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Abstract—The development of Kalman filters designed for
state estimation of the position and velocity of a spacecraft
is attempted and their performance evaluated. Three Kalman
Filters are developed, each with its unique characteristics: the
Extended Kalman Filter (EKF), the Robust Extended Kalman
Filter (REKF) and the Adaptive Robust Extended Kalman Filter
(AREKF). The three filters are implemented assuming the same
system model, for a proper comparison analysis.

Regarding the simulation, three different scenarios are mod-
eled with different sources of non-modeled accelerations. A Low
Earth Orbit with a perturbations model, an orbit with outliers
and trajectory correction maneuvers. Results show that it is
possible to reduce the error of the estimation when non-modeled
accelerations are present. The best performance RMSE based
filter is the Adaptive Robust Extended Kalman Filter, being the
Extended Kalman Filter the fastest one to compute.

Keywords: Adaptive Robust Extended Kalman Filter, Ro-
bust Extended Kalman Filter, Acceleration Model Mismatch,
Performance Comparison, α parameter Analysis

I. INTRODUCTION

AGNSS-based space receiver is able to determine au-
tonomously the spacecraft state in real-time. The Ex-

tended Kalman Filter is one of the most used methods for
state estimation for aerospace applications due to its simplicity,
reliability and development [4]. However, in order for the EKF
to guarantee a satisfactory performance, the system model
should be known exactly. Unknown external disturbances may
lead to inaccuracy of the state estimate or even cause divergence.
Also, computational effort must be taken into account since
space receivers have a very limited computational capacity.

A. Filtering Background

This work provides an estimator that enhances the ability
of the EKF to handle large external disturbances (abundant
in orbital maneuvers). For both model-plant mismatch and
disturbances, other methods are proposed, some more effective
than others. One of the most famous is the extended robust
H∞ filter [14], where the error covariance matrix is designed
in order to accommodate more terms that scale the magnitude
of the model error.

A robust adaptive Kalman filter for linear systems using
stochastic uncertainties was proposed in [18]. Some years
before, [9] proposed an algorithm for highly nonlinear state
and observation models that uses a deterministic sampling
technique that choses a set of points (sigma points) around the
mean and result in a more accurately result for the mean and
covariance [17].

Other methods were also first taken into account such as the
Gaussian Sum Approximations Filter [1] and the Interacting
Multiple Model [3]. The Gaussian Sum Approximations method

was first ruled out, since it lacks the ability to continuously
vary smoothly the state estimation. The Interacting Multiple
Model using Kalman Filters, frequently used in target tracking,
is a possible and a priori also viable method, but left out
of this comparison. Also, particle filters were not taken into
consideration due to the high computational requirements these
methods demand.

B. Research Objectives

The objective of this work is to investigate and compare three
algorithms - the Extended Kalman Filter, the Robust Extended
Kalman Filter and the Adaptive Robust EKF - applied to
the position and velocity estimation of spacecraft carrying a
GNSS-based space receiver in situations of model mismatch.

Algorithms that autonomously determine the spacecraft
state in real-time with a low computational power is of most
importance for space applications and is an open field discussed
in this thesis. The theoretical approach for the three methods is
made, with the AREKF being more detailed than the other two
methods since the AREKF is a fairly new method [15] and
still not applied in real life situations. This novel approach may
outcome in performance the existing algorithms commercially
used.

A robust, adaptive, nonlinear, low-computational power and
easy to implement algorithm are the characteristics desired for
the algorithm.

II. FUNDAMENTALS

Only the REKF and AREKF are presented on this document.
For a more extensive analysis on the EKF and the Kalman
filtering, consult the complete dissertation.

A. Robust Extended Kalman Filter

One of the main assumptions of both the EKF and KF is that
a dynamic model of the system considered is exactly known
(or at least - in the EKF case - is assumed that the first-order
term is an approximation good enough so that the filter does
not diverge). Since the filter type may not be robust against
this uncertainty, over the past few years more methods were
developed to satisfy this need. With the same goal, in [8], a
discrete-time state estimator was developed with guaranteed
cost bounds for linear systems using parametric uncertainties
(the parameter uncertainty was modeled by both the state and
the measurement noise).

In the REKF a Kalman filter design is considered for
linear discrete-time systems with a norm-bounded parameter
uncertainty in both the state and output matrices and can be
adapted for non-linear systems. The algorithm presented here is
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based on [6] and [16] and considers the general nonlinear case.
The approach taken in the Robust EKF is not to neglect the
higher order terms of the Taylor series expansions but rather
assume them to be functions of the state estimation error and
the exogenous inputs which have bounded H∞. This approach
leads to a minimax estimation problem that can be treated
using standard H∞ methods [6].

Once again is assumed that functions f(.) and h(.) are
continuously differentiable and the noise processes wk and
vk are sequences of zero mean, white Gaussian noise with
covariances matrices Qk and Rk respectively.

Time Update (Prediction Cycle)
1. One step ahead state prediction:

x̂k|k−1 = fk(x̂k−1|k−1) (1)

2. One step ahead error covariance matrix
prediction:

Pk|k−1 = FkPk−1 F
T
k +Qk (2)

3. One step ahead covariance matrix predic-
tion:

Σk|k−1 =
(
P−1
k|k−1 − γ

−2LTk Lk

)−1

(3)

Measurement Update (Correction Cycle)
4. An auxiliary matrix is defined:

Py,k = Hk Σk|k−1H
T
k +Rk (4)

5. The Kalman Gain estimate is:

Kk = Σk|k−1H
T
k P

−1
y,k (5)

6. The estimate of state is as follows:

x̂k = x̂k|k−1 +Kk

[
yk − h(x̂k|k−1)

]
(6)

7. The final estimation of the error covariance
matrix is given by:

Pk =
(

Σ−1
k|k−1 +HT

k R
−1
k Hk

)−1

(7)

where both Fk = ∂f(x)
∂x

∣∣∣∣
x=x̂k−1|k−1

and Hk = ∂h(x)
∂x

∣∣∣∣
x=x̂k|k−1

are the Jacobian matrix of f(xk−1) and h(xk) respectively. Lk
represents the identity matrix I (later on in the AREKF this
parameter will be redesigned). The tuning parameter γ is non-
zero and is set in order to maintain Σk|k−1 as a positive definite
matrix. By definition, the REKF objective is to guarantee that
the attenuation level γ is always greater than the norm of the
transfer function between the estimation error and the external
disturbances (modeling errors and system noises)

γ2 ≥ ‖ Lk x̃k ‖2

‖ wk ‖2 + ‖ ∆k ‖2 + ‖ vk ‖2
(8)

where x̃ is the estimation error (x̃k = xk − x̂k), wk and vk
are the noise vectors and ∆k is the model error caused by
unknown exogenous inputs or by the linearization error.

Given the structure of the REKF it is easily shown that the
REKF tends to a standard EKF when γ → ∞ (see Eq. 3).
This means that γ may be interpreted as a tuning parameter to
control the trade-off between a minimum variance performance
and H∞ performance.

1) Stability Analysis: In order to further understand the
REKF algorithm and to be able to modify it to an “Adaptive”
version, a closer look to the stability of the filter is essential.
The stability analysis rests on the following lemma [6].

Lemma 2.1: Assuming there is a stochastic process V (ξk)
(being ξk a stochastic process exponentially bounded in mean
square 1) as well as real numbers vmin, vmax, µ > 0 and
0 < λ < 1 such that:

vmin ‖ ξk ‖2≤ V (ξk) ≤ vmax ‖ ξk ‖2 (9)

and

E{V (ξk)|ξk−1} − V (ξk−1) ≤ µ− λV (ξk−1) (10)

are fulfilled. The energy of ξk is represented by a Lyapunov
function V (ξk) and is user defined. A proper choice of V (ξk)
may - under some conditions - ease the analysis [7]. The upper
and lower bound of V (ξk) are defined by vmax and vmin
respectively.

Then the stochastic process ξk is exponentially bounded in
mean square:

E{‖ ξk ‖2} ≤
vmax
vmin

E{‖ ξ0 ‖2}(1− λ)k +
µ

vmin

k−1∑
i=1

(1− λ)i

(11)
The condition in Eq. 10 forces the energy of ξk not increasing

arbitrarily when it bounds the process ξk.
Defining the prediction error of the REKF similarly to the

KF (x̃k|k−1 = xk−x̂k|k−1) and using Eq. 1 (assuming Gk = I
for simplicity) into the prediction error, one gets:

x̃k|k−1 = βk Fk x̃k−1 + wk (12)

where β is a diagonal, unknown and time-varying matrix. The
real error covariance matrix of the prediction error can be
approximated by:

Σ̄k|k−1 = βk Fk Pk−1 F
T
k βk +Qk (13)

The β matrix is used to further estimate the prediction error
caused by the linearization error and the unknown exogenous
inputs. The following theorem uses these prerequisites as
sufficient conditions and ensures the stability of the REFK
[12].

Theorem 2.1: The theorem states that if the three following
conditions are fulfilled:

1. There are numbers {fmin, fmax, βmin, βmax, hmin, hmax} ∈
R such that:

f2
min I ≤ Fk FTk ≤ f2

max I,

β2
min I ≤ βk βTk ≤ β2

max I (14)

h2
min I ≤ HkH

T
k ≤ h2

max I

1The stochastic process ξ is said to be exponentially bounded in mean
square if there are real numbers η, ν > 0 and 0 < ϑ < 1 such that E{‖
ξn ‖2} ≤ η ‖ ξ0 ‖2 ϑn + ν holds true for every n ≥ 0.
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2. There are numbers {pmin, pmax, rmin, rmax, qmax} ∈ R

p2
min I ≤ Pk ≤ p2

max I, r
2
min I ≤ Rk ≤ r2

max I , Qk ≤ qmaxI
(15)

3. The following matrix in-equation is fulfilled

Σk|k−1 > Σ̄k|k−1 (16)

This condition can also be interpreted as Σk|k−1 > Σ̄k|k−1

being a positive-definite matrix. Then the following condition
holds true:

E{‖ x̃k ‖2} ≤
pmax
pmin

E{‖ x̃0 ‖2}(1− λmin)k+

µmax
pmin

k−1∑
i=1

(1− λmin)i (17)

Assuming µmax > 0 and 0 < λmin ≤ 1. Throughout the
proof the measurement equation is assumed to be linear to
simplify the deduction, but the analysis remains valid if the
linearization error of the measurement equation is negligible
- analogous to the EKF - [15]. This Theorem yields several
properties:
• The estimation error remains bounded and the effect of

the initial estimation error reduces with iterations.
• The first condition of Eq. 15 is further discussed in [12]

and relates to the observability property of the linearized
system.

• The third condition in Eq. 16 is a crucial condition. It states
that the calculated covariance matrix should be larger than
the real one, which traditionally enhances the filter stability
[6] and [13]. This property leads to a potential problem:
matrix βk in the presence of unknown inputs may be
rather large. This propagates to the prediction error (Eq.
13) which may violate the condition in Eq. 16. The best
solution to this problem is to tune the parameter γ that,
in order to Σk|k−1 − Σ̄k|k−1 be positive, must be :

(P−1
k|k−1 − γ

−2 I)−1 − Σ̄k|k−1 > 0

γ−2 > max[eig(P−1
k|k−1 − Σ̄−1

k|k−1)] (18)

Assuming Lk = I . If max[eig(P−1
k|k−1 − Σ̄−1

k|k−1)] ≤ 0,
condition in Eq. 18 is certainly fulfilled. Otherwise, γ should
satisfy:

γ < max[eig(P−1
k|k−1 − Σ̄−1

k|k−1)]−
1
2 (19)

Which means γ should be as small as possible, to improve
the stability of the algorithm. This tendency is consistent with
the robust H∞ filter that states the attenuation level γ should
be as small as possible (Souza, 2002 and [13].
• At the same time, for the error covariance matrix Σk|k−1

to be positive definite:
P−1
k|k−1 − γ

−2 I > 0⇒ γ > {max[eig(Pk|k−1)]} 1
2 (20)

If both conditions for γ in Eq. 19 and Eq. 20 can not be simul-
taneously satisfied (which means {max[eig(Pk|k−1)]}1/2 >
{max[eig(P−1

k|k−1 − Σ̄−1
k|k−1)]}1/2) the stability of the REKF

is not guaranteed.

This tuning of the attenuation level γ implies that the ability
of the REKF to minimize the energy of the estimation error is
limited by the maximum eigenvalue of Pk|k−1. From Eq. 8, for
a fixed value of γ the bound of the estimation error ‖ Lkx̃k ‖2
is enlarged by the presence of a linearization error or unknown
exogenous inputs. Moreover, a large deviation of the estimated
state from the real one will increase the linearization error. If
this tendency does not stop, the filter will not converge.

B. Adaptive and Robust Extended Kalman Filter

Since the REKF may not converge at all times, a new method
is proposed to design an Adaptive Robust Extended Kalman
Filter (AREKF). The REKF algorithm (in Theorem 2.1) states
that the bound of x̃k is manageable by enlarging the calculated
covariance matrix Σk|k−1, which enlarges by decreasing γ.
This represents a problem, since under some conditions it may
not be possible to tune γ such that condition in Eq. 16 holds
true for Lk = I . Redesigning matrix Lk solves this problem
[15]:

Lk = γ (P−1
k|k−1 − λ

−1
k P−1

k|k−1)1/2 (21)

where λk is a tuning parameter that should be large enough to
satisfy the following condition:

Σ̄k|k−1 < λk Pk|k−1 (22)

Using both Eq. 21 and Eq. 3, it is possible to conclude that
condition 16 of Theorem 2.1 holds true. This way one avoids
to tune the γ parameter but instead must tune λk, to obtain a
better robust behaviour [15]. In the next chapter further details
about the λk tuning are given.

In spite of the increase of degrees of freedom, the upper
bound of λk Pk|k−1 may be too conservative, since there is a
loss of optimality of the algorithm trying to accommodate the
worst case (largest linearization error). In order to not decrease
the accuracy and to improve the stability at the same time, an
adaptive scheme to adjust Σk|k−1 is proposed:

Σk|k−1 =

{
Pk|k−1 , tr(Py,k) > α tr(P̄y,k)(
P−1
k|k−1 − γ

−2LTk Lk

)−1

, otherwise
(23)

where P̄y,k = E(yky
T
k |x̃k−1) is the real covariance matrix of

the innovation ỹk = yk−Hkx̂k|k−1. The parameter α(> 0) has
to be tuned during the implementation process and represents
a threshold between both behaviours of Σk|k−1. Despite being
unknown, P̄y,k can be estimated by [15]:

P̄y,k ≈

{
ỹk ỹ

T
k , k = 0

ρ P̄y,k−1+ỹk ỹ
T
k

ρ+1 , k > 0
(24)

where ρ is a forgetting factor, also defined in the implementation
section.

The structural difference between the REKF and the AREKF
is that the prediction error covariance follows Eq. 23. The
implication of this modification is that, when the innovation
is considerable, the prediction error covariance matrix will be

set to
(
P−1
k|k−1 − γ

−2LTk Lk

)−1

to avoid filter divergence and,
when the innovation is small, it will be set to the previous one,
so that the estimation is not distorted.
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1) Stability Analysis: Similarly to the REKF, the stability
of the AREKF is fully characterized on the following Theorem
[15]:

Theorem 2.2: Assuming a nonlinear stochastic system with
linear measurement, rank(Hk) = l, α = 1 and real error
covariance matrix approximated by Σ̄k|k−1, the Eqs. 1, 2, 6 -
5, 21 and 23 define the AREKF. If the two following conditions
are fulfilled:

1. There are numbers {fmin, fmax, βmin, βmax, hmin, hmax} ∈
R such that:

f2
min I ≤ Fk FTk ≤ f2

max I

β2
min I ≤ βk βTk ≤ β2

max I (25)

h2
min I ≤ HkH

T
k ≤ h2

max I

2. There are numbers {pmin, pmax, rmin, rmax, qmax} ∈ R

pmin I ≤ Pk ≤ pmax I , rmin I ≤ Rk ≤ rmax I , Qk ≤ qmaxI
(26)

Then the following condition holds true for real numbers
µmax > 0 and 0 ≤ λmin ≤ 1:

E{‖ x̃k ‖2} ≤
pmax
pmin

E{‖ x̃0 ‖2}(1− λmin)k

µmax
pmin

k−1∑
i=1

(1− λmin)i (27)

The properties of the AREKF can be summarized as follows:
• The main idea of the AREKF is to enhance the REKF,

designing a filter based on the stability analysis. This
translates in determining whether the error covariance
matrix (Σk|k−1) should be reset. The main practical
difference between both algorithms, is that the AREKF
proposes a design based on the tuning of the λk parameter
instead of the attenuation level γ. This represents an
enhancement of efficiency and a prevention of instabilities
in case of large prediction errors since it may be impossible
to obtain an appropriate γ for the REKF.

• The AREKF alternates between the standard EKF con-
trolled by the innovation covariance P̄y,k and the REKF
when the estimated covariance P̄y,k excedes the threshold
set by the α parameter. More accuracy is expected from
this algorithm than the traditional REKF [15].

• The assumption of rank(Hk) = l is a necessary condition
for the theorem, however it is possible to use the AREKF
even if rank(Hk) < l (this implies that the condition in
Eq. 16 is violated). This means that is advisable to adopt
the robust filtering to adjust the covariance matrix Σk|k−1

when rank(Hk) < l and the stability condition is not
satisfied.

• In both REKF and AREKF condition Σk|k−1 > Σ̄k|k−1

is sufficient but not necessary to ensure filter stability.
Note that parameter α is introduced so that a reset
of the covariance matrix Σk|k−1 is avoided. Numerical
simulations have shown [15] that even if the condition
Σk|k−1 > Σ̄k|k−1 is not globally satisfied as α < 1, the
AREKF is still more robust to higher prediction error than
the REKF or the traditional EKF alone.

• The estimate of P̄y,k is never used directly in the algorithm,
but as an indicator of the filter stability. Even if it is badly
estimated using Eq. 24 and the covariance matrix is reset
inappropriately it will not affect the stability of the filter.

• It is possible to extend this analysis to a system with
disturbances in the measurement equations, and the
innovation covariance matrix will follow the approach
taken here of the error covariance matrix, to ensure filter
stability. New problems arise for the stability analysis
when both the state and the measurement equation are
nonlinear, and the design for both matrices (innovation
covariance and error covariance) would require further
investigation.

• The conclusions and derivation of Theorem 2.1 and 2.2
can be extended for the Unscented Kalman Filter (UKF)
with the proof suffering minor changes to the one shown
in the Appendix for the REKF and AREKF.

III. IMPLEMENTATION

A. GPS Constellation Generation

The GPS constellation was generated using a SEM Almanac,
from [5]. The Almanac used is dated March 2015 (SEM
Almanac 0810.233472).

The entire 32 satellite’s constellation through an entire
period is shown in Fig. 1. The position is presented in ECEF
coordinates, each satellite with an associated color.
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Fig. 1: GPS Constellation Satellites in ECEF coordinates.

B. Dynamic Model

In order to determine the receiver’s position in three
dimensions (xu, yu, zu) and the receiver’s clock offset tu,
pseudorange measurements are made to M satellites. Being
x1, x3 and x5 the position of the receiver (xu, yu, zu), x2, x4

and x6 its velocity and considering x7 = xφ and x8 = xf , the
discrete dynamic model is stated in Eq. 28.
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x1,k+1

x2,k+1

x3,k+1

x4,k+1

x5,k+1

x6,k+1

x7,k+1

x8,k+1


=



1 ∆t
1 0

1 ∆t
1

1 ∆t
1

0 1 ∆t
1





x1,k

x2,k

x3,k

x4,k

x5,k

x6,k

x7,k

x8,k


+

(28)

+



u1,k

u2,k

u3,k

u4,k

u5,k

u6,k

u7,k

u8,k


+



0
a2,k ∆step

0
a4,k ∆step

0
a6,k ∆step

0
0


The integration of the nonlinear state yields a correction on

the velocity estimate state, given that the force is known, the
acceleration follows

ai,k =
GM

||r||3
r , i = {2, 4, 6} (29)

where r is the position vector of the spacecraft estimated by
the filter and ||r|| is its norm. The acceleration is computed
along each of the three axis.The final covariance noise matrix
is given by

qii = qv
∆t3

3
, qi,i+1 = qi+1,i = qv

∆t2

2

qi+1,i+1 = qv ∆ t , i = 1, 3, 5 , q77 =

[
qφ∆t+

qf∆3

3

]
c2

q78 = q87 = qv
∆t2

2
c2 , , q88 = qf∆t c2 (30)

C. Observation Model
The noise is assumed to be coordinate-independent. There-

fore, the observation covariance noise matrix is a diagonal
matrix in the form of:

Rk =


σ2

1,UERE 0

σ2
2,UERE

...
0 σ2

n,UERE

 (31)

Hk matrix represents the Jacobian matrix of h(.), and
matricially this yields:

Hk = −

ax1 0 ay1 0 az1 0 −1 0
...

...
...

...
...

...
...

...
axn 0 ayn 0 azn 0 −1 0

 (32)

where

axi =
x̃i − x̂u
r̂i

, ayi =
ỹi − ŷu
r̂i

, azi =
z̃i − ẑu
r̂i

(33)

D. Noise Generation

In the situation of this work, all communications are made
from the GPS to the spacecraft receiver. Assuming no multipath
or other interferences, the dominant sources of range error in
the GPS receiver code tracking loop (DLL) are thermal noise
range error jitter and dynamic stress error [10].

A general expression for thermal noise code tracking jitter
for a noncoherent DLL discriminator is proposed in [2]. For
BPSK modulations, when using a noncoherent early-late power
DLL discriminator, the thermal noise tracking jitter can be
approximated by [10]:

σtDLL ≈

√
Bn

2C/N0
D

[
1 +

2

T C/N0 (2−D)

]
[chips]

(34)

The calculation of the C/N0 parameter is non-trivial. Since
the spacecraft has a certain orientation, the receiver radiation
pattern orientation is dependent of the spacecraft orientation.
Also, the distance of the spacecraft to different GPS satellites
is different and variable. The values for C/N0 were calculated
using a closed-source software simulator developed by Deimos
Engenharia Granada GNSS Blockset.

The thermal noise is the most significant source of error
and accounts for geometric orientation of the receiver, geo-
metric orientation of the satellite, distance of the GPS to the
receiver, among others. This allows to weight the pseudorange
measurements for different GPS satellites used.

There are also other non-variable sources of error that affect
all satellites and that were accounted:

σ2
UERE = σ2

tDLL + σ2
eph + σ2

L1 + σ2
clock [m2] (35)

IV. SIMULATION RESULTS

A. Simulation Environment

All simulations and analysis were made using MATLAB TM

R2015a version.
The modeled noise described in Section III-D considering

a simplified perturbations model was added to the reference
orbit generated with the almanac.

The C/N0 values used throughout a period of a LEO orbit
are presented in Fig. 2. The plot corresponds to the GPS
constellation of 32 satellites and it was generated as described
in Section III-D.

As expected, besides the overall intensity of the signal, it is
possible to see that the availability of each satellite also varies
with the time, being typically between [8 ; 16] for a LEO orbit.

Some GPS receivers provide the 1 Pulse-Per-Second signal,
and this was the case assumed on this work. Since the filter
rate and the GPS receiver output rate are considered the same,
no synchronization was required.

The initial parameters of the filters have to be previously
defined for correct estimation. The initial state estimation
position is defined as follows:

x̂pos ∼ N (xpos ; 10) [m] (36)
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Fig. 2: GPS Constellation Satellites C/N0 for one orbital
period of a LEO orbit (T = 5923 secs).
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Fig. 3: Availability of GPS constellation for one orbital period
of a LEO orbit (T = 5923 secs).

As for the initial state velocity, a smaller variance was given:

x̂vel ∼ N
(
xk+1 − xk

∆step
; 5

)
[m/s] (37)

The initial condition for the error covariance matrix is
supposed to be large for unknown initial state error or small if
the initial state is known. An intermediate level of confidence
was assumed, and as such, the P matrix becomes:

P0|0 = diag (50 , 50 , 50 , 20 , 20 , 20 , 2 , 2) (38)

The measurements noise covariance matrix R was modeled
carefully, varying dynamically with C/N0, and therefore, no
tuning was made. A trial and error approach to define the qv
parameter was carried out, adjusting its value manually with
the help of simulations.

The optimal value obtained for qv was 2 (m/s)2. The
lower the qv, the lower the process noise covariance matrix
Q becomes. Since the reference orbit used was calculated
using a perturbation model (SGP4) that is not considered on
the filter dynamic, there is a non-modeled acceleration. This
difference is even more relevant as we decrease the value
of qv, since the process noise is decreasing altogether. For a

TABLE I: EKF RMSE results for qv = 2 (m/s)2 and
qv = 0.001 (m/s)2 for 20 runs

qv = 2 (m/s)2 qv = 0.001 (m/s)2

RMSE [m] 1.0732± 0.0087 13.4132± 0.0106

value of 0.001 (m/s)2, for instance, the disturbances were very
relevant. These values are used as baseline on the following
analysis as an example of presence and absence of non-modeled
accelerations.

B. Simulation Results

The main analysis will be made for a LEO period (T =
5932 s) where all the three methods converged. For every
value of qv tested, none of the three algorithms diverged. The
dynamic model, as well as the observation model for the three
methods were the same.

The error used throughout the analysis is

∆x = x1 − x̂1 [m]

∆y = x3 − x̂3 [m] (39)

∆z = x5 − x̂5 [m]

The square root of the trace of the covariance matrix (SDCM)
follows Eq. 40 and is useful for the validation of the algorithms.

SDCM = ±
√
trace(P ) (40)

1) Extended Kalman Filter: For the EKF analysis, the output
error was studied for the two values of the parameter qv . On the
run for the value of qv = 2 (m/s)2 the error is always smaller
than the square root of the trace of the covariance matrix. The
filter converged rapidly and the error is rather constant on the
entire run. On the run for the smaller value of qv the filter
never diverges but exceeds (in module), mostly in the x- and
y-axis, the square root of the covariance matrix. This is due
to the acceleration mismodeling being more noticeable under
these conditions.

The results for the RMSE are presented in Table I.
2) Robust Extended Kalman Filter: For the REKF analysis,

the output error was analyzed for two values of the parameter
qv and a variable γ parameter. First, a typical value for γ was
defined (γ = 5

√
max(eig(P ))). The RMSE is always smaller

(in module) than the SDCM and the output is similiar to the
EKF for the same value of qv. Second, the same value for
γ was defined (γ = 5

√
max(eig(P ))). The RMSE has an

identical behaviour of the EKF for the same value of qv, but
with a lower overall error value.

As seen in Subsection II-A1 a stability condition for γ
demands this parameter to be greater than

√
max(eig(P )).

Being so, several values for γ were tested, in order to cover
its entire domain and extract conclusions.

The values for the REKF - and the EKF as comparison -
are presented in Table II and III.

For the optimal qv (2(m/s)2), the REKF RMSE is always
larger than the EKF’s and the maximum difference (greater
RMSE) is for the lower possible value of γ. When γ increases,
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TABLE II: REKF RMSE results for qv = 2 (m/s)2 for 20
runs

γ = (.)
√
max(eig(P )) REKF RMSE [m] EKF RMSE [m]

1.00005 1.2165± 0.0085
1.5 1.1218± 0.0074
3 1.0825± 0.0090 1.0732± 0.0087
50 1.0736± 0.0091

5000 1.0713± 0.0079

TABLE III: REKF RMSE results for qv = 0.001 (m/s)2 for
20 runs

γ = (.)
√
max(eig(P )) REKF RMSE [m] EKF RMSE [m]

1.00005 10.4564± 0.0074
1.5 10.6700± 0.0080
3 11.8738± 0.0068 13.4132± 0.0106
50 13.4113± 0.0124

5000 13.4184± 0.0105

the RMSE of the REKF decreases and tends to the EKF. The
values for the two larger γ’s are already close to the limit of
γ →∞, where the REKF reverts to the EKF (according to Eq.
3). This tendency was already pointed on the Fundamentals
chapter, in Section II-A, and the results are according to the
theory.

For the visible perturbations case, the same tendency of
REKF to EKF is also present, but in this case, the REKF
RMSE is predominantly lower than the EKF.

A further study of the variation of the RMSE with both γ
and qv was performed and is presented in Fig. 4

where the RMSE normalization follows Eq. 41.

RMSENORM =
REKFRMSE − EKFRMSE

EKFRMSE
+ 1 (41)

This illustrates that with the decrease of qv (increase of
non-modeled accelerations), implementing the REKF becomes
an advantage. There is a tipping point for a value of qv that
the REKF outperforms the EKF. Depending on the scenario
and the intensity of the non-modeled acceleration, the REKF
may outperform the EKF in terms of RMSE.

Note that for each of the points plotted only one run was
performed, and therefore the plotted lines lack in smoothness,

γ
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Fig. 4: REKF RMSE normalized with the variation of γ and
qv for a LEO orbit.

TABLE IV: AREKF RMSE results for
γ = 1.00005

√
max(eig(P )) and qv = 2 (m/s)2 for 20

runs

α AREKF RMSE [m] EKF RMSE [m] REKF RMSE [m]
0.0001 1.0733± 0.0070

0.2 1.0757± 0.0085
10 1.1529± 0.0084 1.0732± 0.0087 1.2165± 0.0085
50 1.1538± 0.0098

5000 1.2071± 0.0081

since the values represented have not converged to its true
value.

Notice that in this case the acceleration is constant; this
analysis would not be possible for a maneuver, where the
intensity of the acceleration would be variable and this tipping
point analysis would not be conclusive.

It was previously seen, in Section II-A, that when lowering γ
the robustness of the filter would increase, and that would come
at the cost of RMSE performance - due to the Kalman Gain
computation (see Eq. 3 and Eq. 5). This is evident on the results
of the optimal value of qv , in which the EKF is the desirable
algorithm to implement. The robust characteristic of the filter
is not required, and one only loses optimality. However, when
the perturbations are evident (qv = 0.001 (m/s)2), the REKF
is the desirable algorithm to implement, according to a RMSE
based analysis.

3) Adaptive Robust Extended Kalman Filter: As for the
AREKF analysis, as previously seen stability condition de-
mands that α to be always positive. Being so, several positive
values for α were tested, in order to cover its domain and
extract conclusions.

Results show that the RMSE is always smaller (in module)
than the SDCM and the output is similar to the EKF and REKF
for the same value of qv. Results also show that the RMSE
has an identical behaviour of the REKF and EKF for the same
value of qv , but with a lower overall error value.

The main difference between AREKF and REKF is that
the prediction error covariance matrix is calculated by Eq. 23
instead of Eq. 3. Using this equation it is possible to predict
that for smaller values of α the filter tends to an EKF filter,
and for larger values of α, the filter reverts to a REKF-alike.
Since the α parameter is what makes the switch of the ’mode’
of the filter, its tuning is of most importance to control the
accuracy of the filter.

The values for the AREKF - and the REKF/EKF as
comparison - with a varying α are presented in Table IV
and Table V.

In both cases of qv , the limits of α→ 0 and α→ +∞, yield
similar results to the EKF and REKF, respectively. However,
unlike the γ parameter, α variation does not have a monotone
tendency on the RMSE. It is clear that there is a decrescent
tendency, and then a crescent behaviour. A more detailed study
was made on this interval. Figure 5 shows the plot with a zoom
on this area.

The plot illustrates the decreasing and increasing tendency.
The points were plotted with error bars using the standard
deviation of the 20 runs made for each data point. A value of
α that minimizes the RMSE for this specific set of γ and qv
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TABLE V: AREKF RMSE results for
γ = 1.00005

√
max(eig(P )) and qv = 0.001 (m/s)2 for

20 runs

α AREKF RMSE [m] EKF RMSE [m] REKF RMSE [m]
0.0001 13.8596± 0.0118

0.01 13.3263± 0.0120
0.1 12.5141± 0.0103
0.4 9.5454± 0.0099
0.6 8.7786± 0.0083 13.4132± 0.0106 10.4564± 0.0074
1 9.1265± 0.0080

10 10.7301± 0.0077
50 10.7941± 0.0106

5000 10.8699± 0.0085
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Fig. 5: AREKF RMSE evolution with α, for
γ = 1.00005

√
max(eig(P )) and qv = 0.001 (m/s)2.

parameters is possible to extract. In a different environment
the value of α that minimizes the RMSE is different. This
happens since the non-modeled acceleration is not so visible
(for a higher qv, for instance), and the best α that minimizes
the RMSE is higher. This way the AREKF will run more on
the EKF mode, since the threshold is higher.

C. Algorithms Comparison

A performance comparison on the RMSE was made. A worst
case scenario possible of qv was simulated (low qv) and the
error norm of the three algorithms is compared in Fig. 6.
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Fig. 6: All three algorithms error norm evolution, for
γ = 3

√
max(eig(P )), α = 0.7 and qv = 0.001 (m/s)2.

α

0 0.5 1 1.5 2 2.5

R
M

S
E

 [
m

]

8.5

9

9.5

10

10.5

11

11.5

12

12.5

13

13.5

AREKF
EKF
REKF

Fig. 7: All three algorithms RMSE evolution with α, for
γ = 3

√
max(eig(P )) and qv = 0.001 (m/s)2.

TABLE VI: Computational times for γ = 3
√
max(eig(P )),

α = 0.7 and qv = 2 (m/s)2 for 30 runs on a MacOS 2.4
GHz Intel Core 2 Duo TM with 10 GB 1067 MHz DDR3.

Algorithm Time per run [s] %
EKF 2.768± 0.040 100

REKF 4.344± 0.204 157
AREKF 5.121± 0.276 185

The AREKF outperforms both competitors, being the EKF
outperformed by all its competitors.

As previously seen in Section II-B, for a lower qv , the filter
innovation ỹ will be enlarged due to the unknown accelerations,
and the trace of matrix Py,k will increase, leading the filter to
work on the REKF-alike mode. When innovations are lower,
the filter switches to an EKF filter, increasing the RMSE
performance. This means that the AREKF autonomously,
depending on the innovations, switches from a standard EKF
to a REKF-alike filter, being able to reduce the RMSE.

Fig. 7 compares the RMSE between the three algorithms.
Both limits of the AREKF are emphasized in this plot, as

well as a first decrease in RMSE with the increase of α and
then the increase of RMSE. It is true that for large values of
α, the RMSE of the AREKF (10.8699± 0.0085 m) is a little
higher than the RMSE of the REKF (10.4564 ± 0.0074 m).
This is due to the difference in the definition of matrix Lt
in both methods. However, this degradation of performance
only occurs for a wrongfully tune of α of several orders of
magnitude.

A comparison in terms of computational times is presented
in Table VI.

The EKF is the fastest algorithm, followed by the REKF and
the AREKF. However, no optimization was performed. The
difference in the computational times is due to the increase of
calculations needed for both the REKF and the AREKF.

D. Other Environments

1) Measurement Outliers: Some other environments were
tested. First, for a LEO orbit, after the filter converged,
outliers in the measurements were introduced. These outliers
simulate real instrument errors that occasionally occur in GNSS
measurements (e.g., pseudoranges and Doppler).
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Fig. 8: The three algorithms RMSE with outliers for t = 150s
and t = 151s [α = 0.7, γ = 3

√
max(eig(P )), qv = 2 and

300 secs run].

TABLE VII: All three algorithms RMSE with outliers for
t = 150 and t = 151.

Algorithm RMSE [m] Max. Peak [m]
EKF 3.397 48.413

REKF 1.891 26.103
AREKF 1.520 17.783

A run of 300 seconds was made and two consecutive
measurements, in t = 150 s and t = 151 s, were multiplied
by a factor of

(
1 + 2× 10−6

)
, corresponding to an error

measurement of around 50 meters. The filters RMSE output is
represented in Fig. 8.

The AREKF line is predominantly under the orange (REKF)
line, which is predominantly below the EKF line. The respective
RMSE for these runs is presented in Table VII.

The measurement outlier makes the innovation enlarge
abruptly, since the measurement corresponds to a position
that is not near the previous estimation. This can be interpreted
as an external disturbance and the AREKF outperforms both
REKF and the EKF. This is another example where the AREKF,
in a RMSE-only based analysis, outperforms both the REKF
and the EKF.

However, a RMSE analysis, in this case, may hide the true
performance of the AREKF: since N is large, the RMSE of
the three methods shows small variation. On the exact instant
where the outlier occurs the AREKF outperforms both REKF
and EKF by ∼ 46% and ∼ 172% respectively.

2) Orbital Maneuvers: The orbital maneuver modeled
consists on the acceleration on direction x-axis around t = 50s
of intensity 0.005 (m/s)2 is not noticeable, however the
acceleration on the direction z-axis around the 650th second
of intensity 0.05 (m/s)2 is notable.

The error on the different axis in Fig. 9 illustrates the thrust
accelerations with the EKF algorithm. Note that this reference
orbit was not calculated using perturbations model. Being so,
the only non-modeled acceleration is the described above. The
value of parameter qv was fine tuned empirically so that the
non-modeled acceleration was visible, γ and α were set to
typical values. The comparison between the three algorithms
is represented in Fig. 10.

Once again the AREKF line is predominantly under the
REKF line, which is predominantly below the EKF line. The
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Fig. 9: EKF error for orbital maneuvers with
qv = 0.0001 (m/s)2].
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Fig. 10: All three algorithms error norm with orbital
maneuvers [α = 0.7, γ = 3

√
max(eig(P )), qv = 0.0001,

1000 secs run].

respective RMSE for these runs is presented in Table VIII. The
RMSE was calculated on the interval where the maneuver was
more visible so that the comparison could be more accurate.

On the modeled orbital maneuver, the AREKF outperforms,
once again, the other two algorithms. This is another example
where the AREKF, in a RMSE-only based analysis, outperforms
both the REKF and the EKF.

V. CONCLUSIONS

The work developed in this thesis concerned the study,
implementation and analysis of three algorithms for state
estimation of a spacecraft with an onboard GNSS receiver:
EKF, REKF and AREKF. The main conclusions that can be
drawn from this thesis are the following:
• A complete research on filter formulation was made.

A theoretical analysis of the three algorithms and its

TABLE VIII: All three algorithms RMSE with orbital
maneuvers.

Algorithm RMSE [650; 850] [m]
EKF 4.7819

REKF 2.8630
AREKF 1.9836
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stability conditions was performed. The characteristics,
advantages and disadvantages were theoretically predicted
and justified.

• Space environment modeling was performed. A perturba-
tions model (SGP4) was implemented and an extensive
effort was made on noise simulation. A method with a
dynamic noise model was implemented.

• Two different scenarios of non-modeled accelerations were
modeled and a scenario with measurement outliers were
considered. This allowed to test the filters in several real
space situations.

• Concerning the simulation results, all filters converged
on the three environments. A fine tuning was performed
for parameter qv for the EKF and an extensive analysis
was made on both γ and α parameters, for the REKF and
AREKF, respectively.

• The REKF RMSE tends to the EKF’s monotonically
crescent or decrescent, depending on the non-modeled
accelerations and the tune of Q and R.

• The REKF represents a reduction on the RMSE compared
to the EKF only if non-modeled accelerations are relevant.
Table II illustrates an example where it is not advantageous
to use an REKF. However, since it is possible to revert a
REKF to an EKF (enlarging γ), it is less time consuming
implementing a REKF straight away when implementing
both filters.

• The reduction of the RMSE of the AREKF varies between
0 % and 63 % less when compared to the EKF. This
difference depends on the tuning of the α parameter
and the intensity of the non-modeled acceleration. The
AREKF outperforms in terms of RMSE the EKF and the
REKF. The only possible case where this is not true is
for a wrongfully tune of the α parameter by an order of
magnitude.

• For the three environments considered the AREKF out-
performed both competitors (assuming a proper α tuning):
for a standard LEO orbit, for an orbit with outliers
measurements and for spacecraft trajectory correction
maneuvers.

• The EKF outperforms REKF that outperforms AREKF in
terms of computational times. Being the algorithm with
less calculations it is normal that the EKF is the fastest
one. However, the algorithms revealed an overall short
processing time. Depending on the application, this may
be a very relevant factor (in space applications it is). No
optimization to enhance computational times was made.

• As a final remark, the REKF and the AREKF revealed a
short processing time, and completed the stated objectives
of obtaining a simple to implement, robust, (adaptive
in case of the AREKF) and low-power demanding
algorithms.

VI. RECOMMENDATIONS FOR FUTURE WORK

• Test the AREKF with real spacecraft data. None of the
algorithms were tested with real data, but it is available
to the public. Comparison between the algorithms could
also be performed.

• An extensive study was made on the effect of the AREKF
for a variable α. The same study can be made - variation of
RMSE versus the parameter - with γ. This was performed
for the REKF, but not for the AREKF, which would be
an asset.

• For different values of qv the α that minimized the RMSE
was different. The higher the qv (less noticed non-modeled
accelerations), the greater the α, the higher was the RMSE.
Intuitively, this means that the minimum of the function
in Fig. 5 is moving upwards and to the right. However,
to conclude in an exact formulation, more studies have
to be carried out.

• A study of the tradeoff between performance of the filter
and computational time has to be made for every situation,
when deciding which algorithm to implement.

• An analysis on the influence of the number of visible
satellites on different algorithms would be interesting. For
both RMSE and a computational time based analysis.
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