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Abstract

Principal component analysis is one of the most popular statistical methods to analyse real data. Therefore,
there have been several proposals to extend this methodology to the symbolic data analysis framework, in
particular to interval-valued data.
In this paper, we deduce the population formulations of four of these algorithms: Centers Method,
Vertices Method, Complete Information Principal Component Analysis, and Symbolic Covariance Principal
Component Analysis. Based on these theoretical formulations, we propose a general methodology that
provides simplifications, additional insight and unification of the discussed methods. Additionally, we derive
an explicit and straightforward formula to define the symbolic principal component scores, equivalent to the
representation by Maximum Covering Area Rectangle.
Furthermore, the existence of atypical observations could distort the sample symbolic principal components
and correspondent scores. To overcome this problem, we propose two families of robust methods for
symbolic Principal Component Analysis: one based on robust covariance matrices and another based on
Projection Pursuit. A simulation study is conducted to access the performance of these procedures, allowing
us to conclude that they can accommodate small deviances from the specified central model.

Keywords: Symbolic data analysis, interval-valued variables, principal component analysis, robust statistics.

1 Introduction

In recent years we have witnessed a huge break-
through of technology which enables the storage of
a massive amount of information. Additionally, the
nature of the information collected is also changing.
In fact, besides the traditional format of recording
single values for each observation, we have the
possibility to record lists, intervals, histograms or
even distributions to characterize an observation.
However, conventional data analysis is not prepared
for neither of these challenges, and does not have
the necessary or appropriate means to treat ex-
tremely large databases or data with a more complex
structure.

For example, if we collect data about elementary
schools, one possible way to characterize each
school is by the number of students and the number
of professors needed to teach these students, where
we assume that each professor is only responsible
for teaching a class, which can include a variable
number of students. In a scenario like this we need
to find a way to summarize this information without
omitting or losing relevant knowledge about the data.
If we follow a conventional analysis we would be
tempted to describe each school by some summary
statistic of the number of students by teacher, but
perhaps this would not be the most appropriate way
to characterize this dataset.

Examples like this made it clear that it was nec-
essary to come up with better alternatives and in
particular, develop a new framework to handle these
new kinds of data. With these concerns in mind,
Symbolic Data Analysis (SDA) was proposed by E.
Diday.

In this new framework, the data may have resulted
from the aggregation of the individual observations
(micro-data) by interest concepts or groups (macro-
data) or are simply representations of abstract cat-
egories. Moreover, many kinds of new variables
were also introduced, for instance interval-valued
variables. In this new type of variable, instead of
a single value for each observation we consider an
interval of real numbers.

Nowadays, the SDA community is growing, devel-
oping and adapting the concepts and the statistical
methodologies applied in the conventional frame-
work to the scope of SDA, so that this new research
area provides versatile tools to analyse real data.

PCA is one of the most used statistical methods
in the analysis of real problems. Because of its
popularity, in recent years there have been several
proposals to extend this methodology to the SDA
framework, namely to interval-valued variables.

The SPC methods can be divided in three
groups, according to the strategy type: (i) symbolic-
conventional-symbolic, (ii) symbolic-symbolic-
symbolic, and (iii) hybrid. The first, and most
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popular, type considers symbolic data, transforms
it into conventional data, applies conventional
PCA and finally transforms it into a symbolic
representation. This is the strategy type used in
the following methods: CPCA and VPCA (Cazes
et al. [7]), Symbolic Object PCA and Range
Transformation PCA (Lauro and Palumbo [16]),
Complete Information PCA (Wang et al. [21]), and
Symbolic Covariance PCA (Le-Rademacher and
Billard [17]). Interval PCA (Gioia and Lauro [12])
considers the second type of strategy, namely all
the analysis is performed in a symbolic framework.
Finally, the third type considers input and output as
symbolic but in between uses conventional linear
combinations and interval algebra, as in the method
Midpoints and radii PCA (Palumbo and Lauro [18]).

One common aspect to all these methods is the
fact that they are all described by thorough algo-
rithms and their main purpose is to obtain sample
symbolic principal components. Moreover, there is
no clear insight on the similarities and differences
among the methods. So, for a researcher it is
difficult to choose the most adequate method to
solve a specific real problem. Usually, when a
simulation study is developed for comparison of
SPCA methods, the methods are compared with the
“best” known method, due to the lack of theoretical
values to use as a benchmark. For all these reasons,
we considered that it is essential to work on the
deduction of population formulations for the available
symbolic principal component estimation methods,
in a attempt to get additional knowledge about the
methods and the properties inherited by the resulting
principal components.

The last step of all symbolic-conventional-symbolic
methods is to obtain the SPC scores from the
conventional PC scores. The Maximum Covering
Area Rectangle (MCAR) representation, introduced
by Chouakria [8], is the most common method to
reconstruct the observations in the SPC space. So,
in order to deduce some theoretical properties of
the SPC scores it is also natural to try to develop
a simplified form to obtain the MCAR representation
in a population formulation.

Another aspect that aroused our interest was the
fact that, in the conventional framework, despite all
the advantages and potentialities of PCA, its results
may be extremely sensitive to the presence of outly-
ing observations. And since the procedure of most of
these symbolic PC estimation methods includes the
estimation of the PC in a conventional way, this may
imply that the symbolic methods are also affected by
the presence of these atypical observations.

This last concern motivated us to assess the im-

pact of outliers in the symbolic framework by means
of a simulation study. Moreover, if our suspicions
prove to be true it is also necessary to invest in
the development of robust PC estimation methods
for interval-valued data, based on procedures similar
to the ones used to attenuate this problem in the
conventional framework, namely using projection
pursuit (PP) methods or estimating the covariance
matrix in a robust manner.

The paper is structured as follows. In Section 2
special attention is given to the concepts of symbolic
variance and covariance and theoretical formulations
of these estimators are derived. In Section 3
four SPC estimation methods are reviewed and a
general and unifying formulation of these methods
is proposed. Moreover, an explicit and population
formulation of the MCAR representation of the SPC
scores is presented. Several approaches for robust
SPC estimation methods are introduced in Section 4.
A simulation study is conducted to evaluate the
performance of the methods under study in the
presence of small deviations from a central model.
Finally, the general conclusions of this work are
presented in Section 5.

2 Symbolic Covariance Matrices
In this work we focus on the study of interval-valued
variables. So, we start by defining this type of
variables using a notation adapted from [5].

Definition 2.1. An interval-valued variable Xj is a
mapping from a set E of statistical entities (individu-
als or categories) into a set B of intervals of R:

Xj : E → B,

such thatXj(ei) = ξij ,∀ei ∈ E and ξij = [aij , bij ] ⊂
R, with aij ≤ bij .

Admitting that each entity in E can be char-
acterized by p interval-valued variables, X =

(X1, . . . , Xp)
t, thus X(ei) = ξi, where ξi =

(ξi1, . . . , ξip)
t = ([ai1, bi1], . . . , [aip, bip])

t.

Eventhough, in the literature, there are different
notations to refer to the bounds of each interval, here
we use aij for the lower bounds and bij for the upper
bounds.

In general, the existing methods in SDA rely on
a non-parametric descriptive approach. When only
macro-data in the form of an interval in R are
available, [ai, bi], it is common to assume that micro-
data associated with that interval, follow a Uniform
distribution in [ai, bi], since this distribution is known
to model adequately ignorance about the distribution
of the associated micro-data. Nonetheless, some
recent studies (for instance, [6]) have begun to
introduce parametric models.
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Here we follow the same idea considered in [6] and
we represent each interval by its center and range.
This new representative elements can be obtained
from the bounds as:

cij =
aij + bij

2
and rij = bij − aij . (1)

Given a sample of size n from a population char-
acterized by p interval-valued variables, X =

(X1, . . . , Xp)
t, the observations on the ith entity are

written as ([ai1, bi1], . . . , [aip, bip])
t, or equivalently as

ci = (ci1, . . . , cip)
t and ri = (ri1, . . . , rip)

t, using
the centers and ranges representation (vide (1)).
Being so, the individual description of this object is
the “symbolic value” that the symbolic entity takes
for a given variable. In particular, the individual
descriptions associated with ([ai1, bi1], . . . , [aip, bip])

t

are all the points in the hyper-rectangle [ai1, bi1] ×
. . . × [aip, bip]. Based on this several authors have
proposed different formulas and respective deriva-
tions of what a sample mean, sample variance, and
sample covariance should be. In this section, we only
reproduce the final result and some reasoning about
those, and our main interest is in the formulation
of those descriptive statistics in terms of centers
and ranges, which we believe will give us additional
insight of what was done in each proposal.

The most straightforward approach is to sum-
marize each interval by its center and obtain the
traditional sample mean and variance as the sample
symbolic mean and symbolic variance, i.e.

x (1)

j =
1

n

n∑
i=1

aij + bij
2

, (2)

s (1)

jj =
1

n

n∑
i=1

(
aij + bij

2
− x (1)

j

)2

. (3)

This approach has the appealing of using the mean
of the interval centers as symbolic means, which
makes sense under the assumption that micro-data
follow a symmetric distribution in [aij , bij ]. Neverthe-
less, it ignores the contribution of potential variability
of the ranges in the definition of symbolic variance
and it corresponds to a possible conventional ap-
proach to deal with interval-valued data.

Alternatively, if we consider (2) as the definition of
sample mean, i.e., x (2)

j = x (1)

j , then in the definition
of the sample symbolic variance we can include the
mean variability of the interval bounds toward x (2)

j ,
i.e.:

s (2)

jj =
1

n

n∑
i=1


(
aij − x (2)

j

)2
2

+

(
bij − x (2)

j

)2
2

 . (4)

A third alternative was proposed by Bertrand and
Goupil [1], based on the assumption that micro-data

associated with a certain interval [aij , bij ] follow a
uniform distribution. In fact, these new definitions
were obtained from the empirical density function of
an interval-value variable Xj as:

x (3)

j =
1

2n

n∑
i=1

(bij + aij), (5)

s (3)

jj =

n∑
i=1

b2ij + bijaij + a2ij
3n

−

 n∑
i=1

bij + aij
2n

2

. (6)

Note that this proposal only differs from the previous
ones in the definition of symbolic variance.

For the symbolic covariance, three definitions were
already proposed. Billard and Diday [3] derived one
definition of symbolic covariance from the empirical
joint density of two interval-valued variables Xj and
Xl. This first definition is given by:

s (1)

jl =

n∑
i=1

(
bij + aij

)
(bil + ail)

4n
− x (1)

j x (1)

l , (7)

which corresponds to the sample covariance be-
tween the observed centers of Xj and Xl.

The second definition of symbolic covariance was
introduced in [4], in an attempt to incorporate the
between and within interval variations in a more
accurately way. This formulation arose from the
similarity between the conventional expressions for
variance and covariance. However, this definition will
not be discussed here.

Finally, in [2], Billard proposed a third definition
of symbolic covariance, which considers the explicit
decomposition of the covariance into Within Sum
of Products (WSP) and Between Sum of Products
(BSP). The Total Sum of Products (TSP) can be
decomposed as TSP = WSP + BSP , and since
n × s (3)

jl = TSP , according to the author s (3)

jl (j 6= l)
can be written in a simplified way as

s (3)

jl =
1

6n

n∑
i=1

[ (
aij − xj

)
(bil − xl)+

(
bij − xj

)
(ail − xl)

+2
(
aij − xj

)
(ail − xl)+2

(
bij − xj

)
(bil − xl)

]
.

(8)

If we rewrite (2) to (8) in terms of the centers
and ranges using (1), then it allows us to write
several versions of symbolic covariance matrices as
a function of Var(C), Var(R), and Cov(C,R), as
stated in the next theorem.

Theorem 2.1. Let C = (C1, . . . , Cp)
t and R =

(R1, . . . , Rp)
t be the vector of the centers and ranges

associated with p interval-valued variables, where
Var(C) = ΣCC , Var(R) = ΣRR. Then, Σj , j =

1, . . . , 4 are the (p× p) symbolic covariance matrices
obtained according to the combinations of symbolic
variances and covariances listed in Table 1.
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Table 1: Symbolic Covariance Matrices defined by the combina-
tion of several definitions of variances and covariances.

Variance Covariance Symbolic Covariance Matrix

(1) (1) Σ1 = ΣCC

(2) (1) Σ2 = ΣCC +
1

4
Diag

(
E(RRt

)
)

(3) (1) Σ3 = ΣCC +
1

12
Diag

(
E(RRt

)
)

(3) (3) Σ4 = ΣCC +
1

12
E(RRt

)

Proof. The full details of the rewriting of (2) to (8)
in terms of the centers and ranges can be found
in [20]. Then, if cij and rij , i = 1, . . . , n are
considered realizations of sequences of random
vectors: (Ci1, . . . , Cip, Ri1, . . . , Rip)

t with finite vari-
ances, Var(Cj) and Var(Rj), j = 1, . . . p and j 6= l,
then the weak law of large numbers guarantees that:

X
(1)

j =X
(2)

j = X
(3)

j =
1

n

n∑
i=1

Cij
p−→ E(Cj), (9)

S (1)

jj =
1

n

n∑
i=1

(
Cij − Cj

)2 p−→ Var(Cj), (10)

S (2)

jj =S (1)

jj +

n∑
i=1

R2
ij

4n

p−→ Var(Cj) +
E(R2

j )

4
, (11)

S (3)

jj =S (1)

jj +

n∑
i=1

R2
ij

12n

p−→ Var(Cj) +
E(R2

j )

12
, (12)

S (1)

jl =
1

n

n∑
i=1

CijCil − C̄jC̄l
p−→ Cov(Cj , Cl), (13)

S (3)

jl =S (1)

jl +

n∑
i=1

RijRil
12n

p−→ Cov(Cj , Cl) +
E(RjRl)

12
.

(14)

The reader should be aware that for Σ2 and Σ3,
the symbolic variance is not a particular case of
the considered symbolic covariance when j = l.
Moreover, the properties of the symbolic covariance
can be easily deduced from Theorem 2.1, but are
left for future work, given the lack of space to explore
them properly.

3 Symbolic Principal Compo-
nent Analysis

In the conventional framework, one of the main uses
of Principal Components Analysis (PCA) is as a
dimensionality reduction methodology. The key idea
behind this methodology is to find linear combina-
tions of the original variables whose vector of weights
are orthogonal to each other, with unitary norm
maximizing the variance of the new variables. These
restrictions lead to new uncorrelated variables, called
principal components, PCs, that preserve the total

(and generalized) variance of the original variables.
Moreover, it can be proved [15] that the weights
defining the PC, γi, are the eigenvectors of, Σ, the
covariance matrix of the original variables, X =

(X1, . . . , Xp)
t.

This is a widely used method because of the
frequent need to perform dimensionality reduction.
Additionally, the PCs are easily estimated and the
underlying concepts behind this method are in gen-
eral simple.

In what follows, we review four Symbolic Principal
Component (SPC) methods and analyse them with
the purpose of clarifying the underlining concepts
and properties.

From Definition 2.1 and (1), we can define an
interval-valued data matrix, ξ, summarizing the
macro-data characterizing n objects or entities, de-
scribed by p interval-valued variables as a (n × p)
matrix which presents the following format:

ξ =


[
c11 −

r11

2
, c11 +

r11

2

]
· · ·

[
c1p −

r1p

2
, c11 +

r1p

2

]
...

. . .
...[

cn1 −
rn1

2
, cn1 +

rn1

2

]
· · ·
[
cnp −

rnp

2
, cnp +

rnp

2

]

 .
(15)

3.1 CPCA
The centers method, commonly referred as CPCA,
was proposed by Cazes et al. [7]. The main principle
of this method is to transform the interval-valued data
matrix ξ (vide (15)) into a conventional data matrix
of the interval centers, C, defined in (16) and then,
perform a conventional PCA on the centers. The
process of constructing the SPC scores from the
classical PC scores of the centers will be addressed
in Subsection 3.6.

C =

 c11 · · · c1p
...

. . .
...

cn1 · · · cnp

 . (16)

As seen in Theorem 2.1, it is straightforward to note
that when we compute the sample covariance matrix
of centers, C, we are considering the first definitions
of symbolic variance and covariance proposed. As
pointed out by Le-Rademacher and Billard [17], this
sample covariance matrix uses only the variation
between observations (summarized by the centers)
and does not take into account the variation within
the observations (summarized by the ranges). More-
over, the SPC obtained by this method completely
ignore the internal structure.

3.2 VPCA

The VPCA method was also proposed by Cazes
et al. [7] and, as the name suggests, is based on
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the vertices of the hyper-rectangles associated with
each observation. The first step of this algorithm is
to transform the interval-valued data matrix ξ into
a matrix of the interval vertices, V . Let ξi be
the ith observation in ξ, which can be associated
with the ith hyper-rectangle, which has 2qi vertices,
where qi is the number of non-trivial intervals (aij <
bij). Thus, this hyper-rectangle is represented by an
(2qi × p) matrix V i, of its vertices. And finally, the(

n∑
i=1

2qi × p

)
matrix of the vertices associated with

all observations, V , is defined as follows:

V =


V 1

...
V n

 =




c11 −

r11

2
· · · c1q1 −

r1q1
2

...
. . .

...

c11 +
r11

2
· · · c1q1 +

r1q1
2


...

cn1 −
rn1

2
· · · cnqn −

rnqn

2
...

. . .
...

cn1 +
rn1

2
· · · cnqn +

rnqn

2




.

(17)

Then, a conventional PCA is performed on V .
Finally, the algorithm constructs the SPC scores
from the classical PC scores of the vertices (see
Subsection 3.6).

This formulation can be rewritten to show that the
covariance matrix of the vertices can be defined as a
function of first and second moments of the centers
and ranges. Let us assume that all the interval-
valued variables are non-trivial, thus qi = p for i =

1, . . . , n then V is a (2pn× p) matrix.
Given the ith object described by

(ci1, . . . , cip, ri1, . . . , rip)
t, the 2p vertices,

characterizing the associated hyper-rectangle
can be written as{ (

wi11, . . . , wip1
)
, . . . ,

(
wi12p , . . . , wip2p

)
, i=1,...,n

}
,

(18)

where wijk represents the kth vertex coordinate de-
scribing the ith object, on the jth symbolic variable,
i = 1, . . . , n, j = 1, . . . , p, and k = 1, . . . , 2p. The
sample mean and the sample variance associated
with the jth coordinate of all vertices, and the sample
covariance between the jth and lth vertex coordinate
(j 6= l) can be obtained in terms of centers and
ranges, respectively, as:

w̄j =
1

n

n∑
i=1

cij = c̄j , (19)

s (W )

jj =
1

n

n∑
i=1

c2ij − c̄2j +
1

n

n∑
i=1

r2ij
4
, (20)

s (W )

jl =
1

n

n∑
i=1

cijcil − c̄j c̄l. (21)

Then, using the weak law of large numbers, in
similar way as in the proof of Theorem 2.1, we can
prove that the covariance matrix of the vertices used
in the VPCA method, SVPCA converges to

ΣVPCA = ΣCC +
1

4
Diag

(
E(RRt)

)
, (22)

which corresponds to Σ2, defined in Theorem 2.1.
The detailed proof of the previous results can be
found in [20].

This result written as function of the sample quan-
tities was previously proved in [10] (vide pag. 233)
and, in some sense, also presented in [21] (vide
pag. 164), but was not formulated in this form. They
obtained the same decomposition for the covariance
matrix of the vertices recognizing that one of the
components represents the variation between the
centers of the observations and the other the interval
variation within each observation. Thus, the VPCA
method is an improvement over CPCA, since using
the vertices allows to consider some of the internal
variation of the observations, as proved in [10].

3.3 Complete Information PCA

In [21], Wang and co-authors argue that the SPCs
obtained in CPCA and VPCA only reflect the struc-
ture of the centers and the vertices of the hyper-
rectangles. In a attempt to incorporate the com-
plete information inside the hyper-rectangles, they
proposed a new method called the Complete Infor-
mation PCA method (CIPCA).

This approach is mainly based on the definition of
the inner product,

〈
Xj , Xl

〉
(j 6= l), and the squared

norm operators, ‖Xj‖2, for interval-valued data (vide
Definitions 2 and 3 in [21]).

It is important to note that ‖Xj‖2 6= 〈Xj , Xj 〉.
Moreover, the covariance matrix considered in this
method is computed by defining:

CovCIPCA(Xj , Xl) =
1

n

〈
Xj , Xl

〉
, j 6= l

=

n∑
i=1

(aij + bij)(ail + bil)

4n
. (23)

VarCIPCA(Xj) =
1

n
‖Xj‖2,

=

n∑
i=1

(a2ij + aijbij + b2ij)

3n
. (24)

Then, we obtain the spectral decomposition of the
covariance matrix.

Similarly as before, we can rewrite (23) and (24) in
terms of centers and ranges, leading to

CovCIPCA(Xj , Xl) =
1

n

n∑
i=1

cijcil − c̄j c̄l, j 6= l (25)
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VarCIPCA(Xj) =
1

n

n∑
i=1

c2ij − c̄2j +
1

n

n∑
i=1

r2ij
12
. (26)

Once again, using the weak law of large numbers,
as in the proof of Theorem 2.1, we can prove that
the sample covariance matrix associated with CIPCA
converges to

ΣCIPCA = ΣCC +
1

12
Diag

(
E(RRt)

)
, (27)

which corresponds to Σ3, defined in Theorem 2.1.

3.4 Symbolic Covariance PCA

This method, here referred as SymCovPCA, was
proposed by Le-Rademacher and Billard [17] and
is based on the direct computation of a symbolic
covariance matrix for the interval data matrix ξ. In the
first version of this method, the symbolic covariance
matrix was defined using the third definition for the
symbolic variance, S (3)

jj and the second definition
for the symbolic covariance, S (2)

jl , described in [20].
However, Billard [2] proposed a more straightforward
definition for the symbolic covariance, namely S (3)

jl ,
so the method was updated by considering this new
definition instead. Therefore, the current version is
based on the fourth symbolic covariance matrix, Σ4,
vide Theorem 2.1.

3.5 General form of the covariance ma-
trix

Until now, we have derived a limit covariance matrix,
ΣM , that serves as input to obtain SPCs associated
with a given method. In Theorem 3.1 we define
ΣM in a general an unifying way for these four SPC
methods.

Theorem 3.1. Let C = (C1, . . . , Cp)
t and R =

(R1, . . . , Rp)
t be the random vectors defining the

centers and the ranges of a p interval-valued random
vector. Let us assume that E(C) = µC , E(R) = µR,
Var(C) = ΣCC , and Var(R) = ΣRR exists. Then
the covariance matrix associated with method M, that
determinates the SPCs is:

ΣM = ΣCC + δMDM , (28)

with M∈{CPCA,VPCA,CIPCA,SymCovPCA}. The
constant δM and matrix DM are defined in Table 2.

Table 2: Coefficient Values for ΣM .

M δM DM Def. Symb. Cov. Matrix

CPCA 0 — Σ1

VPCA 1
4 Diag

(
E(RRt)

)
Σ2

CIPCA 1
12 Diag

(
E(RRt)

)
Σ3

SymCovPCA 1
12 E(RRt) Σ4

And, the procedure consists in the following steps:
1. Compute the (p×p) symbolic sample covariance

matrix, SM , corresponding to ΣM (vide (28));
2. Obtain the spectral decomposition of SM , as in

the conventional case;
3. Transform the conventional PC scores into SPC

scores, e.g. using MCAR.

Proof. Straightforward from the results derived in
Subsections 3.1 to 3.4. For additional details see
[20].

This general procedure allow us to unify the al-
gorithms associated to these methods. Thus all
the methods present the same complexity and can
be obtained more efficiently. Furthermore, this
approach provide us theoretical reference values for
each method which can prove to be really useful, for
instance when designing and analysing the results
of a simulation study. These theoretical formulations
give additional insight on the methods, since they
highlight what they have in common and what dis-
tinguishes them.

3.6 Representation of Symbolic Scores
Almost all the methods based on the strategy
symbolic–conventional-symbolic use the Maximum
Covering Area Rectangle (MCAR) representation to
write the symbolic objects in the space spanned by
the new variables. Hence, following the same line
of work as before, we derived an explicit formulation
of the MCAR representation in terms of centers and
ranges, that we state in the following theorem.

Theorem 3.2. Let C = (C1, . . . , Cp)
t and R =

(R1, . . . , Rp)
t be the random vectors of the cen-

ters and the ranges describing a p interval-
valued population, such that: E(C) = µC ,
E(R) = µR, Var(C) = ΣCC , and Var(R) =

ΣRR exist. Let ΣM be the matrix associ-
ated to a given symbolic-conventional-method M,
(M ∈ {CPCA, VPCA, CIPCA, SymCovPCA}), and
(λ1,γ1), . . . , (λp,γp) be the pairs of eigenvalues and
eigenvectors of ΣM , such that λ1 ≥ λ2 ≥ . . . ≥ λp ≥
0. Then the kth symbolic principal component of the
ith object (i = 1, . . . , n), according to MCAR method,
is given by:

SPCM
ik=

[
γt

k(Ci−µC)− 1
2 |γk|

tRi, γ
t
k(Ci−µC)+ 1

2 |γk|
tRi

]
.

(29)

The sample scores of the ith object on the kth SPC
are obtained considering the sample counterparts of
(29), as:

ˆSPC
M
ik =

[
γ̂t

k(ci−µC)− 1
2 |γ̂k|

tri, γ̂
t
k(ci−µC)+ 1

2 |γ̂k|
tri

]
,

(30)
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where γ̂k is the kth eigenvector of SM , the sample
covariance matrix associated with method M.

Proof. For k = 1, . . . p, the hyper-rectangle formed by

the first k ˆSPC, ( ˆSPC
M
i1, . . . ,

ˆSPC
M
ik)t is the MCAR k-

dimensional representation of the ith object obtained
by the method M. Accordingly to this, we have:

ˆSPC
M
ik =

[
P̂C

M
k (min i), P̂C

M
k (max i)

]
, (31)

where k = 1, . . . , p, i = 1, . . . , n, γ̂k is the kth

eigenvector of SM and the bounds can be given by:

P̂C
M
k (min i) =

p∑
j: ˆγkj>0

(
aij − x̄j

)
γ̂kj

+

p∑
j: ˆγkj<0

(
bij − x̄j

)
γ̂kj , (32)

P̂C
M
k (max i) =

p∑
j: ˆγkj>0

(
bij − x̄j

)
γ̂kj

+

p∑
j: ˆγkj<0

(
aij − x̄j

)
γ̂kj . (33)

Considering that aij = cij−
rij
2
, bij = cij +

rij
2

, and
x̄j = c̄j , we can rewrite the bounds as

P̂C
M
k (min i) =

p∑
j: ˆγkj>0

(
cij −

rij
2
− c̄j

)
|γ̂kj |

−
p∑

j: ˆγkj<0

(
cij +

rij
2
− c̄j

)
|γ̂kj |, (34)

P̂C
M
k (max i) =

p∑
j: ˆγkj>0

(
cij +

rij
2
− c̄j

)
|γ̂kj |

−
p∑

j: ˆγkj<0

(
cij −

rij
2
− c̄j

)
|γ̂kj |. (35)

Hence, after some calculations we can conclude that

ˆSPC
M
ik =

[
γ̂tk(ci − c̄)−

|γ̂k|tri
2

, γ̂tk(ci − c̄) +
|γ̂k|tri

2

]
,

(36)

where γ̂k is the kth eigenvector of SM , k=1,...,p,
|γ̂k| = (|γ̂k1|, . . . , |γ̂kp|)t, ci = (ci1, . . . , cip)

t,

ri = (ri1, . . . , rip)
t, and c̄ = (c̄1, . . . , c̄p)

t is the
sample mean vector of the centers. For further
details see [20].

From Theorem 3.2, we can deduce some proper-
ties of the SPC. Let Γ = [γ1, . . . ,γp] be the (p × p)
orthogonal matrix of the eigenvectors of ΣM . Then
the (p× 1) vector of the centers (ranges) of the SPC
is Γt(C − µC)

(
|Γ|tR, where |Γ| = [|γ1|, . . . , |γp|]

)
.

Being so, we can calculate the conventional mean
vectors and covariance matrices of the new centers
and ranges and deduce the following properties:

1. E
(
Γt(C − µC)

)
= 0;

2. E
(
|Γ|tR

)
= |Γ|tµR;

3. Var
(
Γt(C − µC)

)
= Λ − δMΓtDMΓ, where

Λ = Diag{λ1, . . . , λp}, δM and DM are defined
in Table 2;

4. Var
(
|Γ|tR

)
= |Γ|tΣRR|Γ|;

5. Cov
(
Γt(C − µC), |Γ|tR

)
= ΓtΣCR|Γ|.

The proof of these properties can be found in [20].

Despite its popularity, there are also some dis-
advantages associated with MCAR. The main one
is the fact that the resulting hyper-rectangles in-
clude scores of data points that did not belong to
the original data and as consequence the hyper-
rectangles frequently overlap, which complicates the
interpretation of the results. Therefore, two new ap-
proaches were suggested in an attempt to overcome
its drawbacks.

First, in [14] was introduced the construction of
convex hulls that subsequently are used to define
Parallel Edges Connected Shape (PECS). This new
closed shape is contained by the MCAR, so they
present lower over-fitting than the MCAR but still in-
clude points that are not part of the data. Additionally,
this representation is limited to two dimensions and
relies on computationally demanding optimization
procedures.

The second approach was proposed by Le-
Rademacher and Billard [17] and is based on poly-
tope theory. This geometric objects are constructed
to represent the true structure of interval-valued
observations in the SPC space. In particular, each
polytope is obtained by connecting the representa-
tion of the vertices in the SPC space and does not
include points that do not belong to the data, so
clearly it is contained in the correspondent PECS.
The authors of [17], argue that using projections of
polytopes facilitates the visualization of the scores
and consequently the interpretation of the results.

4 Robust Symbolic Principal
Component Analysis

Despite all the advantages and potentialities of PCA,
its results may be extremely sensitive to the pres-
ence of outlying observations. Outliers are still a
largely unexplored topic in the context of SDA. The
few studies about this issue are relatively recent and
do not address outliers and robust estimation meth-
ods in the scope of SPCA. For instance, methods
based on the Mahalanobis distance were introduced
in [11].
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We started our study by analysing the sensitivity
to outliers of the classical SPCA estimators studied.
Thereby, we concluded that these classical SPC
methods are also severely affected by the presence
of atypical observations. This was expected since
these methods were not designed with this concern
in mind, and the PC estimation method (used as in
the conventional step) is not robust.

In what follows, we propose two approaches to
obtain robust SPC methods. We also use the
strategy symbolic-conventional-symbolic, but in the
conventional step we estimate the PCs robustly.

4.1 Robust covariance matrix

The simplest and more intuitive technique to obtain
robust PCA is to calculate principal components
using robust estimates of location and covariance
instead of its classical versions. In theory any good
robust estimator of the covariance matrix can be
used as input to the method. However, due to
its acknowledged benefits we decided to consider
the fast Minimum Covariance Determinant (MCD)
estimator (vide Rousseeuw and Van Driessen [19]).
The basic idea behind this estimator is to consider
all possible subsets of size h and find the sub-
set {xi1 , . . . ,xih} whose covariance matrix has the
smallest determinant.

The major disadvantage of this estimator is that it
can only be applied to datasets where the number of
observations is larger than the number of variables.

The first approach we present (version A) is based
on the straightforward computation of the Fast MCD
estimator and can be defined, as follows:

1. Build the matrix of the centers (CPCA) or the
matrix of the vertices (VPCA);

2. Compute its robust location and scale esti-
mates using the Fast MCD estimator;

3. Obtain the SPCs based on Σ̂CPCA or Σ̂VPCA.
However, this approach can only be applied to obtain
robust versions of CPCA and VPCA, because the
original formulation of these methods is based on
obtaining a conventional data matrix, to which we
can apply the robust covariance estimator. Nev-
ertheless, we can extend these procedures to the
other methods by taking advantage of the paramet-
ric formulation for centers and log-ranges, and the
unified formulation of the SPC methods presented in
Section 3. Thus, similarly to what is done in [6] we
assume that (C, ln(R)) ∼ N2p(µ,Σ), where

µ =

[
µC
µR∗

]
, Σ =

[
ΣCC ΣCR∗

ΣR∗C ΣR∗R∗

]

Based on this, different versions of this procedure
were considered. For instance, in version B, Σ is
estimated robustly (using the MCD) from the data.
Then, we compute ΣM and obtain the SPCs.

It should be noted that for CPCA, both versions are
equal. For additional details see [20].

4.2 Projection pursuit
In an attempt to overcome the disadvantages of
the previous approach, several estimators emerged
based on the application of Projection Pursuit (PP)
principles. The general aim of these procedures is
to project multivariate data onto a lower-dimensional
subspace in order to find interesting patterns in the
data. The choice of the new subspace is done
by maximizing a projection index. In [13], Huber
proved that PCA is a particular case of PP, where
the variance of the projected data is used as the
index and the maximization procedure is subjected
to orthogonality constraints.

For a dataset with n observations and p variables,
the first principal component is computed by finding
the unit vector u which maximizes the variance (S2)
of the projected data. This method allows sequential
estimation of the principal components, so, the kth

component, with 1 < k ≤ p, is defined similarly to
the first, including the condition of being orthogonal
to the previous (k− 1) components. Thus, the robust
PCA based on PP can be obtained by replacing the
variance by a robust estimator.

Despite the existence of several methods of this
nature, here we only consider the method PCAGRID
proposed in [9], due to its high robustness and
precision. This method uses a search algorithm
in the plane, on a regular grid, to compute an
approximation of the PP estimators for PCA.

The procedure we propose can be defined as:
1. Build the matrix of the centers (CPCA) or the

matrix of the vertices (VPCA);
2. Apply the Grid search algorithm using the

MAD or the Qn estimator to detect the direc-
tions with the largest variance;

3. Obtain the SPCs.
Since this approach requires to consider a conven-
tional data matrix as input, as for the version A, it
can only be applied to CPCA and VPCA.

Unlike the previous approach, PP can be applied
when the number of variables is larger than the
number of objects. Another property that makes
this family of methods appealing is that it uses one-
dimensional robust estimators, leading to simple,
faster, and in general better robust properties than
using p-dimensional robust estimators.
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4.3 Comparative study

We have conducted a simulation study to evaluate
the impact of outliers in the performance of the
classical and robust methods discussed in this work.
The set up considered is presented below:
• p = 2 (number of interval variables);
• n = 100 (number of objects);
• m = 500 (number of replications);
• ε = 0, 0.05, 0.1, 0.15, 0.2 (contamination levels).
• SPC Methods

– Classical: CPCA, VPCA, CIPCA, SymCovPCA;
– Robust:

* based on PP: CPCAgridMAD, CPCAgridQn,
VPCAgridMAD, VPCAgridQn;

* based on robust covariance: CPCAcovMCD A,
VPCAcovMCD B, CIPCAcovMCD B and SymbCov-
PCA B.

In the simulation we generated interval-valued
data by simulating centers and log-ranges following
multivariate Normal models (vide [6]).

We assumed that (C, ln(R)) ∼ N2p(µMk
,ΣMk

),
R∗ = ln (R) and

µMk
=

[
µMk,C

µMk,R∗

]
, ΣMk

=

[
ΣMk,C 0

0 ΣMk,R∗

]
,

and considered the following values for the param-
eters of the central model (M0):

µM0,C = (0, 0)t, µM0,R∗ = (0, 0)t,

ΣM0,C =

[
2 1.2

1.2 1.5

]
, ΣM0,R∗ =

[
0.4 0.14

0.14 0.07

]
.

We generated each observation from this model
with probability 1− ε, where ε is the level of contam-
ination and we generated each observation from the
following contaminated model, with probability ε:
(MmCi). Models with contamination in µC :

µmCi,C = (2i, 0)t and µmCi,R∗ = µM0,R∗ .

where i = 1, 2, 3, 5.
After having generated a sample of size n = 100,

the log-ranges, r∗, are transformed in ranges, r and
the classical and robust estimation methods were
applied.

The theoretical eigenvalues and eigenvectors ob-
tained based on the population formulations (Sec-
tion 3) allowed us to compute measures of perfor-
mance for each method (and j = 1, . . . , p). Let
λj(uj) be the theoretical eigenvalue (eigenvector)
associated with the jth SPC and λ̂j(k)(ûj(k)) the
estimation of λj(uj) based on the kth simulated
sample, k = 1, . . . ,m. Then, we can compute:

• Absolute Cosine Value (ACV)

ACV (ûj) =
1

m

m∑
k=1

∣∣∣∣∣ ûtj(k)uj

‖ûj(k)‖ ‖uj‖

∣∣∣∣∣, (37)

• Relative Error (RE)

Re(λ̂j) =
1

m

m∑
k=1

∣∣∣∣∣ λ̂j(k) − λjλj

∣∣∣∣∣, (38)

• Mean Squared error (MSE)

MSE(λ̂j) =
1

m

m∑
k=1

(
λ̂j(k) − λj

)2
. (39)

Here we only consider the four classical SPC
methods and for each one we just include one robust
method from each type of proposal, namely version
B and the PP method using the MAD estimator.

In all the kernel density plots in Figure 1, we have
marked the different theoretical values for the first
eigenvalue, which enables an adequate comparison
of the different estimation methods. In Figure 1a the
results are based on data generated from the central
model and the kernel densities for all methods
are centered around the corresponding theoretical
eigenvalue, which validates the theoretical values
obtained. When we submit the data to an aggressive
contamination in the centers (model MmC5) it
appears a sharp gap between classical and robust
approaches and the last ones remain relatively
close to the theoretical value (vide Figure 1b). So,
for 5% of contamination, our robust proposals are
performing as desired, properly accommodating
the deviations. For higher contamination levels
this becomes even more obvious and the robust
methods tend to form two groups: approaches
based on robust covariances and methods based on
PP.

By way of example, in Figure 2a we represent the
MSE of the first eigenvalue obtained for a model with
a severe contamination in the mean of the centers
(model MmC3). As expected, the classical SPC
methods present the highest values of the MSE.
Moreover, the approaches based on robust covari-
ances lead to better results than the ones based
on PP. As for Figure 2b, it includes the ACV of the
first eigenvector for the same contamination model.
The conclusions for this plot are similar to the ones
regarding the MSE. Nevertheless, the PP methods
perform worst than the other robust approaches but
much better than the classical counterparts.
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(a) Model: M0, ε = 0.

(b) Model: MmC5, ε = 0.05.
Figure 1: Density plots of the first eigenvalue obtained for different
contamination models.

(a) MSE of the first eigenvalue.

(b) ACV of the first eigenvector.
Figure 2: Performance measures obtained for the contamination
model MmC3 and different levels of contamination.

5 Conclusions
In this paper we derived theoretical properties for
some SPC methods, in an attempt to clarify its
underlining concepts. In particular, we wrote the
population symbolic covariance matrices in terms
of centers and ranges, acknowledging that each
covariance matrix studied is obtained by combining
specific definitions of symbolic sample variance and

covariance. Then, the formulation of these symbolic
covariance matrices was a key step to obtain a more
general population formulation for CPCA, VPCA,
CIPCA, and SymCovPCA, since each method is
based on the use of one of the analysed symbolic
covariance matrices. Along with this, we also de-
duced a straightforward formula to construct the SPC
scores that is equivalent to the representation by
MCAR. Finally, we proposed several approaches for
robust SPC methods and a simulation study allowed
us to conclude that these methods can accommo-
date small deviances from a central model.
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