) ,

(27)
and the gauge-gauge interaction Lagrangian

Lg = −1

4
Wµν
Li WLiµν −

1

4
Wµν
RiWRiµν −

1

4
BµνBµν , (28)

where, denoting the structure constants of the SU(2)
group by fabc, we have

Wµν
L,Ri = ∂µW ν

L,Ri − ∂νW
µ
L,Ri − gL,RfjkiW

µ
L,RjW

ν
L,Rk,

Bµν = ∂µBν − ∂νBµ.
(29)

As usual, fermion (Dirac) masses come from the Yukawa
Lagrangian after EWSB via the Higgs bidoublet Φ. Since
these terms couple left- and right-handed fields to a scalar
field, the latter must transform as a left field on the left,

and as a right field on the right (Φ′ = ULΦU†R), hence
the bidoublet structure. As such, we can now construct
the Dirac Yukawa Lagrangian

LDirac =− liL
(
Y lij Φ + Ỹ lij Φ̃

)
ljR

−Qil
(
Y qij Φ + Ỹ qij Φ̃

)
QjR + h.c.,

(30)

where Φ̃ also transforms as (2, 2, 0) under the LRSM
gauge group, and can be defined as

Φ̃ = τ2Φ∗τ2 =

(
φ0

2
∗ −φ+

1

−φ−2 φ0
1
∗

)
. (31)

In order to build the kinetic terms for scalars, we need
to account not only for the bidoublet, but also for the
triplet ∆R. However, since we are using a 2 × 2 repre-
sentation for this field, we need to make use of traces
to construct singlet-invariant terms. Moreover, it can be
easily shown that we do not need to account for Φ̃ as
its terms would overlap with those of Φ (recall the cyclic
property of the trace and the fact that any squared Pauli
matrix is the identity). As such, the kinetic part of the
scalar Lagrangian will be

Lkin
Φ = Tr

[
(Dµ∆R)

†
(Dµ∆R)

]
+ Tr

[
(DµΦ)

†
(DµΦ)

]
,

(32)
where the covariant derivatives of the scalar fields are

DµΦ = ∂µΦ− igLW a
Lµ

τa

2
Φ + igRΦ

τa

2
W a
Rµ,

Dµ∆R = ∂µ∆R − igR
[
τa

2
W a
Rµ,∆R

]
− ig′Bµ∆R,

(33)

in which [A,B] = AB −BA.

B. Spontaneous Symmetry Breaking

The most general potential one can write in the LRSM
can be divided into Φ-Φ interactions (VΦ), ∆R-∆R inter-
actions (V∆R

), and crossed terms (VΦ,∆R
):

V (Φ,∆R) = VΦ(Φ) + V∆R
(∆R) + VΦ,∆R

(Φ,∆R). (34)

Explicitly, VΦ can be written as

VΦ =− µ2
1Tr[Φ†Φ]− µ2

2Tr[Φ†Φ̃]− µ2
2
∗
Tr[Φ̃†Φ]

+ λ1Tr[Φ†Φ]2 + λ2Tr[Φ†Φ̃]2 + λ∗2Tr[Φ̃†Φ]2

+ λ3Tr[Φ†Φ̃] Tr[Φ̃†Φ] + λ4Tr[Φ†Φ] Tr[Φ†Φ̃]

+ λ∗4Tr[Φ†Φ] Tr[Φ̃†Φ],

(35)

while V∆R
and V∆R,Φ are given by:

V∆R
= −µ2

3Tr[∆†R∆R] + α1Tr[∆†R∆R]2

+ α2Tr[∆†R∆†R] Tr[∆R∆R],
(36)

V∆R,Φ = ρ1Tr[Φ†Φ] Tr[∆†R∆R] + ρ2Tr[Φ†Φ∆R∆†R]

+ ρ3Tr[Φ†Φ̃] Tr[∆†R∆R] + ρ∗3Tr[Φ̃†Φ] Tr[∆†R∆R],
(37)
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respectively. In the above equations, µi have dimensions
of mass while λi, αi, and ρi are dimensionless coefficients.
Although there are other invariants of dimension four
one may construct with this given scalar sector, it can
be shown that they reduce to linear combinations of the
terms included in V (Φ). Hence, as all of the coefficients
of the potential are free parameters, it is possible to ig-
nore all redundant terms and restrict ourselves to those
presented above.

We must now assign a VEV to all neutral scalar fields,
namely:

Φ =

(
φ0

1 φ+
2

φ−1 φ0
2

)
SSB−−→ 〈Φ〉 =

1√
2

(
v1 0
0 eiθv2

)
, (38)

and

∆R =

(
δ+
R/
√

2 δ++
R

δ0
R −δ+

R/
√

2

)
SSB−−→ 〈∆R〉 =

1√
2

(
0 0
vR 0

)
.

(39)

As ∆R is connected to unseen physics and is the field
responsible for breaking the new SU(2)R symmetry, its
VEV must be high enough to ensure that its effects at
low energies are small. Therefore, we will consider the
limit vR � v1, v2. We introduce three quantities which
will be useful later on:

v =
√
v2

1 + v2
2 , tanβ =

v1

v2
, ε =

v

vR
. (40)

The vacuum configuration can be determined by min-
imizing the scalar potential given in (35)-(37). For sim-
plicity, we will consider θ = 0, leading to the minimiza-
tion conditions:

∂V

∂v1
= 0;

∂V

∂v2
= 0;

∂V

∂vR
= 0. (41)

After computing the VEV, all scalar fields may be de-
scribed by a physical particle oscillating around the vac-
uum. Inserting this into the Lagrangian, and keeping
only the bilinear terms, we get the boson mass terms.
The complex neutral scalar fields are defined as the nor-
malised sum of the real and imaginary components,

φ0 =
1√
2

(
φ0r + iφ0i

)
, (42)

where φ is general for φ0
1, φ0

2 and δ0
R. There will be mix-

ing between the singly-charged particles, the real com-
ponents, and the imaginary components. The doubly-
charged particle in this model is already physical. The
exact form of the mixing matrices can be seen in the the-
sis. By diagonalising them, one obtains the scalar boson

mass spectrum:

m2
δ++
R

=
1

2
ρ2v

2 cos 2β + 2α2v
2
R,

m2
H± =

1

8
ρ2 sec 2β

(
v2 cos 4β + v2 + 4v2

R

)
,

m2
A0 = v2 (λ3 − 2λ2) +

1

4
ρ2v

2
R sec(2β),

m2
h0 '

v2

2
[4λ4 sin 2β + 2 (λ1 + λ2) + λ3 − cos 4β (2λ2 + λ3)] ,

m2
H0

1
' 1

4
v2
R sec 2β

[
4ε2 cos3 2β (2λ2 + λ3) + ρ2

]
,

m2
H0

2
' α1v

2
R.

(43)
We also find two charged Goldstone bosons, G±1,2, and a

neutral one, G0
1. Denoting the h0 −H0

1 mixing angle as
α, the scalar fields can be written in terms of the physical
fields as

φ±1 =

√
2H± sinβ√

2 + ε2 cos2(2β)
+G±1 cosβ − εG±2 sinβ cos(2β)√

2 + ε2 cos2(2β)
,

φ±2 =

√
2H± cosβ√

2 + ε2 cos2(2β)
−G±1 sinβ − εG±2 cosβ cos(2β)√

2 + ε2 cos2(2β)
,

δ±R =
εH± cos(2β)√
2 + ε2 cos(2β)

+

√
2G±2√

2 + ε2 cos(2β)
,

φ0
1 ' −h0 sinα+H0

1 cosα+ i
(
A0 sinβ +G0

1 cosβ
)
,

φ0
2 ' h0 cosα+H0

1 sinα− i
(
A0 cosβ −G0

1 sinβ
)
,

δ0
R ' H0

2 + iG0
2.

(44)
For gauge bosons, we find

LgM =
(
W+µ
L W+µ

R

)
M̃2
W

(
W−Lµ
W−Rµ

)
+ h.c.+

+ 1
2

(
Wµ

3L Wµ
3R Bµ

)
M̃2

0

Wµ
3L

Wµ
3R
Bµ

 (45)

where we have chosen to rotate the W 1,2 fields into the
charge eigenstates

Wµ±
L,R =

W 1µ
L,R ∓W

2µ
L,R√

2
. (46)

The mass matrices of (45) are:

M̃2
W =

1

4

(
g2
Lv

2 −gLgRv2 sin 2βeiθ

−gLgRv2 sin 2βe−iθ g2
R

(
v2 + 2v2

R

) )
(47)

and

M̃2
0 =

1

2

 1
2g

2
Lv

2 − 1
2gLgRv

2 0
− 1

2gLgRv
2 1

2g
2
R

(
v2 + 4v2

R

)
−2gRg

′v2
R

0 −2gRg
′v2
R 2g′2v2

R

 .

(48)
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Although in most cases the phase θ is assumed to be zero,
it was intentionally left general here to show its irrelevant
nature as far as gauge boson masses are concerned.

These mass matrices given above can be diagonalised
through unitary rotations, defining mixing angles in such
a way that

(
W±µL
W±µR

)
=

(
cos ζ − sin ζ
sin ζ cos ζ

)(
W±µ

W ′±µ

)
(49)

where

tan 2ζ =
2gLgRε

2

2g2
R + (g2

R − g2
L)ε2

. (50)

The mixing between W and W ′ can be neglected in most
cases, i.e., one can safely assume W± ∼W±L and W ′± ∼
W±R . Finding the physical neutral gauge boson states
requires two mixing angles. To a good approximation,W 3µ

L

W 3µ
R
Bµ

 =

 cW O(ε2) sW
−sW cosϕ − sinϕ cW cosϕ
−sW sinϕ cosϕ cW sinϕ

ZµZ ′µ
Aµ

 ,

(51)
where cW ≡ cos θW and sW ≡ sin θW , being θW given
by:

cos θW = gL

√
g2
R + g′2

g2
L (g2

R + g′2) + g2
Rg
′2 . (52)

As for ϕ, we have

cosϕ =
g′√

g2
R + g′2

=
gL
gR

tan θW . (53)

The matrix entry (1, 2) is computed at order O(ε2), being

ε2

4
cot θW cosϕ sin3 ϕ� 1, (54)

since ε� 1. From here, we conclude that Z-Z ′ mixing is
controlled by the quantity

tan ξ =
cosϕ sin3 ϕ

sW

ε2

4
� 1. (55)

As for gauge boson masses, we have:

MW '
1

2
gLv

(
1− ε2

4
sin2 2β

)
,

MW ′ '
√

2

2
gRvR

(
1 +

ε2

4

)
,

MZ '
1

2
v

√
g2
L +

g2
Rg
′2

g2
R + g′2

' MW

cW

MZ′ ' vR
√
g2
R + g′2 '

√
2

sinϕ
MW ′ ,

(56)

where MW = MZcW holds at first order of ε, as well as√
2MW ′ = MZ′ sinϕ. Furthermore, and as it should, the

photon, Aµ, remains massless.

C. Fermion Masses and the Neutrino Seesaw
Mechanism

The most general quark Yukawa Lagrangian in the
LRSM is

LQYuk = −QL
(
YqΦ + ỸqΦ̃

)
QR + h.c., (57)

where Yq and Ỹq are general complex Yukawa matrices.
After SSB, the quark mass lagrangian becomes

LqM = −U ′LMuU
′
R −D

′
LMdD

′
R + h.c., (58)

where Mu and Md are mass matrices for the quarks and
U ′L,R and D′L,R are three-dimensional vectors composed
by the weak eigenstates of the quark fields. The above
matrices are diagonalised by biunitary transformations

U ′L,R = V uL,RUL,R, D′L,R = V dL,RDL,R, (59)

such that

V u†L MuV
u
R = diag (mu,mc,mt)

V d†L MdV
d
R = diag (md,ms,mb) .

(60)

The misalignment between V u and V d is in the origin of
quark mixing and the CKM matrix. If the phase θ in
the Higgs bidoublet VEV is nonzero, the CKM matrices
for the left and right-handed quarks will not coincide, as
seen in [4].

In the case of leptons, we have the Yukawa Lagrangian:

LlYuk = −lL
(
YlΦ + ỸlΦ̃

)
lR + h.c.− lcRYR∆RlR, (61)

where the superscript c refers to charge conjugation. As
for quarks, we can define the charged-lepton and Dirac
neutrino mass matrices, Ml and mD:

Ml =
1√
2

(
v1Yl + v2Ỹl

)
, mD =

1√
2

(
v2Yl + v1Ỹl

)
.

(62)
There is also a right-handed neutrino mass term MR =
vRYR = MT

R . Finally, the neutrino mass Lagrangian can
be written as

LνM = −1

2
(n′cLMνn

′
R + n′cRM

∗
νn
′
L) (63)

where

n′R =

(
ν′cR
ν′R

)
, n′L =

(
ν′L ν′L

c)
, ν′

c
L,R = Cν′

T

L,R

(64)
The full mass matrix is then:

Mν =

(
0 mD

mT
D MR

)
. (65)

In the LRSM, the VEV hierarchy vR � v automatically
implies MR � mD. This is the basis of the type-I see-
saw mechanism, which is a natural way to explain the
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smallness of neutrino masses. In this case, the effective
neutrino mass matrix is given by Mlight = −mDM

−1
R mT

D.

The fact that charged-leptons and neutrinos cannot be
simultaneously diagonalised brings forth the non-trivial
lepton mixing which was nonexistent in the SM: the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing ma-
trix, defined as

LCC → gL√
2
ναLγ

µ
(
Uν†U l

)
αi
liLW

−
µ + h.c. ≡

≡ gL√
2
ναLγ

µ
(
U†PMNS

)
αi
liLW

−
µ + h.c.,

(66)

where

UνTMlightU
ν = diag(m1,m2,m3),

U l
†
MlU

l = diag(me,mµ,mτ ).
(67)

In general, UPMNS can be parametrised as

UPMNS = Uδdiag
(
eiα1 , eiα2 , 1

)
, (68)

where α1,2 are Majorana phases and Uδ is

Uδ =

1 0 0
0 c23 s23

0 −s23 c23

 c13 0 s13e
−iδ

0 0 1
−s13e

iδ 0 c13


 c12 s12 0
−s12 c12 0

0 0 1


(69)

where the notation cij ≡ cos θij and sij ≡ sin θij was used
and δ is the Dirac CP-violation phase. The three angles
θij are the mixing angles between the three generations
of leptons.

IV. LEFT-RIGHT SYMMETRIC FLAVOUR
MODELS

We now study LRSMs, where both left- and right-
handed leptons are placed in a triplet representation of
the discrete group A4. The simplest model (compati-
ble with current neutrino data) one can build under the
concept explained above has the field content shown in
TABLE I. The flavour symmetry is A4 × Z2. Both left-
and right-handed lepton are placed in A4 triplets; two
flavons, ψl and ψν , are introduced, one of which is non-
trivially charged under the Z2 symmetry; one A4 singlet
is added to counteract unwanted consequences of the Z2

symmetry (the vanishing of the dimension-four term).
The scalar fields Φ and ∆R are singlets under A4, but
may be charged under Z2.

Symmetry lL lR Φ ∆L ∆R ψl ψν ξ

SU(2)L 2 1 2 3 1 1 1 1

SU(2)R 1 2 2 1 3 1 1 1

U(1)B−L −1 −1 0 2 2 0 0 0

A4 3 3 1 1 1 3 3 1

Z2 0 0 1 0 0 1 0 1

TABLE I: Field content of the LR flavour model and symme-
try assignments.

Given the field content, the Yukawa Lagrangian reads1

LYuk =lL
(
Yξξ + Yl1ψ

l + Yl2ψ
l
)

ΦlR+

+lL

(
Ỹξξ + Ỹl1ψ

l + Ỹl2ψ
l
)

Φ̃lR+

+lcR
(
Y 0
R + Y νRψ

ν
)
iτ2∆RlR,

(70)

where lcR transforms as lTR and τ2 is a Pauli matrix, and
the Yukawa matrices have the following structure, given
by the A4 tensor product in the basis of [6]:

Yl = (Y ξl + Yl1 + Yl2) = (71) y0
l + 2y1

l ψ
l
1 −(y1

l + y2
l )ψl3 −(y1

l − y2
l )ψl2

−(y1
l + y2

l )ψl2 y0
l − (y1

l − y2
l )ψl1 2y1

l ψ
l
3

−(y1
l − y2

l )ψl3 2y1
l ψ

l
2 y0

l − (y1
l + y2

l )ψl1

 ,

Ỹl = (Ỹ ξl + Ỹl1 + Ỹl2) = (72) ỹ0
l + 2ỹ1

l ψ
l
1 −(ỹ1

l + ỹ2
l )ψl3 −(ỹ1

l − ỹ2
l )ψl2

−(ỹ1
l + ỹ2

l )ψl2 ỹ0
l − (ỹ1

l − ỹ2
l )ψl1 2ỹ1

l ψ
l
3

−(ỹ1
l − ỹ2

l )ψl3 2ỹ1
l ψ

l
2 ỹ0

l − (ỹ1
l + ỹ2

l )ψl1

 ,

YR = (Y 0
R + Y νR ) =y0

R + 2yRψ
ν
1 −yRψν3 −yRψν2

−yRψν3 2yRψ
ν
2 y0

R − yRψν1
−yRψν2 y0

R − yRψν1 2yRψ
ν
3

 .

As usual, the mass matrices are defined by

Ml = v1Yl + v2Ỹl, mD = v1Ỹl + v2Yl, (73)

MR = vRYR. (74)

The flavon alignment of [3] reads, in our basis, ψl ∝
(1, 0, 0) and ψν ∝ (1, ω, ω2), where ω = e2iπ/3. This leads
to a diagonal charged-lepton mass matrix:

Ml = diag (a+ 2b, a+ c− b, a− b− c) (75)

1 Although flavon fields are scalars, we consider them to be di-
mensionless since we are normalizing them by an overall energy
scale.
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where a = v1yl0 + v2ỹl0, b = v1yl1 + v2ỹl1, and c =
v1yl2 + v2ỹl2. It is possible to verify that charged-lepton
masses can be accommodated in this model. Assuming
real parameters for simplicity, taking

a = − (ml1 +ml2 +ml3)

3
, b =

(−2ml1 +ml2 +ml3)

6
,

c =
ml3 −ml2

2
,

(76)

results in a diagonal squared mass matrix MlM
†
l =

diag(m2
l1,m

2
l2,m

2
l3), where mli can be assigned to any

of the lepton masses. Since mD has the same structure
as Ml, it will also be diagonal, and can be factorised as
mD = λ diag(1, r2, r3). The heavy right-handed neutrino
mass matrix MR is

MR = aR

2z + 1 −ω2z −ωz
. 2ωz 1− z
. . 2ω2z

 , (77)

where aR = vR yR0 and z = yR/yR0. Finally, the light
neutrino mass matrix reads:

Mlight =
m

3z + 1


z + 1 ωzr2 ω2zr3

. ω2 z(3z + 2)r2
2

3z − 1

(z − 3z2 + 1)r2r3

1− 3z

. .
ωz(3z + 2)r2

3

3z − 1

 ,

(78)
where m = λ2/aR.

In the left (right) plots of FIG. 1 we show our results
for several parameter correlations in the case of a Normal
Ordering (NO) (Inverted Ordering (IO)) neutrino mass
spectrum. The results shown are compatible with the
latest neutrino oscillation data obtained by the global
analysis of [7]. Different colours correspond to different
types of solution labeled in [3].

Analysing the results for NO (left plots), we see there
are two types of solution. One (AN : green dots) results
in maximal CP violation, which is currently preferred by
experimental data, i.e., sin δ = −1 is very close to the
best-fit point (bfp) for the phase δ. Nevertheless, in the
other type of solution (BN : blue dots), sin δ spreads the
entire range [−1, 1], but also shows results near sin δ =
−1 for higher values of mL. We also see that mL can take
any value from around 0.03 to 0.12 eV, while remaining
in a region near sin δ = −1. However, this range is not for
a single type of solution, requiring a shift from solution
AN to BN at around mL ≈ 0.09 eV.

While at this point both solutions seem suitable, FIG.
1 (middle left) shows that the results from BN have a
narrow range of results for θ23, which is in fact out of
the 1σ experimental range. As such, we conclude that
the most suitable type of solution is AN and, from FIG.
1 (bottom left), we note a clear correlation between θ23

and mL, where the higher values of mL require proximity
to θ23 = 45o. Since, the bfp of θ23 lies around 41.5o, the
resulting mL is small in comparison to the entire range

found, being mL ≈ 0.06 eV. Attending to the bfp values
of ∆m2

21 and ∆m2
31, we see that the heaviest neutrino

would be less than twice the mass of the lightest neutrino,
resulting in a non-hierarchical solution.

On the other hand, we find three different types of so-
lutions for IO: AI (green dots), BI (blue dots), and CI
(orange dots). From FIG. 1 (top right), we see that sim-
ilarly to NO, the AI solutions always result in maximal
CP violation, and BI shows a range for | sin δ| of approx-
imately [0.8, 1]. The new kind of solution, CI , shares
the range for sin δ of BI . We can see that mL is, in
general, smaller than the case of NO, with CI predict-
ing much smaller masses than the remaining solutions.
Again, larger values of mL are possible in solution BI ,
whereas AI predicts lighter but comparable values than
BI .

Interestingly, contrary to NO, where the bfp of θ23 ex-
cluded one solution, we see in FIG. 1 (middle right) that
all three types of solutions converge at the bfps of sin δ
and θ23. This convergence means that not only no so-
lution is excluded, but all three are predict values near
the bfps. We do not show any plots of θ12 nor θ12 since
these show no correlation with any other observables, and
their values spread all over the allowed range. As such,
all three solutions predict values near the bfps of sin δ
and θ23 (as well as the remaining neutrino observables).
This means that our reading of FIG. 1 (bottom right) has
three different predictions for mL, assuming θ23 ≈ 50o:
CI predicts mL ≈ 0.001 eV, AI predicts mL around 0.03,
and BI near 0.08 eV. Similarly to the NO case, the so-
lutions AI and BI predict that all three neutrino masses
lie in the same order of magnitude. However, the solu-
tion CI returns that the heaviest neutrinos would have a
mass fifty times greater than the lightest neutrino, being
a more hierarchical solution.

After reproducing the results of [3], we imposed a more
restrictive scenario where all Yukawa coupling are taken
to be real. The goal of this restriction is to assess if
flavon alignments are capable of generating spontaneous
CP violation. The extensive list of possible minima for
the two-triplet A4 potential given in [5] was analysed and,
requiring that the parameters of this potential are also
real, we find one case (ψl = (1, 1−i

√
3, 1+i

√
3) and ψν =

(2, 1+ω, 1+ω2) in the Altarelli-Feruglio basis) which can
accommodate current neutrino oscillation data. In this
case, the elements of the mass matrices read:

M11 = a+ 2b

M12 = −(1 + ω − ω2)(b+ c)

M13 = (1− ω + ω2)(c− b)
M21 = −(1 + ω − ω2)(b+ c)

M22 = a− b+ c

M23 = 2(1 + ω − ω2)b

M31 = (1 + ω − ω2)(c− b)
M32 = 2(1− ω + ω2)b

M33 = a− b− c,

(79)
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FIG. 1: Results of the A4 ×Z2 left-right symmetric model described in section IV. The left (right) plots correspond to the case
of a NO (IO) neutrino mass spectrum. For our analysis, we have used the neutrino oscillation data from the global analysis of
[7]. Different colours correspond to different types of solutions classified in [3].

where M is general for Ml and mD. For the case of Ml,
the parameters are given by:

a = v1y
0
l + v2ỹ

0
l , b = v1y

1
l + v2ỹ

l
1, c = v1y

2
l + v2ỹ

2
l ,

(80)
whereas for mD we have

a = v2y
0
l + v1ỹ

0
l , b = v2y

1
l + v1ỹ

l
1, c = v2y

2
l + v1ỹ

2
l .

(81)
The right-handed neutrino mass matrix is

MR = vR

4yR + y0
R −(y0

R + ω2yR) −(y0
R + ωyR)

. 2(y0
R + ωyR) y0

R − 2yR
. . 2(y0

R + ω2yR)

 .

(82)
These are all the needed ingredients to compute the

neutrino seesaw matrix, which will not be shown here,

due to its complicated structure. Although yR and y0
R

were taken as two separate parameters, they can amount
into a single parameter z = yR/y

0
R as in the previous

case. First, we note that this analysis does not take β
(40) into account. However, the requirement that the
leptonic (80) and neutrino (81) parameters are free, au-
tomatically excludes the case of β = π/4. In other words,
β = π/4 implies v1 = v2 and, therefore, Ml = mD. Since
this restriction was not applied, our results are valid for
β 6= π/4. Nevertheless, leptonic and neutrino parameters
can take remarkably distinct values, since this difference
governed by β, and the right-handed scale, vR. As such,
even in the parameter region close to β = π/4 we can
have valid results, through increasing vR until Yukawas
couplings are perturbative and are not fine-tuned. Since
yR and y0

R can be translated into a single parameter,
our parameter count shows three parameters for leptonic
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FIG. 2: Correlations for δ and θ23 (top), θ23 and mL (mid),
and θ23 and θ12 (bottom). In green (red), are shown the 3 σ
(1 σ) results.

masses (making them fully constrained), and four param-
eters in the neutrino sector (the same as before, except
for the imaginary component of z). Since we are fitting

5+1 parameters (three mixing angles, two squared mass
differences, and one CP violating phase), we are in the
presence of a predictive theory. As such, we take δ as a
prediction and do not enforce it to be within experimen-
tal range. We show the results in FIG. 2. It is important
to note that only the NO of neutrino masses proves valid.
FIG. 2 shows the correlation of δ and θ23 in the top, of
θ23 and. mL, where mL is the lightest neutrino mass, in
the middle, and of θ23 and θ12 in the bottom.

We can see from FIG. 2 (top) that we are able to place
δ at its bfp in one of the solutions. FIG. 2 (bottom) shows
it is possible to place θ23 and θ12 simultaneously inside
the 1 σ region from three different curves of this plot.
Analysing the found mass range for mL in FIG. 2 (mid-
dle), we see this model predicts a lightest neutrino of at
most 0.004 eV, resulting in slightly hierarchical neutrino
masses. Nevertheless, the most interesting result is that
δ can take non-zero values, with no complex parameters
in the Yukawa Lagrangian. This means that the source
of CPV must be spontaneous. Although the VEV has an
arbitrary phase that arises from a complex parameter in
the flavon potential, the imposition that it vanishes leads
to a ”geometric” SCPV (calculable phases only). That
is, although the VEV is not a true GSCPV alignment,
imposing that the phase vanishes forces the CPV source
to come from the group’s structure.

V. CONCLUSIONS

We find that the model put forth by [3] is capable of
accommodating current neutrino oscillation data. How-
ever, we see that it is possible to build more economical
models with the same field content, where all parame-
ters in the Yukawa Lagrangian are real. In this way, we
find a flavon alignment in which the model features ”ge-
ometric” spontaneous CP violation (GSCPV). However,
at least in our context of LR symmetric flavour models
for the LRSM, we see a definite preference for NO over
IO, since the model only proves valid for the first. In sum,
we discover a flavon alignment which is able to provide
SGCPV in the paradigm of a predictive theory.
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