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Abstract

The purpose of this dissertation is to implement a tableaux system for Distributed Temporal Logic [3]
(DTL) and an algorithm to check global invariants in a system described with this version of DTL.

The tableaux system and the algorithm implemented had already been proposed in [2], but they
were not implemented to experiment with, and this was the main motivation of this work.

Herein we include all the necessary definitions to understand the DTL version and the tableaux
system that we use. We also present all the necessary results and theorems to understand the algorithm
that we have implemented and how it works.
Keywords: Distributed Temporal Logic, tableaux system, invariants.

1. Introduction
The Distributed Temporal Logic referred in the Ab-
stract is a type of Temporal Logic and was first pro-
posed in [3]. One of the advantages of these logics is
their characterisation of the progress of time. When
dealing with a Temporal Logic one can describe a
system dynamically. In order to describe the evo-
lution of a system one uses the temporal operators
of the logic to do it, describing the evolution of the
system as the time progresses.

In particular, one can use a Temporal Logic that
involves events and agents. In general, the occur-
rence of an event changes the state of the system.
An event usually occurs between two entities, often
called agents. Events can happen simultaneously
and can involve only one, or more agents.

Temporal Logic can reflect the future and the
past events. Herein we consider a logic that only
reflects the future events.

In Section 2 we present the DTL and in Section 3
we present a tableaux system for DTL. In section 4
we present the algorithm for checking invariants,
and in Section 5 we present the implementation of
the tableaux system, and the details of implementa-
tion of the algorithm presented previously. Finally
in section 6 we give our conclusions on this work.

2. Distributed Temporal Logic
Distributed Temporal Logic (DTL) is a Temporal
Logic created with the purpose of reasoning about
temporal properties of distributed systems, from
the local point of view of its agents.

Herein we study its syntax and semantics. The
version of DTL here used is heavily based on the
technical report [2].

DTL is also used to describe concurrent systems,

representing sequences of events for each agent, not
needing to have global sequences of actions. The
actions of an agent and the way they affect other
agents are characterised as the dependencies be-
tween agents.

The agents interact with each other by sharing
their events, which is called synchronous event shar-
ing.

2.1. Sintax
In order to present DTL we first need to define its
signature.

Definition 1 (DTL-signature). A DTL-signature
is a pair

Σ = 〈Id, {Propi}i∈Id〉,
where Id is a finite, non-empty set and Propi is a
set of propositional symbols.

Id is the set of agent identifiers, each element
of Id represents an agent of the system. For each
i ∈ Id, Propi is the set of local state propositional
symbols, used to describe the state of each agent.

The language of DTL is divided in a global and a
local one. Herein, we will define the global language
L and the local languages Li of each agent i ∈ Id.

Definition 2 (Global Language). The global DTL-
language is denoted by L and can be defined as:

L ::= ¬L | L ∧ L | L ∨ L |
L ⇒ L | L ⇔ L | @i[Li] | False | True,

with i ∈ Id.

Informally, one can say that the meaning of the
symbols presented in this definition are the usual
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ones. However, a new symbol is here invoked, the
symbol @. This symbol is a DTL operator that
indicates to each agent the following property refers
to, for example @i[α] means that the agent i has the
property α.

Note that there are no temporal operators in the
global language. All the temporal operators are de-
fined in the local language. As mentioned in the
Introduction, herein the temporal operators reflect
only future events. These operators are F, G, X, U
and have their usual meaning.

In the following definition there are also some
common propositional connectives, such as ¬, ∧, ∨,
⇒ and⇔, also with their usual meaning. As for the
new symbol c©, it is the communication operator
and it represents the communication between two
agents. For example, @i[ c©j [ϕ]] means that “agent
i started an interaction with agent j and said ϕ to
him”.

Definition 3 (Local Language). The local lan-
guage Li of each agent i ∈ Id is defined as follows:

Li ::= ¬Li | Li ∧ Li | Li ∨ Li | Li ⇒ Li |
Li ⇔ Li | X[Li] | G[Li] | F[Li] | LiULi |

c©j [Li] | Propi | False | True,

with j ∈ Id and j 6= i.

In order to more easily identify if we are referring
to a local formula or a global one, we have decided
to uniform its notation. Global formulas, will al-
ways be denoted by α, β or δ and ϕ, ψ will denote
local formulas.

2.2. Semantics
The interpretation structures of DTL are labelled
distributed life-cycles: µ = 〈λ, ϑ〉, where λ consists
of a distributed life-cycle and ϑ a family of local
labelling functions.

Definition 4 (Local life-cycle). A local life-cycle of
an agent i ∈ Id is a countable infinite, discrete and
well-founded total order λi.
λi = 〈Evi,≤i〉, where Evi is the set of local

events and ≤i the local order of causality.

Definition 5 (Local successor relation). The rela-
tion →i⊆ Evi×Evi is the relation where e→i e

′ if
e <i e

′ and there is no e′′ such that e <i e
′′ <i e′.

As a consequence, ≤i is the reflexive and transi-
tive closure of →i, that is ≤i=→∗i .

A local life-cycle (of an agent i ∈ Id) is therefore
a countable infinite and well-founded total order.

Definition 6 (Distributed life-cycle). A dis-
tributed life-cycle is a family of local life cycles,
λ = {λi}i∈Id.

The communication is modelled by synchronous
event sharing, and thus for some event e we may
have e ∈ Evi ∩ Evj , with i 6= j. ≤= (∪i∈Id ≤i)∗
defines a partial order of global causality on the set
of all events Ev = ∪i∈IdEvi.

Definition 7 (Local state). The local state of an
agent i is a finite set ξi ⊆ Evi such that if e ≤ e′

and e′ ∈ ξi then also e ∈ ξi.
Ξi is the set of all local states of an agent i. This

set is totally ordered by inclusion and has ∅ as the
minimal element.

The first local state of each agent is always the ∅,
and each other state is reached by the occurrence of
an event, let us call this event the last(ξi), as it is
the last event in which agent i took part in order to
reach the present state ξi. The k-th state of agent i
is denoted by ξki . The initial state ξ0i is ∅ and ξki is
reached from the initial state after the occurrence
of k events.

Definition 8 (Local satisfaction relation). Given
a local interpretation structure µi and a local state
ξi then:

• µi, ξi i True;

• µi, ξi 6i False;

• µi, ξi i p if p ∈ ϑi(ξi);

• µi, ξi i ¬ϕ if µi, ξi 6i ϕ;

• µi, ξi i ϕ⇒ ψ if µi, ξi 6i ϕ or µi, ξi i ψ;

• µi, ξi i ϕ ⇔ ψ if µi, ξi i ϕ ⇒ ψ and
µi, ξi i ψ ⇒ ϕ;

• µi, ξi i ϕ ∧ ψ if µi, ξi i ϕ and µi, ξi i ψ;

• µi, ξi i ϕ ∨ ψ if µi, ξi i ϕ or µi, ξi i ψ;

• µi, ξi i X[ϕ] if there is e ∈ Evi such that
ξi ∪ {e} ∈ Ξi and µi, ξi ∪ {e} i ϕ;

• µi, ξi i G[ϕ] if µi, ξ
′
i i ϕ, for every ξ′i ∈ Ξi

such that ξi ⊆ ξ′i;

• µi, ξi i F[ϕ] if µi, ξ
′
i i ϕ, for a ξ′i ∈ Ξi such

that ξi ⊆ ξ′i;

• µi, ξi i c©j [ϕ] if ξi 6= ∅, last(ξi) ∈ Evj and µj ,
last(ξi)↓jj ϕ;

• µi, ξi i ϕUψ if there is ξ′i ∈ Ξi, such that
ξi ⊆ ξ′i and µi, ξ

′
i i ψ, and µi, ξ

′′
i i ϕ for

every ξ′′i ∈ Ξi such that ξi ⊆ ξ′′i ⊂ ξ′i .

It is said that µi (locally) satisfies ϕ, written
µi i ϕ, if µi, ∅ i ϕ.
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Now that the local satisfaction is defined, we need
to establish the definition of global satisfaction of
DTL-formulas. In order to do it, we first need to
introduce the notion of global state.

Definition 9 (Global state). A global state is the
set ξ ⊆ Ev, such that e ≤ e′ and e′ ∈ ξ then
e ∈ ξ. Every global state ξ includes the local
states ξ|i = ξ ∩ Evi.

Definition 10 (Global satisfaction relation).
Given a global interpretation structure µ and a
global state ξ the global satisfaction relation is de-
fined as:

• µ, ξ  True;

• µ, ξ 6 False;

• µi, ξi i ¬α if µi, ξi 6i α;

• µ, ξ  α⇒ β if µ, ξ  α or µ, ξ  β;

• µ, ξ  α⇔ β if µ, ξ  α⇒ β and µ, ξ  β ⇒ α;

• µ, ξ  α ∧ β if µ, ξ  α and µ, ξ  β;

• µ, ξ  α ∨ β if µ, ξ  α or µ, ξ  β;

• µ, ξ  @i[ϕ] if µi, ξ|i i ϕ.

µ  α read µ (globally) satisfies α, if µ, ∅  α.
From another perspective, α is said to be satisfiable,
whenever there is a global interpretation structure
µ such that µ  α.
α is said to be valid and written � α, if µ  α for

every global interpretation structure µ.
The following definitions and propositions are

necessary to understand the tableaux system pro-
posed in [2] and here used.

Definition 11 (Atomic global formula). A formula
α is said to be atomic global if it has no strict global
subformulas. That is, if it is either False, True or
@i[ϕ], for some ϕ ∈ Li and i ∈ Id.

A formula is called atomic if the ϕ ∈ Li is of the
form p ∈ Propi.

Definition 12 (State Formula). A state formula is
either an atomic formula or a formula @i[X[ϕ]], for
some ϕ ∈ Li and i ∈ Id.

The set of subformulas of a formula α is obtained
with the application of either Subf or GlobSubf ,
depending on which type of formula we are dealing
with.

Herein, the subformula meaning is not only to
be understood as the traditional one, but also as a
state formula. This happens when we are dealing
with a formula with G, F or U operators:

• Subf (@i[G[ϕ]]) = {@i[G[ϕ]],@i[X[G[ϕ]]]} ∪
Subf (@i[ϕ]);

• Subf (@i[F[ϕ]]) = {@i[F[ϕ]],@i[X[F[ϕ]]]} ∪
Subf (@i[ϕ]);

• Subf (@i[ϕUψ]) = {@i[ϕUψ],@i[X[ϕUψ]]} ∪
Subf (@i[ϕ]) ∪ Subf (@i[ψ]).

The other cases are similar to the usual ones. We
present next the definition for the c© operator that
is the only “new” case.

Subf (@i[ c©j [ϕ]]) = {@i[ c©j [ϕ]]} ∪ Subf (@j [ϕ]).

Remark 1. The sets obtained by applying Subf and
GlobSubf are always finite.

Remark 2. Subf and GlobSubf on the right hand
side are always applied to a simpler formula.

3. Tableaux system
The tableaux system for DTL we present here is
based on the one proposed in [2], with minor dif-
ferences in the form.

A tableau T is a directed graph whose nodes are
state tuples, and the edges are defined according to
specific rules, with the proviso that exactly one rule
is applied to each node, and no rule is applied to a
contradictory state tuple.

The set of all state tuples (over a DTL-
signature Σ) is denoted by S.

A tableau for Q0 ∈ S is a tableau whose construc-
tion starts with the state tuple Q0 and proceeds
with the application of rules from one state tuple
to another, until no more rules can be applied.

A state tuple characterises all the relevant infor-
mation of a global state of the system.

Definition 13 (State tuple). A state tuple is a
quintuple

Q = 〈Q+,Q−,Q./,Q#,QX〉,
where Q+, Q− ⊆ L; Q./, Q# ⊆ Id × Id and

QX ⊆ Id.

As defined above, Q+ and Q− are sets of formu-
las, the first set is composed by the formulas that
are intended to be true and the second by formulas
that are intended to be false.

The set of forced synchronizations, Q./, indicates
which agents need to be synchronized in order to
reach the current state.

On the other hand, the elements of Q#, the set of
conflicts, indicate which agents cannot synchronize
when advancing to the current state.

The identifiers in QX indicate which agents syn-
chronized in order to reach the current state.

The sets Q./, Q# and QX are referred to as the
synchronization requirements of Q. Q is a state
tuple with no synchronization requirements when:
Q./ = Q# = QX = ∅.
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Definition 14 (Q̂). Given a state tuple Q, we de-
note by Q̂ the formula∧

α∈Q+

α ∧
∧

β∈Q−

¬β,

where the empty conjunctions are defined to be
True.

Definition 15 (State). A state tuple is called state
if all its formulas are state formulas. A state tuple
rises to the statute of global state if all its formulas
are global state formulas.

As the sets Q+ and Q− have a semantic meaning
it can be the case that we have created a state tuple
that has a contradictory meaning, an easy example
is if we have a formula in both Q+ and Q−, this
leads to an obvious contradictory state tuple. This
is not the only scenario where we get a contradictory
state tuple.

Definition 16 (Contradictory state tuple). A state
tuple is said to be contradictory if and only if any
of the following conditions holds:

(⊥1) False ∈ Q+ or @i[False] ∈ Q+, for some
i ∈ Id;

(⊥2) True ∈ Q− or @i[True] ∈ Q−, for some
i ∈ Id;

(⊥3) Q+∩ Q− 6= ∅;

(⊥4) i 6∈ QX or j 6∈ QX, for some 〈i, j〉 ∈ Q./;

(⊥5) i ∈ QX and j ∈ QX, for some 〈i, j〉 ∈ Q#.

As introduced previously, a rule provides a way
of connecting two state tuples.

Thinking in the tableau as a directed graph, the
rule is represented by the edge that connects the
nodes. Each rule is composed by its premises and
conclusion. The source node of the edge corre-
sponds to the conclusion, and is connected by the
rule to one or more premisses, which are the end
nodes of the edges.

The rules preserve the notion of subformula in the
sense that if Q is the conclusion of a rule and Q′ is
a premiss, then Q′+ ∪Q′− ⊆ subf (Q+ ∪Q−). This
means that the formulas in the premiss are always
subformulas of the formulas in the conclusion. Re-
calling Remark 2, we can state that after applying
a rule a simpler state tuple is obtained.

In general, for each operator there are two rules
defined, the one applied if the formula is in Q+ and
the one applied if the formula is in Q−. The only
exception is the rule for the X operator, which is a
special case.

The existence of a global and a local language
forces the existence of global and local rules.

⟨( {@ [�] | � ∈ℒK k ∈ K��⋃ σ K

{@ [�] | � ∈ℒ k ∈ K��⋃ σ

Ø Ø K ⟩

⟨(Q+\ {@�[�] | � ∈ℒK, for k ∈ K��⋃ σ+
K(Q),

(Q⎯\ {@�[�] | � ∈ℒK, for k ∈ K��⋃ σ⎯
K(Q),

Ø, Ø, K ⟩

⟨ ⎯ ⋈ ⟩⟨Q+, Q⎯, Q⋈, Q#, QX ⟩

one sucessor for each K ⊆ Id , K �Ø, provided that Q is a state.

Xk

Figure 1: Rules for the X operator.

The global rules, are the usual ones, the ones used
in propositional tableaux systems. As for the local
ones, we will present the rules for the temporal op-
erators G and X and for the c© operator.

For each operator there are two rules defined, the
one applied if the formula is in Q+ and the one
applied if the formula is in Q−. The only exception
is the rule for the X operator, presented in Figure 1,
which is applied to do a state transition.

In this rule we use the auxiliary functions σ de-
fined bellow.

Definition 17 (Auxiliary functions σ). For each
set of identifiers I ⊆ Id, let σ+

I , σ
−
I : S → 2L be

functions such that, for each Q ∈ S:

σ+
I = {@i[ϕ] | @i[X[ϕ]] ∈ Q+ and i ∈ I};
σ−I = {@i[ϕ] | @i[X[ϕ]] ∈ Q− and i ∈ I}.

These functions return the set of formulas free
from the next operator, given that the formula is in
the correspondent Q.

The rules for the G operator, presented in Fig-
ure 2, serve as example of the rules for a temporal
operator, the rules for U and F operators are simi-
lar, and can be checked in the original work [2].

⟨( {@ [G[�]]})⋃{@ [�], @ [X[G[�]]]}
⎯ ⋈ ⟩

⟨(Q+\{@�[G[�]]})⋃{@�[�], @�[X[G[�]]]}, 

Q⎯, Q⋈, Q#, QX ⟩

⟨@ [G[�]] ∈ ⎯ ⋈ ⟩⟨@�[G[�]] ∈ Q+, Q⎯, Q⋈, Q#, QX ⟩

G�
+
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⟨ ⎯ {@[G[�]]})⋃{@[�]}
⋈ ⟩

⟨Q+, (Q⎯\{@�[G[�]]})⋃{@�[�]}, 

Q⋈, Q#, QX⟩

⟨ ⎯ {@ [G[�]]})⋃

{@ [X[G[�]]]} ⋈ ⟩

⟨Q+, (Q⎯\{@�[G[�]]})⋃

{@�[X[G[�]]]}, Q
⋈, Q#, QX ⟩

⟨ @ [G[�]]	∈ ⎯ ⋈ ⟩⟨Q+, @�[G[�]]	∈Q⎯, Q⋈, Q#, QX ⟩

G�
⎯G�

⎯

Figure 2: Rules for the G operator.

In Figure 3 we present the rules for the introduced
c© operator.

⟨( �⋈ ⋃ �+ ⎯

⋈⋃{⟨ ⟩} ⟩

⟨(Q+\�⋈ 
�,�(Q))⋃ �+

�,�(Q), Q⎯, 

Q⋈⋃{⟨� , �⟩}, Q#, QX ⟩

⟨ ⎯ ⋈ ⟩⟨Q+, Q⎯, Q⋈, Q#, QX ⟩

Provided that �⋈ 
�,�(Q)≠ Ø, for some � ∈ Id.

©�
+

⟨ ⎯ �# ⋃ �⎯

⋈⋃{⟨ ⟩} ⟩

⟨Q+, (Q⎯\�# 
�,�(Q))⋃ �⎯

�,�(Q), 

Q⋈⋃{⟨� , �⟩}, Q#, QX ⟩

⟨ ⎯ �# 

⋈ ⋃{⟨ ⟩} ⟩

⟨Q+, Q⎯\�# 
�,�(Q), 

Q⋈, Q# ⋃{⟨� , �⟩}, QX ⟩

⟨ ⎯ ⋈ ⟩⟨Q+, Q⎯, Q⋈, Q#, QX ⟩

Provided that �# 
�,�(Q)≠ Ø, for some � ∈ Id.

©�
⎯©�

⎯

Figure 3: Rules for the c© operator.

In this rule we use the auxiliary functions η de-
fined bellow.

Definition 18 (Auxiliary functions η). For each

i, j ∈ Id, let η+i,j , η
−
i,j , η

./
i,j , η

#
i,j : S → 2L be func-

tions such that, for each Q ∈ S:

η+i,j = {@j [ϕ] | @i[ c©j [ϕ]] ∈ Q+};
η−i,j = {@j [ϕ] | @i[ c©j [ϕ]] ∈ Q−};
η./i,j = {@i[ c©j [ϕ]] | @i[ c©j [ϕ]] ∈ Q+};
η#i,j = {@i[ c©j [ϕ]] | @i[ c©j [ϕ]] ∈ Q−}.

The rules for all the operators, including the ones
not referenced here (the local rules for the proposi-
tional connectives) can be checked in [5].

There is also a very important set, when deal-
ing with the construction of the tableau, the set of
closed nodes.

Definition 19 (Closed nodes). The set of closed
nodes of a tableau T is represented by ClT and is
defined inductively:

(C1) Q ∈ ClT for every contradictory node Q ∈ T ;

(C2) Q ∈ ClT whenever Q′ ∈ ClT for every suc-
cessor node Q′ of Q;

(C3) Q ∈ ClT whenever @i[G[ϕ]] ∈ Q− for some
i ∈ Id and ϕ ∈ Li, and every path from Q to
nodes Q′ with @i[ϕ] ∈ Q′− has a node in ClT ;

(C4) Q ∈ ClT whenever there is i ∈ Id such that
every path from Q to nodes Q′ with i ∈ Q′X

has a node in ClT ;

(C5) Q ∈ ClT whenever @i[F[ϕ]] ∈ Q+, for some
i ∈ Id and ϕ ∈ Li, and every path from Q to
a node Q′ with @i[ϕ] ∈ Q+ has a node in ClT ;

(C6) Q ∈ ClT whenever @i[ϕUψ] ∈ Q+, for some
i ∈ Id and ϕ,ψ ∈ Li, and every path from Q
to a node Q′ with @i[ψ] ∈ Q+ has a node in
ClT .

When the construction of the tableau is finished,
no more rules can be applied, one may want to anal-
yse the successfulness of the tableau.

Definition 20 (Successful tableau). A tableau for
Q0 is unsuccessful if the node Q0 is closed, and it is
successful otherwise.

Reaching the end of the section, let us analyse
the construction of tableaux and their finiteness:

• Global rules are always applied first - reducing
the complexity of the formulas;

• Local rules (also reduce the complexity of the
formulas and) do not cause the application of
more global rules - the number of applications
of global rules is always finite;

• When applying a local rule, we obtain subfor-
mulas of the original formulas, in a finite num-
ber, recall Remarks 1 and 2;

• The set of subformulas that can be generated
from the application of local rules is finite - the
number of applications of rules is finite;

• The state tuples created with the application
of the rules, are always state tuples with lower
complexity;
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• The set of agent identifiers Id is finite, by def-
inition, which means that the set of possible
elements in Q./,Q# and QX is also finite.

With that stated, for a finite state tuple Q, the set
of nodes of the tableau constructed for Q is always
finite. We can derive one more remark:

Remark 3. A tableau for a finite state tuple is al-
ways finite.

Proposition 1 (Soundness). Let Q be a state tu-
ple with no synchronization requirements and T the
tableau for Q. If Q̂ is satisfiable then T is successful.

Proposition 2 (Completeness). Let Q be a state
tuple with no synchronization requirements. If T is
a successful tableau for Q then Q̂ is satisfiable.

The proofs can be found in [2].
From the previous results, Propositions 1 and 2,

we can extract that our tableaux system is sound
and complete, if we consider tableaux for state tu-
ples with no synchronization requirements.

Piecing together these results with the finiteness
of the tableaux obtained for any finite state tuple
with no synchronization requirements (Remark 3),
we achieve decidability. Therefore, the following
propositions can be extracted.

Proposition 3 (Satisfiability). The satisfiability
problem for DTL is decidable.

The decidability of DTL was already established
in [1] but it involved a translation to Linear Tem-
poral Logic. Proposition 3 establishes this result
without translations.

Corollary 4 (Validity). The validity problem for
DTL is decidable.

4. Checking global invariants
In this work we also want to verify if a set of prop-
erties of a system, described using DTL, is always
satisfied. In order to do it we need to verify global
invariants of the system.

Let Γ be a finite set of DTL-formulas, and δ a
global formula (without temporal operators).

Our goal is to verify if for every interpretation
structure µ that satisfies Γ, denoted by µ  Γ, δ is
a semantic consequence of Γ, that is if Γ � δ. δ is
a semantic consequence of Γ if µ, ξ  δ, for every
global state ξ of µ.

Our tableaux system does not directly capture
this reasoning and one needs to implement some
auxiliary procedures, as described in [2]. Three pro-
cedures are described therein: Ent, SetGlobal
and LOCSAT.

The procedure Ent is used to check whether
Γ � δ. This procedure outputs yes if Γ � δ
and outputs no and a counterexample if Γ 6� δ.

The negative output is given when we can find
an interpretation structure µ such that µ  Γ, but
µ, ξ 6� δ for some global state ξ.

This is the procedure that we have implemented.

4.1. Description of the Algorithm

Ent starts by building a tableau T for Q0 =
〈Γ, ∅, ∅, ∅, ∅〉. Once constructed, it checks if the
tableau is successful or not. If T is unsuccessful,
by the Property 1 (soundness), Q̂ is not satisfiable,
so the output is obviously yes, as the antecedent of
the implication is false.

If the tableau T is successful, we have to inves-
tigate further. We have to try to find an interpre-
tation structure µ such that µ satisfies Γ but does
not satisfy δ in some state of µ.

If we cannot find one, it means that Γ � δ, so
the algorithm outputs yes. Otherwise, it is the case
where Γ 6� δ, this is the case where Ent outputs
no together with the counterexample.

During the run of procedure Ent, it resorts to
two other procedures also described in [2], Set-
Global and LocSat, both have as input a cut
C and the formula δ. The definition of cut is not
presented herein because of the space constraints,
but can be consulted in [2].

The procedure SetGlobal constructs a stack of
non contradictory extensions of the cut. This pro-
cedure is used, inside the procedure LocSat. Loc-
Sat is responsible for using the extensions obtained
in SetGlobal and search for a global state that
falsifies δ.

A cut is a set of states and agents’ identifiers. An
extension of a cut is the same form, but instead of
states we have extensions, which are state tuples
with extra formulas added.

4.2. Procedures Ent, SetGlobal, LocSat

Herein we present the pseudo-code for the three pro-
cedures, already referred, as they were presented
in [2]. Firstly we present Ent in Figure 4. This
procedure is the main one, responsible for the con-
struction of the tableaux and the invocation of the
procedure LocSat.

The procedure LocSat is presented in Figure 5.
This procedure is invoked by Ent and invokes the
procedure SetGlobal. From its result (a stack
of elements from the input cut) it tries to build
a counterexample, an interpretation structure that
satisfies Γ but not δ.

The last procedure presented is SetGlobal and
it can be checked in Figure 6. This procedure con-
structs a stack of non contradictory extensions of
the cut inputed.

5. Implementation

We have implemented the tableaux system and the
procedures presented above in Mathematica 10, so
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Ent(', ))

Input : a set ' of global formulas and a global formula ).
Output : yes if ' " ), no and a counterexample, otherwise.

Q0 := "', *, *, *, *$;
construct a tableau T for Q0;

if T is unsuccessful then

return yes ;

else

O := {Q in T | Q is not closed};

b := false;

while O )= * 0 ¬ b do

let Q ! O;

O := O \ {Q};

TQ := CQ;

while TQ )= * 0 ¬ b do

let C ! TQ;

TQ := TQ \ {C};

"b1, µ, "$ := LocSat(C, ));

b := b 4 b1;

end

end

if ¬ b then

return yes ;

else

return "no, µ, "$;
end

end

Figure 18: Procedure Ent.
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Figure 4: Pseudo code of procedure Ent.

in order to run the program one needs to have this
version or higher.

Whenever possible we took advantage of the
Mathematica’s built-in functions and structures.
All the structures that we have implemented fol-
low [2] as close as possible.

The modularity of the program was one of our big
concerns. All the different structures needed were
implemented in packages, this way each part can
be improved, without affecting the other modules.
The packages can be used in different programs, or
with different tableaux systems, or variants of DTL
or even for different algorithms. If changed, they
will not affect the global behaviour of the program,
as long as the functions’ inputs, outputs and names
are preserved. These informations are accessible to
the regular user, as they are described in the public
part of the package.

5.1. Tableaux system
The DTL formulas were implemented in the pack-
age Formulas.m. This package allows the user to
construct and handle the formulas without needing
to worry with how they are constructed.

The syntax that the user sees is the one presented
in Definitions 2 and 3. We have protected the sym-
bols X, F, G, U, @ and c©, this way the user can write
the formulas as expected and previously defined.

The DTL formulas are used to construct state tu-
ples, which is also a non built-in structure in Math-
ematica. We have implemented them in a different

LocSat(C, ))

Input : a cut C and a global formula ).
Output : a triple "b, µ, "$.

b := false;

SetGlobal(C, ));

while S )=empty 0 ¬ b do

D := top(S);

if some Dk with k ! Id contains a non state formula then

pop(S);

let )! be a non state formula in Dk;

case )!

@i[(1 . (2] ! D+
k :

Q := "D+
k \ {)!}, D$

k + {@i[(1]}, D!"
k , D#

k , Dx
k$;

if ¬ contradictory(Q) then push(D[Dk := Q], S) end

Q := "(D+
k \ {)!}) + {@i[(2]}, D$

k , D!"
k , D#

k , Dx
k$;

if ¬ contradictory(Q) then push(D[Dk := Q], S) end

@i[(1 . (2] ! D$
k :

Q := "D+
k + {@i[(1]}, (D$

k \ {)!}) + {@i[(2]}, D!"
k , D#

k , Dx
k}$;

if ¬ contradictory(Q) then push(D[Dk := Q], S) end
@i[ c/j [(]] ! D+

k :

if j ! Dx
k then

Q := "D+
k \ {)!} + {@j[(]}, D$

k , D!"
k , D#

k , Dx
k$;

if ¬ contradictory(Q) then push(D[Dk := Q], S) end

end

@i[ c/j [(]] ! D$
k :

if j ! Dx
k then

Q := "D+
k , D$

k \ {)!} + {@j[(]}, D!"
k , D#

k , Dx
k$;

if ¬ contradictory(Q) then push(D[Dk := Q], S) end

else

Q := "D+
k , D$

k \ {)!}, D!"
k , D#

k , Dx
k$;

push(D[Dk := Q], S);

end

else

b := true

end

end;

if b then

return "b, µtop(S), "ntop(S)$
else

return "b, , $
end

Figure 17: Procedure LocSat.
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Figure 5: Pseudo code of procedure LocSat.

package.
The state tuples were defined in the package

StateTuple.m, following the Definition 13. All the
sets and pairs were implemented as Mathematica’s
Lists. The two first sets are set of formulas, here
Lists of Formulas, and the others set of agent’s
identifiers, here Lists of Strings.

When implementing the structure of the tableaux
itself we took advantage of a Mathematica built-in
structure, the Graph. Each node of the Graph will
be a StateTuple.

Each vertex of the Graph will be a StateTuple,
and each edge is constructed by the application of
a Rule.

This decision also allowed us to work with the
extensions of tableaux that might not respect the
definition of tableau, but are still directed graphs.
See [6] for the full code.

The packages presented in Figure 7 are the ones
used to implement our tableaux system.

On the bottom of the figure there is the package
Formulas.m which is essential as DTL-formulas are
the constituents of the language. On top of the
formulas we have the package of the state tuples,
where we have the functions that build and operate

7



SetGlobal(C, ))

Input : a cut C and a global formula ).
Output : a (possibly empty) stack S such that each of its elements is a non
contradictory extension of C.

R:=empty;

S:=empty;

push("*, {)}$, R);

repeat

P := top(R);

pop(R);

if P contains a non atomic global formula then

let )! be a a non atomic global formula in P ;

case )!

)!
1 . )!

2 ! P+:

push("P+ \ {)!}, P$ + {)!
1}$, R);

push("(P+ \ {)!}) + {)!
2}, P$$, R);

)!
1 . )!

2 ! P$:

push("P+ + {)!
1}, (P$ \ {)!}) + {)!

2}$, R);

else

if - )! P+ then

D := C;

for each @i['] ! P+

D+
i := D+

i + {@i[']};

for each @i['] ! P$

D$
i := D$

i + {@i[']};

if ¬ contradictory(D) then push(D, S) end;

end

end

until R=empty

Figure 16: Procedure SetGlobal.
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Figure 6: Pseudo code of procedure SetGlobal.

on StateTuples.
As explained, the tableau will be reasoned about

as a graph, in fact as directed graph. That is why
we have represented the Rules package on the right
and not on top of the Tableau.m package. The
Rules.m package will have the functions that build
the tableaux depending on which formulas the state
tuples have.

The next examples present some formulas in the
DTL syntax and how they should be written in our
program:

• True - True;

• @i[p] - @i[‘‘p’’];

• ¬α - ¬α, where α has to be a global DTL-
formula;

• @i[X[ϕ]] - @i[X ϕ], assuming ϕ a well-formed
formula.

In our implementation the construction of the
tableaux is done trough the use of two functions
Tableau and Iterate. The first creates the struc-
ture of the tableau and the second makes sure that
the rules are applied correctly and in order. These

Tableau.m

StateTuple.m

Rules.m

Formulas.m

Figure 7: Sketch of the implementation of the
tableaux system.

were the conditions explained in Section 3 and will
be reflected in the function Rules from Tableaux.m.

The rules for all the operators are implemented
in the package Rules.m, as defined in [5] and illus-
trated in Figures 1 to 3. The function Rule guar-
antees that the rules for the global formulas are ap-
plied first, only then the local ones, and when no
other rule can be applied (and we are in the pres-
ence of a state) applies the rule for the X operator.

This package is almost independent from the
tableau implementation, from the Tableau perspec-
tive the only thing that matters is that we give the
right input to the ApplyRule function, the rest is
up to the Rules package to handle.

Herein we only present the implementation of the
function Iterate, from the package Tableau.m in
Figure 8. This function iterates the previously re-
ferred Rules function on the set of nodes that are
“visitable”, that is the nodes that are not closed, or
to whom a rule was not applied yet.

The full code can be found in [6] along side with
examples of the construction and manipulation of
the formulas and tableaux.

5.2. Algorithm for checking invariants
The procedure Ent has two inputs: the set Γ
of global formulas and a global formula δ. A
StateTuple Q0 is built with the formulas in Γ, rep-
resented in the way that we have been doing herein
Q0 = 〈Γ, ∅, ∅, ∅, ∅〉. Note that Q0 does not have
synchronization requirements.

Now that the input is explained let us look at
the first step of the algorithm. The algorithm will
construct a Tableau t, using the StateTuple Q0

as a source node. This will be done as previ-
ously explained. Then, the algorithm will anal-
yse the successfulness of t by running the function
SuccessfulQ from package Tableau.m, which will

8



Figure 8: Implementation of function Iterate from
package Tableau.m.

return a boolean to answer the question.

The algorithm now establishes the successfulness
of t with function SuccesfullQ. As described in 4.1,
if the tableau is unsuccessful we can output yes and
exit the computation. However, if the tableau is
successful we need to construct cuts and extensions,
to try to find an interpretation structure that serves
as a counterexample.

We identify all the state tuples in t that are not
closed. For each we construct the set of all cuts
induced by it. In order to do this we will need
two new structures: the Cuts and the Paths. For
the extraction of the counterexample we also need
a different structure: Entailment.

In Figure 9 we represent the modularity of these
three packages.

Tableau.m

Path.m

Cut.m

Entailment.m

Figure 9: Sketch of some of the packages used by
the algorithm.

These are the main packages and the structures
necessary to do the following part of the algorithm.
From the Tableau we will construct a path, with
the function Path from the homonym package, and
with it we will construct a Cut.

With the function SetGlobal we construct a
stack with non contradictory extensions of the Cut

provided as input. For the construction of the stack
we need a structure and Mathematica does not have
a built-in structure for stacks. We have imple-
mented a Stack structure, adapted from the one
found in [4].

The Entailment.m package works with the
Path.m and Cut.m to construct an interpretation
structure and a set of events that falsify (or not) the
structure defined. Depending on the result the al-
gorithm will either output yes or no with the coun-
terexample created.

6. Conclusions

In this work we have studied the Distributed Tem-
poral Logic [3] (DTL). We have implemented a
tableaux system for DTL as well as an algorithm
to check global invariants in systems specified with
DTL, closely following the technical report [2].

We have presented all the relevant notions and
results that were essential to understand the algo-
rithm and the implementation.

We defined the logic that we were interested in
the first place, the DTL. We presented its syn-
tax and semantics. These definitions were essential
to understand the algorithm that we have imple-
mented, especially for those with no previous con-
tact with DTL.

The tableaux deductive system was presented in
Section 3. Besides the definition of tableaux, state
tuple, and the some illustrative examples of the
rules used to construct the tableaux, we also in-
cluded some important results The tableaux system
presented was slightly different from the one pre-
sented in [2]. We were not worried with the proofs
of the results, but with the efficiency of the pro-
gram, so we included all the operators and rules
that we could, to facilitate the procedure and speed
up the algorithm. We also stated, without proving
the results on soundness, completeness and decid-
ability of the system.

Finally in Section 5, we described the implemen-
tation, briefly analysing the procedures and the im-
plemented structures that were used.

The algorithm was implemented in Mathematica.
This decision was based on the authors experience
with this programming language. Although Math-
ematica is a great environment to analyse or calcu-
late numeric, symbolic or geometric data, we found
that it was probably not the best choice for this
problem.
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Whenever possible, we took advantage of the
built-in functions and structures, mostly for the
Graph components of our algorithm. This allowed
us to use functions like FindPath, which can return
all the paths between two nodes of a Graph. As it is
a built-in function of Mathematica, we do not have
access to its implementation, but we believe that
it is more efficient than any other implementation
made by us.

This data structure, and its functions were a
great advantage of using Mathematica. The other
one was the graphical feedback provided, once
again, by this component of Mathematica.

The disadvantages started when we tried to run
the algorithm for large sets. Which was also the
main disadvantage of having the procedure, but not
its implementation. In fact, we could not run the
program for the system proposed in the last exam-
ple of [2]. Which is, in fact, a simple system, if
compared with “real” systems.

The major problem is in the construction of the
tableau, which takes too much RAM. We have tried
to compute it in systems with 18Gb of RAM and
in the Técnico’s cluster system, and it crashed both
for lack of memory.

We have tried to overcome this problem with sev-
eral tricks: freeing Mathematica’s memory; force
the parallel computation; writing the obtained
tableau in the disc; restarting the program when
high picks of memory were reached.

In the end, we conclude that the procedure works
(as it was already proved). To overcame the prob-
lems encountered, we suggest:

• the implementation of the algorithm in a more
efficient programming language - having in
mind that we would probably lose the graphi-
cal visualization;

• a mix approach - were one would implement
parts of the problem in another programming
language, improving the efficiency of the algo-
rithm and keeping the graph structure and out-
put;

• a topological analysis of the graph - in order to
close the nodes without needing to explore all
the paths between two given points.

These suggestions were not carried out because
the deadlines for the conclusion of this work were
being met.
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