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Abstract

Linear tolerance analysis is a well studied problem with its most important tools being the Worst
Case, the Root Sum of Squares and the Six-sigma methods. Concerning nonlinear tolerance analysis,
more general approaches are needed. In this paper, we will address the Delta method - whose Root
Sum of Squares method is a particular case - and the Monte Carlo method. Since the tolerance analysis
issue is closely linked to cost optimization, we will formulate a minimization problem with equality
and inequality constraints. To solve it, we will use the Lagrange Multipliers method and a barrier
algorithm. Concerning the objective function, we will use classical models which embody the intuitive
idea that tighter is the tolerance, the higher the associated cost. It will also be mentioned a way to
solve this minimization resorting to cubic splines that interpolate a cost-tolerance table. At last, the
tolerance analysis methods and optimization algorithms will be applied to a real problem as well as
make some numerical simulations.
Keywords: Nonlinear tolerance analysis, Delta Method, Monte Carlo simulation, Cost optimization

1. Introduction
The goal of this work is to present some tools to
perform nonlinear tolerance analysis and to explore
some optimization methods in order to obtain the
best tolerance allocation associated with minimum
cost. This problem was initially proposed by Bosch
Termotecnologia SA in order to understand the
overall tolerance associated with nonlinear equa-
tions that are found in their manufacturing context.

1.1. The problem in industry
In a manufacturing framework, tolerance analysis
arises because of the inability to produce parts ex-
actly according to nominal [11]. Thus, this field of
study can be used to predict the effects of man-
ufacturing variation on finished products [10]. In
particular, it helps the engineer to identify critical
and less critical components, leading to a distinc-
tion between the ones that require stringent control
and the ones that require simpler and less costly
manufacturing techniques [9].

More generically, consider a set of N variables
X1, X2, . . . , XN - that may represent mechanical
components or physical quantities - and a rela-
tionship between them given by a generic model
Y = g(X1, X2, . . . , XN ) - the assembly. Tolerance
analysis provides tools to quantify the effect pro-
duced in Y resulting from changes performed in
each Xi.

Consider now the example represented in Figure

1. It illustrates the classical example of a one-way
clutch and consists of a ring of radius f , a hub of
half width a and four rollers of radius c = c1 = c2.
According to some authors [3], the pressure angle
φ = φ1 = φ2 must be between a specific range.
It is simple to compute the expression of φ using
trigonometric properties. Thus, we obtain the final
nonlinear equation

φ = cos−1
(
a+ c

f − c

)
. (1)

The problem is then to understand how variations
in the components a, c, and f affect the compo-
nent φ and if this value is within the specific range
mentioned before.

Figure 1: One-way clutch, example taken from [2].

Since the seemingly arbitrary task of assigning
tolerances can have a large effect on the cost and
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performance of manufactured products [5], toler-
ance analysis may lead to more efficient (and less
costly) processes. In order to accomplish that, it
is necessary to formulate an optimization problem
whose cost function assigns a cost inversely propor-
tional to the size of the specification tolerance in-
terval of the components.

1.2. Outline
This paper is organized as follows. In Section 2,
we describe some basic notions about error prop-
agation and linear tolerance analysis. In Section
3, we account for some nonlinear tolerance analysis
methods, such as the Delta Method and the Monte
Carlo Simulation. Further, in Section 4, a cost op-
timization problem which seeks for the least costly
tolerance allocations is formulated for equality and
inequality constraints. In Section 5, a pratical ex-
ample is analyzed in the light of the tolerance anal-
ysis and cost optimization theory studied before as
well as performed some numerical simulations. At
last, some conclusions and remarks about possible
future work are presented in Section 6.

2. Basic Notions

2.1. Propagation of Error
Error analysis is the study and evaluation of uncer-
tainty in measurements [12]. Even the most direct
measurements carry inevitable uncertainties. Thus,
it is important to introduce the notion of absolute
and relative errors.

Definition 1. Let x be the true or expected value
and x̃ be the measured or inferred value. Then, the
absolute error is given by |∆x| = |x− x̃|. Moreover,
the relative error is given by δx = ∆x/x.

The relative error expresses the accuracy of the
measurement. Since it is not possible to measure
directly many physical quantities, it is important
to understand how the errors propagate when per-
forming mathematical operations. Therefore, given
several measurements, x̃1, . . . , x̃N , with known er-
rors δx1 , . . . , δxN

, we want to compute the associ-
ated error of a function g(x1, . . . , xN ) when it is
evaluated in x̃1, . . . , x̃N , i.e., δg(x). Furthermore,
when performing an algorithm to obtain g - a set
of operations such that their composition is g -
and considering the associated errors of these op-
erations, we want to compute the total final error.

Let x = (x1, x2, . . . , xN )T and x̃ =
(x̃1, x̃2, . . . , x̃N )T . A first-order Taylor Expan-
sion of a multivariate function g(x1, x2, . . . , xN )
around the point x is given by

g(x̃) ≈ g(x) + (x̃− x)T · ∇g(x)

≈ g(x) +

N∑
i=1

(x̃i − xi)
∂g

∂xi
(x)

(2)

where · stands for the inner product, wT denotes
the transpose of a vector w and ∇g(x) is the gra-
dient of g, i.e., a vector of size N where its i-th
entrance is ∂g

∂xi
(x).

If the function g is linearly well approximated as
∆x → 0, then equation (2) is a good approxima-
tion of g. In order to keep the notation simple, we
will denote by g(x) the first-order approximation
given by the Taylor series around x̃ of the function
g, although it is an abuse of notation. Since the
remainder term can be disregarded, we have that

δg(x) =
g(x)− g(x̃)

g(x)

=

N∑
i=1

xi
∂g
∂xi

(x)

g(x)
δxi
.

(3)

Definition 2. For a generic multivariate function

g, the values given by pxi =
xi

∂g
∂xi

(x)

g(x) are called con-
dition numbers. Moreover, the relative error of g is
given by δg(x) =

∑N
i=1 pxiδxi .

We can define an algorithm as a finite sequence
of m computations resulting in z = g(x). More
precisely,

z1 = G1(x),

z2 = G2(x, z1),

...
zm−1 = Gm−1(x, z1, . . . , zm−2),

zm = Gm(x, z1, . . . , zm−2, zm−1),

(4)

where z = zm andGi, with i = 1, . . . ,m, are simpler
functions such that their composition gives g. If
there is no other source of error, the composition of
the condition numbers pzi - i.e., the error associated
with zi, with i = 1, . . . ,m - is equal to the condition
number of the composition. Assuming that the step
zi comes with an error δei , meaning that

δz1 = pxδx + δe1 ,

δz2 = pz1δz1 + δe2 ,

...
δzm−1

= pzm−2
δzm−2

+ δem−1
,

δzm = pzm−1
δzm−1

+ δem ,

(5)

then we may formulate a more general formula for
the relative error in algorithms. Let δej be an error
given in step zj , with j = 1, . . . ,m, and δxi

the
relative error of xi, with i = 1, . . . , N . Then, the
relative error for z = g(x1, . . . , xN ) is given by

δz =

N∑
i=1

pxi
δxi

+

m∑
j=1

qjδej , (6)

where the coefficients qj depend on the chosen al-
gorithm.
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2.2. Linear Tolerance Analysis
Consider the generic linear model

Y = g(X1, . . . , XN ) =

N∑
i=1

ciXi, (7)

where ci = ±1. Each component dimension Xi,
with i = 1, . . . , N , has an associated nominal value
xi. Its range is a tolerance interval given by Ii =
[xi − ti, xi + ti], where ti > 0 is the correspon-
dent tolerance (we will assume an assymetry around
xi). Furthermore, the assembly’s nominal value y
is given by

y = g(x1, x2, . . . , xN ) =

N∑
i=1

cixi. (8)

The Worst Case method assumes that each com-
ponent’s dimension is at the minimum or maximum
of its tolerance interval. Therefore, the tolerance of
the assembly, that we will denote by tY , is given by

tY =

N∑
i=1

ti. (9)

Therefore, we may guarantee that the dimension of
the assembly Y will be in the interval IY = [y −
tY , y + tY ].

Assuming now that X1, X2, . . . , XN are indepen-
dent normal random variables with mean µi and
variance σ2

i , i.e., Xi
iid∼ N (µi, σ

2
i ). Our goal is

to measure the uncertainty inherent to our linear
model. In other words, we want to compute its as-
sociated variance and relate it to the assembly tol-
erance. We will denote µY and σ2

Y as the mean and
variance of Y , respectively. When dealing with just
one (input) random variable X, we will denote its
mean and variance as µ and σ2, respectively. When
dealing with estimators of the parameters, e.g. pa-
rameter σ2, we will denote it by σ̂2.

To apply the Root Sum of Squares method, it is
necessary that each manufacturing process is cen-
tered in µi and that the ±3σ is spread within the
tolerance limits. Computing the nominal value of
the assembly is then similar to (8), i.e.,

y =

N∑
i=1

ciµi. (10)

Regarding the tolerance, since

σ2
Y =

N∑
i=1

σ2
i

we have that

tY = 3σY = 3

√√√√ N∑
i=1

σ2
i . (11)

Thus, if all the assumptions are true, we guarantee
that the final assembly’s dimension will be in IY =
[y − tY , y + tY ] with a probability of 99.73%, or in
other words, with about 2700 pieces rejected per
million.

3. Nonlinear Tolerance Analysis
Consider now a generic nonlinear model

Y = g(X), (12)

where X = (X1, . . . , XN )T , illustrated in Figure 2.

g(.)

XN

X2

X1

Y...

Figure 2: Multi input - single output.

3.1. “Exact” Method
In order to compute the exact variance of certain
models, we will recurre to the some basic properties
of the expected value, variance, and covariance for
general random variables and specific moments of a
normal random variable, as well as the law of total
variance.

Theorem 1 (Law of Total Variance). Assuming
that X and Y are two continuous random variables
with finite variances, the law of total variance states
that

V (Y ) = E[V (Y |X)] + V [E(Y |X)], (13)

where E(·) is the expected value and V (·) is the vari-
ance.

3.2. Delta Method
There are three distinct meanings when referring
to the Delta Method: as an approximation for the
variance of a function of random variables, as a bias
correction for the expectation of a function of ran-
dom variables, and as the limiting distribution of a
function of random variables [6]. For our purposes,
we will focus on the first interpretation.

3.2.1 Mean and Variance Estimation

As seen in section 2.1, if we consider a first-
order Taylor expansion around the point µ =
(µ1, µ2, . . . , µN )T , we obtain

Y = g(X) ≈ g(µ) + (X− µ)T · ∇g(µ)

= g(µ) +

N∑
i=1

(Xi − µi)
∂g

∂Xi
(µ),

where, as before, · stands for the inner product, wT

denotes the transpose of a vector w and ∇g(x) is
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the gradient of g, i.e., a vector of size N where its i-
th entrance is ∂g

∂xi
(x). For sake of notation, consider

that
di =

∂g

∂Xi
(µ), i = 1, . . . , N,

and therefore

Y ≈ g(µ) +

N∑
i=1

(Xi − µi)di. (14)

Applying the properties of the expected value we
obtain

µ̂Y = g(µ) (15)

as the approximation of the mean of Y . Regard-
ing its variance, we have that σ2

Y = E[(Y − µY )2].
Using approximation (14) of Y and approximation
(15) of µY we obtain

σ̂2
Y = E

[(
N∑
i=1

(Xi − µ̂i)di

)2]

= E

[
N∑
i=1

(Xi − µ̂i)2d2i+

+

N∑
i=1

N∑
j=1

i 6=j

(Xi − µ̂i)(Xj − µ̂j)didj

]
.

(16)

Finally, applying again the properties of the ex-
pected value we obtain

σ̂2
Y =

N∑
i=1

d2i σ̂
2
i +

N∑
i=1

N∑
j=1

i 6=j

didj σ̂ij , (17)

where σij is the covariance between Xi and Xj . In
matrix notation,

σ̂2
Y = DΣ̂DT , (18)

where D = (d1, . . . , dN )T ∈ RN and Σ is the co-
variance matrix of X = (X1, . . . , XN )T :

Σ =


σ2
1 σ12 . . . σ1N

σ21 σ2
2 . . . σ2N

...
...

. . .
...

σN1 σN2 . . . σ2
N

 .
Consider that any pair of the random variables
X1, X2, . . . , XN are non-correlated, i.e., that Σ is a
diagonal matrix. Assuming this, we may formulate
the basic equation for nonlinear tolerance analysis
[8] for dimensions N ≥ 2. In other words, the first
order approximation of the variance is given by

σ̂2
Y =

N∑
i=1

d2i σ̂
2
i . (19)

Again, if we take the square root of this value, we
obtain an approximation for the standard deviation,
i.e.,

σ̂DMY =

√√√√ N∑
i=1

d2i σ̂
2
i . (20)

Note that, when σ2
i , with i = 1, . . . , N , are consid-

ered known this values are used in (19) and (20).
The advantages and limitations of the Delta

Method [9] are summarized in Table 1.

Table 1: Advantages and limitations of the Delta
Method.

Advantages
Conceptually simple

Computationally efficient
Limitations

Inexact for highly nonlinear models
Unable to represent non Normal distributions

3.3. Monte Carlo
Monte Carlo (MC) simulation is a device for study-
ing an artificial model of a physical or mathemati-
cal process. When using this method, a system is
examined through repeated evaluation of the math-
ematical model as its parameters are randomly var-
ied according to their expected behavior [7]. For
nonlinear models, where theoretical distributions
are difficult to compute, the MC method is appro-
priate. In fact, it is the best way to deal with assem-
blies of parts whose variation may not have linear
effects on the performance of the system. Plus, it is
more likely to obtain better results when the ran-
dom variables do not follow normal distributions
[7].

3.3.1 Algorithm

Consider that f is the joint density function of X.
We can compute the expected value of g(X) and its
variance (when they exist) as

µY =

∫
RN

g(x)f(x)dx (21)

and

σ2
Y =

∫
RN

(g(x)− µY )2f(x), dx (22)

respectively.
Let xi be the i-th observed vector of a random

sample of X. Since these integrals can be difficult
to compute, they can be estimated recurring to the
Monte Carlo simulation algorithm:
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Algorithm 1 Monte Carlo Simulation Algorithm

1: Generate x1,x2, . . . ,xk from the appropriate
distribution;

2: Compute g(x1), g(x2),. . . , g(xk);
3: Estimate µ̂Y = 1

k

∑k
i=1 g(xi);

4: Estimate σ̂Y = 1
k−1

∑k
i=1(g(xi)− µ̂Y )2.

The advantages and limitations of the Monte
Carlo Method [9] are summarized in Table 2.

Table 2: Advantages and limitations of the Monte
Carlo Method.

Advantages
Represents also non Normal distributions

Limitations
Heavy computational effort

4. Cost Optimization
A constraint optimization problem is of the form

minimize
x

f(x)

subject to h(x) = 0

g(x) ≤ 0

(23)

where x is the optimization variable, f : RN → R is
the cost/objective function and the feasible region
is

Ω = {x ∈ RN : h1(x) = 0, . . . , hl(x) = 0,

g1(x) ≤ 0, . . . , gm(x) ≤ 0}.

When dealing with minimization problems we are
seeking the the local or global minimum of f .

The Karush-Kuhn-Tucker conditions provide
first-order necessary conditions for a solution in a
nonlinear constraint optimization problem to be op-
timal. In order to formulate these conditions, it is
necessary to define active constraints and regular
points.

Definition 3. A constraint is said to be active at a
point in the feasible region if it holds as an equality.

Definition 4. A point is said to be regular if the
gradients of active constraints at this same point are
linearly independent.

Theorem 2 (Karush-Kuhn-Tucker conditions).
Assume that f , g, and h are C1. If x∗ is a reg-
ular local minimum, i.e., if the gradients of active
constraints at this same point are linearly indepen-
dent, then there exists λ ∈ Rl and µ ∈ Rm such
that
∇f(x∗) +

∑l
i=1∇hi(x∗)λi +

∑m
j=1∇gj(x∗)µj = 0

h(x∗) = 0,g(x∗) ≤ 0
µ ≥ 0
g(x∗)Tµ ≥ 0.

(24)

The system in (24) is in general difficult to solve.
However, there are special cases, e.g., when deal-
ing with equalities only. The strategy to solve this
problem is called the Lagrange Multipliers method,
where the system to solve is given by{

∇f(x∗) +
∑l
i=1∇hi(x∗)λi = 0

h(x∗) = 0.
(25)

Consider again the minimization problem (23),
i.e., with inequality and equality constraints. In or-
der to solve it, we may reformulate (23) and obtain
an optimization problem with equality constraints
only. Doing this, we may proceed as before or use
another optimization method.

minimize
x

f(x) +

m∑
i=1

χR−(gi(x))

subject to h(x) = 0

(26)

where χR−(u) is the characteristic function of R−,
i.e.,

χR−(u) =
{

0 if u ≤ 0
+∞ otherwise. (27)

Defining now

φ(x) = −
m∑
i=1

log(−gi(x)) (28)

as the logarithmic barrier function. Thus, our orig-
inal problem (23) is converted into (29) and an in-
terior point method - such as the barrier method
described in algorithm 2 [1] - can be applied in or-
der to solve it.

minimize
x

tf(x) + φ(x)

subject to h(x) = 0,
(29)

with t ≥ 0.

Algorithm 2 Barrier Algorithm
Require: t0 > 0, ε > 0, x0 feasible, µ < 1
1: x := x0, t := t0
2: while m/t > ε do . m = # of inequalities

constraints
3: minimize tf(x) + φ(x) subject to h(x) = 0
4: x := x(t)
5: t := µt
6: end while
7: return x

The step 3 of algorithm 2 can be done using the
Newton’s Method, described in algorithm 3.
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Algorithm 3 Newton’s Method
Require: t0, x0 feasible, ε > 0
1: t := t0
2: while ‖x(t+1) − x(t)‖ > ε do
3: ∆x(t) := −[∇2f(x(t))]

−1∇f(x(t))
4: x(t+1) := x(t) + t∆x(t) . t is chosen by

backtracking line search
5: x(t) := x(t+1)

6: end while
7: return x

As noted in step 4 of algorithm 3, the choice of
t is made by backtracking line search, which is de-
scribed in algorithm 4.

Algorithm 4 Backtracking line search

Require: α ∈ [0, 0.5], β ∈ [0, 1], ∆x a descent di-
rection

1: t := 1
2: while f(x + t∆x) > f(x) + αt∇f(x(t))∆x do
3: t := βt
4: end while
5: return t

4.1. Cost-vs-standard deviation Models
The component tolerances could be distributed
equally among all of the parts in an assembly. How-
ever, each component tolerance may have a differ-
ent manufacturing cost associated with it due to
part complexity or process differences. By defining
a cost-vs-standard deviation function for each com-
ponent dimension, the component tolerances may
be allocated to minimize cost of production, [4]. In-
tuitively, we know that tighter standard deviations
lead to higher costs. Thus, the cost is related to the
standard deviation as its reciprocal.

In the last fifteen years, many authors proposed
different models to the cost-vs-standard deviation
relation. Some examples are shown in Table 3.

Table 3: Cost-vs-standard deviation models.

Model Exponential Reciprocal Power

C(σ) becσ a+ bσc

4.2. Spline Interpolation Model
A spline s of order r ≥ 1 is a piecewise polyno-
mial function defined in a interval [a, b]. More pre-
cisely, s is a polynomial of order r in each subinter-
val [xk−1, xk] such that [a, b] = ∪Nk=1[xk−1, xk] and
s ∈ Cr−1. A cubic spline has order r = 3.

A smooth curve providing a good approximation
of an actual cost-vs-standard deviation function can
be obtained by a cubic spline [13]. Therefore, given
a set of points c1, c2, . . . , cN , we want to interpolate
them using a spline of order 3.

Definition 5. The divided difference f[xi,xi+1] on
the points xi, xi+1 is given by

f[xi,xi+1] =
f(xi+1)− f(xi)

xi+1 − xi
.

We will denote by hk the difference xk+1 − xk
and, for a generic function f , fk = f(xk). The
expression of the cubic spline is given by

s(x) = fk + (x− xk)s′k + (x− xk)2
s′′k
2

+

(x− xk)3
s′′(xk+1)− s′′(xk)

6(xk+1 − xk)
,

(30)

where s′′ is found by solving a linear system with
conditions on the derivative or with natural condi-
tions and s′k = f[xk,xk+1]−

hk

6 (2s′′k+s′′k+1). More pre-
cisely, with conditions on the derivative we impose
that s′′0 = f ′0 and s′′N = f ′N . Regarding the natural
conditions, we impose that s′′0 = 0 and s′′N = 0.

The optimization problem that is addressed in
the context of tolerance/standard deviation analy-
sis is the search of the optimal tolerance/standard
deviation values that lead to a minimum cost pro-
duction given some constraints. More precisely, and
recapping, we want to

minimize
σ1,σ2,...,σN

C(σ)

subject to C∗j (σi) ≤ ui, i = 1, . . . , N,
(31)

where C(σ) is the cost function and C∗j , for j =
1, . . . ,m, are the respective constraints. The cost
function is given by the models described in Table 3
or by a cubic-spline when real cost data is available
(and equal to s(σ)). Concerning the constraints,
we will consider the expression given by the Delta
Method. More precisely,

N∑
i=1

d2iσ
2
i = σ2

Y . (32)

Thus, in our optimization problem we use the Delta
method expression as one of the constraints and the
intervals with the minimum and maximum standard
deviation required for each variable as the others.
We consider as the cost-vs-standard deviation func-
tion

C(σ) =
∑
i

(ai + biσ
ci
i ) . (33)

4.2.1 Solution with Equality Constraints

Consider the optimization problem (31) with equal-
ity contraints only, i.e., consider that there is no re-
striction in the range of any σi. This means that
we will only have the Delta Method constraint. In
other words, we want to
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minimize
σ1,σ2,...,σN

C(σ)

subject to
N∑
i=1

d2iσ
2
i = σ2

Y

(34)

with the cost function defined in equation (33) for
some parameters ai, bi and ci, with i = 1, . . . , N .
Using the Lagrange Multipliers method we obtain
a closed form solution for the Delta Method given
by

σj =

(
b1c1d

2
j

bjcjd21

) 1
cj−2

σ
c1−2
cj−2

1 , (35)

and

σ2
Y = d21σ

2
1 +

N∑
j=1

d2j

(
b1c1d

2
j

bjcjd21

) 2
cj−2

σ
2

c1−2
cj−2

1 . (36)

Remarks

1. One of the greatest advantages of the Lagrange
Multipliers method described above is that
there is no need of multiple parameter itera-
tive solution. However, on the other hand, it is
not possible to impose a specific range for each
standard deviation. This requires that, when
the solution is found, one should verify if the
standard deviation is feasible or not.

2. Regarding the cost associated to the Delta
Method, it should be recalculated in order to
incorporate the number of rejections since we
are dealing with a statistical method.

4.3. Solution with Inequality Constraints
Consider that the DM constraint is incorporated
as an inequality constraint. Thus, we obtain the
unconstrained optimization problem (37), with t >
0, and we will use the algorithms 2 - 4 to solve it.

minimize
σ1,...,σN

tC(σ) + φ(σ). (37)

4.3.1 Remarks

1. Unlike the Lagrange Multipliers method, the
approach described above allows the restriction
in each standard deviation’s range. However,
since there are several parameters and initial
guesses to choose, and since it is an iterative
method, it is not as practical as the Lagrange
Multipliers strategy.

2. The same comment about the adjustment of
the cost value regarding the Delta method can
be done in this context.

5. Numerical Simulations

5.1. Model Description
Given a water mass flow ṁw, whose measurement
by a flow sensor has an associated error of ±∆ṁw,
its output power is given by

Pout = ṁwcp(Twout
− Twin

), (38)

where cp is the specific heat for water (constant),
Twin

is the water inlet temperature and Twout
is the

water outlet temperature. These temperatures are
given by a temperature sensor and have an associ-
ated error of ±∆Twin and ±∆Twout , respectively.

5.2. Application of Error Propagation for-
mulas

Rewriting the equation (38) of the output power,
we obtain

Y = g(X1, X2, X3) = kX1(X2 −X3), (39)

with k a given constant. Consider the following
algorithm

z1 = kx1,

z2 = x2 − x3,
z3 = z1z2

(40)

such that z = z3. The relative error of z is given
by

δz = δx1 +
x2

x2 − x3
δx2−

x3
x2 − x3

δx3 +δe1 +δe2 +δe3 .

(41)
If all δei = 0, for i = 1, 2, 3, then we have

δz = δg = δx1
+

x2
x2 − x3

δx2
− x3
x2 − x3

δx3
. (42)

5.3. Application of Nonlinear Tolerance
Analysis formulas

Concerning the variance computed by the “Exact”
Method and the Delta Method for independent
and dependent random variables, the formulas are
given by

σ2
Y = k2((σ2

1 + µ2
1)(σ2

2 + σ2
3) + (µ2 − µ3)2σ2

1), (43)

σ̂2
Y = k2((µ2 − µ3)2σ2

1 + µ2
1(σ2

2 + σ2
3)), (44)

and

σ̂2
Y = k2((µ2 − µ3)2σ2

1 + µ2
1(σ2

2 + σ2
3 − σ23)+

µ1(µ2 − µ3)(σ12 − σ13)),
(45)

respectively.
Concerning its expected value, we have

µ̂Y = kµ1(µ2 − µ3). (46)
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5.4. Numerical Simulations
In this section, we perform some numerical simu-
lations for equation (39). The parameters are de-
scribed in Table 4. In the following, we consider
that k = 4.187. Note that µi is the target value of
the variable Xi, i = 1, 2, 3.

5.4.1 Error Propagation

The relative error associated to g (considering that
there is no external δe) given the parameters in Ta-
ble 4 is

δg = 15%.

5.4.2 Statistical Results

Table 4: Parameters concerning the output power.

X1 X2 X3

µi 0.077 313.15 293.15
σi 0.0077 3.5 2.5

We can see from the results presented in Table 5
that the standard deviation estimation is similar
between the three different methods. Considering
the Exact Method as the reference value, the error
of the DM is nearly identical in absolute terms to
the error of the MC estimation with k = 1000000
simulations.

Table 5: Statistical results concerning the output
power.

EM DM MC

µ̂Y 6.448 6.448 6.435
σ̂Y 1.536 1.529 1.544

5.4.3 Optimization Results

The considered cost-vs-standard deviation func-
tions are

C1(σ1) = 0.125/σ2
1 ,

C2(σ2) = 0.21/σ2,

C3(σ3) = 0.001/σ2
3 .

The optimization problem with a equality con-
straint that we want minimize is

minimize
σ1,σ2,σ3

C(σ1, σ2, σ3)

subject to d21σ
2
1 + d22σ

2
2 + d23σ

2
3 = σ2

Y (47)

where C(σ1, σ2, σ3) = C1(σ1) + C2(σ2) + C3(σ3).

On the other hand, the optimization problem with
inequalities constraints that we want minimize is

minimize
σ1,σ2,σ3

C(σ1, σ2, σ3)

subject to σmin1 ≤ σ1 ≤ σmax1 (48)
σmin2 ≤ σ2 ≤ σmax2

σmin3 ≤ σ3 ≤ σmax3

d21σ
2
1 + d22σ

2
2 + d23σ

2
3 ≤ σ2

Y ,

where again C(σ1, σ2, σ3) = C1(σ1) + C2(σ2) +
C3(σ3).

The statistical study carried with parameters
from Table 4 and summarized in Table 5, lead to
the conclusion that the standard deviation of the
final result would be smaller than 1.6. For the ini-
tial standard deviations and according to the cost
functions mentioned above, without any optimiza-
tion we would have an associated total cost C of

C(0.077, 3.5, 2.5) =
0.125

0.00772
+

0.21

3.5
+

0.001

2.52
= 2108.34.

Note that the first variable has the main contribu-
tion in C.

Now, implementing the Lagrange Multipliers
with the equality constraint in the DM equation,
we also aim for a standard deviation smaller than
σY = 1.6 in the final result, but now reducing
the cost to a minimum, according to the cost-vs-
standard deviation functions C1, C2 and C3. We
obtain the results given in the first row of Table 7,
where the cost was reduced to C = 344.33.

Consider now that it is imposed to each variable’s
standard deviation to be in a specific interval and
thus consider the data from Table 6. The results
of the constrained optimization problem solved as
described in the previous section are given in the
second row of Table 7.

Table 6: Parameters for the constraint optimization
problem concerning the output power.

Initial σi σmini σmaxi

X1 0.0077 0.0055 0.0090
X2 3.5 2.8 4.5
X3 2.5 1.9 3.0

Table 7: Optimization results concerning the out-
put power.

Cost σ1 σ2 σ3
Equality 344.34 0.0191 0.1959 0.0920
Inequality 1250.06 0.01 3.778 1.900

In conclusion, although the unconstrained opti-
mization solution is the cheapest, the constrained
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optimization solution may be the only feasible one,
since it can be impossible to decrease, for instance,
the standard deviation σ2 to such a lower value as
0.1959.

6. Conclusions

6.1. Achievements
In this paper, we presented three different ap-
proaches to deal with nonlinear tolerance analysis:
the Exact, the Delta and the Monte Carlo meth-
ods. In the former case, we described some tools to
compute the exact value of the variance. To note
that these tools are only useful for particular ex-
pressions. In the second case, a first order Tay-
lor expansion was done and then, using some basic
statistical properties, the desired variance approxi-
mations were obtained. At last, in the case of the
Monte Carlo method, several simulations were per-
formed according to the distribution of each toler-
ance and its combination led to the desired variance
approximation.

Regarding the problem of cost optimization, two
formulations were made: one with a single equality
constraint - the expression from the Delta Method -
and another with 2N+1 inequality constraints, one
for the Delta Method expression and 2N for each
tolerance (the upper and lower bounds). In the for-
mulation with equality constraints a closed form so-
lution was obtained using the method of Lagrange
Multipliers. Concerning the formulation with in-
equality constraints, a barrier algorithm with New-
ton method and backtracking line search was im-
plemented.

All the methods and algorithms described above
were applied to a real case problem. The Delta
and the Monte Carlo methods gave similiar results,
as expected. When possible, the exact variance
was computed and the difference between the three
methods was not very significant. The applica-
tion of the optimization methods led to meaning-
ful deacreses in the cost function, even when lim-
itations in the standard deviation’s range was im-
posed.

6.2. Remarks and Future Work
Although the formula presented in Section 5 was
taken from a real world problem, the values used in
the simulation were illustratives. In order to have
more accurate results and to obtain more sensitivity
about the allocation processes, real values should
be used. On the other hand, dependency between
variables should be analyzed and considered in all
the methods described.

Regarding the optimization problem, the error of
the several cost models should be computed. In
other words, when using real data the parameters
should be estimated for the several models in order

to choose the most adequate. Although the cubic
spline interpolation provides a good approximation
[13], in some cases more simple models could be
used.
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